Review of Measure Theory

Let X be a nonempty set. We denote by P(X) the set of all subsets of X.

Definition 1 (Algebras)

(a) An algebra is a nonempty collection A4 of subsets of X such that
i) ABe A = AUBecA
i) Ae A = A°=X\AecA

(b) A collection A of subsets of X is a o—algebra if it is an algebra that is closed under countable
unions. That is, {A”}nelN CA= U A, €A

(c) If £ C P(X), then the o—algebra generated by & is
M(E) = m { £ | £ is a o-algebra containing £ }

(d) If X is a metric space (or, more generally, a topological space) then the Borel o—algebra on
X, denoted By, is the o—algebra generated by the family of open subsets of X.

Definition 2 (Measures)

(a) A finitely additive measure on the algebra A C P(X) is a function p : A — [0, 00| such
that

i) u® =0
i) If {Ey,---, E,} is a finite collection of disjoint subsets of X with {Ey,---, E,} C A, then

u( CJ Ej) = iM(Ej)

(b) A premeasure on the algebra A C P(X) is a function p : A — [0, 00] such that

i) p® =0
ii) If {E;} is a countable collection of disjoint subsets of X with {E;} C A and |JE; € A,

then
u(UEj) = ZM(EJ)

(c) A measure on the o—algebra M C P(X) is a function u : M — [0, 00| such that

i) u(@) =0
ii) If {E;} is a countable collection of disjoint subsets of X with {E;} C M, then

u(UEj) = ul(E)
J J
If i1 is a measure on the o—algebra M C P(X), then (X, M, ) is called a measure space.
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(d) A measure p on the o—algebra M C P(X) is called
i) finite if p(X) < o0
ii) o—finite if there is a countable collection {E,, },en C M of subsets with X = J.~, E,
and with u(E,) < oo for all n € IN.
iii) semifinite if for each £ € M with u(E) = oo, there is an F' € M with 0 < p(F) < oo
and F' C E.

iv) complete if
NeM, py(N)=0, ZCN = ZeM

v) Borel if X is a metric space (or, more generally a topological space) and M is By, the
o—algebra of Borel subsets of X.

(e) An outer measure on X is a function p* : P(X) — [0, 00] such that
i) (@) =0
ii) If E C F, then p*(E) < p*(F).
ili) If {A;} is a countable collection of subsets of X, then

M*(UAJ‘) < ZM*(AJ)

(f) Let u* be an outer measure on X. A subset A C X is said to be y*—measurable if

W (E)=p (ENA)+p (ENA®) forall EC X

Theorem 3 Let (X, M, u) be a measure space and E, F, Ey, Ey, --- € M.

(a) (Monotonicity) If E C F, then u(E) < u(F).

(b) (Subadditivity) (U3, Bn) < S0, #(F)

(c) (Continuity from below) If E1 C E5 C E3 ---, then u(Ui‘;l En> = lim,, oo u(Ey).

(¢) (Continuity from above) If (E1) < oo and Ey D Ey D Es ---, then u(ﬂzozl En) =
limy, oo (En).

Theorem 4 (Completion) Let (X, M, u) be a measure space. Set

N={NeM|uN)=0}
MZ{EUZ!EEM, Z C N for some N € N }

ji M — [0,00] with p(EU Z) = u(E) for all E€ M and Z C N for some N € N

Then

(a) M is a oc—algebra.

(b) [ is a well-defined, complete measure on M, called the completion of .
(c) [ is the unique extension of yu to M.
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Proposition 5 Let £ C P(X) and p: & — [0,00] be such that {0, X} C € and p(0) = 0. Define,
forall AC X,

p(A) =inf {3 o) | (B} ey © € ACULIEn |

Then p* is an outer measure.

Theorem 6 (Carathéodory) Let p* be an outer measure on X and M* be the set of pu*—
measurable subsets of X. Then

(a) M* is a o—algebra.
(b) The restriction, p* [M*, of u* to M* is a complete measure.

Proposition 7 Let F : R — IR be nondecreasing and right continuous. Define F(+oo) =
lirin F(z). Set

A:{@}U{ U?Zl(aj,bj] ‘ n € IN, —oo§a1<b1<--'<bn§oo}
po(0) =0

MO<U?:1(aj,bj]) = Z [F(b;) — F(a;)] foralln €N, —co<aj; <by <---<b, <00

j=1
In the above, replace (a,b] by (a,b) when b= oco. Then pg is a premeasure on A.

Theorem 8 Let
A C P(X) be an algebra,
M = M(A) be the o—algebra generated by A,
to be a premeasure on A,
w* be the outer measure induced by g and

M* be the set of u*—measurable sets.
Recall that

u(B) = int { niuo(An) A} en CA EC U A )

Then

(a) WA= pg. That is, u* extends pg. That is, p*(A) = po(A) for all A € A.
(b)) M C M* and p = p* | M is a measure that extends .
(c) M C M* and p = p* [ M is a measure that extends pg. That is ul A = po.
(d) If v is any other measure on M such that v A = pg, then

v(E) < u(E) for all E € M

v(E) = u(E) if E € M is p—o—finite. That is, if E is a countable union of sets of finite
[—measure.
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Corollary 9 Let F,G : IR — IR be nondecreasing and right continuous.

(a) There is a unique Borel measure pup on R such that pp((a,b]) = F(b) — F(a) for all a,b € R
with a < b.

(b) ur = pg if and only if F' — G is a constant function.

(c) If i is a Borel measure on IR that is finite on all bounded Borel sets, then = pp for

p((0,2])  ifx>0
F(z)=40 ift=0
—p((2,0]) ifz<0

Definition 10 Let F': IR — IR be nondecreasing and right continuous. The Lebesgue—Stieltjes
measure, (i, associated to F' is the complete measure determined (by Carathéodory’s Theorem
6) from the outer measure which is, in turn, determined by Proposition 5 from the premeasure
that is associated to F' by Proposition 7. The Lebesgue measure, m, is the Lebesgue—Stieltjes
measure associated to the function F'(z) = z.

Theorem 11 (Regularity) Let p be a Lebesgue—Stieltjes measure, p* be the corresponding outer
measure and M* be the set of all u*—measurable sets. This is also the domain of .

(a) For all E € M*

o0

w(E) = inf{ > [F(bn) — F(an)] ‘ E c Uy (anbn) }

n=1
=inf{ p(O) | OCIR, O open, EC O }
:sup{ u(K) ‘ K Cc R, K compact, KCE}

(b) Let E C IR. The following are equivalent.
(i) E € M*
(it) E =V \ Ny where V is Gs (a countable intersection of open sets) and p*(Ny)
(ii) E = H U Ny where H is F, (a countable union of compact sets) and p*(Ny) =

=0
0

Proposition 12 (Invariance) Let m be the Lebesque measure and L be the collection of Lebesgue
measurable sets. Then

(a)If E€Landy € R, then E+y={ a4y |z €E } €L and m(E +y) = m(E).
(b)IfE€Landr € R, thenrE={ rz |z € E } € L and m(rE) = |r|m(E).
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