Review of Integration

Definition 1 (Integral) Let (X, M, u) be a measure space and E € M.
(a

) LT (X, M) ={ f:X —[0,00] | fis M-measurable }. If f € L*(X, M), then
/f(a:) d,u(:ﬂ):sup{ iai,u(EiﬂE) ‘ nelN, 0<a; <oo, B e Mforalll1<i<n
E i=1

and En: aixg;(x) < f(z) forall z € X } € [0, 0]
i=1

(b) LY(E, X, M,p) ={ f: X - R | fis M-measurable and [, |f(z)| du(z) < 0o }
(c) If f € LY(E, X, M, i), then
[ ta) duto) = [ max{ (2.0 dute) | max{=1(a).0} duo
(d) We call f: X — IR an extended pu—integrable function if it is measurable with at least one of
[ max{f,0} dp and fmax{—f 0} dp finite. Again
[ #@) dute) = [ max{(@).0} duta) = [ max{=1(2).0} aua

Theorem 2 (Integration Toolbox — Algebra) Let (X, M, u) be a measure space and E € M.
Let either f,g € L™ (X, M) or f,g € L*(E, X, M, ). Then
(a) If a; > 0 and E; € M for each 1 <1i < n, then

/E LGjlalel(x)] dp(z Za,,u E,NE)

The same formula applies if a; € R and p(E; N E) < oo for each 1 < i < n.
(b) In the case f,g € L, we have f + g € L*. In both cases

/E(f+g)du—/Efdu+/Egdu

(c) If fe L, let \€eR. If f € LT, let A\ > 0. In the case f € L', we have \f € L'. In both

o Jondu=x rau

Theorem 3 (Integration Toolbox — Bounds) Let (X, M, u) be a measure space and E € M.
Let f,g,h : X — IR be measurable with f,g € L*(E, X, M,u). Then

(a) If |h| < f, then h € LY (E, X, M, ).

(0) | Ji £ | < [ 111

(c) If f<g, then [ f du< [pgdu

(d) If h is bounded and u(E) < oo, then h € LY(E, X, M, i) and

\/hd4<u ) sup [(z)

zelE
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Lemma 4 (Fatou’s Lemma) Let (X, M,u) be a measure space and E € M. Let, for each
neN, f, € LT (X, M). Then

/liminffn( ) du(z <hm1nf/ fn(x) du(z
E n—

n—oo

Theorem 5 (Monotone Convergence Theorem) Let (X, M,u) be a measure space and
Ee M. Let f € LT (X, M) and, for eachn € N, f, € LT (X, M). Assume that

0<f.<fae onEVnelN and lim f,=f ae onFE
n—oo

[ @) dut@) = [ (@) duto)

Theorem 6 ((Lebesgue) Dominated Convergence Theorem) Let (X, M, u) be a measure
space and E € M. Let f,g: X — IR and, for each n € IN, f, : X — IR be measurable. Assume
that, g € L*(E, X, M, 1) and

Then

|fn]l < g ae on EVnelN and nh_{%of":f a.e. on

Then f € LY(E, X, M, ) and
[ 1@ dute) = tim_ [ f(o) duta)
E E

Definition 7 (Riemann Integral) Let a < b be real numbers and f : [a,b] — IR be bounded.
(a) The upper Riemann integral of f is

fgaf(:c)da::inf{i(ti—ti_l) sup f(:c)‘nG]N,a:t0<t1<---<tn:b}
b

i=1 ti—1<z<t;

(b) The lower Riemann integral of f is
i=1 ti—1<z<t;

fgaf(x)dm—sup{ i(ti—ti,l) inf f(x)‘nE]N,a:t0<t1<~-<tn:b}
Jb

(c¢) The function f is Riemann integrable if

fﬁf{:ﬂ) dz :j?f(:c) dz

We shall denote the common value ﬂ{ f(z) dx.
b

December 2, 2008 Review of Integration 2



Theorem 8 (Riemann integrable —> Lebesgue integrable) Let a < b be real numbers

and let f : [a,b] — IR be bounded.

(a) If f is Riemann integrable, then f is Lebesque measurable (and hence L', since f is bounded
and the interval [a,b] is finite) and

ﬂéaf(w) dr=[ fz)dm()
b [a,b]

(b) f is Riemann integrable if and only if { x € [a,b] ‘ f is not continuous at x } has Lebesque

measure zero.

Definition 9 (Product Measure) Let (X, M, ) and (Y, N,v) be measure spaces.

(a) Define the set of finite disjoint unions of measurable rectangles in X x Y to be

R:{U;IzlAjXBj n € N, AjGM, B; eN, (AjXBj)ﬂ(AkXBk):(b,

foralllﬁj,kﬁnwithj;ﬁk}

R is nonempty and closed under complements and finite unions and so is an algebra.
(b) Define M @ N'= M(R) to be the o—algebra generated by R.
(c) Define 7 : R — [0, 00] by

n

w(uyzlAJ x Bj) =3 u(A;)v(By)

j=1

for all n € IN and all A; € M, B; € N, 1 < j < n with (4; x Bj) N (A x By) = 0 for
all j # k. In this definition, we use the convention that 0 x co = 0. 7 is a well-defined
premeasure.

(d) By Theorem 8 of our “Review of Measure Theory”, yu x v = 7* | M ® N is a measure which
extends m. If u and v are o—finite, then u x v is o—finite and is the unique measure on M @ N
such that

uxv(Ax B)=u(Av(B)VAeM, BeN

Proposition 10 (Slices — sets) Let (X, M,u) and (Y,N,v) be measure spaces, © € X and
yey.
(a) If E € MQN, then

Em:{y’GY ! (x,y')GE} eN

EV={deX| (s y)eE}eM

(b) If f : X xY — R is M ® N -measurable, then the function f, :Y — IR defined by f.(y) =
f(z,y) is N-measurable and the function fY : X — TR defined by f¥(z) = f(x,y) is M-
measurable.
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Proposition 11 (Tensor product of Borel o—algebras) Let X and Y be separable met-
ric spaces with metrics dx and dy respectively. Then X X Y is a metric space with metric
D((z,y),(@",y)) = Vdx(z,2')> + dy(y,y')? and Bxxy = Bx ® By.

(By definition, a metric space is separable if and only if it contains a countable dense subset. For

example Q is a countable dense subset of IR, so that IR is separable. Applying this proposition to
X =Y = 1R gives that Br ® Br = Brz.)

Proposition 12 (Slices - measure) Let (X, M, u) and (Y,N,v) be o—finite measure spaces and
let E€ M®@N. Then the function f: X — [0,00] defined by f(x) = v(E,) is M—measurable and
the function g : Y — [0, 00| defined by g(y) = u(EY) is N -measurable and

uxv(E)= /V(Ez) du(z) = /,U(Ey) dv(y)

Theorem 13 (Fubini-Tonelli) Let (X, M, pn) and (Y,N,v) be o—finite measure spaces.

(a) (Tonelli) If f: X xY — [0,00] is M ® N-measurable, then the function g : X — [0, 00]
deﬁned by g(z) = [ f(z,y) dv(y) is M-measurable and the function h : Y — [0,00] defined by
= [ f(z,y) du( ) is N'-measurable and

/fxyduxyzny /[/fxydy ] /[/fxydu ] v(y)

(b) (Fubini) If f € L*(u x v) then

the function f,: Y — R defined by f.(y) = f(x,y) is in L*(v) for almost all x € X,
— [ Fla,y) dvly) € LM ()

the function f¥: X — IR defined by f¥(x) = f(x,y) is in L*(u) for almost ally €Y,

= [ fz,y) du(z) € L'(v)

/f(xy)duxua;y /[/fxy ) duly ] /[/fxy dulz ] V()

(e]

e}

(e]

e}

and
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