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Examples. (SO(3), O(3))

O(3) = {3 x 3 real matrices R |RTR =1}
SO(3) = {3 x 3 real matrices R |R'TR =1, detR =1}

Claim. SO(3) and O(3) are 3-dimensional surfaces in R°.

ar by ¢
R= as bQ (6]
a3 bz c3

Rg = {(al,a2,d3,b1,b2,b3,01,02,03)}

a1 az az| |ar b1 @
I=R'R= |b; b b3} az by e
1 c2 c3f |az by c3
RR); =al +a3+a3=1, |a=1
RR)oo =b]+b03+03=1, |d =1
RR)33=cl+ci+c3=1, |@=1
(R'R)21 = (RTR) 12 = ar1by + ashy + azbs =0, (ie. @ Lb)
(R'R)3; = (R'R)1 3 = ajc; + asca +aze3 =0, (ie. @ L7
(RTR)32 = (R'R)a3 = bict + baca + baes =0, (ie. b L &)

There are 6 equations with 9 unknowns. Thus we expect 8 free parameters. Apply the implicit function theorem to
solve the equations near

ay by ¢
R=as by &
az bz c3

This allows us to conclude that we have a 3-d manifold provided we show that for each f{,, the 6 gradients

Vgi(R) = (2a1, 242, 2ds, 0,0, 0,0,0,0)

ﬁgﬁ(]i:‘{) = (07 07 07 E17 627 637 I;la 527 63)
are linearly independent. The details are given as a homework problem.
Some intuition instead:

Find all allowed a, l;, @s near R, for example, R = I.

STEP 1: Find all @’s near (1,0,0) obeying |d@| = 1, i. e., a? 4+ a3 + a% = 1. We can assign any small values to as
and ag such that a; must be £1/1 — a3 — a3. Choose + so that a; ~ 1.
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STEP 2: We have picked d. Find all b's obeying |5| =1,al b.

beR?|b_Ld}=a plane through the origin

{ p g g
{beR?||b] = 1} = the unit sphere centered on 0

{beR®|bLa,|bl=1}=a great circle

There is a 1-parameter family of allowed b’s. That’s the third parameter.
STEP 3: We have picked @ and b. Final allowed &s obeying
cla  éLb, ld =1

so that {Z€ R3 | &L @ &L b} is a line through the origin. Since |&] = 1, only two &s are obeying

oL

1la cLlb, ld =1
Pick the ¢ near (0,0,1) such that O(3) is a 3-d surface in RY.

What about SO(3), i. e., what effect does det R = +17
RcO(3) «— RR=1

— det(R'R) =1

—> (detRT)(detR) =1

= (detR)*> =1 = detR = +1.
Since det R depends continuously on R, O(3) consists of disconnected components

SOB)={Re€O0@B)|detR=1} and {Re€O(3)|detR=-1}

For practical coordinates, use Euler angles. (See Web Notes)

Example. Consider a set M = [0,1) x (—1,1) with two atlas

Ar = {(Ur,¢1), (U, p2) } and Ay = { (U1, ¢1), (U2, ¢2) }

where
Ur=(5L%) x(-1,1) and Up=[0,1) x (-1,1)U (3,1) x (-1,1)

Intuition for Aj:
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Example. Given a set M =1[0,1) x (—1,1) and two atlas
A={(U1,41),(Uz,¢2)} and B={(U1,¢1),(Uz,¢2)}

where
Up=(%,2)x(-1,1) and Uy=1[0,7) x (-1,1)U(3,1) x (-1,1)
Atlas A4:
Intuition: .L . Identify Wit}:
A A
1/’1(%3/) = (l',y)
) (=zy), for0 <z <3
w2(x7y)_{(:1:—1,y), for 2 <z <1
Challenge: Find a metric for M so that 1y, ¢» are homeomorphisms.
Range of 1y = 5 ([0, 1) x (=1,1)) U¢a ((3,1) x (=1,1)) F ‘M
=100, x (-1,1) U (-%,0) x (-1,1) ¢2<~--2¢21
= (-14) x (L) P
2/171(,@ )_ (xuy)a 1f0§$<%
2 B (z+1,y), if —3<2<0 -30%
v (Buya (0.4)) = 3" (Buya (0.) 0 (x> 03) Uy (Bua (0.4) n {z > 0}) L
Atlas: :
Intuition: L .V Identify wit}: Y
b ® .
p1(z,y) = (2,9)
z,Y), for0<axz<i
pa(wy) = | Y 3 i
(r—1,—y), for 3 <z<1
Challenges:

(1) Find a metric for M so that 11, 12 are homeomorphisms.

(2) Show that (Usa,12) and (Us, ¢2) are not compatible.

Range of pa = 9 ([O,%) x (—1,1 )U(pg ((%,1) X (—1,1))
= [0,4) x (=1,1) U (=1,0) x (=1,1) ’3 .M
NESRE A b
_ (=), fo<ae<t
<P21(x,y)—{(x+17_y)7 i —i<x4<0 O
03" (Biya (0.5)) =5 (Biya (0,5) N{z > 0}) Ugy ' (Biya (0,3) N {z >0}) —503

=B (0,1)N{z>0}UB s (0,1)n{z <1} L
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Integration on Manifolds
Integrals over zero-dimensional domains:
e (0-domain

— called a 0-chain
— is a finite number of points with multiplicity and signs

— denoted nip; + nopa + - -+ + ngpe with p1,...,pe € M and nq,...,ns € Z.
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Review Session: Wednesday, April 16, 3:00 pm in room MATH 103.
Exam: Thursday, April 17, 3:30 pm in room MATH 104.

0O-dimensional Integral case:

e domain of integration

— called a 0-chain

— a finite number of points in M with multiplicity and sign

— denoted nip; + - - - + ngpr with p1, ..., pgx being distinct points of M and nq, ..

., ng €Z

— Formal definition: A function o : M — Z which vanishes except at finitely many points. The o

corresponding to nipy + - - - + ngpi is

0, otherwise

n;, if p=p; for some 1 < j <k,
o(p)={ ! ’

e the integrand is called a O-form, which is just a function F: M — C

e the integral is

k
/ F = Z nj F(pj)
nipi+-+nepr j=1

1-dimensional Integral case:

Brief review of work integrals
e have a particle which is at 7(¢) at time ¢
o feels a force F(7)
e by Newton

d2F RN d2F dr | AP
mw(t) = F(f(t)) = mw(t) . E(t) = F(7(t)) - E(t)

d (1 di¥ dr o dar
P (5’”’% | E) = PO - 5

ta

— %mﬁQ(tg) — %mﬁz(h) = / : F:(F(t))

t1 tl

change in kinetic energy

Usual notation for the work integral f:f F(7(t)) - 9 (t) dt is

/ﬁ-dF:/Fld:v—i—ngy—i-ngz.
C C

work
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On a manifold of dimension n
e domain of integration

— called a 1-chain
— denoted n1Cy + - -+ + nxCy with Cq, ..., Ck begin paths, and ny,...,ng € Z

— a path is a function 7 : [0,1] — M which is C*°; a function r : [0,1] — M is C* at tg if there is a
coordinate patch (chart) {U, ¢ } with r(t9) € U and ¢(r(t)) is C*° at to. If so, ¢¥(r(t)) is automatically
C™ at o for any coordinate patch { V, ¢ } with r(¢y) € V.

e integrand

— called a 1-form

— a l-form is a rule which assigns to each coordinate patch {L{, o= (x',...,2") }, n functions fi1,..., fn:
pU) —C
— denoted w}{u,ga:(wl,...,m")} = fidy + -+ fnden

— The functions must obey the following change of coordinates rule:

* Let {U,p=(2,...,2") }and {V, = (y',...,y") } withUd NV = 0. Write poy™ : pUNV) —
eUNV)CR™

n oxk .
_ 1 n __ k _
Oliypy = Nrdet + -+ frda —;fkdx —Zkfkwdyj
= 7y
=gqdy' + -+ gn dy”

w‘{v,w}

— n 2=\ Oz n o j
Then g;(y) = >, fk(x(y))% Recall dz* = Zj:l %dyj

/ w:nl/ w—|—~-~+nk/w
n1C1+-+niC Cy Ck

If C is the path r : [0,1] — M and if {U,¢ = (z*,...,2™) } is a chart with r(t) € U for all 0 < ¢ < 1, then

L= ;fm(r(t)))%?;“”dt

e integral

if w (Uip=(at )} = fidz + -+ fndyn. Note that this integral gives the same answer for all charts.

/w:/dw
OR R

This identity is, in fact, the Fundamental Theorem of Calculus, Green’s Theorem, Stokes’ Theorem, Divergence
Theorem, and half a dozen more...

e One last note:

That’s all, folks!
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