Riemann—Stieltjes Integrals with a a Step Function
Theorem. Let « : [a,b] — IR be a step function with discontinuities at s1 < -+ < Sy,

where a < s1 and s, < b. Let f : [a,b] — IR be continuous at each sj, 1 < j < n. Then
f € R(a) on [a,b] and

b n
/ fdo = Z f(s5) [a(sj+) — a(s;—)]

where
a(s+) o——
a(sy) =limo(t)  als-) = lma(t) vals),

and, by convention,

ifs1=a a(s1—)

if sp =b asp+)

Proof: Let ¢ > 0. Choose the partition P. = {a =g < X1 < < Ty = b} so that
(1) {317"'7311} C Ps

(2) the norm or mesh of P. = || P:|| = max ‘i‘l — 532‘—1‘ < § with
0= min{|32 —S1ly ey |80 — sn_1|,5—0}_and dg is given by

Insert (x) here.

Now let P = {a = z¢,21,---,2p, = b} D P. be any partitition finer than P, and T =

{t1,---,tp} be any choice for P and consider each term in
P
S(PT, f,a) = Zf(ti) [a(zi) — a(zi1)]
i=1

For each 1 < i < p, either
(1) neither z; nor x;_1 is in {s1, -+, .}, in which case both z; and z;_; lie in a
subinterval of [a, b] (either [a, s1), or (s;-1,s;) for some 2 < j < n, or (sy,b]) on
which « is required to be constant. In this case a(x;) — a(z;—1) = 0.
or (2) thereisal < j <n with z; = s;. In this case a(z;) — a(zi—1) = a(s;) — a(s;—).
or (3) thereisal < j <nwithz;_1 = s;. In this case a(z;) —a(z;—1) = a(s;+)—a(s;).
These three possibilities are illustrated below, with the points of P indicated by hash

marks.
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S
0 S(P,T, f,a) = {case (2) terms} +  {case (3) terms}

= S {#t)fals) - als, )] + ft) [l —a(s)] D
j=1

Here t;, lies in the subinterval of P whose right hand end point is s; and ti; lies in the
subinterval of P whose left hand end point is s;. Because || P|| < d, we have s;—§ < t;, < s;
and s; < ti;_ < s; + 0. We may write the value of the integral given in the statement of
the theorem in a form quite like that of S(P, T, f, a):

Z F(sj)[a(sj+) —a(s;—)] = Z {f(sj) [a(sg) — a(s;—)] + f(s;)[als;+) — Oé(sj)}}

j= j= )
(The two f(sj)a(s;) terms cancel.) Subtracting (2) from (1) and using the triangle in-
equality gives

‘ (P, T, f,« Zf si)| a(sj—)H

n

< 317 = 7l alsg) = als =) +1£(t) = F(s)] [als;+) — als))]

Now
(%) for each 1 < j <mn, f is continuous at s; so that there is a ; > 0 such that

>t {lo(sk) — alsi—)| + la(set) — alse)l}

[F(t) = f(s5)] <

for all ¢ with |t — s;| < ;. Choose 6y = min{dy,---9;}.
Consequently

‘ (P, T, f,a) — Zfs] —af ‘<5

as desired.
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