A Nowhere Differentiable Continuous Function

These notes contain a standard(?) example of a function f : IR — IR that is continuous everywhere but
differentiable nowhere. Define the function ¢ : IR — IR by the requirements that ¢(z) = |z| for z € [—1,1]
and that ¢(x 4+ 2) = p(z) for all real . So ¢ is periodic of period 2.
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As |p(z)| < 1, the series converges uniformly by the Weiersrtrass M—test with M, = (%)n As pis a
continuous function, f(z) is a uniform limit of continuous functions and hence is continuous.

We now fix any « € IR and prove that f is not differentiable at = by exhibiting a sequence {hm}m eIN
of real numbers converging to 0 such that h_tn [f(w + hm) — f(x)} diverges as m — oo. In fact h,, = :I:%4_m
with the sign chosen(® so that there is no integer strictly between 4™z and 4™ (x + hyy,). We next compute

the magnitude of the n'™™ term in 7 [f(x + hy) — f(x)]. That is, we compute |y .| where

Ymon = ﬁ (%)n [cp(4"x +4"hy) — cp(4":v)] =42(3")4™m ™" [cp(4":v + %4""") — cp(4"x)}

Case n > m: In this case $4"~™ is an even integer. So Y, = 0 because p(4"z + £4"~™) = (4 x)
because ¢ has period 2.

Case n = m: Recall that the sign of h,, was chosen so that so that there is no integer strictly between
4mg and 4™(x + hp). So (4™z,p(4™x)) and (4™ (z + him), 9(4™x + 4™h,y,)) lie on the same ramp
(i.e. straight line segment) in the graph of ¢, above. Each of those ramps has slope —1 or +1. So
| (4™ + 4™ hyy) — (4™ 2)| = 4™ hyn| = 3 and |y | = 2(3™)4m ™1 = 3™,

Case n < m: Since ’cp(y) - cp(x)‘ < |y —z| for all z,y € IR, we always have that

Y| < 2(3")am Ly = 3n

Putting these bounds together
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Sure enough, this diverges as m — co. So f is not differentiable at x.
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(1) This particular example is due to John McCarthy and appeared in the American Mathematical Monthly, Vol. LX, No.
10, December 1953. In 1872, Weierstrass gave the example f(z) = Z:’:O b" cos(a™mx) for b < 1 and ab > 1+ %w. It is
discussed in A Course in Mathematical Analysis by E. Goursat (translated by E. R. Hedrick).

(2) To see that the sign may be chosen in this way, observe that 4™ [z + %4””} —4™M [z — %4”"] = 1. Either 4™ [z + %4”"} and
4™ [z — %4”"] are both integers, in which case there are no integers in the open interval (4™ [z — %4*’”],4’” [ + %4*’”})
and we may choose either sign for h.,,. Or there is exactly one integer in the open interval (4™ [z — %4*'”},47” [x+ %4*’”}).
This one integer is either 4™z, in which case we may choose either sign for hy,, or is in (4™[z — %4"”],4’"%)7 in which

case we choose hy, = —l—%4*7”7 oris in (4™x,4™ [z + %4””}) in which case we choose hm = —%4”".
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