Problem Solutions for “Integration on Manifolds”

Problem M.1 Let A be an atlas for the metric space M. Prove that there is a unique
maximal atlas for M that contains A.

Solution. Define 2 to be the set of all charts {V,} that are compatible with all of the
charts of A. If we can show that 2 is an atlas, we are done, because (a) A is an atlas, so
that each chart in A is compatible with all charts of A and hence A C 2 and (b) any chart
in any atlas that contains A must be compatible with every chart of A and hence every
atlas that contains A is contained in A. Let {V, ¢} and {W, (} be any two charts of A with
VAW #0. Let z € VNW. We must show that  o~! is C°*° in some neighbourhood of
(x). Since A is an atlas, it contains a chart {U, ¢} with = € U. Since {V, ¥} and {W, (}
must both be compatible with {U, ¢}, ¢ o 1»~! must be C* in some neighbourhood of
() and ¢ o =1 must be C°° in some neighbourhood of ¢(x). But then the composition
Cop~toporp™tis C* in some neighbourhood of 1(x). As (op lpoyp™t =(Coyp~lina
neighbourhood of ¢ (x), we are done. |

Problem M.2 Let U and V be open subsets of a metric space M. Let ¢ be a homeomor-
phism from U to an open subset of IR"™ and 1 be a homeomorphism from ¥ to an open
subset of IR". Prove that if &/ N} is nonempty and

popl oUNV)CR" - UNV) Cc R™
oyl YUNV)CR™ — oUNV) CR"

are C'°, then m = n.

Solution. Write f(z) = ¢ o ¢~ !(x) and g(y) = ¢ op"(y). Fix any p€ U N V. Set

. B=[2wm)]

<i<n

1<
1<j<m

INIA

Since f(g(y)) =y for all y is a neighbourhood of (p), the chain rule gives that

% (g(y)) %(w = 51,3'
k=1
for all y is a neighbourhood of ¢ (p) and all 1 < 4,j < m. In particular AB = 1,,, the
m x m identity matrix. Similarly, since g(f(z)) = « for all z is a neighbourhood of ¢(p),
BA =1,. So A is the inverse of the matrix B. But only square matrices have inverses, so
m=n. |

April 9, 2008 Problem Solutions for “Integration on Manifolds” 1



Problem M.3 Let S" = { x = (z1,-++,%p41) € R | x| = 1 } be the standard
n—dimensional sphere.

(a) Foreach 1 <7 <n+1 set
U; = { xe S ‘ x; >0 } wi(x1,  Tpy1) = (1, Tie1, Tig1, 5 Tt1)
Vi = { xecS” ‘ z; <0 } ¢i($1,"',$n+1) = (301,"',wi—1,$i+1,"',3€n+1)
Prove that A, = { Uy i)y, Vi, i) } 1<i<n+1 } is an atlas for S™.

(b) Set
u:Sn\{(Ov"'7071)} V:Sn\{(07"'707_1)}

and define the stereographic projections, ¢ : Y — IR"™ and ¢ : V — IR", by

p(z) = 1—m2n+1 (@1, @) Y(x) = ﬁ(xl, e, Tp)

Prove that Ay = {{U, ¢}, {V,}} is an atlas for S™.

Solution. (a) Each x € S™ obeys |x| = 1 and so has at least one nonzero component z;.
If z; > 0, then = € U; and if z; <0, then x € V;. So 5" C U;<jcpni (U; UY;). Well
now verify that ¢ o @5 Land ¢ o (1 Lare C°°. The other cases ares virtually identical.
First observe that

U1HUQ:{$€SH‘$1>O, $2>0}

Z/ﬁﬁVQ:{ZCESn‘.’E1>O, $2<0}

so that
(,01(2/[1 QUQ) = { (1‘2,1‘3,' 737n—|—1) cR" } o >O,$§+CL’§+"'+$,2H_1 <1 }
@2(“1 ﬂZ/{Q) = { (.’131,.’133,-~ ,xn+1) ceR" } 1 >0,IE%+(E§+"‘+$EL+1 <1 }
<p1(Z/{1ﬁV2) = { (.’132,.’133,- ,xn+1) e R" ‘ T2 <0,IE§+(E§+"‘+$,2H_1 <1 }
¢2(U1HV2) = { (1‘1,1’3," 737n—|—1) e R" } T >O,$%+CL’§+"'+$,2H_1 <1 }

are in fact each one of two half disks in IR™. Since

902_1(t1,t2,...,tn) = (tlvm,tz,---,tn)
w;l(t17t2,~.~,tn) - (tl’_M7t27"',tn)

(where t2 = t2 4 -- - +¢2) it is clear that

@10902_1(1517t27"'7tn) :(;Ol(t17 V 1_t27t27"'7tn) (\/ 1_t27t27”'7tn)
1oty (trta, o tn) =011 (t, VI =28, tn) = (= V1 =12, ta, -+, 1)
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are C°.

(b) Observe that

2 2
2 _ 4 2. 2y _ 4 1%ng1 g l4mag ; _ p(x)"—4
90(33) — 0—zn41)? (xl + + xn) - 4(1—xn+1)2 - 41—mn+1 Tnt+l = p(x)2+4
. 1—xpi1 4
Since 5 = Sz Ve have
-1 4 t2—4
e Mty tn) = g (fr e, 55
and hence

Yoo (ty, - tn) 22[1+§§—;ﬂ‘1ﬁ(t1,m,tn) = Aty t)

which is C*° except at ¢t = 0, which corresponds to z = (0,---,0,—1). Similarly,

2 l-gm, _ 4—yp(x)? -1 _ 4 41—t
Y(2)” =4t = Tndl = gz — ¥ (tr, - tn) = e (B, tn, 255)

so that

pot (o t) = 21— A=) T A (1) = A (e )

which is C*° except at ¢t = 0, which this time corresponds to x = (0,---,0, 1). [ |

Problem M.4 Let R € O(3).

(a) Prove that if \ is an eigenvalue of R, then |[A\| =1 and ) is an eigenvalue of R.

(b) Prove that at least one eigenvalue of R is either +1 or —1.

(c) Prove that the columns of R are mutually perpendicular and are each of unit length.

(d) Prove that R is either a rotation, a reflection or a composition of a rotation and a
reflection.

Solution. (a) Recall that the inner product on C? is (7, ) = Zj’:l v;w;. Let € be an

eigenvector of R of eigenvalue A\. Then
(,2) = (¢, 1) = (¢, R'R&) = (Re, R) = (A&, A&) = ]\* (€, €)

As (€,&) # 0, we have |[A\|? = 1 and hence |\| = 1. Taking the complex conjugate of
RE = )€ gives R€ = )\ &, since R has real matrix elements. As € is not the zero vector, it
is an eigenvector of R with eigenvalue ).
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(b) Let P(\) = det(R— A1) be the characteristic polynomial of R. It is a polynomial of
degree three with real coefficients. So it has exactly three roots, counting multiplicity,
and all non—real roots come in complex conjugate pairs. Consequently P()\) has at
least one real root. So R has at least one real eigenvalue. As all eigenvalues have
modulus one, any real eigenvalue has to be +1.

(c) Denote by C’T(f) = R, ¢ the n'" component of column ¢. Then, for each 1 < k, ¢ < 3,

3 3
CH.CO=N"CPCPH =>" Ry xRue=(R'R)re =Ly
n=1 n=1

Soif k# ¢, O® .0 =0 and O® L GO and itk = £, [|[CO|* =1 and |CO| = 1.
(d) Case 1: If R has exactly one real eigenvalue, we may choose a coordinate system in
which the corresponding eigenvector is on the z—axis. (See “Change of Basis”, below.)
In this coordinate system (0,0, 1) is an eigenvector of eigenvalue +1 and so R is of the

form
a b 0
R=]¢c d 0
e f =1

The columns must be mutually perpendicular and of unit length. This forces e = f =
0,a?+c®>=0b%>+d?> =1 and (a,c) - (b,d) = 0. So there is a § such that a = cos®,
¢ =sinf and (b,d) = £(—sin#, cosf) and R is one of

[cosf —sinf 0 cos) —sinf 0
sinf cosf O sinf  cosf 0

| 0 0 1 0 0 -1

[cosf sinf 0 cosf)  sinf 0
sinf —cosf 0O sinf —cosf O

|0 0 1 0 0 -1

The first two are rotation about the z axis by 6 and rotation about the z axis by 6
followed by the reflection z — —z. The remaining two actually have three eigenvalues
+1 and so are included in

Case 2: R has three real eigenvalues. (R cannot have exactly two real eigenvalues,
because if A is an eigenvalue, \ is too.) If € is an eigenvector of eigenvalue +1 and
€3 is an eigenvector of eigenvalue —1, then €7 | €5 because

—(€1,€3) = (+1)(—1) (€1, €s) = (+1é1, —1é5) = (Rey, Réy) = <€1,RtR€2> = (€1, €>)
= (€1,63) =0
So we may choose a coordinate system with all three standard basis vectors being
eigenvectors. So R is one of (up to permutations of the coordinate axes)

1 0 0 1 0 0 1 0 O -1 0 0
0 1 0 0 1 O 0 -1 0 0 -1 O
0 0 1 0 0 -1 0 0 -1 0 0 -1
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which are the identity, the reflection z — —z, rotation about the z axis by 180° and

rotation about the z axis by 180° followed by the reflection z — —z.

Change of Basis Let &/, & and €} be three mutually perpendicular unit vectors in IR?.
! =3/

The components, z}, x4, 2%, of any vector Z with respect to the new basis {&}, €3, €
are determined by

T1€ +ahey +ahés =L or EZ' =7 where E=[é]é;és, = |

Note that E € O(3), so that ¥’ = E~1¥ = E'Z. If we think of a 3 x 3 matrix R
as mapping each Z € IR® to RZ € IR?, then in terms of the new coordinate system,
7' = E'Z gets mapped to E'RZ¥ = F'REZ’. Thus the matrix of the map ¥ — RZ in
the new coordinate system is E*RE. Note that if R € O(3), then EF*RE is again in
O(3), because O(3) is closed under multiplication and the taking of transposes.

Problem M.5 Define

gs(a1,az, a3, b1,ba,bs,c1,c2,c3) = aicy + azca + ascs

gi(a1, az, a3, by, ba, by, c1, ¢z, ¢3) = af + a3 + a3
g2(a1, as, asz, by, ba, b, c1,co,c3) = +b2+b3
gs(ai, as, as, by, ba, bz, c1,ca,c3) = c3 + c5 + c3
ga(ay,as, as, by, ba, b3, c1,c2,c3) = ajby + agbs + asbs
( )
( ) =

ge(a1,az,as, by, ba, b3, c1,c2,c3) = bicy + bacy + bacs

Prove that the gradients of g1, - -, gg, evaluated at any

al b1 C1
R=1as by co| € O (3)
as b3 C3

are linearly independent.

Solution. Fix any (al, as,as, by, ba, b3, cq,ca, 03). The six gradients are

Vg1 = 2(a1, a2, a3,0,0,0,0,0,0)
Vg2 =2(0,0,0,b1,bs, b3,0,0,0)
Vgs =2(0,0,0,0,0,0,c1, c2, c3)
Vgy = (bl,b2,b3,CL1,6L2,6L3,0,0,0)
Vgs = (c1,¢2,¢3,0,0,0,a1, as, a3)

Vgs = (0,0,0,c1, 2, c3,b1, b2, bs)
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We have to show that the only solution so 2?21 ajVg; =0is oy = --- = ag = 0. The
first three components of Z?Zl a;Vyg; are (writing them as a column vector)

20,1 b1 C1 al b1 C1 2041 2041
a1 20,2 + oy b2 + Qs | C2 = | a2 b2 Co Qg =R Qg
2&3 b3 C3 as b3 C3 (6759 (6759

The matrix R, as an element of O(3) must have determinant +1 and hence must be
invertible. So the first three components of 2?21 a;Vg; are zero if and only if 200y = oy =
as = 0. Similarly components four, five and six of 2521 a;Vg; are zero if and only if
2a9 = ay = ag = 0 and components seven, eight and nine of 2?21 a;Vg; are zero if and
only if 2a3 = a5 = ag = 0.

Problem M.6 Use the implicit function theorem to prove that for each 1 < 4,5 < 3, the
1<ij<3 DA neighbourhood of 1 in SO(3),
is a C'*° function of the matrix elements as1, az; and ass.

(4,7) matrix element, a;;, of matrices R = [aij]

Solution. Define
3
2
g1(a11, a1z, a13, aze, g3, ass, a1, sy, a32) = E aj; —1
Jj=1
3
2
gz(all,a12,a13,a22,a23,a33,&21,a31,a32) = E Qg — 1
Jj=1
3
2
93(a11,a12,a13,a22,a23,a33,a21,a31,a32) = E ag; — 1
j=1
3
g4(a11,CL12,CL13,CL22,6L23,CL33,6L21,6L31,(L32) = E a15a2;
j=1
3
gs(an,a12,a13,a22,023,a33,a217031,@32) = E a1;a3;
j=1

3
96(011,a12,a13,a22,a23,a33,a21,031,@32) = E a2;a3;
j=1

All six functions are C'*° functions of their 9 variables. We shall solve for the first six
variables as functions of the last three. The gradients of the six functions at the identity

matrix are
Vg:(1,0,0,1,0,1,0,0,0) = (2,0,0,0,0,0,0,0,0)
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Vg»(1,0,0,1,0,1,0,0,0) =
Vgs(1,0,0,1,0,1,0,0,0) = (0,0,0,0,0,2,0,0,0
( )=
( )=

0,0,0,2,0,0,0,0,0)

)

V4(1,0,0,1,0,1,0,0,0) = (0,1,0,0,0,0,1,0,0)
)

)

(
(
(
Vgs(1,0,0,1,0,1,0,0,0) = (0,0,1,0,0,0,0,1,0

Vg6(1,0,0,1,0,1,0,0,0) = (0,0,0,0,1,0,0,0,1

(These are linearly independent vectors.) Expanding along the first column and then along
the first row and finally along the last column,

det 249192 .95, 94, 95, go)
et
d(ai1,a12,a13,a22,023,a33)

(0,0,0,1,0,0,1,0,1)

2 0 0 0 0 07 00 2 0 0
00 0 2 0 O
0O 0 0 0 0 2 0 0002
= det =2det |1 0 O O O
01 0 0 0 O
01 0 0 O
001 0 0 O 000 1 0
0 0 0 0 1 Ol
00 e
=4 det 01 0 0 =-—-8det [0 1 0| =-8z#£0
0 0 1

the implicit function theorem assures that given any as1, asi, asze sufficiently small, there
is a unique element of SO(3) having the given values of a2, as1, azs and being in a neigh-
bourhood (specified by the implicit function theorem) of the identity. Furthermore, each
ai; is a C*° function of as1, asi, ass. [ |

Problem M.7 Prove that the two charts (Us, p2) and (Us,1)2) of Example M.10 are not
compatible.

Solution. The range of ¢ is [0,1) x (=1, 1)U (—1,0) x (-1,1) = (- 1,7) x (-1,1).
On this range

. | (z,y) if0<a<i
P2 <x’y)_{(a:—|—1,—y) if -1 <2<0

so that
: 1
_J(xy) if0<z <y

Un(x,y) ifo<z<j 1 _
(z,—y) if—-1<2<0

—1 —

This is not continuous across x = 0, since

Jim 00 (z,y) = (0,y)  while  lim ¢y 00,7 (z,y) = (0, )
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Problem M.8 Let M and AN be manifolds. Prove that f : M — N is C>® at m € M if
and only if 1o fo ¢t is C° at ¢(m) for every chart (U, ¢) for M with m € U and every
chart (V,4) for N with f(m) € V.

Solution. The “if” part is trivial. To prove the “only if” part, observe that, by definition,
there are charts {U, ¢} and {V, ¥} such that m € U, f(m) € V and ¢ o f 0 ¢~ being O
at ¢(m). Let {U, ¢} and {V, 1} be any charts with m € U and f(m) € V. Then m € UNU
and f(m) € VN V. By compatibility po¢~t and Y op~! are C at ¢(m) and @E(f(m))
respectively. Consequently,

pofop t=(Yov ) o(dofod t)o(dog)
is C™ at ¢(m). |

Problem M.9 Prove that R" is diffeomorphic to { x e R" | 3" #7 <1 }.

Solution. The map
x

V1= fzf?

is a diffeomorphism from { x € R" ‘ >, x? <1} toIR". The inverse map is

o7 (y) = —=

V1 y?

O(z) =

Problem M.10 Prove that IR™ is not diffeomorphic to S™.

Solution. Suppose that ® : S™ — IR" were a diffeomorphism. Let g : R — IR be defined
by g(x) = x1. Then go ® : S™ — IR is C*° and is onto IR. But that is impossible because
S™ is compact so that every C°° function on S” is bounded. [ |

Problem M.11 Outline an argument to prove that the disk { x € IR? ‘ 2 +y? <2 } is
not diffeomorphic to the annulus { x € IR? } l<a2?+y?<?2 }

Solution. The disk M = { x € R? ‘ 22+ y? <2 } has the property that every C'*°
closed curve may be continuously deformed to a point. To see this parametrize any curve
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by a function f : IR — M that has period one. Then fs(t) = (1 — s)f(¢) implements the
deformation, since fo(t) = f(t) and f1(t) = 0 has range the single point {0}. If the disk
and annulus were diffeomorphic, the annulus would also have this property. It doesn’t.
For example, the circle C' = { (z,y) } 2 4+y? =1 } cannot be deformed to a point in the
annulus. If it could, Green’s theorem would yield that fo [— Iz—_ykyzdx + %erzdy} =0,
which is false. [ |

Problem M.12 In this problem G = SO(3).

a) Fix any a € G. Denote by I = { (4,7) e IN? } 1<i<3,1<5<3 } the set of indices
for the matrix elements of the matrices in G. Prove that there exist a, 3,y € I such
that every matrix element g5, 6 € I is a C°° function of g, gg, g, for matrices g € G
in a neighbourhood of a.

b) Prove that a curve ¢ : (¢,d) — G is C* if and only if every matrix element ¢(t); ; is
ce.

c) Prove that matrix multiplication (a,b) — ab is a C'*° function from G x G to G.

d) Prove that the inverse function a +— a~! is a C°° function from G to G.

Solution. (a) Name the matrix elements of g € G by

ai(g) bi(g) ci(g)
az(g) b2(g) c2(9)
az(g) bs(g) c3(9)
and set
fi=a?+ a3+ a3 fo = b2 4 b2 + b3 fa=c4c2+c

fa = a1by 4+ asbs +aszbs  fs = aici + asco +azes  fg = bicr + baco + bses

: __ (0 o) o) o) o) o) o) o) o)
We have to show that, with V = (8—(11’ —8a2,8—as, 8—1)1, 8—1)2, 8—b3, 8_61’ 8_62’ 8_037)’

V1 = (2a1,2a2,2a3,0,0,0,0,0,0) Vfo=(0,0,0,2b1,2bs,2bs,0,0,0)
Vf3 = (0,0,0,0,0,0, 2C1,2CQ,203) Vf4 = (bl,b27b37a17a27a3707070)
va — (617627C37070707a17a27a3) VfG — (070707617627637b17b27b3)

are linearly independent vectors at any point obeying f1 = fo = fs =1 and f; = f5 =
fe = 0. In other words, we have to show that

(J!1Vf1 + O!QVfQ + O!3Vf3 + O!4Vf4 + 045Vf5 + OéGVfg =0= A1 =09 =03=0y4 =05=04 =0
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at every such point. This follows from

o = %(2\a|2a1+a-ba4+a-ca5)

= 1(a1,a2,a3,0,0,0,0,0,0) - (a1 Vf1 + 2V fo + azV fz + auV fs + a5V f5 + agV fo)
Oy = %(2|b|2a2+a-ba4+b-ca6)

= 2(b1,b2,05,0,0,0) - (1 V f1 + a2V fo + a3V f3 + sV fa + a5V f5 + a6V fo)
o3 = %(2\c|2a3+a~ca5—|—b~ca6)

= 1(0,0,0,0,0,0,c1,¢2,¢3) - (1 V f1 + @2V fo + a3V f3 + sV fa + a5V fs + agV fo)
oy =2a-bay + by +b-cas

= (bl,bz,bg,0,0,0,0,0,0) . (Oqul + oV fo+asVfs+asVr+ asVfs +a6Vf6)
a5 =2a-ca;+b-cag+|c]*as

= (c1,¢2,¢3,0,0,0,0,0,0) - (1 Vf1 + a2V o+ a3V fzs + auV i+ a5V f5 + a6V fe)
ag =2b-cas+a-cay+|c]*ag

= (0,0,0,¢c1,¢2,¢3,0,0,0) - (1 Vf1 + @2V fo + a3V f3 + auV fa + a5V f5 + a6V fs)

(b) Pick any ¢ < ty < d. Pick three matrix elements as coordinates in some neighbourhood
of qo(t). By Problem M.8, ¢(t) is C* at t; if and only if those three matrix elements are
C at tg. If those three matrix elements are C'*° at tg, the remaining matrix elements are
also C*° by part (a).

(c) Every matrix element of ab is a polynomial in the matrix elements of a and the matrix
elements of b and hence is C'*°.

(d) Every matrix element of a~! is a polynomial in the matrix elements of a (since det a =
1) and hence is C*°.

Problem M.13 Let M be a manifold, w be a 1-form on M and ¢(¢) : [0,1] — M be a path
in M. Prove that the definition of [ w given in part (c) of Definition M.13 is independent
of the decomposition of ¢ into finitely many pieces and of the choice of coordinate patches.

Solution. “Decomposing c into finitely many pieces” means picking 0 < t1 < to < --- <t
with m € IN and { c(t) ‘ tio1 <t <ty } contained in a single coordinate patch for each
¢=1, 2, ---, m and then applying the single patch algorithm of Definition M.13 to the
part of ¢(t) with t,_y <t <ty foreach ¢ =1, 2, ---, m.
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Make any two such decompositions and choices of coordinate patches for each piece.

/t tj h(t) dt = /t S_ h(t) dt + / " h(t) dt

for all t,_1 < s < ty we are free to add any finite number of decomposition points. So

Since

we may assume that the two sets of decomposition times are identical. Thus it suffices to
prove that if 0 <ty < tpy1 <1 and
o if {U,¢} and {U, ¢} are two patches with ¢(t) € UNU for all t; <t < t;4; and
o if w assigns {U,(} the pair of functions (f,g) and assigns {U,(} the pair of
functions (f, §)
then

/O [ £(€(elt) 2450 g (¢ (e(t))) 21452 | dt = / [F(Gelt)) 2 15(C(e(r))) 2452

But this is the computation of part (c¢) of Remark M.14. |

Problem M.14 Let M be a manifold of dimension n € IN (not necessarily 2) and suppose
that we have defined a wedge product for M that is bilinear, graded anticommutative and
associative (i.e. is satisfies properties (a), (b) and (c) above). Let, for each < j < n, w; be
a 1-form on M and, for each 1 <i,5 <n, f;; be a function on M. Prove that

(é:l fljwj> A (é:l f2jwj) AN <§:1 fnjwj) = det [fis] ;e @1 Awa A Ay

Solution. By linearity
( Zlfljwj> A\ ( Zlfzjwj) JARERFAN ( Zlfnjwj) = D fip fage Wi A AWy,
= J= J= J1,jn=1

By anticummutativity

) . _ ) Wi, A Wi, if jé 7£ j@-l—l
Wi, /\Wje+1_{0 if jo = jot

so that

—wjy A ANwj g Awjp A Awj i e # et

le/\"'/\wj[/\wj@rl/\"‘/\an:{O iijZjE—H
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Repeatedly applying this, we have that w; A --- Awj, is zero unless ji,---,j, are all
different, that is unless j; = = (1), -+, j, = m(n) for some permutation of (1,---,n).
Repeatedly applying (1) also gives that, for any permutation 7,

Wr) N AWr(n) =SgNT W1 A=+ Awp

where sgn 7 is the sign(*) of the permutation. Denoting by S,, the set of all permutations
of (1,---,n), we have

<]§:1f1jwj) /\ <]§:1f2jwj> /\ e /\ <]§:1fnjwj> = Z Fijy o fngn Wiy A Awj,

o ’]n—l

= Z Jir()  Jar(n) Wa@) AN A Wr(n)
TES,

= Z sgnm flﬂ(l)"'fnﬂ(n) wi A Awp
TES,

= det [fij]lgi,jgn B ARERWAN

Problem M.15 Prove that Definition M.18 is independent of the choice of coordinate
patch.

Solution. Assume that

o {U,¢} and {U,(} are two charts with U N U # @ and
o the transition function ¢ o ¢! (from ¢(U N U) c R* to ((UNU) C IR2) is
(Z(z, ), 92, y)) ]
(a) Let FF: M — C be a C' 0-form and set ¢ = Fo( ! and $ = Fo(~!. Then
p(z,y) = ¢(2(z,y), §(z,y)) and
dF| g ¢ = <x §) di + §(%,§) dg with f(,5) = £(%,9), §(%,9) = 52(%.9)
dF‘{U,C} = %2 (2,y)dz + %2 o (z,y) dy
(#(@, ), 5w, y)) 52 (@,9) + 52 (#(@,9), 5w, v) B (@) | da

52 (2
S2(#(2,y), (. y)) 5L (=, y)}dy

I
,_/_\/—HQ)
e §3|

+
52 (2(x,y), 9z, v)) 52 (2,y) +
= f(z,y)dz+ g(z,y) dy

(1) A permutation of (1,---,n) is a 1-1 map from {1,---,n} onto {1,---,n}. A transposition is a
permutation that just exchanges two neighbouring elements. Any permutation may be expressed as
a product (i.e. composition) of transpositions. The sign of a permutation is +1 if it is the product
of an even number of transpositions and —1 if it is the product of an odd number of transpositions.
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with 5 ~ .
fl@y) = F(@(2,y), 92, y) (2, y) + §(E(z,y), 5z, y)) 3L (2, y)
F)

g9(z,y) = f(#(z,9), 5z, y)) (@, y) + §(E(z, ), 5z, y)) G (2, y)
This agrees with the coordinate transformation rule of Definition M.13.
If wis a C! 1-form with

Wl ey = f@,y) do + g(z,y) dy
wlig.g = F(@,9)di + §(z,5) dj
then . o o
flx,y) = f(Z(x,y),9(x,y)) S (x,y) + §(E(z, ), 9z, 9)) 5L (x,y)
o 5 v o 5 o
g(z,y) = f(@(x,y),9(x,9) 5o (x,9) + §(2(z, ), 5(z,v)) 5o (=, y)
Since
) _ 8f 0z 0% , Of 0F 0% 7 9%z 8G 0% 0§ , 050505 , ~ 0%F
2@, Y) = 55520, t 55000y T om0y T 520 0o T 53 02 00 T IFrog
of _ Of 0% 0% of 07 o0& ;0% d§ 9% 0 85 05 05 |, ~ O2%§

we have that ) o
dw‘{U,g} - [a_g(xay) - 8—y(:€,y)} dx N\ dy

=[5~ %) [5:5) ~ 58] danay

which agrees with the coordinate transformation rule of Definition M.15.

(¢) The 2—form case is trivial. |

Problem M.16 Prove the graded product rule that if w is a k—form and w’ is a k’—form,
then

dwAw) = (dw) A"+ (=1)Fw A (dw)

Solution. It suffices to consider k + k' < 1, since all of d(w Aw'), (dw) Aw’ and w A (dw’)
vanish if k + k" > 2 because the manifold M is assumed to be two dimensional. It suffices

to verify the specified formula in any chart {U, (},
(a) fk =k =0,wo( ! (z,y) = f(z,y) and v’ 0 ("' (z,y) = g(z,y), then

dw = ﬂ(az,y) dx + %
dw' = 99
y

(z,y)dr + 52 (x
(dw) A 4 (=1)Fw A (dw') =

o (z,y)dy
5 (z,y)d
5L(z,y)g(x,y) de + GL(z,y)g(x,y) dy
+ f (@, y) 92 (2, y) da+ f(,y) 9 (2, y) dy
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and
dw ') = 5(fg)dz+ 5.(fg) dy

agree by the product rule.
(b) f k=0,k"=1,wo (" Yz,y) = f(z,y) and w/‘{u,c} = g(z,y) dx + h(z,y) dy, then

= 3L (@, y) do+ G (z,y) dy

ox

[% (z,y) —a—y(aj y)]da:/\dy

(5L (x,y) do + G (2, y) dy] A [g(2,y) do + h(z,y) dy]
+ f(@,y) [3E(x,y) — §2(z, )] dz N dy
[ham_gay+f fg_z]d‘r/\dy

(dw) Aw' + (=1)Fw A

and
dwAw') =d(f(z,y)g(z,y) dz+ f(z, y)h(w, y) dy)

= [~ & (F(z.9)9(z,y)) + & (f(2,y)h(z,y))] dz A dy

agree by the product rule.
(¢) If k =1 and k' = 0, then, by the previous case

dwAw') =dW Aw) = (dw') ANw + W' A (dw) = (dw) Aw' —w A (dw')

Problem M.17 (Vector analysis in IR*) Let M be IR® with atlas (U= IR3 C( z) = 9? =
(z,y,2)). Let f: IR?> — IR be any C™ function on IR* and (%) = (a' (@), (7))
and b(Z) = (b1(Z) , b*(Z) , b*(Z)) be any two vector fields (i.e. vector Valued functlons)
on IR?. We can associate to @(Z) a 1-form w} and a 2-form w2 by

wi = a' (%) dx + a* (%) dy + a®(%) dz
w2 = a' (%) dy A dz + a*(Z) dz A dx + a®(T) dz A dy
Prove that
RS
(a) wg Aws =w- 7
(b) wh A w2 =a(E) - b(T) de Ady A dz
_ 1
(c) df =W,
1_ 2
(d) dwz = w3
(e) dwc%zﬁ a(z) de Ndy N dz
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Observe that

o d?f = 0 says thatOzdwlﬁf:wéxﬁf i.e. that VX Vf =0.

— — =

o dzwé:OsaysthatOzdwéxﬂ:V-Vin(f) dz ANdy Adz ie. that V-V x @ =

a

Solution. (a)

wé/\w%: a' (Z) dz + a*(Z) dy + a*(2) dz) A (b'(Z) dz + b*(Z) dy + b*(Z) dz)
0)b2(£) dx A dy + o (£)b3(Z) dx A dz + o*(Z)b' (Z) dy A dx

+ a*(Z)b3(£) dy A dz + o®(Z)b* (£) dz A dx + a®(2)*(Z) dz A dy

— a®(D)bN(F)) dz A dy + (a*(Z)b" (D) — " (Z)b*(T)) dz A da

+ (a®(D)V(2) — a®(Z)b*(Z)) dy A dz

U

|
~~
)
-
—~
8y
N—"
S
[\
—~
8y
N—

¥) dz+a*(Z) dy+a® () dz) A (b'(Z) dy A dz+b*(Z) dz A do+b°(F) do A dy)
b! (7 )dmAdy/\dz—ira (£)b*(Z) dy A dz A dx + a®(F)b*(Z) dz A dx A dy
= (&) - b(Z) dz A dy A dz

df:%dﬂf—l-g—idy—l—%dZ:wlﬁf

(d)

dwy = d(a'(Z) dz + a*(Z) dy + a*(T) dz)
_8—“1dy/\d:c+%—‘fdz/\da:Jra—“de/\der‘9—“2dz/\dy+8—“3d:z:/\dz+%—“;dy/\dz
= (9 — %) dy Adz + (%% — 92 ) dz Ado + (2% — 92 ) dz A dy

2
V a

dw? = d(a'(Z) dy A dz + o*(Z) dz A dx + a®(Z) da A dy)
= 9 dz Adw Ady + 9% dy A dz A de + 9 dz Adz A dy
=V - a(@) doe Ady Adz
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Problem M.18 Let © be an open connected, simply connected subset of IR?. Think of

as a two dimensional manifold as in Example M.2. Let Fy(x,y), Fa(z,y) € C°°(2) obey

the compatibility condition that g—l;;l = %. The goal of this problem is to prove that

there exists a function ¢(z,y) € C°°(2) such that

Fi(z,y) = 52(x,y)  and  Fy(z,y) = 52(x,y)

This is the analog in two dimensions of the statement that, if € is a simply connected
region in R® and F(Z) is a vector field in Q that obeys V x F(Z) = 0, then there is a
“potential” (&) such that F(&) = V().

(a) Define the 1-form w = Fy(z,y) dx + Fs(x,y) dy. Prove that w is closed.

(b) Let Cy(t),Ca(t) : [0,1] — € be any two paths in Q with C1(0) = C3(0) and
C1(1) = C5(1). That is, the two paths have the same initial and final points. Prove
that [, w= [, w.

(c) Fix any point (z¢,yo) € §2. For each point (x,y) € Q, select a path Cy ,(¢) : [0,1] —
such that Cy ,(0) = (z0,y0) and Cy (1) = (z,y). Define p(x,y) = me @ Prove that

SE(xy)=Fi(zy) and  52(x,y) = Fa(z,y)

(d) Let ¢(x,y) and ¢ (z,y) be any two functions on 2 that obey
%(%y):g_f(x,y):Fl(x,y) and g_z(xvy):g_z(xay):FQ(x7y)
Prove that ¢(z,y) — ¢ (x,y) is a constant independent of = and y.

Solution. (a) By the hypothesised compatibility,

dw:g—ildy/\dx-l—%da:/\dy: (%—3—5}) dz Ndy =0

(b) Since 2 is simply connected, it is possible to deform C; continouously to Cy. That is,
there is a smooth function D : [0, 1] x [0, 1] — £ with

D(t,0) = C1(¢) forall0 <t <1
D(t,1) = Ca(t) foral0 <t <1
D(0,s) = C1(0) = C2(0) forall0 <s <1
D(1,s) = C1(1) = Ca(1) forall 0 <s<1
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The boundary 0D = Cy + E; — Cy — E5 of D consists of C; — Cy and the two degenerate

E1(8> = 01(1) = 02(1) EQ(S) = 01(0) = 02(0) for all 0 S S S 1

So fEl w= ng w = 0 and, by Stoke’s theorem,

/w—/w:/ w:/dw:()
Cl Cz oD D

(c) Fix any point (z,y) in the open set 2. We prove that g—ﬁ(a:, y) = Fi(x,y). The proof
of other case is similar. Fix another point (z1,y) in  with the property that (z”,y) € Q
for all " between x; and x. Choose, for each (z',y) with 2’ sufficiently close to x, the
curve Cy , to obey

Ca y(0) = (0, 0)

Cm’,y(%) = (xlvy)

Cyr y(t) is independent of 2’ for 0 <t < %

Cor y(t) = (z1 +2(2 — z1) (¢t — 3),y) for 3 <t <1

That is, Cyy starts at (zo,yo) at t = 0, moves to (z1,y), along a path independent of 2,

o

@)

@)

o

at t = % and then follows a horizontal straight line to (z',y) at ¢t = 1. The contribution to

o' y) = | c @ arising from 0 <t < % is independent of z’ and will give contribution

zero to g—‘g(x, y). The contribution to ¢(z’,y) = fCI/’y w arising from % <t <1 is precisely

’

1 T
/1F1 (z142(2' —21)(t—3),y) 2(2' —21) dt = / Fi(&y)d¢  where £ = 2142(2'—x1)(t—3)

T1

M

The derivative of this with respect to z’ is Fy (2, y). Hence g—f(aj, y) = Fi(z,y) as desired.

(d) The gradient of § = ¢ — 1 vanishes identically. So # = ¢ — v is a constant. Here is
another proof in the language of forms. If (zg, o) and (z,y) are any two points in € and
C' is a curve from (zg,yo) to (z,y) in ©, then

Oa) = 0o0) = [ 0= [ an=o
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