Tempered Distributions

The theory of tempered distributions allows us to give a rigorous meaning to the Dirac
delta function. It is “defined”, on a hand waving level, by the properties that
(i) 6(x) = 0 except when x =0
(ii) 6(0) is “so infinite” that
(iii) the area under its graph is one.
Still on a handwaving level, if f is any continuous function, then the functions f(z)d(x)
and f(0)d(x) are the same since they are both zero for every x # 0. Consequently

oo

/ f(x)o(z) dx =/ f(0)d(x) dz = f(O)/ 6(z) dz = £(0) (1)
—o0 —o0 —o0

That ffooo f(x)d(x)dr = f(0) is by far the most important property of the Dirac delta
function. But we already have seen in a problem set that there is no Riemann integrable
function 6(x) that satisfies (1).

The basic idea which allows us to make make rigorous sense of (1) is to generalize the
meaning of “a function on IR”. We shall call the generalization a “tempered distribution
on IR”. Of course a function on IR, in the conventional sense, is a rule which assigns a
number to each x € IR. A tempered distribution will be a rule which assigns a number to
each nice (to be made precise shortly) function on IR. We will associate to the conventional
function f : IR — C the tempered distribution which assigns to the nice function ¢(z) the
number [~ f(2)¢(z) dz. The tempered distribution which corresponds to the Dirac delta
function will assign to ¢(z) the number ¢(0).

Our first order of business is to make precise “nice function”.

Definition 1 Schwartz space is the vector space

SR)={¢:R—C } @ is C°°, sup ‘x”go(m)(x)} < oo for all integers n,m >0 }
z€lR

Observe that
(1) S(IR) is indeed a vector space. That is,

o, € S(R), a,be C = ap+ by € S(R)

(2) If f(x) is any continuous function on IR which is bounded by a constant times 1+ |x|?
for some p € IN and ¢ € S(IR), then f(x)p(x) is a continuous function that is bounded
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by some constant times H% (take n = p+ 2 and m = 0 in Definition 1) so that the
integral ffooo f(x)p(z) dx converges.
(3) Define, for each n,m € Z with n,m > 0 and each ¢ € S(IR)

= sup ‘:L'” (m) (93)‘

Then
(a) [lellnm >0
() llagllnm =

()

for all p,9 € S(IR) and a € C. These are precisely the defining conditions for || - ||, m

to be a semi—norm.
(4) In order for || - |n,m to be a norm it must also obey |¢||pm =0 <= ¢ = 0.
This is the case if and only if m = 0. If m # 0 the constant function ¢(x) = 1 has
= 0.

Example 2

(a) For any polynomial P(z), the function ¢(z) = P(x)e~* is in Schwartz space. This

is because, firstly, for any n,m > 0, 2"¢(™(z) is again a polynomial times e and,

secondly,
1 1
e—x2 =— < T (2)
1422+ Ha2 + - PP

for every p € IN. (The terms that we have dropped from the Taylor expansion of e are
all positive.) Consequently, z™¢(™) (z) is bounded.

(b) If ¢ is C'*° and of compact support (which means that there is some M > 0 such that
o(z) =0 for all || > M) then ¢ € S(IR). One such function is

0 if |lz| >1
@(w)z{_ 1 o

e T @ T if—l<a<1
The heart of the proof that this function really is C'>° at x = 41 is the observation that,

for any p > 0, hm 17 |pe gt . 0, which follows immediately from (2) with z = %

Next, we introduce a metric on S(IR) which is chosen so that ¢ and 1 are close
together if and only if ||¢ — 9|/, m is small for every n,m. The details are given in the
following
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Theorem 3 Define d:S(IR) x S(R) — IR by

= —n— ||‘P_¢|nm
d — 2 n m )
)= 3 T

Then

(a) d(p,) is well-defined for all p,v € S(R) and is a metric.
(b) With this metric, S(IR) is a complete metric space.

(c¢) In this metric ¢ = klim o if and only if klim ller — ¢l

n,m =0 for every n,m > 0.

o
Proof: (a) To prove that > 2‘""”% is well-defined it suffices to observe,
n,m=0 e

firstly, that HLA < 1 for every A > 0 and, secondly, that >  27"7™ converges because

n,m=0

the geometric series i 27" =12,

o The metric axiorrln_(zi(go, 1) > 0 is obvious.

o The metric axiom that d(y,1) =0 = ¢ = ¥ is obvious because d(yp, 1) = 0 forces
the n = m = 0 term in its definition, namely %, to vanish. And that first
term is zero if and only if ||¢ — |00 = sup,er |p(z) — ¥ (x)]| is zero.

o The metric axiom d(p, 1) = d(, ¢) is obvious.

o The triangle inequality follows from

||90_77Z)||n,m < ||90_C||n,m + ||C_¢|n,m
L+l =Ylnm ~ 1+l =Cllnm  1THIC—9

n,m

which is proven as follows. We supress the subscripts n, m. Because ﬁ =1-
x 14+x

is an increasing function of x

le=vll _lle=Cl+lc=2l _ =<l + <=2l
Hlle=oll = 1+lle=Cl+ <=2 Ifle=ClI+lIc=I  T+[e=Cl+I[¢=2ll
le—=c¢ll | _llc—]]

e R S [

IN

(c) For the “only if” part, assume that ¢ = klim v and let n,m > 0. Then

n,m

cnem e — ol . e — ©klln,m
d(p,op) =277 = lim : =0
L+ |l — @rlln,m k=0 1+ [l — 0klln,m

Forany0<5<%and33>0,

e <e = z2<e(lt+r) = rv—er<e = v< 75, <2
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m = 0 too.

For the “if” part assume that klim ek — @lln,m = 0 for every n,m > 0. We must prove
— 00
that, as a consequence, p = klim ©k- The idea is that, in the definition of d(p, 1), the sum
— 00

of all terms with m or n large is small, regardless of what ¢ and 1 are. Precisely, write
Y = ¢ — ¢ and note that, for every M € IN

oo

cnem_ |Vkllnm
d(pr, ) = g—n—m__1Tkllnm
n%zo 1+ ||¢k||n,m
T —n— ||¢k||nm
- Z 2T + Z g—n—m__ N7RANM
0§n7m§M n :)Lrw':ngM
< Y gmnom_THILm —+ Z g—n—m
0<n,m<M nﬁr"anM
0 00
< ¥ 2‘”‘m—’+2{ > oy el
0<n,m<M n,m e 41 =
e 1
M
0<nm< M L+ (|9 |ln,m 2

Let € > 0 and choose M so that 1 < £. For each n,m > 0, klim |t|ln,m = 0 so that there
—00

is a Ky, m for which k& > K, ,,, implies [|¢)]|n,m < §. Set K = max{ K,om } 0<nm<M }
If £ > K, then

1 € = —n—me

n,m=0

d((Pk,QO) < Z g—n—m ||¢k

0<n,m<M L+ [[9klln,m

(b) Let {(pk} be a Cauchy sequence with respect to the metric d. Then, as in part (c),

for each n,m > 0, klEIiloo ngk — k|, ,, = 0. In particular, klgriloo H(pk — @r'{|go = 0, 80

that the sequence {gpk} is Cauchy in the set, C(IR), of all bounded, continuous functions
on IR equipped with the uniform metric. We already know that C(IR) is complete, so
there exists a continuous function ¢ such that {(pk} converges uniformly to ¢. As well,

k,l}rfoo ler = @ lg.

C(IR) and there exists a continuous function ¢; such that {gp;g} converges uniformly to ¢.

= 0 so that the sequence {4,02} of first derivatives is Cauchy in

From our work on uniform limits and differentiability, we know that this ensures that ¢
is differentiable with ¢’ = 1. Continuing in this way, we see that ¢ is C°° and that, for
each m > 0, the sequence {gp,&m)} of m*™ derivatives converges uniformly to ¢("™). Finally,
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we have that, for each n,m > 0, there is a K, ,, such that |x|”}<p§€m) (z) — gog,n) (z)| < e for

all k, k' > K, »,, and all z € IR. Consequently, if k& > K, .,

(m) (z) — (p(m)

Ik = @l m = 50D f2]" | )| = sup Jim ]| (@) - o1V (@)

<supe=c¢
z€R

So, by part (c), {gpk} converges to ( with respect to the metric d. [ |

Remark. In practice, it is rarely necessary to directly use the definition of the metric d
of Theorem 3. One usually just uses part (c) of Theorem 3 instead.

We are now ready to give

Definition 4 (Tempered Distributions) The space of all tempered distributions on
R, denoted S’'(IR), is the dual space of S(IR). That is, it is the set of all functions

f:S(R)— C

that are linear and continuous. One usually denotes by (f,¢) the value in C that the
distribution f € §’(IR) assigns to ¢ € S(IR). In this notation,
> that f is linear means that (f,ap + b)) = a (f, ) +b(f, 1) for all p,9 € S(IR) and
all a,b € C.

> that f is continuous means that if ¢ = lim ¢, in S(IR), then (f,¢) = lim (f, ¢n).

Example 5

(a) Here is the motivating example for the whole subject. Let f : IR — € be any function
that is polynomially bounded (that is, there is a polynomial P(z) such that |f(x)| < P(x)
for all z € IR) and that is Riemann integrable on [—M, M| for each M > 0. Then

fipe SR / /o

is a tempered distribution. The integral converges because every ¢ € S(IR) decays faster
at infinity than one over any polynomial. See Problem 1, below. The linearity in ¢ of
(f, ) is obvious. The continuity in ¢ of (f, p) follows easily from Problem 1 and Theorem
6, below.
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(b) The Dirac delta function, and more generally the Dirac delta function translated to
b € IR, are defined as tempered distributions by

(6, ¢) = ¢(0) (b, ) = ©(b)

Once again, the linearity in ¢ is obvious and the continuity in ¢ is easily verified if one
applies Theorem 6.

(c) The derivative of the Dirac delta function d; is defined by

(0, 0) = —¢' ()

The reason for the name “derivative of the Dirac delta function” will be given in the section
on differentiation, later.

(d) The principal value of % is defined by

Pl o) = lim 2@) gy
< ’ g0> 0t Jjz|>e ’

The first thing that we have to do is verify that the limit above actually exists. This

is not a trivial statement, because not only is @ not integrable on [—1,1] if ¢(0) # 0
(because then @ is not bounded), but fol %dx and f 31 % dx do not even exist as improper

integrals:
1

1
L dr = lim Ldr = lim Inl =
0 T e—0+ c T e—0+ €

0 —e
L de = lim L dr= lim lne = —c0
-1 z e—0+ -1 x e—0+

Here is the verification that the limit defining <P%, <p> exists

M —€
lim ‘p(f) dr = lim {/ @daz-l—/ (pgf) d:r:}
e=0+ Jiz>e YO e -M

1 M -1
—  lim {/ e(@)—p(=x) da:—i—/ e(z) da:—i—/ e(x) da?}
e—04 c T 1 z — M’ x

M,M'’—oco

The first integral converges because, by the mean value theorem, we have, for some &
between x and —zx,

’so(w)—vv(—w)

_ ‘@'(5) 2z
xX

< 2||llo,1
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The second and third integrals converge because, for |z| > 1

(x)

< szlrp(@)] < zllelo
These bounds give both that <P %, <,0> is well-defined and

1 oo -1
0,1/ dx + ||90||1,0/ 5 dx + ||90||1,0/ = da
0 1 >

0,1 +2[lell1,0

[(P3.9) | <2ll¢

=2||p

Linearity is again obvious. Continuity again follows by Theorem 6, below.

Problem 1 Let f: R — C be Riemann integrable on [—M, M] for all M > 0 and obey

the bound |f(z)| < P(z) for all x € IR, where P(x) is the polynomial P(z) = ZgiN_ anx"

and N are nonnegative integers.

(a) Prove that there is a constant C' > 0 such that |f(z)|(1 + 2?) < C (== + |z[N+12)
for all z € IR.

(b) Prove that

| 1@ do <7C(leln_o+ lellv, +20)

— 00

for all p € S(R).

Theorem 6 (Continuity Test) A linear map f: ¢ € S(R) — (f,p) € C is continuous
if and only if there are constants C' > 0 and N € IN such that

(o) <C > el

0<n,m<N

n,m

Proof: < : Assume that | (f,¢) | < C > o<n.m<n 1®lln,m and that the sequence {(pk}kelN
converges to ¢ in S(IR). Then

[(fro) = (Foon) | =] (Fro—wr) | <C D llo— @kl

0<n,m<N

n,m

converges to zero as k — 0o. So f is continuous.

= : Assume that f € §’(IR). In particular f is continuous at ¢ = 0. Then there isa d > 0
such that

a(w,0) <8 = [{f4)] <1
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Choose N so that Z 27T <« %. Then

n or m>N
5 —n—m ||an m —n—m
> <§ = d@,0= > 27 < ) [Wlam+ D2
0<n,m<N n,m>0 nm<N n or m>N
d(,0) < o
= |(f)]| <1
Consequently, for any 0 # ¢ € S(IR), setting
—1
b=4] T Nelbm| ¢
n,m<N
we have B
S Wlem= > 3 T ¢lnm] I¢llnm =3
0<n,m<N 0<n,m<N  mm=N
and hence
=2 3 el [0 <2 S Ilnm
n,m<N n,m<N
as desired. m

Operations on Tempered Distributions

We now define a number of operations like, for example, addition and differentiation,
on tempered distributions. The motivation for all of these definitions come from Example
5.a with f € S(IR). Then we can view f both as a conventional function and as a
tempered distribution. We will define each operation in such a way that when it is applied
to f € S(IR), viewed as a distribution, it yields the same answer as when the operation
is applied to f viewed as an ordinary function, with the result viewed as a distribution.
As a trivial example, suppose that we wish to define multiplication by 7. If f € S(IR)
is viewed as an ordinary function, applying the operation of multiplication by 7 to it
gives the ordinary function 7f. But 7f can again be viewed as the distribution (7f, p) =
[7f(z)p(x) de =T(f, ). So we would define the operation of multiplication by 7 applied
to any distribution f as the distribution 7f defined by (7f, ) = 7 (f, ).

Addition and Scalar Multiplication
Motivation. If f,g € S(IR) and a,b € C, then

/mmﬂmﬂm> w—a/ fa dm%/mm@¢@Mx=wﬁ@+u%m

— 00 — 00
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Definition. If f,g € S'(IR) and a,b € C, then we define af + bg € S'(IR) by
(af +bg,0) =a(f, o) +b(g,¢)
Theorem. If f,g € S'(IR) and a,b € C, then af + bg, defined above, is a well-defined

element of S'(IR). The operations of addition and scalar multiplication so defined obey the
usual vector space axioms.

Proof: Trivial. [ |

Differentiation

Motivation. If f € S(IR), then, by integration by parts,

/_00 f(z)p(x) do = — /_00 f(z) ¢ (x) dx (the boundary terms vanish)

Definition. We define the first derivative of f € S’(IR) by

<f/790> :_<f790/>

More generally, we define the p'" derivative of f € S’(IR) by

<f(p)’ 90> - (_1)p<f’ Sp(p)>

n.m+p the right hand side gives a well-defined element of S’'(IR).

Since [P ||n,m = (¢l
Remark. Note that every derivative of every distribution always exists.

Example. The Heavyside unit function

1 ifz>0
H :{ =
@) =0 ifw<o0

may also be viewed as the tempered distribution

o) = [ " o) d

via Example 5.a. The derivative of this distribution is

(', o) = — (H, o) = — / () dr = —[p(@)] = 0(0) = (5. 0)

Thus H’ is the Dirac delta function.
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The Fourier Transform

Definition 7 The Fourier transform f(k) of a function f € S(IR) is defined by

f9 = [~ e o) ao

— 00

Since f(x), and hence e~ f(x), is a continuous function of z which is bounded by a

contant times H%’ the integral exists and f (k) is a well-defined complex number for each

k € IR. We shall show in Theorem 9, below that the map f — f is a continuous, linear
map from S(IR) to S(IR) and furthermore that this map is one-to—one and onto with the
inverse map being the inverse Fourier transform given by

mm:%/wﬂ%ka

— 00

The computational properties of the Fourier transform are given in

Theorem 8 Let f,g € S(R) and o, 3 € C. Then

(a) The Fourier transform of af(x)+bg(z) is af(k)+ bj(k).

(b) If n € IN, then the Fourier transform of f(x) is (ik)"f(k).

(¢c) The Fourier transform, f(k), of f(x) is infinitely differentiable and, for each n € N,
%f(kr) is the Fourier transform of (—ix)"™ f(x).

(d) Let a € R. The Fourier transform of the translated function (T, f)(x) = f(x —a) is
e~k F (k).

(¢) The Fourier transform of f(z) = e=% /2 is f(k) = \/2me F" /2,

(f) 2o F(2)9(@) do = 5 [ f(k)§(k) dk

Proof: (a) The Fourier transform of af + bg is

/ “e e f(z) + bo(x)] dz = a / “e N f(a) da + b / “e e g(0) dir = af (k) + bi(k)

— 00 — 00 — o0

(b) By induction, it suffices to prove the case n = 1. By integration by parts, the Fourier
transform of the first derivative f'(z) is

/OO e f1 (1) do = —/OO flz)(Le ") do =ik /OO e f () do = ikf (k)

— 00 — 00 — 00

March 22, 2008 Tempered Distributions 10



The boundary terms vanished because lim e~ "* f(z) = lim e~ f(x) = 0.

(¢) Again, by induction, it suffices to prove the case n = 1.

Q.|Q.

f( k)= / e_“”f(x) dr = / %(e_“”f(m)) dr = / (—ix)e‘ikmf(x) dx
is indeed —i times the Fourier transform of x f(x).
The second equality, which moved the derivative with respect to k past the integral
sign is justified by the following minor variant of problem #4b in Problem Set 5.
Lemma. Let f : (—00,00) X [¢,d] — C be continuous. Assume that ?9_5 exists and is
continuous and that there is a constant C' such that

fenh Ly <% and |2y - Ly < obyl
for all —oo < x < 00 and ¢ <y,y’ < d. Then g(y) = ffooo f(x,y) dz is differentiable
with g'(y) = [*_ 2L (2,y) da.

oo Oy
Proof: The assumptions that, for each ¢ <y < d, f(z,y), 3 97 ,(z,y) are continuous
and are bounded in absolute value by 1_&,2 ensure that the mtegrals ffooo f(z,y) dzx
and f o ay (z,y) dz exist. By the Mean Value Theorem (the usual MVT in one
dimension), there is for each x € IR and each pair y,y" € [c,d] with y # 3/, a number
" between y and vy’ such that

z,y ) —f(zx, o
f( yy;_i( y) _ 85(‘73 y )

so that

flzy)—flzy) _ Of of of ly—y”| ly—y/|
=~ a @) = [y (ey”) — 5y ()| < Ol < O

Consequently, if y # 1/,

2W) o) _ /_ (2,y) dz| =

‘/ {Led)=1en) _ 91, )} dg

< / Clvl gy = nCly —
— o0

This converges to zero as y' — y and so verifies the definition that lim 2Y ) 9Y) %2:3(?})
Y —y
exists and equals [~ oooo 5y Lz, y) dz. |
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(d) The Fourier transform of T, f is

/ e—ik:xf(m _ CL) dr JU/::UC—G/ e—ik(m’—l—a)f(m/) dr' = e—ikaf(k)

— 00 — 00

(¢) Denote by f(k) the Fourier transform of the function f(z) = e~ /2, By part (c) of this

Theorem, le—kf(k:) is the Fourier transform of —ixf(z) = —ize™" 2 = =ile® 2= (z).

Thus by parts (a) and (b) of this Theorem, %f(k) = —kf(k) and
G (Fh)e 2y = X2 (4 f(k) + kf (k) =
for all £ € IR. Consequently f (k)ek2/ 2 must be some constant, independent of k. Hence

to determine f (k) we need only to determine the value of that constant, which we may do
by computing f (k) ek /2}k 0= = f(0). Since f(0) = ffooo e~ /2 dz > 0, it is determined by

o) 2 o) ()
f(O)Qzl/ e ” /qu:] :[/ e T /2 dx} {/ eV /2 dx}://mze_(x )2 dxdy

Changing to polar coordinates,

/drr/d@ e " /2—27r/drre‘Tz/Q:27r[—e_T2/2}O =27
0

Thus f(0) = v/27 which tells us that f(k)e /2 — /2 and hence that f(k) = V2re=k /2
for all k.

T8 di = - [ [ w0 = [ o [ ke 0
el [ o

The exchange of order of integration executed in the second inequality is justified using

question #5 of Problem Set 5. The last equality uses Theorem 9, below. [ |

Theorem 9 The maps

oo

f(z) € S(R) f(k:) = / e~ f(x) dx

k) € SR) = (o) = 5= [ e™og(h) di
are one—to—one, continuous, linear maps from S(IR) onto S(IR) and are inverses of each
other.
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Proof: That f is linear in f was Theorem 8.a.

We now assume that f € S(IR) and prove that f(k) € S(R). Let m,n be nonnegative
integers. By parts (b) and (c) of Theorem 8 followed by the product rule, k™4 piar f(k) is
the Fourier transform of

min{m,n}

(—)" e (i)™ f(2)) = (=)™ S0 (3) (Lra™) (4t f(2))
/=0

min{m,n}

_ (—i)m+n Z (n) (mm'g)lxm Zf(n—ﬁ) (IE)

£=0

Hence

1F (Bl

p— kn peey
gg};\ e f (k)|

mm{m n}

— sup ' / (n) (mm'g)lxm Zf(n—ﬁ) (xﬂ dx

kelR

min{m,n}

> Dn /_ a0 o

£=0

IN

min{m,n} 00
S e [ el a3 00
£=0 e
min{m,n} o
n m!
> O I lnmtnms + I sz} [ e do
{=0 —©
min{m,n}

= Y (D2 {1 lm—eme+ 1 fllmer2ne}

£=0

IN

Since f € S(IR), the right hand side is finite. This proves that | f|lm.. is finite for all
nonnegative integers m,n, so that f € S(R).

It also proves that the map f +— f is continuous, since if the sequence {f;} ;e converges
to f in S(IR), then
min{m,n}
¢ £ m!
||f_fj||m,n < Z W(?)m{”f_fjnm—f,n—f'i‘||f_fj||m—ﬁ+2,n—£}

{=0

converges to zero as j — oo, for all nonnegative integers m,n. So { fj }je]N converges to f
in S(R) too.
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The proof that the map g(k) — ¢(z) is a continuous, linear map from S(IR) into S(IR) is
similar.

We now assume that f(z) € S(IR) and prove that the inverse Fourier transform of f(k) is
f(x). In symbols, that

ﬂngg[%aMﬂMdk (3)

We first prove the (x = 0) special case that

0 =% [ o an (4)

Write

L(f(z) - F(0)e /) ifz£0

T) = e /2 L ogh(x where h(z) =
f(x) = f(0) + zh(z) here h(x) {f’(o) g0

By Problem 2, below, the function h € S(IR). So, by parts (e) and (c) of Theorem 8,

F(k) = V2rf(0)e /2 +id (k)

and -
%/ f(ky dk = L2 "‘“/de:+—/ < h(k)
The first term
2
&g etk =f0)

by the computation at the end of the proof of Theorem 8.e. The second term is ﬁ times

&|®N

o) B
~ . . d i _ . 2 P _
/_ b k= tm [ geh(k) db = [W(B) — h(—A)] =0

Here we have used the fundamental theorem of calculus and the decay at +-0co which follows
from the fact that & € S(IR), which, in turn, follows from k € S(IR). This completes the
proof of (4). Replacing f by T, f and using f(z) = (T_mf) (0) and T_, f(k) = e“”f(k)
gives (3).

The proof that

is similar. The formulae (3) and (5) show that the maps f(z) — f(k) and g(k) — §(z)
are onto S(IR) and are inverses of each other. |
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Problem 2 Let f € S(IR) and define

Prove that h € S(IR).

Definition 10 We define the Fourier transform of the tempered distribution f € S’(IR)
to be the tempered distribution

(f.0)=(f.9)

The motivation for this definition is the computation that, if f and ¢ are both in
S(IR), then, writing ¢(k) = ¥ (k)

(Fooy= [ dwet) de= [~ ot ar

= 27‘(‘/ f(x)(x) da (by Theorem 8.e and Theorem 9)

- Zf(x)sb(x) da

=g [ e = [ e = & [ o ak = Lo

— 00 — 00 — 00

Example 11 The Fourier transform of the Dirac delta function is given by

oo

(3.0) = (6,4) = 3(0) = / o(z) dz = (1, )

— 00

That is, § is the constant function 1.

Example 12 The Fourier transform of the constant function 1, viewed as a tempered
distribution, is

(o) =) = [ (k) di = 2mp(0)

— 00

by (4). That is, the Fourier transform of the constant function 1 is 27 (k).
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