The Dirichlet Test

Theorem (The Dirichlet Test) Let X be a metric space. If the functions f, : X — C,
gn: X = R, n € IN obey

o Fu(x) = > fm(x) is bounded uniformly in n and x
m=1

o gnt1(x) < gn(x) for allx € X and n € N

o {gn(:v)}ne]N converges uniformly to zero on X

then > fn(x)gn(x) converges uniformly on X.
n=1

Proof: The trick to this proof is the summation by parts formula, which we now derive.

T) = Z fi(@)gr(z)

= Fi(z)g1(z) + Z Fy(x) = Fr—1(2)]gx(x)

_ A Z Fu(@)aue) - Z Fir(2)gi (o)
— Z Fe(z)gk Z Fo (%) grya (2

= Z Fy(x — grr1(2)] + gny1 (@) Fr(2)

So if m > n, the difference between the m*" and n'" partial sums is

m

sm(2) = su(2) = Y Fu(@) [gr(2) = gk11(2)] + g1 (2) Fon (%) = gs () Fu()
k=n+1

If M =sup{ |F,(z)| | z€ X, ne N},

[sm(2) = sn(@)] <M Y [ge(@) = grg1(2)] + Mgmsr(z) + Mgnia(z)

o M
= M[gn-i-l(x) - gm-i-l(x)] + Mgm—i—l(x) + Mgn-i-l(x)

=2Mgp41(x)

since gma1(x) > 0, gnr1(x) > 0 and every gi(z) — grr1(z) > 0. For each fixed =z,
lim gp4+1(z) = 0. So (1) guarantees that {s,(z)} is a Cauchy sequence and hence con-

verges. Call the limit s(x). Taking the limit of (1) as m — oo gives
}S(l‘) - Sn(x)} < 2Mgn+1(x)
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Since g,+1(x) converges uniformly to zero as n — oo, we have that s, (x) converges uni-
formly to s(x) as n — co.
|

Example. We shall consider three different power series: > >~ (%)n, PO %(%)n and

> #(%)n, for some fixed R > 0. For all three series, the radius of convergence is

exactly R since, for ¢ € {0, 1,2},
¢
limsup #% = %limsup<’(/g) = %

So all three series converge for all complex numbers z with |z| < R and diverge for all
complex numbers with |z| > R. What if |z| =
We'll start with the series Y7 ( ) Then we can compute exactly the partial sum

n 1—(2)""
m _ \RJ
m=0 n+1 ifz=R

1

As expected, if |z| < R this converges to == as n — oo. Also as expected, this diverges
R
for |z| > R, because ‘(i)”ﬂ‘ _ |zt

R - ‘E‘ o
|z2| = R. For z = R, it is obvious because n + 1 — co. For |z| = R with z # R, (% )n
does not blow up as n — 0o, but it cannot converge either, because

()" = ()" =15"" 12 -1 =12 -1

is independent of n. So the geometric series Y - (%)n, which has radius of convergence

— 00. [ claim that this also diverges whenever

R, converges if and only if |z| < R.

The third series, > 0" 2 (%)n, converges for all |z| < R, by comparison with
Yoo’ o oz- As the series has radius of convergence R, it converges if and only if [z| < R.

The middle series > 7, = ( R) has a more interesting domain of convergence. Of
course the radius of convergence is exactly R, so the series converges for all complex
numbers z with |z| < R and diverges for all complex numbers with |z| > R. What if
|z| = R? Well, if z = R, then the series is Y~ & (%)n = > o+ which diverges. So
that leaves |z| = R but with z # R. This is where the Dirichlet test comes in handy. Fix

any € > 0 and set
Y

{z€®‘|z| R, |z—R|>¢}
= (

|z—R|=¢

F,(z) = (%)m as in (2)
R

2| =

Q
3
I
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For z €¢ X

2 n+1 z n+1
R R —Z| S

so that the hypotheses of the Dirichlet test are satisfied and the series converges uniformly
on X. We conclude that >~ >° %(%)n converges for |z| < R and for |z| = R, z # R and
diverges for |z| > R and for z = R.
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