
The Change of Variables x = g(y)

Theorem. Let a < b and c < d. Let g : [c, d] → [a, b] be continuous, strictly monotonic

and obey g(c) = a and g(d) = b. Let f, α : [a, b] → IR. Set

h(y) = f
(
g(y)

)
β(y) = α

(
g(y)

)

If f ∈ R(α) on [a, b], then h ∈ R(β) on [c, d] and
∫ b

a

f(x) dα(x) =

∫ d

c

h(y) dβ(y)

Proof: For any partition P = {c = y0, · · · , yn = d} of [c, d] and any choice T =

{s1, · · · , sn} for P
∣
∣
∣
∣
S(P, T, h, β) −

∫ b

a

f dα

∣
∣
∣
∣
=

∣
∣
∣
∣

n∑

i=1

h(si)
[
β(yi) − β(yi−1)

]
−

∫ b

a

f dα

∣
∣
∣
∣

=

∣
∣
∣
∣

n∑

i=1

f
(
g(si)

)[
α
(
g(yi)

)
− α

(
g(yi−1)

)]
−

∫ b

a

f dα

∣
∣
∣
∣

=

∣
∣
∣
∣
S(g(P ), g(T ), f, α)−

∫ b

a

f dα

∣
∣
∣
∣

where
g(P ) =

{
g(y)

∣
∣ y ∈ P

}

=
{
g(y0) = g(c) =

x0

︷︸︸︷
a ,

x1

︷ ︸︸ ︷

g(y1) , · · · , g(yn) = g(d) =

xn

︷︸︸︷

b
}

is a partition of [a, b] because g is assumed to be strictly monotone (so that yi−1 < yi =⇒

xi−1 < xi) and is assumed to obey x0 = g(y0) = a and xn = g(yn) = b and

g(T ) =
{

t1
︷ ︸︸ ︷

g(s1) , · · · ,

tn

︷ ︸︸ ︷

g(sn)
}

is a choice for g(P ) because g is assumed to be strictly monotone (so yi−1 ≤ si ≤ yi =⇒

xi−1 = g(yi−1) ≤ g(si) = ti ≤ g(yi) = xi).

Now let ε > 0. We have assumed that f ∈ R(α) on [a, b], so there is a partition P ′

ε of

[a.b] such that P ′ ⊃ P ′

ε =⇒
∣
∣S(P ′, T ′, f, α) −

∫ b

a
f dα

∣
∣ < ε for all choices T ′ for P ′. The

assumptions that we have made on g guarantee that the inverse function g−1 : [a, b] → [c, d]

exists and that g−1
(
P ′

ε

)
is a partition of [c, d]. We choose Pε = g−1

(
P ′

ε

)
. Then

P ⊃ Pε =⇒ P ′ = g(P ) ⊃ g(Pε) = P ′

ε

=⇒

∣
∣
∣
∣
S(P, T, h, β) −

∫ b

a

f dα

∣
∣
∣
∣
=

∣
∣
∣
∣
S(

P ′

︷ ︸︸ ︷

g(P ),

T ′

︷︸︸︷

g(T ), f, α)−

∫ b

a

f dα

∣
∣
∣
∣
< ε

as desired.
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