The Change of Variables = = g(y)

Theorem. Let a < b and ¢ < d. Let g : [¢,d] — [a,b] be continuous, strictly monotonic
and obey g(c) = a and g(d) =b. Let f,a :[a,b] — IR. Set
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If f € R(w) on [a,b], then h € R(B) on [c,d] and

/f ) da(z / h(y) di(y)

Proof:  For any partition P = {¢ = yo, - -,yn = d} of [¢,d] and any choice T' =
{s1,"++,8p} for P
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= {9(y0) = g(c) ="a", g(yr) -, glya) =g(d) =" b '}
is a partition of [a, b] because g is assumed to be strictly monotone (so that y;,_1 < y; =
xi—1 < x;) and is assumed to obey xo = g(yo) = a and z,, = ¢(y,) = b and

g(T> = {9(81> " g(STL)}

is a choice for g(P) because g is assumed to be strictly monotone (so y;—1 < s; <y, —
rio1 = g(yi-1) < g(s:) =t < g(ys) = ).

Now let € > 0. We have assumed that f € R(«) on [a, b], so there is a partition P! of
[a.b] such that P’ > P! = |S(P',T', f,a)— ff fda| < e for all choices T" for P'. The
assumptions that we have made on g guarantee that the inverse function g =1 : [a, b] — |[c, d]
exists and that ¢ (P.) is a partition of [c, d]. We choose P. = g~*(P!). Then

P>P. = P =g(P)Dg(P.)=P!
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as desired. m
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