The Omnibus Theorem of Convergence Tests
Theorem. Let {an tnew, {¢n}nen and {dn}nen be sequences of real or complex numbers and s, = 3 ai.

k=1
Then

(1) (Cauchy Criterion)

oo m
Zak converges <:>VE>03N€]NS.t.mZn2N:>’Zak‘<5
k=1 k=n

o]
(2) > an converges — lim a, =0
n:1 n—oo

(3) If ap, > 0 for all n € IN, then

o0
Zak converges <= {s,} is bounded
k=1

(4) absolute convergence = convergence

(5) (Comparison Test) Let Ny € IN.

[ee] (o]
(a) |an| < cn Vn > Ny and Y ¢, converges =—> > a, converges absolutely

n=1 n=1
(b) ap >d, >0VYn> Ny and Y. d, diverges = > a, diverges
n=1 n=1

(6) (Integral Test) Let c € R. If f(x) is a real valued function which is defined and continuous for all x > ¢

and which obeys

(1) fl) >0V >c (i7) f(x) is monotonically decreasing (iit) f(n) = an Yn > ¢

then y = f(z)
Y a
Z an, converges < / f(z) de < o0 a2 as
n=1 c a4
(7) (Examples) i 2 3 47

o0
(a) > ™ converges to 11j if |r| <1 and diverges if |r| > 1.
n=0
o0
(b) > L converges if p > 1 and diverges if p < 1.
n=1
o0
(c) > m converges if p > 1 and diverges if p < 1.
n=2
(8) (Root Test) Let o = limsup {/|an|. Then
n—oo
a <1 = absolute convergence
a>1 = divergence

a =1 = nothing
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(9) (Ratio Test) If {an}new is a sequence of nonzero numbers, then

Z an converges absolutely if limsup |24 | < 1
n=1 n—oo
an+1

diverges if > 1 for all n bigger than some natural number N

(10) (Alternating Series Test) If

an>0VneN apy1<a, VnelN lim a, =0

n—oo
o0
then s = > (=1)""La, converges and s — s, is between 0 and (the first dropped term) (—1)" a4 1.
n=1

Proof: (1) = Let lim s, =s. Then

n—oo
Ve>0dNeNst. m>n—1>N = [s,, — 8] <5, [sp_1 — 5| < §

= [$Sm — Sn—1| = |(8m — $) + (s — sp_1)| < €

m

S

k=n

- <e

(1) <« By hypothesis
Ve>03IN. e Nst. m>n> N, = |s;, —sn| <&
= {sn} is bounded (Choosing € = 1, n = N1, we see that { sn, | m > Ny } is bounded.)
= {s,} has a subsequential limit. Say 7111_{1;0 i, = 8.
= Ve>0 n>N.o = |sn—s|=|sn—si, +5i, —s|<5+5=¢
if we choose m large enough that 4, > Nejo and |sim — s| < %
(2) Apply (1) with m = n.

(3) As a,, > 0 for all n € IN, the sequence {s,} is monotonically increasing. So it converges if and only if it

is bounded.

m m o0
(4) If E |ax| converges, then E |axk| obeys the Cauchy criterion. As | Y ak‘ < > |akl, the series > ap
k=n k=n k=1

then also obeys the Cauchy cr1ter10n and hence converges.

N() o0
(5a) The sequence { Z |ak|} is monotonic and bounded above by > |ax|+ Y. ¢, and hence converges.
k=1 k=1
o0
So > a converges absolutely and hence also converges by part (4).
k=1

(5b) If > ay were to converge, then > dj would also converge by part (5a). This is a contradiction.
k=1 k=1
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(6) Let N be any fixed integer bigger than ¢ + 1. Then Y aj converges if and only if ) aj converges,
k=1 k=N

which in turn is the case if and only if the sequence ¢, = > ay is bounded, since ar > 0 for all k > N > c.
=N
As f(z) decreases as = increases, we have that f(x) > aj when © < k and f(x) < ar when z > k. Thus, for

any k > N
k+1 k
/ fl@) de <ap < f(z) dx
k

k—1
Summing k from N to n,

a
n+1 n n —_— . T
/+ flx) dx < Zakg fx) dx y=1@)
N k=N N-1 k—1 k kE+1

So the t,’s are bounded if and only if [ f(z) dz < cc.

N
(7a) If r = 1, then Y. 7" = N + 1 obviously diverges. If 7 # 1, then (1 —7)(1+7+7r2+---+7rV) =1 —¢N+!
n=0
(just multiply out the left hand side) so that

N

S o

—= 1—7r
This converges to 1 if |r| < 1 and diverges if r = —1 or |r| > 1.

o0 o0
(7b) If p < 0, the series > # = > nlPl diverges by part (2). The remaining cases are easily proven using
n=1 n=1

the integral test with ¢ = 1 and f(z) = 2, which is positive and monotonically decreasing for p > 0. We

zP )

B p InL ifp=1
—_ e 1-p__ .
/1 T A Al

grows unboundedly as L — oo when p < 1 and converges to p—il when p > 1.

just have to observe that

Here is a second proof that does not use integrals. If p > 0, each successive term in the series is smaller

than the term before. So each term with index n between 2™ and 2™*! obeys

1 1 1
AP S p S gew
Hence
19(m+1)(1—p) __ 2mtl_om 1 gmtl_gm 1
52( A ) = 2(m+1)p = Z np < omp — om(—D)
2m<Ip<2mtl
N_1
If 0 < p < 1, the left hand bound %2(’”“)(1’?’) > % Summing m from 0 to N — 1, we have > X > X
—~ N 2

n=1
which forces divergence. If p > 1, then summing m from 0 to N — 1 in the right hand bound, we have
2N N-1
»L<y» (2p1,1 )m < (1 - 2p1,1 )_1. So the series is bounded and hence converges by part (3).

nP —
n=1 m=0

(7c) If p < 0, then for all n > 2 1> (n i)‘p‘ and the series diverges by the comparison test. Again,

> n(lnn)P =

the remaining cases are easily proven using the integral test, this time with ¢ = 2 and f(z) = m To

dz
.

Ly J L p In(ln L) —In(In2) ifp=1 00 ifp<i .
—T\ = — = 1—-p 1—-p n 1— .
/2 z(mz)p /1 o WY (InL)'"P—(In2) ifp£1 — { Q p2_)1 P it p > 1}&5 — 00

compute the integral, we make the change of variables y = Inx, dy =

n2 1-p
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Again, here is a second proof that does not use the integral test. If p > 0, each term with index n

between 2™ and 2™*! obeys

1 1 1
2mF 1 (m+1)P(In2)P < n(lnn)? < 2™ (m1n2)P

Hence

1 1 _ mtl_gm < Z 1 co2mttoom 1 1
2(In2)? (m+1)? = 2m+tI(m+1)P(In2)P — n(Inn)? — 2™ (mIn2)? = (In2)P mP
ngn<2m+1

Summing m from 1 to N — 1, we have

N-1 2N 1 N-1
1 1 1 1 1
2(In2)P 2 : (m+1)P < 2 : n(lnn)P < (In2)P mP
m=1 n=2 m=1

So if p > 1, the right hand inequality together with part (7b) shows that the series is bounded and hence
converges, by part (3), and if p < 1, the left hand inequality together with part (7b) shows that the series

diverges.

(8) If @« < 1, pick any 8 obeying @ < 8 < 1. There is a natural number N such that {/|a,| < f, or
equivalently, |a,| < 87, for all n > N. So convergence follows by comparison with the geometric series. On
the other hand, if o > 1, there must be a subsequence with "/|a,, | > 1, or equivalently, |a,,| > 1. So the

series diverges by part (2).

(9) It ’a;_:l‘ > 1 for all n > N, then |a,| > |an| > 0 for all n > N and the series diverges by part (2). On
the other hand, if lim sup ‘%‘ < 1, thereis a 8 < 1 and an N € IN such that ‘%’ < B foralln > N.
Consequently |any1| < Blan|, lant2| < Blant1] < B2|lan]| and so on. Iterating gives |anip| < fP|an| which

implies convergence by comparison with the geometric series.

(10) First observe that for every even integer n,

>0 >0 >0 >0 >0
—_— . —— — A~ A
Sp=a1—a2+a3—as+---+a,1—0a, >0 and sp41="5, +py1 >0

and that for every odd integer n,

>0 >0 >0 <ai >0
— — —_——~ A~
sp=a1— (a2 —az) —(as —as) — - —apn-1—anp < a1 and Spi1 =", —Ani1 < a1

Thus 0 < s, < a7 for all n € IN. Applying this with aj replaced by by = a,4+ gives that, for any natural

numbers n < m

S (D = (17 Y (D
k=n+1 k=1

is between 0 and (—1)"b; = (—1)"a,41. As lim a,y1 = 0, the series Y (—1)*~1a converges by the Cauchy

k=1
criterion. Furthermore, the truncation error
o0 m
$—8p = E (-=1)*tap = lim E (—1)*Lay
m— 00
k=n+1 k=n-+1
is also between 0 and (—1)"ay41. [ |
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