Fourier Series

Much of this course concerns the problem of representing a function as a sum of its different frequency
components. Expressing a musical tone as a sum of a fundamental tone and various harmonics is such a
representation. So is a spectral decomposition of light waves. The ability to isolate the signal of a single
radio or television station from the dozens that are being simultaneously received depends on being able to
amplify certain frequencies and suppress others.

We start our look at the theory of Fourier series with two questions:

Question #1

Which functions f(t) have a representation as a sum of constants times cos(kt)’s and sin(kt)’s? Since cos(kt)
and sin(kt) can be written in terms of complex exponentials!) using

cos(kt) = [eikt + e_ikt] sin(kt) = & [eikt — e_““t]

1
2 2%

+ikt

and, conversely, e can be written in terms of cos(kt)’s and sin(kt)’s using

e — cos(kt) + i sin(£kt)

it is equivalent to ask which functions f(¢) have a representation

oo
f)y =Y cxe™ (1)
k=—o00
for some constants c;. Because it will save us considerable writing we shall start with this form of the
question and return to sines and cosines later.

First, observe that, for every integer k, e?* = cos(kt) +isin(kt) is periodic with period 27. So the right
hand side is necessarily periodic of period 27. Unless f(t) is periodic with period 27, it cannot possibly have
a representation of the form (1). We shall shortly state a result that says that, on the other hand, every
sufficiently continuous (details later) function of period 27 has a representation (1). In this course, we shall
never fully justify this claim. On the other hand, it is fairly easy justify an analogous claim for “Discrete
Fourier Series”, which is the version of Fourier series for functions f(¢) that are only defined for t = nr, with
n running over the integers and 7 a fixed spacing. This is done in the notes “Discrete—Time Fourier Series
and Fourier Transforms”. Before giving the detailed answer to this question, we consider

Question #2

Suppose that we know that some specific function f(¢) has a representation of the form (1). What are the
values of the coefficients ¢;? With a little trickery, we shall be able to answer this question completely and
easily. We wish to solve (1) for the c;’s. At first this task looks somewhat daunting because (1) is really a
system of infinitely many equations (one equation for each value of ¢) in infinitely many unknowns (the cg’s).
The trick will allow us to reduce this system to a single equation in any one unknown. Suppose, for example,
that we wish to solve for c¢17. The index 17 has been chosen at random. Then we use the “orthogonality
relation” that, when k # 17,

/7r ikt o—ilTt gy _ /7r (k=10 gy — ﬁei(k—ﬂ)t :T _ ﬁ[ei(k—n)w _ e—i(k—l?)w} —0 (2

—T —T

(1) See the notes entitled “Complex Numbers and Exponentials”
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(because (k=177 Je=ilk=1T)m — (i(k=17)27 — | gq that e!*~17)7 = ¢=Uk=1T)7 for all integers k) to eliminate
all the cx’s with k # 17 from (1). To do so, take (1), multiply it by e~"7" and integrate the result from —7
to 7. This gives

™ ) s ™ )
f(t)e—zl’?t dt = Z Cr / ezkte—zl’?t dt
-7 -

k=—o0
Because of (2), all of the terms on the right hand side with k # 17 are zero. Thus

s s

T
f(t)e_ﬂ?t dt = 017/ eil?te_ﬂ?t dt = 017/ dt =27 C17
-

—T —T

As promised, this is a single equation in the single unknown c;7, which we can trivially solve.
™ .
Ci7 = % f(t)67117t dt
—T

Of course, we could have done the same thing with the integer 17 replaced by any other integer m. This

would have given
Cm = 5 f(t)e™ ™ dt (3)

PL

We now know all of the Fourier coefficients and are ready to return to the answer to question #1.

The Main Fourier Series Expansion.

We shall shortly construct a number of different Fourier series expansions that are used for various
different classes of functions. For all of these expansions, we are going to restrict our attention to functions
that are piecewise continuous with piecewise continuous first derivative. In applications, most functions
satisfy these regularity requirements. We start with the definition of “piecewise continuous”.

A function f(t) is said to be piecewise continuous if it is continuous except for isolated jump disconti-
nuities. In the example below, f(t) is continuous except for jump discontinuities at t = 1 and ¢ = 2.5. If
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a function f(t) has a jump discontinuity at to, then the value of f(t) as it approaches to from the left and

from the right are still well-defined. These values are

flto=) = lim f(t)  and  f(to+) = lim f(t)
t<t([)) t>t(?
respectively. If f were continuous at tg, we would have f(to) = f(to+) = f(to—). At a jump, however, there
is no a priori relation between f(to), f(to—) and f(to+). In the example above, f(1) is well below both
f(1—) and f(14). On the other hand, it is fairly common for the value of f at the jump t( to be precisely at

the midpoint of the jump. That is f(to) = 3[f(to+) + f(to—)]. In the example, this is the case at to = 2.5.
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Theorem 1 (Fourier Series) Let f(t) be piecewise continuous with piecewise continuous first derivative
and also be periodic with period 2w. Then

0 et f(@) if f is continuous at t
Z CRCT T fD+HA(E-)
2

otherwise
k=—o0

for all —oo < t < oo if and only if cx = 5= f:r f(t)e~™*t dt  for all integers k.

Example 2 As a first example, we consider the function f(t) whose graph appears in the figure below.

According to our main Fourier series theorem

K T 0
Cr = %/ f(t)e*ikt dt = %/ e*ikt dt + % (_1)671']625 dt
0

For k=0 o
s
_ 1 1 _ 1 1.
0 -7
For k #£ 0
_ 171 _—ikt]™ 17 .1 —ikt10  _ 4 —ik —ik(—
C’f—%[—ike ‘ }o_ﬁ[—ike ' ]777_21%[6 e R ﬂ)}

Since €™ and e~*7 are both —1 for k odd and +1 for k even

o — {6%2 if k is odd

if k is even

The Fourier series theorem tells us that the graph of >, (4 7€' is
Y
— 1
—3r 27 -7 ™ 27 3r ¢
-1 -

Using Theorem 1, we can easily come up with lots of variations. In these variations, we shall assume

that all functions are piecewise continuous with piecewise continuous first derivative and we shall also assume
that f(t) = LEHE0D) for all ¢,

Variation #1 — period 2/

It is easy to modify our Fourier series result to apply to functions that have period 2¢, for some ¢ > 0,
rather than 27. Just rename the variable ¢ in the Fourier Series Theorem to 7 and then make the change of
variables 7 = 7t. This gives

oo

¢
fit) = Z cre*F with k= % /Zf(t)e—ik%t dt )

k=—0o0
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ikE(t420) _ gikFtgi2km _ ikt

As a check, note that since e = k7t so that e’*7* has period 2¢. The formula for ¢,

in (4) can be derived directly, using

‘ ek Ete—imEt gy 20 itk=m
, 0 ifk#£m

and the same strategy as led to (3).

Variation #2 — sin’s and cos’s
To convert (4) into sin’s and cos’s just sub in e* ¥t = cos(#2L) + i sin(#2L).

oo

Z cpeF Tt = Z cn [ cos(EH) + isin(£7t)]

k=—o0 k=—o00

The k = 0 term in this sum is

co[ cos(25t) + isin(%)] = co
The £ =1 and k = —1 terms together are
1 cos(ZE) +isin(Z)] + cq[cos(—2t) +isin(—2t)] = [c1 4 c_1] cos(ZL) + [ic; — ic_1]sin(ZE)

since cos(—2t) = cos(Zt) and sin(—Zt) = —sin(Z}). Similarly, the k = 2 and k = —2 terms together are

Co [cos( Ly + 251n(2 )} +c_y [cos(—%) —l—isin(—%)] [ca + c_2] COS(T) + [ica —ic_s] sin(%)
and so on. Hence

f(t) =co+ [c1 + 1] cos(B) + [ier — ic_q] sin(ZL) + [c2 + c—2] cos(25L) + [icy — ic_a]sin(ZL) + - -

It is conventional to rename co to 4. The extra % will make some later formulae cleaner. It is also

conventional to rename [c1 + ¢—1] to a1, [ca + c—2] to asg, etc. and [ic; — ic_1] to by, [ica — ic_q] to ba, etc.
Note that nobody said that cy or c_5 had to be a real number. So it is perfectly possible for b to be a real
number. In fact, it usually is. With these new names

=9+ Z ay, Cos Tt —l—bksm( )] (5)

The coefficients (including ag, because ag = 2¢g) are determined by

¢
ar =ck +c_ = 2@/ ft) [e7™et 4ot dat = %/Zf(t)cos (k2L dt

0 (6)
bp = ilcy —c i) = / f(t) ile”* Tt —e*E] dt = %/ f(t)sin (55%) dt

Variation #3 — f odd

If £(t) is an odd function, that is if f(—t) = —f(t) like sint, then f(t)cos (%) is an odd function and
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for all k. Also f(t)sin (k;t) is an even function so that

) £
by, = %Lef(t)sin(%) dt = %/0 F(t)sin(*3) dt

So if f has period 2¢ and is also odd, our Fourier series expansion simplifies to

[eS) 4
= Zbk sin (42) with b, = %/ f(t)sin (52L) at (7)
k=1 0

Variation #4 — f even

If f(t) is an even function, that is if f(—t) = f(t) like cost, then f(t)sin (££) is an odd function and

£
£
b, = %/_éf(t) sin(%2t) dt

for all k. Also f(t) cos (%) is an even function so that

ap = + /f cos(ExL) dt = /f cos(47t)

So if f has period 2¢ and is also even, our Fourier series expansion simplifies to

Il
o

- ¢
t) =% + Zak cos (£7t) with ar = %/ () cos(%Ft) dt (8)
k=1 0

Example 3 Consider once again the function of Example 2. The graph of that function is repeated in the
figure below. This function has period 27, takes the value —1 for —m < ¢t < 0 and the value +1 for 0 < t < 1.
Yy

— _ 1

—1 - R

This function is also odd, so it has a Fourier sin series expansion (7) with £ = w. The Fourier coefficient

b, = / f(t)sin(5t) dt = / £ () sin(kt) —/ sin(kt) dt = —7% cos(kt)’g =2 [(-1)F -1]
_ { L if ks odd
0 if kis even

The Fourier series expansion for the function f(t) graphed above is

t):E by sin(kt) = E = sin(kt)
k=1 k=1
k odd

One first observation to make is that whenever ¢ is at a jump discontinuity of f(¢), i.e. whenever ¢ is an

integer multiple of m, then sin(kt) = 0 for all k and so > %=1 7= sin(kt) = 0, right in the middle of the jump,
k odd

as it is supposed to be. To give some idea of how good the Fourier series expansion works, I have graphed
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below a number of partial sums Sy (t) = Y i<r<n 7=sin(kt). The first graph is of S1(t) = 2sin(t) and is
k odd
not a very good likeness of f(t). The second, S3(t) = 2 sin(t) + == sin(3t), is already starting to look a little

like f(t). As we add more and more terms the graphs start looking more and more like f(t), except that
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they exhibit a little “ringing” right at the discontinuities. This “ringing” is always present in partial sums

of Fourier series at jump discontinuities. It is called the Gibbs phenomenon.
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Example 4 As another example, we replace the jump discontinuity of the first example by a ramp. We
shall see that, even if the ramp is moderately steep, the ringing of Gibbs phenomenon disappears. Just to
put in an additional change, I’ll make the function even rather than odd. Its graph is given in the figure
below. This function has period 27, takes the value 1 for 0 < ¢t < a and decreases from 1 down to 0 and ¢
runs from a up to 7. For 0 < ¢ < 7, the function is given by the formula

1 if0<i<a
f(w:{“—fl fa<t<nm

s

This function is also even, so it has a Fourier cosine series expansion (8) with £ = 7. The Fourier coefficient,
Yy

Vo VT

T T LI T T
=37 —2m —T a m 2T 3T 3

for k£ #£0, is

ap = 2 /f cos(42L) dt = /f t) cos(kt) —/ cos(kt)dt—&—%/ Tt

To evaluate these integrals we need the indefinite integrals of cos(kt) and ¢ cos(kt). The first one is trivial

(kt) dt

/cos(kt) dt = ¢ sin(kt) + C

The second is normally computed using integration by parts. But it is easier to just apply % to both sides
of

/sin(kt) dt = —4 cos(kt) + C

Note that, while we only need this integral for integer k, it is valid for all nonzero k. So it is legitimate to
differentiate with respect to k. Also note that, while the “constant” C' is independent of ¢, it is allowed to
depend on k, so its derivative with respect to k£ need not be zero. In any event, applying % gives

/tcos(kt) dt = £ sin(kt) + 7% cos(kt) + C’

so that
ar = & sin(kt)|g + gy sin(kt)[] - —ﬂf 23 [ sin(kt) + gz cos(kt)]7
. Y
= [% — —k(f_a)] sin(ka) — ki(r(ﬂl)_a) + W(F 2 [ sin(ka) + k12 cos(k:a)}
For k =0,

ap = cos( O’Tt dt =
0= /f /f

The integral is the area under the graph for 0 < ¢t < 7. The region under the graph consists of a rectangle
of height 1 and base a and a triangle of height 1 and base 7 — a. So

a=2la+i(r—a)] =1+

3l

The Fourier series expansion for the function f(¢) graphed above is

flt) =%+ Z a, cos(kt)

k=1
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with the ap’s given above. these ay’s are a little messy to compute by hand, but easy to program. Once
again, I have had my computer graph a number of partial sums Sy (t) = % + Zg;ll ay, cos(kt), for a specific
choice of the ramp parameter a, namely a = 0.97. The first graph is of S1(t) = 1 + £ is just a straight line
whose height is the average value of f(¢). This time we get a really good likeness of the graph of f(¢) before
we have included a hundred terms.
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Example 5 By a standard trig identity, the periodic function f(t) = cos®t obeys
f(t) =cos®t = 1 + L cos(2t) (9)

The right hand side is a Fourier cosine expansion 4 + > °° | aj cos(kt) with ag = 1, ag = % and all other
ax’s zero. The Fourier coefficients of a periodic function are unique. So the right hand side of (9) is THE
Fourier expansion for f(t) = cos?t. There is no need to evaluate the integrals in (8). Not only would that
be a lot of wasted effort, but we would probably make a mechanical error along the way and end up with

the wrong answer.
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