The Chain Rule

The Problem

You already routinely use the one dimensional chain rule

G (@) = 2 (x(1) % (2)

in doing computations like
4 sin(t?) = cos(t?)2t
In this example, f(x) = sin(x) and z(t) = 2.
We now generalize the chain rule to functions of more than one variable. For concreteness, we
consider the case in which all functions are functions of two variables. That is, we find the partial

derivatives % and 22 of a function g(s,t) that is defined as a composition

ot
g(s,t) = f(x(s, t),y(s, t))

The Solution
By definition,

@(87,5) i IR —g(st) F@(s + h,t),y(s + ht)) = Fx(s,t),y(s,1))
ds h—0 h hs0 A

The first step in evaluating this limit is to use the Taylor expansion to tell us how the arguments
x(s+ h,t) and y(s+ h,t) behave for very small h. In first year calculus, you learned a whole series
of successively better approximations for a function F' near a point s:

F(s+h) =~ F(s)

F(s+h)~ F(s)+ F'(s)h

F(s+h) ~ F(s)+ F'(s)h + 3F"(s)h?

F(s+h) = F(s) + F'(s)h + LF"(s)h? + L FO) (s)h®

You also learned that the error introduced by truncating the expansion at the linear term can be
written as $F”(s*)h? for some s* between s and s + h. So the formula

F(s+h) = F(s)+ F'(s)h+ $F"(s*)h?

is exact for some unknown s* between s and s + h. (This is a generalization of the Mean Value
Theorem.) We shall use the notation O(h2) to denote any function of A that is bounded by a
constant times h? for small h. In this notation

F(s+h)=F(s)+ F'(s)h+O(h?)
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Applying this with F'(s) = x(s,t) and with F(s) = y(s,t), for any fixed t, gives

x(s+ h,t) = x(s,t) +
y(s+ h,t) =y(s,t) +

= (s, )h + O(?)
Y (s,t)h+ O(h?)

B sft

Think of these as

z(s+h,t) =X+ Az with X =ux(s,t) and Azx=
y(s+h,t) =Y +Ay with Y =y(s,t) and Ay=
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We have seen that

F(X +A2,Y + Ay) ~ f(X,Y) + 3L(X, V) Az + $L(X, V) Ay
We shall later see that, much as for single variable calculus,

FX +Az,Y + Ay) = f(X,Y) + ZL(X, V) Aw + SL(X, V) Ay + O(A2® + Ay?)

Subbing in (1),

g(s+ h,t) —g(s,t) = ( (s+h,t),y(s+ h,t)) - f(a:(s,t),y(s,t))

= (X +Az,Y + Ay) — f(X,Y)

LX) Az + 5L(X, V) Ay + O(A2” + Ay?)

= 6f( (5,1),y(5,1)) G2 (s,0)h + GL (w(5,1), y(s,1)) (s, )h + O(h?)

Dividing by h and taking the limit, we get the upper formula in

S9(s,t) = S (x(s,0), (5, 1)) B (s, t) + GL (w(s,1), y(s, 1)) G(s, 1)

S2(s,t) = GE(w(s,1),y(s,1)) 5 (5,1) + G (w(s5,1), y(5,1)) G (s, 1)

The lower formula is derived similarly.

The Memory Aid

To help remember these formulae, it is useful to pretend that our variables are physical quantities
with f, ¢ having units of grams, x,y having units of meters and s,t having units of seconds. Note
that
a) The function g appears once in the numerator on the left. The function f, which is gotten
from g by a change of variables, appears once in the numerator of each term on the right.
b) The variable in the denominator on the left appears once in the denominator of each term on
the right.
c¢) fis a function of two independent variables, x and y. There are two terms on the right, one for
each independent variable of f. Each term contains the partial derivative of f with respect to
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a different independent variable. That independent variable appears once in the denominator
and once in the numerator, so that its units cancel out. Thus all terms on the right hand side
have the same units as that on the left hand side. Namely, grams per second.

d) The left hand side is a function of s and t. Hence the right hand side must also be a function
of s and t. As f is a function of x and y this is achieved by evaluating f at = = z(s,t) and

Yy = y(37t)'

I recommend strongly that you use the following procedure, without leaving out any steps, the

first couple of dozen times that you use the chain rule.

Step 1 List explicitly all the functions involved and what each is a function of. Ensure that all
different functions have different names. Invent new names for some of the functions if
necessary. In the example on the previous page, the list would be

f(a:,y) .’L‘(S,t) y(svt) g(svt) :f(x(svt)7y(57t))

While the functions f and g are closely related, they are not the same. One is a function
of x and y while the other is a function of s and ¢.

Step 2 Write down the template
dg Of
ds  Os
Note that the template satisfies a) and b) above.
Step 3 Fill in the blanks with everything that makes sense. In particular, since f is a function of
x and y, it may only be differentiated with respect to z and y.
dg Ofox Of Oy
s 0zds | Oy0s
Note that x and y are functions of s so that the derivatives % and % make sense. Also
note that the units work out right. See c) above.
Step 4 Put in the functional dependence explicitly. Fortunately, there is only one functional
dependence that makes sense. See d) above.

%(S, t) = g—i (:E(s, t),y(s, t)) %(S, t) + g—‘; (:E(s, t),y(s, t)) %(S, t)

Example 1: Find £ f(z(t),y(t)), for f(z,y) = 2% — y?, x(t) = cos(t) and y(t) = sin(t).

Define g(t) = f(z(t),y(t)). The appropriate chain rule for this example is

(1) = 9L (a(t), y() 2 (1) + 3L (a(2), y(0) 2(1)

Ly =22 GL@)y(t) =20() =2cost
ey =-2  Fhe).y)=-2y(t) = -2sint
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so that
%(t) = (2cost)(—sint) + (—2sint)(cost) = —4sint cost

Of course, in this example we can compute g(t) explicitly

g(t) = f(z(t),y(t)) = 2(t)* — y(t)> = cos®t —sin® ¢
and then differentiate

g'(t) = 2(cost)(—sint) — 2(sint)(cost) = —4sint cost

Example 2: Find & f(z + ct).

Define u(z,t) = x + ct and w(z,t) = f(z + ct) = f(u(z,t)). Then

9 flr+ct) = Q(x,t) = U (u(a, t)) R (a,t) = cf (x + ct)

Example 3: Find g—; (x + ct).

Define W (z,t) = 2%(z,t) = cf'(z + ct) = F(u(z,t)) where F(u) = cf'(u). Then

g—;f(:z +ct) = %—Vf(:z, t) = % (u(z,t)) %(:ﬂ, t) =cf"(x+ ct)c= 2 f"(x + ct)

Example 4: Suppose that F(P,V,T) = 0. Find g—;.

Before we can solve this problem, we first have to decide what it means. This happens regularly
in applications. In fact, this particular problem comes from thermodynamics. The variables
P, V, T are the pressure, volume and temperature, respectively, of some gas. These three variables
are not independent. They are related by an equation of state, here denoted F'(P,V,T) = 0. Given
values for any two of P, V, T, the third can be found by solving F(P,V,T) = 0. We are being asked
to find g_];. This implicitly instructs us to treat P, in this problem, as the dependent variable. So
a careful wording of this problem (which you will never encounter in the “real world”) would be
the following. The function P(V,T) is defined by F(P(V, T),V,T) = 0. Find (g_g)v’ that is the
rate of change of pressure as the temperature is varied, while holding the volume fixed.

Since we are not told explicitly what F' is, we cannot solve explicitly for P(V,T'). So, instead
we differentiate both sides of

F(P(V,T),V,T) =0

with respect to T, while holding V fixed.
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Recalling that V and T are the independent variables and that, in computing g—T, V is to be

treated as a constant,
v _ oT _
ar =0 ar = 1
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Now putting in the functional dependence
50 (P(V.T),V.T) g7 (V.T) + 7 (P(V.T),V,T) =0

and solving

9P (V,T) = —

X 2
Example 5: Suppose that f(z,y) = 0. Find 37‘12/.
Once again, x and y are not independent variables. Given a value for either x or y, the other
2
is determined by solving f(x,y) = 0. Since we are asked to find %, it is y that is to be viewed as
a function of z, rather than the other way around. So f(z,y) = 0 really means, in this problem,
f(a:, y(az)) = 0 for all z. Differentiating both sides of this equation with respect to x,

f(a?,y(x)) =0 for all x

— L f(z,y(x) =0
Note that Z—wf(x,y(x)) is not the same as f,(z,y(z)). The former is, by definition, the rate
of change with respect to z of g(z) = f(z,y(z)). Precisely,

dg .. gla+Az)—g(x) . flz+Azyle+ Az) - f(z,y(x))
i — v = Jim A @

On the other hand

Folow) = dm, As
z 4+ Az.y(z)) = flz. y(z
— fo(oy(@) = Jim LETATVEO) @) N

The two right hand sides (2) and (3) are not the same. In (2), as Az varies the value of y that
is substituted into the first f(---), namely y(z + Ax) varies. In (3), the corresponding value of y
is y(z) and is independent of Az. As a concrete example, suppose that f(x,y) = x + y. Then,
y(z) = —x so that

G(ay(@) = Gf(r,—2) = Gle+ (—2)] = 0=0
But f(z,y) = z + y implies that f,(z,y) =1 for all x and y so that

fola,y(@) = fule,y)|,__ =1, __ =1
Now back to

f(a:,y(a:)) =0 for all =
(

= fo(z,y(@) 2 + f,(z,y(z)) Z—g(az) =0 by the chain rule

@(x) _fx(a:,y(a: )
dx fy (x7y(x))
Py o d fa(wy)
da:2( ) dx [fy (z, y(az))]
R T AN AR E P ACRES) BN
fy (x7y(x))2
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by the quotient rule. Now it suffices to substitute in %[f, (z,y(z))] and L [f, (z,y(z))]. For the
former apply the chain rule to y(z) = (=, y(x)) with ¢(z,y) = f.(z,y).

Cfe (2 y(2))] = E ()
= % (z,y(@) 2 + 52 (2, y(x)) (x)
= fac:c (a:,y(x)) dzx + f:cy (‘73 y( )) dz (.’L‘)
= Fun 1)) = oy pt) | 2L
Substituting this and
g_x[fy (x,y(x))] = fyx (:v,y(:v)) + fyy (x y( )) di ($)
= Fyalep(0) — fy o) | 22

into the right hand side of (4) gives the final answer.

e g
—
8
<
—
8
=

Example 6: Find the gradient of a function given in polar coordinates.

Once again, figuring out what the question means is half the battle. The gradient is a quantity
that frequently appears in applications (e.g. the temperature gradient). By definition, the gradient
of a function g(z,y) is the vector (g, (x,y), g,(x,y)). In this question we are told that we are given
some function f(r, @) of the polar coordinates r and 6. We are supposed to convert this function

to Cartesian coordinates. This means that we are to consider the function

g(z,y) = f(r(z,y).0(z,y))  with  r(z,y) =Va?+y>  0(z,y) = arctan
Then we are to compute the gradient of g(z,y) and express the answer in terms of r and 6. By

the chain rule

99 _ 0for 4 Of 00 dg _ 0f or 4 0 96
Ox ~— Or Oz 90 Ox ox or Ox 00 Ox
Our main job is to compute g;, gg, g—; and ‘99 and express them in terms of r and 6.
or _ 1_ 2 _ _ 0 _
8_; - 5\/x;§ry2 - \/x2x+y2 o Tcﬁs = cost
or _ 1_ 2y — Y — rsin® _
3_; 2 \/x2+y2 - \/x2+y2 - Ts;n = sin 6
80 _ _—y/=’ _ Yy _ _rsinf __ _ sin@
oz = 1+(y/z)? T x4y T 2T T
20 _ 1/z — x __ rcosf __ cos@
oy — 1+(y/x)2 T x2+y? - r2 - r
So f
g ((IZ y) - ( (.Z' y)79(x7y)) COSQ((I},y)
]
r(;;,y) Fg(r(xay)ae(xay)) 81110(3; y)
9 .
g ($ y) Bf (T(Iﬁ,y),e(fﬁ,y)) Slne('xay)
]
+ r(;;,y) 8_5 (T(xay)a 0((13,:1;)) COSQ((I},y)

or, with all the arguments omitted,

gz | _ ay |cosb
o] -# [+

(For clarity, I've written the vectors as columns, rather than rows.)

10f —sinf
r cos
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