
MATHEMATICS 317 April 2004 Final Exam

[15] 1) At time t = 0, NASA launches a rocket which follows a trajectory so that its position at any time t is
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(i) Assuming that the flight ends when z = 0, find out how far the rocket travels.
(ii) Find the unit tangent and unit normal to the trajectory at its highest point.
(iii) The material of part (iii) was not covered this year.

[10] 2) The material of this question was not covered this year.

[10] 3) True or false (reasons must be given):
(i) If a smooth vector field on IR3 is curl free and divergence free, then its potential is harmonic.

(ii) If ~F is a smooth conservative vector field on IR3, then its flux through any smooth closed surface is
zero.

[15] 4) A physicist studies a vector field ~F in her lab. She knows from theoretical considerations that ~F must be

of the form ~F = ∇× ~G, for some smooth vector field ~G. Experiments also show that ~F must be of the form

~F (x, y, z) = (xz + xy)̂ııı + α(yz − xy)̂ + β(yz + xz)k̂

where α and β are constant.
(i) Determine α and β.

(ii) Further experiments show that ~G = xyzı̂ıı− xyz̂ + g(x, y, z)k̂. Find the unknown function g(x, y, z).

[10] 5) Recall that if S is a smooth closed surface with outer normal field n̂, then for any smooth function p(x, y, z)
on IR3, we have

∫∫

S

pn̂ dS =

∫∫∫

E

∇p dV

where E is the solid bounded by S. Show that as a consequence, the total force exerted on the surface of
a solid body contained in a gas of constant pressure is zero. (Recall that the pressure acts in the direction
normal to the surface.)

[15] 6) Use Green’s theorem to establish that if C is a simple closed curve in the plane, then the area A enclosed
by C is given by

A = 1

2

∮

C

x dy − y dx

Use this to calculate the area inside the curve x2/3 + y2/3 = 1. Hint: note the trig identities sin 2α =
2 sinα cosα and 2 sin2 α = 1− cos 2α.]

[15] 7) Consider the vector field ~F (x, y, z) = −2xyı̂ıı +
(

y2 + sin(xz)
)

̂ + (x2 + y2)k̂.

(i) Calculate ∇ · ~F .

(ii) Find the flux of ~F through the surface S defined by

x2 + y2 + (z − 12)2 = 132, z ≥ 0

using the outward normal to S.

[10] 8) Let C be the curve given by the parametric equations:

x = cos t, y =
√

2 sin t, z = cos t, 0 ≤ t ≤ 2π

and let
~F = zı̂ıı + x̂ + y3z3k̂

Use Stokes’ theorem to evaluate
∮

~F · d~r


