December 1999 MATH 256 Exam Solutions

(a) Suppose that the area A(t) of a disk is changing at a rate proportional to its radius
R(t). If A(0) =2 and A(1) = 1, when will the disk disappear?

(b) Suppose that the rate of change of A(t) at time t is equal to m/R(t). If A(0) = m,
at what time will A(t) = 27

Solution. (a) Since R(t) is proportional to \/A(t),

4 — g JA) = A —kdt = 2VA=kt+C

A(t)

Imposing the conditions at time 0 and time 1
A(0)=2 = 2vV2=C
Al)=1 = 2=k+C = K£=2-2V2

— — —_C__ 22 _|_v2
Alt)=0 = O=rt+C = t=-7=—35% =72 =34142

(b) . The area, A(t) increases with time, since 24 = 7\/R(t) = n*/*A(t)V/4 > 0,

and A(t) starts at m > 2 when ¢t = 0.

Suppose that the numerical calculation of the solution to an initial value problem y’ =
f(y,t), y(0) = 0, using one of Euler, Improved Euler of Runge-Kutta methods yield the
following results:

Step size h  Approximation for y(1)

0.50 1.6325
0.10 1.4947
0.05 1.4904

a) Which method was used? How do you know?
b) Given this data, what is your best estimate for y(1)?
Solution. a) Let A be the exact value of y(1) and A(h) be the approximation for step
size h. Then
A= A(h) + Kh* + O(h* )

so that
A =1.6325 + K(0.5)" + O(h**1) (1)
A = 1.4947 + K(0.1)F + O(h* 1) (2)
A =1.4904 + K (0.05)" + O(h’““) (3)
0=0.1378 + K[(0.5)" — (0.1)*] + O(r**1) (1) = (2)
0 = 0.0043 + K[(0.1)" — (0.05)*] + O(R**1) (2) — (3)

1



and

—0.1378 ~ K [(0.5)F — (0.1)"] (4)
—0.0043 ~ K [(0.1)* — (0.05)"] (5)

Dividing the two equations

E k 8 ifk=1
32.0465 = (<00'15))k — (%0615)) 5 = { 32 ifk=2
' ' 665.6 if k=14
So [k =2].
b)
3A =4 x 1.4904 — 1.4947 + higher order 4(3) — (2)

A~ 4><1.490§—1»4947 =11.4890

Find the general solution of
y" + 9y = x cos(3x)

Solution. The general solution of y” +9y = 0 is ¢1 cos(3x) +co sin(3x) or dye3% +dye 137,
We still have to find a particular solution.

Method 1 Note that y(z) = Az cos(3z) + Bz sin(3z) + C cos(3z) + D sin(3x) will not
work, because C cos(3z) and D sin(3x) satisfy y” + 9y = 0. So try

y(r) =  Ax?cos(3xz) + Ba?sin(3z)+ Cxcos(3x) + Dxsin(3z)
y'(x) = 3Bx?cos(3x) — 3Ax? sin(3z) + (2A + 3D)x cos(3z) + (2B — 3C)x sin(3z)
+ C cos(3x) + Dsin(3x)
y"(x) = —9A2% cos(3z) — 9Bx? sin(3x) + (12B — 9C)z cos(3z) 4+ (=124 — 9D)z sin(3z)
+ (2A+6D) cos(3z) + (2B — 6C) sin(3x)

Hence

y" 4+ 9y = 12Bx cos(3x) — 12Az sin(3z) + (24 + 6D) cos(3z) + (2B — 6C) sin(3x)
=xcos(3x) < 12B=1, 12A=0, 2A4+6D =0, 2B—-6C =0

D _ 1 _ 1
sothat A=D =0, B= 35, C = 5 and

y = ¢y cos(3x) + 2 sin(3z) + 1522 sin(3z) + 55 cos(3z)




Method 2 First find a particular solution to 3 + 9y = xe®® by trying y = Ax2e’3* +
Bze®®. (Note that y = Aze® + Be®® will not workd since Be'3® satisfies y” + 9y = 0.)

— Al‘2€i3x + Bxei?)x
= 3iAx2e% 4+ (2A + 3iB)xe3® 4 Be'®
= —9A2%e"% 4 (1214 — 9B)2e™* + (24 + 6iB)e™”

=ze?" > 12iA=1, 24+6iB=0 < A=, B=4+

So
y = -2 + Lae'? obeys y" + 9y = ze'?” (1)
= —a%e " 4+ Lae " obeys y" + 9y = ze” i — —i(2)

[\V]

y = 152°sin(3z) + 552 cos(3z) obeys y” + 9y = wcos(3z) (1) + 3(2)

fu—y

This is the same particular solution as given by method 1.

4) Solve

with initial condition #(0) = [g} .
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Solution. Set A = {2 1

} . Then

1-—A 2

det(A—)\I):det{ 5 11

]:A2—2>\—3:(A—3)(>\+1) = |A=3,-1

-2 2
2 =2

o
N
]

For eigenvalue A =3, A — A\l = [ } = |eigenvectors ¢ {ﬂ

2 2
2 2

For eigenvalue A = —1, A — \[ = [ } —> |eigenvectors c {_11} ,c#0

For a particular solution, try & = @, a constant. It solves the differential equation if
~ 1 2].,[1 1 2] [ar] _ [1 1 g2
e E L ] e PR Y e TR e

So the general solution to #'(t) = B ﬂ z+ {1] is



The initial condition is satisfied if

ol =ro=a i re[ A ]5] = 070

The solution is

C1 =

Wl wlot
NI O

5) Suppose that u(t) is the displacement from equilibrium of a mass on a spring, subject to
an external force 2 cos(wt). Thus u satisfies the equation

v+ yu' + ku = 2 cos(wt)

a) If k — mw? + iwy = 2¢"™/*, what is u(t) after a long time has passed?

b) Suppose that &k = m = 1 and the amplitude A(w) of the steady state solution has
the graph below. What is the approximate value of v?

¢) Suppose that & = m = 1 and the maximum amplitude occurs at w = 0. What can
you say about 7
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Solution. a) We are to find a particular solution to mu" + vyu' + ku = 2 cos(wt) =
et 4 e~ To do so, we first find a particular solution for mu’ +~yu' + ku = et | of
the form u(t) = Be'!.

mu” +yu' + ku = B(—mw? +iyw+ k)™ = = B= _—5L



But any complex number z + iy = rcosf + irsinf = re?, where r = /22 + 32 and
0 = tan~! £. Hence

k — mw? + iyw = Re® where R = /(k — mw?)2 + (wy)?, § = tan™*

k—mw?
and
u = Be™! = s et = %ei(”t_‘s) obeys mu” + yu' + ku = ™! (1)
= Le iwi=9) obeys mu" +yu' + ku = e~ ! i — —i(2)
u = % cos(wt — 0) obeys mu" + yu' + ku = 2 cos(wt) (1) +(2)

In the case k — mw? + iwy = 2e"™/*, we have R =2, § = 7 so that

u(t) = cos (wt — )

b) When k£ = m = 1, the amplitude of the steady state solution is

2 2

A =2 =
W)=%= Tomomor — Jaomer

This amplitude is a maximum when the denominator is a minimum. That is, when

0=2[(1-w?)?+ (W)’ = 4wl -w?)+2wy" = w=0o0r7"=2(1-w?

In the graph, the maximum amplitude is at about w = 0.9, so

v ~|/2(0=0.9%) =0.6

c) If |y > V2|,

L [(1—w?)? + (wy)?] = 2w[? + 2w” — 2] > 0 for all w

That is, the denominator increases with w, so the amplitude decreases with w. Conversely,
if v < v/2, the denominator decreases with w for small w and the amplitude increases
with w for small w.

Let f(z) =z for 0 < x < 2. Expand f in a cosine series. Sketch the graph of the function
to which the cosine series converges.

Solution. We are given a function that is defined for 0 < z < ¢ with £ = 2, so

fl@) =19+ ajcos (432)

k=1



with, for £ # 0

o= [ woos (42) do = [asin (552) + ()° cos (552)]; = () [coshm) ~ 1]

_ __8 {1 if kis odd
k272 10 if k is even
and
2
a0:/ :L'd:r::%‘0:2
0
Hence
fa)=1— ) % cos (15%)
kk:(}d

The right hand side is even, periodic of period 4 and takes the value x for 0 < x < 2. So
it has graph
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Solve the heat equation % = % for 0 < z < 1 with the following initial and boundary
conditions:
u(z,0) =1 uz(0,t) =1 ug(1,t) =2

(Hint: To satisfy the boundary conditions, look for a particular solution of the differential
equation having the form u(x,t) =t + v(x).)
Solution. First look for a solution of

gu — % u,(0,t) =1 ug(1,t) =2
of the form wu(z,t) =t + v(z). Subbing in
1=2"(z) J0)=1 J1)=2 = J(2)=1+z

so one acceptable v(x) (which is all we need) is v(z) = z + 22. Now define w(z,t) by
u(z,t) =t+x+ 122 +w(z,t), where u(z, t) satisfies all of the conditions specified in the
question. Then

%:% = 1+%—1f:1+%271§ — %_g’:giig
up(0,) =1 = 1+w,(0,t)=1 —  w,(0,t)=0

ug(1,t) =2 = 24 w,(1,t)=2 —  w,(1,t)=0
u(z,0)=1 = z+ir*+w(0)=1 = w(0)=1-—z—1iz?
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Finally, we find w by standard separation of variables. Try w(z,t) = X (z)T(t).

dw _ 9w _ X" _ T _
9t Ox2 — XT,—XHT — 7—?—

—\2, const
IfA=0
X" +XX =0, X'(00=0, X' (I)=0 = X=c1+cr,c=0 — X=c

and
T"+XNT=0 = T=d
If A # 0 is to give a nontrivial solution
X"+ XX =0, X'(0)=0, X'(1)=0
— X =1 4 cem P i — ) =0, iM(cre? — Cze_M) =0,
c1, co not both zero

— ei>\ — e_iA frd O — €i2>\ = 1 — 2)\ = Qkﬂ' = )\ = kﬂ-

and ) 5 o
T +XT=0 = T=de t=de ¥t

So w(x,t) =L+ 77, age H Tt cos(kmx) satisfies the pde and both boundary condi-
tions for all choices of the a;’s. To satisfy the initial condition we need

L+ Zak cos(kmz) =1—z — 22°
k=1
1
=  ap = 2/ (1—a-— %:L’Q) cos(kmz) dx
0

=Z [sin(lmx) — zsin(krz) — & cos(kmz) — 12”sin(knz)

1
— =z cos(kTz) + s Sin(k:mc)]o for k #0
= 25 [1 — 2cos(km)] = 25 [1 —2(—1)]

1
CL0=2/ (1-2z— 327 da;zZ[x—%xz—%xi”]é:%
0

All together

w(w,t) =t+z+ 322+ 3+ > 0 oz |l — 2(—1)k}6_k2ﬂ2t cos(kmx)




