Equality of Mixed Partials

Theorem. If the partial derivatives %a]; and % exist and are continuous at (xg,yo),

then
d? 9?2
axaj; (w0,%0) = aya{g (70, %0)

Proof: Here is an outline of the proof. The details are given as footnotes at the end of

the outline. Fix x¢ and yy and define®
F(h,k) = 2 [f(zo+ h,yo + k) — f(zo,y0 + k) — f(z0 + h,y0) + f (20, v0)]

Then, by the mean value theorem,

F(h k) 2 [ (w0 + hyyo + 01K) — B (0,50 + 01K)]
= 991 (20 + 03D, yo + 01 k)

F(h. k) = [ (wo + 0sh, yo + k) — 3L (w0 + B3k, o)
5 g_yg_m(xo + O3h, yo + O4k)

for some 0 < 01, 605,03,0, < 1. All of 64,65, 03,04 depend on xq, yo, h, k. Hence
%g—i(wo + 020, yo + 61k) = g—y%(wo + 03h, yo + 04k)

for all h and k. Taking the limit (h, k) — (0,0) and using the assumed continuity of both

partial derivatives at (xg,yo) gives

g 0 o 0

s (@0, y0) = & 5L (20, w0)
The Detalils

(1) We define F(h,k) in this way because both partial derivatives g;—aj;(a:o,yo) and

%(wo, yo) are defined as limits of F'(h, k) as h, k — 0. For example,

%ii%F(h, k) = %[%(mo,yo +k) — %(ﬂfo,yo)]

- — i L] Of _ of

= i PR = Jim £330 5 8) = G0, 0)]
9

g—ya—i(«?ﬁo,yo)
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Similarly,

111_% F(h,k) =+ [ (o + h,yo) — g£ (zo, yo)}
d d
— }llg% %%F(h k) = hm = [ f(xg + h,yo) — a—g(xo,yo)}

0
= ma—i(l’oyyo)

(2) Define G(y) = f(xo + h,y) — f(x0,y). By the mean value theorem

F(hk) = [M]

1
h
% y(y0+91k) for some 0 < 67 < 1

=2 [8f (w0 + h,yo + 01k) — 2—5(1’0,% + 91@]
(3) Define H(z) = g—ch(.CC, Yo + 01k). By the mean value theorem

F(hk) = %[H(mo +h) — H(xo)
= 98 (35 + 0,h) for some 0 < 03 < 1
= g—a—f(xo + 02, yo + 01k)

(4) Define A(z) = f(x,y0 + k) — f(x,y0). By the mean value theorem

F(hk) = }|Aleth)=Ao)
d

(5) Define B(y) = %(azo + 03h,y). By the mean value theorem

F(hk) = &[Blyo+ k) = Blyo)|
— d_B(yO + 04k) for some 0 < 04 < 1
=% 8L (wo + O3h, yo + Oak)

Example. Here is an example which shows that it is not always true that g;—aj; (xo,Y0) =

2
% ('CBO: yO) . Define
2 2

_ Jaymre i (2y) #(0,0)
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This function is continuous everywhere. We now compute the first order partial derivatives.
For (z,y) # (0,0)

of g2y o 2 (% —y?) _  zP—y? Agy?
%(a:,y) - yx2_|_y2 + xyx2_|_y2 -y (x2+y2)2 yx2+y2 + zy (z2+y2)?
of _ oty 2y oo 2y(®—y?) 2ty dya’
8_14(‘76’ y) = Torry? — PYaryy2 Y armpy? — Tamhy? Y @2ty

For (z,y) = (0,0)

Folm,y) =3 Vemmgr T A i (2,y) # (0,0)
0 if (z,y) = (0,0)

z?—y® 2392 .
f(ay) = 4 T~ e @) #£0,0)

Both 2L x,y) and of x,y) are continuous. Finally, we compute
ox Y oy

2_02

2 . .
g3y (0,0) =[G £y (2, 0)],_y = lim & [£,(h,0) = £,(0,0)] = lim § [hfz7gz — 0] =1

2 . . 2_ 12
gy (0:0) = [ £=(0.9)] o = Jim 1 [£o(0, k) = £2(0,0)] = lim §[kriz — 0] = —1
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