Approximating Functions Near a Specified Point

Suppose that you are interested in the values of some function f(x) for x near some fixed point .
The function is too complicated to work with directly. So you wish to work instead with some other function
F(z) that is both simple and a good approximation to f(z) for x near xo. We’'ll consider an example of this
scenario later. First, we use the Fundamental Theorem of Calculus and integration by parts to develop several
different approximations.

The Fundamental Theorem of Calculus says that f;ﬂ f'(t)dt = f(x) — f(xo), or equivalently,

ﬂ@=f@w+/wf®ﬁ ()

First approximation

The simplest functions are those that are constants. Owur first, and crudest, approximation is the

constant function f(xo).

f(x) = f(xo) (1)
Here is a figure showing the graphs of a typical f(z) and approximating function F(z). At 2 = o, f(z) and
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F(z) take the same value. For z very near xg, the values of f(z) and F(z) remain close together. But the
quality of the approximation deteriorates fairly quickly as x moves away from xg. Equation (1’) says that the
error you make when you approximate f(z) by f(zo) (namely |fz) — f(xo)]) is exactly ‘f;o (@) dt‘. Usually
this integral is too complicated to evaluate in a useful way (or you wouldn’t be approximating f(x) in this first
place). But if you can find a constant My such that |f/(t)| < M; for all ¢ between x and z (we’ll see examples
of this later), then

error = ‘/ f’(t)dt‘ < / M dt‘ = M|z — zo|
o xr

x
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So the error grows at most linearly as x moves away from .

Second approximation — the tangent line, or linear, approximation

We now develop a better approximation by applying integration by parts to the integral in (1’). Note
that the integration variable is t. As far as the integration is concerned, x is a constant. We use u(t) = f'(t)

and v(t) = x — t. Since x is a constant, dv = v'(t)dt = —dt.

x x

w(t)v' (t) dt = f(xo) — u(z)v(z) + u(wo)v(z0) + / v(t)u'(t) dt
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= f(xo) + f'(x0)(x — o) + / (x —t)f"(t) dt 2)
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Our second approximation is

|/(x) ~ f(x0) + f'(wo) (& — x0)| (2)

It is exactly the tangent line approximation to f(z) at xg. The original function f(x) and the approximating
function F(z) = f(zo)+ f'(zo)(x—1x0) have the same value and the same slope at x = x¢. That is, f(x¢) = F(x0)
and f’'(zg) = F'(x0). Here is a figure showing the graphs of a typical f(z) and approximating function F(z).

Observe that the graph of f(xg) + f/(20)(x — 2o) remains close to the graph of f(z) for a much larger range

y y = F(z) = f(zo) + f'(zo)(z — 20)
y=f(z)
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of z than did the graph of f(zp). Equation (2’) says that the error you make when you approximate f(x) by
fzo)+ f'(xo)(x — o) is exactly ‘ f;o (x=1t)f"(t) dt‘. Again, this integral is usually too complicated to evaluate

in a useful way. But if you can find a constant M; such that |f”(t)| < Mz for all ¢ between xy and z, then

t=x¢

2 4=
error—‘/ 1( dt’ ‘/ x—tMgdt‘zl—Mg% = z%(x—:vo)Q
So the error grows at most quadratically as £ moves away from z.

Third approximation — the quadratic approximation

We develop a still better approximation by applying integration by parts a second time — this time to
the integral in (2'). We use u(t) = f”(t) and v(t) = 1(z — t)?, so that v'(t) = —(z — t).
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= f(=o) + f'(xo)(x — z0) + 5 /" (x0)(z — 20)* + 3 /w(x — 02 (t)dt (3"
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Our third approximation is

| /(2) & f(20) + f'(wo) (@ — o) + 1" (wo) (& — 0)? | (3)

It is called the quadratic approximation. Equation (3") says that the error you make when you approximate
f(@) by f(zo)+ f'(z0)(x — o) + & [ (z0) (& — 20)? is exactly ’% f;o (x—t)2fO)(t) dt‘. If you can find a constant
M such that |f®3)(t)] < M3 for all t between o and z , then

%[(m—tﬁf“’(t) dt' <

0

€Iror =

%|x—x0|3

%/ (x —t)QMg dt‘ = ' — My (x2;t3)3 tix
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where 3! (read “three factorial”) means 1 x 2 x 3. Here is a figure showing the graphs of a typical f(x) and
quadratic approximating function F'(x). The third approximation looks better than both the first and second.
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y = f(z)
= F(x) = f(zo) + f'(z0)(x — x0) + 5 " (0)(x — x0)?
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Still better approximations — Taylor polynomials

We can use the same strategy to generate still better approximations by polynomials of any degree we

like. Integrating by parts repeatedly gives, for any natural number n,
fla) = fxo) + ['(@o)(z — o) + 511" (wo) (x — 0)* + 51 f ¥ (w0) (@ — 20) + -+ + & F ™ (wo) (& — mo)"
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If you can find a constant M,, 1 such that |f(”+1)(t)| < M, 41 for all t between xg and x, then the error in the

approximation

f(@) = f(xo) + f'(xo)(x — x0) + 31 /" (w0) (x — 20)? + 31 /P (wo) (& — 20)® + -+ + 4 f M (wo) (w — xo)™|  (4)

is at most

error = ‘% / (z — )" f (1) dt’ <

0
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The right hand side of (4) is called the Taylor polynomial of degree n for f.

There is a second formula for the error that we can derive easily from E, = & [* (z — t)r f D (t) dt.
The only assumption that we shall make is that f(»+1)(¢) is continuous in ¢ for ¢ running between zy and z.
Let m and M denote the largest and smallest values, respectively, that f ("+1)(t) takes for ¢t between x( and .
Then for each t between zy and z, the integrand (z — ¢)™ f("*+1)(¢) must lie between (x — t)"m and (z — t)™ M.

So E,, must lie between

x

% / (x —t)"mdt = ﬁ(m — :1:0)”+1 and % / (x —t)"M dt = %(m — Io)"Jrl

0 Zo
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That is, —5 ( - o must lie between m and M. Since f("+1)(t) is continuous and takes the values m
(CESHIASARY

and M for some t’s between x¢ and z, £+ (¢) must take all values between m and M as t runs from g to z.
In particular there must exist a t* between xy and x such that

Ly _ 1 (n+1) 4% n+1
(nil)! (z — x0)"H1 = B = e/ ()@ — o)

FeD(er) =

In conclusion, we have that
f(@) = fxo) + f'(xo)(z — o) + 51" (wo)(x — w0)* + 5 f ¥ (wo) (@ — 20)® + -+ + [ (wo) (& — wo)" + En,

with

Bu= s [ 00 = k) o)

0

for some t between zg and x.



Example

Let’s find all Taylor polyomial for sinz and cosx at xg = 0. To do so, we merely need compute all

derivatives of sinx and cosx at xg = 0. First, compute all derivatives at general z.
f(x)=sinz f'(x)=cosz f'(x)=—sinz [fO(z)=—cosz [f(z)=sinz
g(z) =cosz ¢'(z)=—sinz ¢"(x)=—cosz ¢®(z)=sinz g (z) = cosx
The pattern starts over again with the fourth derivative being the same as the original function. Now set

r=ux9=0.

flz) =sinz  f(0)=0 [f'(0)=
L g

f0)=0  fP0)=-1 f@0)=0
g(x) =cosz  g(0) = g

"(0)=—-1 ¢®0)=0 ¢WO0)=1

For sinzx, all even numbered derivatives are zero. The odd numbered derivatives alternate between 1 and —1.
For cosz, all odd numbered derivatives are zero. The even numbered derivatives alternate between 1 and —1.

So, the Taylor polynomials that best approximate sinx and cosz near x = xg = 0 are

: 2 4
smxza:—%x?’—i-%aé—-u cosx%l—%x +%x—~-~

Note that all of our derivative formulae for trig functions were developed under the assumption that angles are
measured in radians. When applying these approximation formulae, which were developed using trig function
derivatives, we are obliged to express = in radians.

Here are graphs of sinz and its Taylor poynomials (about zg = 0) up to degree seven.

Sinx ~ sinxmx—%ﬁ

sinz ~ v — §2% 4+ Lad sine ~ z— Lot + La® — a7
Visually, we cannot distinguish between sin x and the approximation x — %aﬁ + éx5 — %:1:7 for |x| running from

0 almost to .
Now imagine that we are designing a scientific pocket calculator. To have sin and cos buttons on the

calculator we need algorithms for computing sin x and cosx accurate to nine decimal places. Because sin and
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cos have period 2, it suffices to consider —m < x < 7. Because sin is odd and cos is even, it suffices to consider
0 < 2 < m. Because sin(r — x) = sinz and cos(m — x) = — cosz, it suffices to consider 0 < z < 7. Because
sin (5 — :c) = cosz and cos (5 — :c) = sinz, it suffices to consider 0 < x < 7. Using double angle formulae, it
is possible to cut down the range of z’s even further, but let’s stop here and design algorithms for computing
sinz and cos x accurate to nine decimal places when 0 <z < 7. We have already seen that every derivative of
f(z) =sinz and g(z) = cosz is either sinz or cosz or —sinax or — cosz. Thus every derivative of f(z) = sinx
and g(z) = cosx never has magnitude bigger than one. So applying the approximation (4) introduces an error
no large than +1), 5|z —xo|" ! with My 41 = 1. When xp = 0 and 0 < 2 < %, the error is at most @ +1),( )nH.

Here is a table giving values of +1), (”)nH (accurate to two significant dlglts) for various values of n.

n 5 6 7 8 9 10 11
)" 83 x1074[3.7x 1075 [3.6 x 1076 | 3.1 x 1077 [ 2.5 x 1078 | 1.8 x 1072 | 1.2 x 1010

ISE
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So applying the approximation (4) with n = 11 gives

5 71,9 1 11 4 6, 1,8 110
e’ + g2’ = e cosz 1= g’ + gt = gat + g2t - e

sm:CN:v——:v —|—5,:C Tor

with errors that must be smaller than 1.2 x 10719 when 0 < 2 < %.



