Chain Rule Derivation

Let
g(s,t) = f(z(s,t),y(s,1))
By definition,
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Applying
F(s+h)=F(s)+ F'(s)h + O(h?)
with F(s) = z(s,t) and with F(s) = y(s,t), for any
fixed t, gives
z(s+ h,t) = z(s,t) +§—§(s, t)h + O(h?)
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Subbing (1) into
X+ Az Y 1 Ay) = f(X,Y)



gives
% [g(s + h,t) — g(s, t)]
f(x(s + h,t),y(s+ h, t)) — f(a:(s, t),y(s, t))}
f(X + Az, Y + Ay) — f(X,Y)]
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X,Y)Az + 8 (X, Y)Ay + O(A? + Agf)}

Dividing by h and taking the limit, we get the upper

formula in

g2 (5,1) = 5% (2(5,1), (s, 1)) G5 (s,1)

The lower formula is derived similarly.
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