Substitution Examples

Example 1
y= 3T
/2 37 /2 dy= 3d
/0 cos(3x) dr = /0 cos(y) %,—y y(():g: 2 ’
y(5)=gm
_sny |7 _ 1 0 _[3
~ 3], 3 37| 3
Example 2
y=12x+1
/1—1 (f('-/gi@ dy:2d:1:
o Qe+1)2 " )y 2 y(0)=
y(1)=3

Example 3
y= 1+ x*
L 1 dy dy= 2z dz
5 dr = — = 0)—
o L+ 1y 2 y(0)=
y(1)=2
—%ln\y\’ _1n72_%: %an
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Example 4

1 1 dy Y= COS T
tanx dr = sinxdr = | — —= {d .
COS & y —1 y= —sinx dz

= —In|y| +C =—~In|cosz|+C =In]|cosz| ' +C

=|In|secx| + C
r . 1 dy Y= CoS
secxrtanx dr = sosinvdr= [ — — {d .
COS T y2 —1 y= —sinx dx
=—y_—_11+C=§+C= secx + C

Example 5

« - 4
/'173 cOS (374 + 2) dr = [ cos(y) %y { d?;: i:c;_di

siny 4+ C' = isin(a:4—|—2)—|—0

Example 6

/ V14223 de = / V1+ 22z zdx

_ )& y=1+
5/2 3/2
3 [y = [ 2] o




Example 7

y=x + 1
1 1 2
1 1 1 =
/ da::/ —(1.1:/ ~dy dy= dx
0 r2+2x+1 o (x+1)2 1 Y2 y(0)=1
y(1)=2
—12 1 1
=47 =—7 - (=1) =3
1
y=x + 1
1 1 2
1 1 1 dy= dz
dxr = dr = ——d
/0 22 + 22 + 2 /0 (x+1)24+1 /1 y? 41 Y y(0)=
y(1)=2
= arctany‘i = |arctan 2 — arctan 1
2u=x + 1
/1 1 " /1 1 z /1 2dy 2dy= dx
— axr = —
o T2+27+5 o (x+1)2+4 L4yt +4 ) y(0)=1/2
y(1)=1

_1 e I _ 1
= 2arctany]1/2— 2[arctan1 arctan 2}

Example 8
y=a? — 12
“ 0 d dy= —2x dx
rvVa?—x?de = 2y -
/01 a r= da /a2\/§_2 y(O):a2
y(a)=0
1220 132 1.3
=353 a2—§( )" =30
Example 9

3/ .. dy y=1—=
/\/1 xd.z,—/\?/g_l {dyz dx

_ y4/3

i +0=[C0-0F 1O




Example 10

/ sin () ¢ dir = / siny dy {dzi o do

= —cosy+ C =|—cos(e®) + C

Example 11

/333(1 — 2?)32 dg =

/
/

v (L —y) %

2

(1— 2232222 dx

y=1— 2
dy= —2x dx

1 3/2 5/2 1] y®/2 7/2
——5/(9/ —y/)dy:—ﬁ{ym 75

1
7

(1 _ 332)7/2 _ %(1 _ :1:2)5/2 +C

Example 12

/ COS T / 2dy
———dr = | ———
4 + sin2x 4 + 492

1
2

1

2

2y=sinx
2dy= cosx dx
/ 15};2 = s arctany + C
arctan (% sin a;) +C

|+c



Example 13

[ 0 [y oy { S
T =

= /sin?’y (1 —sin?y) cosy dy

:/u3 (1 —?) du { U= siny

du= cosy dy
— [ [ =) du= [ % +C]

. 4 . 6
__ | sin Ellnm) __ sin (61nm) +C

u=siny ly=ln x

It is always a good idea to check that an indefinite integral is correct by

checking that its derivative is the integrand.

| =sin®(Inz) cos(lnz) L — sin®(Inz) cos(lnz) L

= sin’(Inz) cos(Inz)1 [1 — sin’(Inz)]

x

d_ [Sin4(lnm) _ sin®(Inx)
dx 4 6

= sin’(Inz) cos®(Inz) 2

There are often many different correct ways to evaluate an integral. Here
is a second evaluation of the same indefinite integral that uses sin(2y) =

2sin y cos y.

.3 3 _
/Sll’l (Inzx) cos®(Inx) d — /Sin3y cos y dy { y=1Inz

x dy= %

x

— %/sin?’(Qy) dy = %/(1 — cos®(2y)) sin(2y) dy

_1 _ 2] dz 2= cos(2y)
— 8/[1 2] 4 {dzz —2sin(2y) dy

——[z-5+]

z=cos(2y) ‘y:lnaz

=|—+%[cos(2Inz) — 2 cos®*(2Inz)| + C
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We can also check that this answer is correct by differentiating:

%Z—x [008(2 Inx) — %cos3(21n :1:)]
— _% [ — gin(21In :1:)% + cos?*(2In ) sin(21n x)%]

o [1 — cos’(2Inz)] sin(2lnz)2
1g
8 5
= sin

n’(2lnz)d

(ln z)cos®(lnz)l

We can also use the identities

cos(2y) = 1 — 2sin’y and (a +b)° = a® + 3a°b + 3ab® + b°

to check that the answers are the same

[3(1 — 2sin?y) — (1 — 2sin® y)?’]
[3 6sin®y — (1—6sm y + 12sin* y — 8sin® y)}
——[2—1281n y + 8sin’ y]

__ sin*(Inz) __sin 5(Ilnx) 1
o 4 6 24

_1_16[(303(21 .ilj)—% 3(21nx)}

The extra term 5 JUSt means that the symbol C' that appears in the two
answers

Sin4gl]n:p) o sin6(61n:p) + C and . % |:COS(2 h’la}) - %COS?)(Q 11’137)] + C

actually stands two different constants.



