Trigonometric Functions

Here is a review the basic definitions and properties of the trigonometric functions. We
provide a list of trig identities at the end.

1. Definitions

The trigonometric functions are defined as ratios of the lengths of the sides of a right an-
gle triangle as shown below. In the figure, “H” stands for “Hypotenuse”, “A” stands for
“Adjacent side” and P stands for “oPposite side”.
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Here are the graphs of the trigonometric functions.
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2. Radians

For use in calculus, angles are best measured in units called radians. By definition, an arc of
length 6 on a circle of radius one subtends an angle of ¢ radians at the center of the circle.
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Because the circumference of a circle of radius one is 27, we have

27 radians = 360° 7 radians = 180° radians = 90°

B

0

3 radians = 60°

™

7 radians = 45° radians = 30°

S|

3. Arclength and Area

Consider a circle of radius r. Denote by L(#) the length of an arc of that circle that subtends
an angle of # radians. The angle subtended, 6, is the fraction % of the full circle. So L(6) is
the fraction % of the circumference of the full circle, which is 27r. Similarly, denote by A(0)
the area of a wedge of that circle that subtends an angle of # radians. The area A(f) is the

2 of the area of the full circle, which is 7r%. So

fraction 5
T

L(9)
A(6)
A0

4. Special Triangles

From the triangles

V2 2
V3

45° N 60° TI 60°
1 1 1

T

we can read off the values of all of the trigonometric functions for the angles 6 = ¢ = 30°,
0 =7 =45°and 0 = 3 = 60°.

0 sinf | cosf | tanf | cscf | secf | cotd
0°=0rad 0 1 0 1
30°=2rad | 3 | B | S| 2 | Z| V8
°=%rad | 5 | 5 | 1 | V2| V2| 1
60° = £ rad ? : V3 % 2 %
90° = 7 rad 1 0 1 0
180°=mrad | O -1 0 -1

The empty boxes mean that the trig function is undefined (i.e. £00) for that angle.
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5. Trig Identities — Basic

The following identities are all immediate consequences of the definitions in (1).

_ 1 _ sinf — 1 _ cos
sec ) = cos 0 tan§ = cos 0 cotf = tan6 ~  sinf

>

cscl = =
sin @

Because 27 radians is 360°, the angles # and 6 + 27 are really the same, so

sin(6 + 27) = sin 6 cos(0 + 2m) = cos 0
The following trig identities are consequences of the figure to their right and Pythagoras’
theorem, A% + P? = H2.

(cosf,sin6)

P =sinf
sin®f + cos?6 =1

sin(—0) = —sin(6) cos(—0) = cos(0) <0 A=cosf

(cos 0, — sin 6)

The following trig identities are consequences of the figure to their left.

sin (g — 9) = cos 6 cos (g — 6’) =sinf

cos 0

6. Trig Identities — Addition and Double Angle Formulae

The following trig identities are derived below in §9.
sin(z + y) = sinx cosy + cos zsin y
sin(x — y) = sinz cosy — cos xsiny
cos(x +y) = cosxcosy — sinzsiny
cos(x — y) = cosz cosy + sinx siny
Setting y = x gives

sin(2x) = 2sinx cos x

2 2

cos(2z) = cos” x — sin“ x
=2cos’r — 1 since sin?z =1 — cos’z
=1—2sin’x since cos’x =1 —sin’z

2

Solving cos(2x) = 2cos?z — 1 for cos? x and cos(2x) = 1 — 2sin’ z for sin® x gives

1+cos(2z)
2

. 1—cos(2
sin?z = CO;( 2)

COS2 T =
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7. Trig Identities — the Sine Law

The sine law says that, if a triangle has sides of length A, B and C' and the angles opposite
those sides are a, b and ¢, then

sina sinb sinc

A B C
To derive Siz" = Sigc, drop a perpendicular to the side of length B from the vertex opposite
it, as in the figure below.
A C
P
¢ an
B

The perpedicular has length P = A sinc = C' sina. Dividing by A - C' gives Si% = Sl—gc

8. Trig Identities — the Cosine Law

The cosine law says that, if a triangle has sides of length A, B and C' and the angle opposite
the side of length C'is 6, then

C? =A%+ B?> —2ABcosf

Observe that, when § = Z, this reduces to, (surpise!) Pythagoras’ theorem C? = A? + B2,
To derive the Cosine law, apply Pythagoras to the shaded triangle in the right hand figure
of

A C

[
B < B >

t
Asin6
v

<~—Acosf —

That triangle is a right triangle whose hypotenuse has length C' and whose other two sides
have lengths (B — Acos 9) and Asinf. So Pythagoras gives

C? = (B - Acosﬁ)2 + (Asin9)2
= B2 —2AB cosf + A%cos’ 0 + A?sin? 0
= B? —2A B cosf + A? (since sin?# + cos® 0 = 1)

as desired.
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9. Trig Identities — Derivation of the Addition Formulae

We now derive the addition formulae (2). The first step is to prove the fourth addition
formula, cos(x —y) = coszcosy +sinzsiny. The angle, of the upper triangle in the figure,
(cosz,sinx)

C
(cosy,siny)
1
Ty

that is opposite the side of length C'is x — y. So, by the cosine law,
C?=12+1*-2-1-1-cos(x —y) =2 — 2cos(x — y)

But the side of length C' joins the points (cosy,siny) and (cosz,sin z) and so we also have,
by Pythagoras,

C? = (cosy — cosx)? + (siny — sin x)?

= cos?y — 2cosx cosy + cos? & + sin?y — 2sinxsiny + sin’ z

=2—2cosxcosy — 2sinzsiny (using cos® z +sinz = 1 for z = x and z = y)
Setting the two formulae for C? equal to each other gives

2—2cos(r —y) =2—2coszcosy — 2sinxsiny
= —2cos(z —y) = —2coszcosy — 2sinxsiny

— cos(x —y) = cosxcosy + sinxsiny
which is the fourth addition formula. Replacing y by —y gives
cos(z + y) = cosx cos(—y) + sinzsin(—y) = coszcosy — sin rsiny
which is the third addition formula. Now, replacing = by § — x gives
coS (g —x+ y) = CoS (g — :5) cosy — sin (g — :)5) siny
Recalling that sin (g — z) = cos z and cos (g — z) = sin z,

sin (:)3 — y) = sinx cosy — cos T siny

which is the second addition formula. Finally, replacing y by —y gives the first addition
formula.
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10. Trig Identities — Summary

The basic trig identities are

tanf = zgé(; cscl = - sec = —— cot = ——
sin(—f) = —sin 6 cos(—0) = cos

sin(f + 27) = siné cos(f + 2m) = cos 6

sin(f + m) = —sin 6 cos(f + ) = —cos 6

sin(Z — 0) = cos@ cos(y — 0) =sinf

3
sin® 6 + cos® 0 = 1
sin(260) = 2sin # cos §

cos(260) = cos®§ — sin” 0
sin(f + ¢) = sin 6 cos ¢ + cos @ sin
cos(6 + ) = cosf cos p —sinfsin @
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The following trig identities are easily derived from the basic identities above. We use the
“code” that the identities in (T4’) are easily derived from the identity (T4), that the identity
in (T5°,T6) is easily derived by dividing the identities in (T5) and (T6) and that the identities

n (T7”) are easily derived from the identities in (T7) and (T7’).

tan?0 + 1 = sec’ 0 1+ cot?§ = csc? 0 (T4")
tan(20) = {2and (T5,T6)
cos(20) = 2cos’f — 1 =1—2sin? 6 (T6)
cos? 6 = H%S(%) sin? @ = 1_%5(26) tan® § = hiﬁigzg

sin(f — @) = sinf cos ¢ — cos @ sin ¢ (T7)
cos(0 — o) = cos B cos p + sin O sin ¢

tan(6 + p) = fanltane tan(f — ) = {Higae

sinf cos ¢ = ${sin(0 + ¢) +sin(d — ) } (T7)
sinfsin g = 1{ cos(§ — ¢) — cos(0 + ¢) }

cos 0 cos p = £{ cos(f + ¢) + cos(d — o) }

sma+smﬁ—25ma+ﬁcos—5 sma—smﬁ—Qcoso‘ m%ﬁ
cosa+cosﬁz2cos#cosTB cosa—cosﬁz—2sm—sm76
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