Integration of sec, csc, sec®d and csc® 6

[ secl df — by trickery

sec 0+tan 0

sec 0+tan 0 and

The standard trick used to integrate sec 6 is to multiply the integrand by 1 =
then substitute y = sec @ + tan 6, dy = (sec 6 tan @ + sec? 6) do.

/Secedﬁz/secewsz/MdQZ/%zlan—C

sec O+tan 0 sec O+tan 0

= In|secf + tanf| + C

[ sec do — by partial fractions

Another method for integrating [secf df, that is more tedious, but less dependent on a
memorized trick, is to convert [secfdf into the integral of a rational function using the

substitution y = sin 6, dy = cos 6 df and then use partial fractions.

/Seced@:/colse de:/CCoOsS?gH d9:/1f§isn920 de:/ﬁ dy
:/;{ﬁ+ﬁ} dy:;/[ﬁ_y_;] dy=4[nly+ 1/~ lnjy—1]] +C

=[5+ 0= 3m|RF5[+C

To see that this answer is really the same as the one above, note that

sing+1 _ (sinf+1)* _ (sinf+1)?

sinf—1 ~  sin?60—-1 ~  —cos?26
1 sinf+1| _ 1 (sin0+1)%*| _ 1 (sin6+1)%| _ sin0+1| _
:>21n‘sin9—l _2111‘ —cos2 0 ‘_Zhl‘ cos2 0 ‘—111‘ cos 6 ‘—ll’l|t&l’l€—|—8€€9’

[ csc do — by the z = tan% substitution

The integral [ csc df may also be evaluated by both the methods above. The answers are

/CSCQ df =1In|coth — cscl| + C = _%1n‘cos9+1}+c

cos0—1

Since csc 6 is a rational function of sin# and cos @, the substitution

:L':tan% 0 =2tan 'z
df = H%da: V1+ 22 .
sinf = 2sin g COS% - 2\/111:2 \/111:2 - 1—2:;2 - 1
cosf = cos” § —sin” § = 1+1902 - 1112 = ;ﬁi
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converts [ cscdf into the integral of a rational function.

/CSC@dQZ/Sirlle d@z/l‘gf 1+$2d51:—/%dx:1n|x|+0:1n‘tang}+0

To see that this answer is really the same as the one above, note that

__ cosf—1 __ —25in%(6/2) 0
cot —cscl = 55" = samyconarz — A0 3
[ sec® z dz — by trickery
The standard trick used to evaluate [sec®z dz is integration by parts with u = secz,

dv = sec® x dz, du = secxtanz dx, v = tan x.

/sec3x dx:/secx sec? dx:secxtanx—/tanx secx tanx dx

2 2

Since tan?z + 1 = sec? z, we have tan®? x = sec? x — 1 and

/sec3 x dr = sec x tan x—/[sec?’ x—sec x| dr = sec x tan z+1In | sec x+tan IL'|+C—/ sec® x dx

where we used [ secx dr = In|secz +tanz|+ C. Now moving the [sec®z dx from the right
hand side to the left hand side

2/860333 dr = secztanx + In|secx + tanzx| + C
:>/sec3a: dr = %secxtanx + %ln|secx +tanx|+ C
for a new arbitrary constant C.

[ sec® z dz — by partial fractions

Another method for integrating [sec®z dz, that is more tedious, but less dependent on
trickery, is to convert [ sec? x dx into the integral of a rational function using the substitution

y = sinx, dy = cos x dx and then use partial fractions.

/SeCSxdx:/cos3 dm_/ccc?ss‘lmx dJZ:/% dm_/[l_zz]z dy:/[yzil]z_ dy
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fcsc3 0 df — by the x = tang substitution
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As another example of the x = tan %, df = dx, sinf = cosf = substitution,

we evaluate

[ocoio= [ Gy ao= [(142) ctuar = [t o

:i[%+21n|x|+§}-I-C’:%[—Cotzg—l—élln‘tang‘—i—tanzg}+C

By the usual double angle formulae

S11n 5 = COS
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sin® 5 — cos” o

= — 229 92 since sin? % + cos? g =1
sin® § cos? §

—cosf
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so we may also write

/Csc39 df = —% cotfcsc + 4 In|cot 6 — csch| + C



