The RLC Circuit

The RLC circuit is the electrical circuit consisting of a resistor of resistance R, a coil

of inductance L, a capacitor of capacitance C' and a voltage source arranged in series. If
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the charge on the capacitor is () and the current flowing in the circuit is I, the voltage
across R, L and C are RI, L% and % respectively. By the Kirchhoff’s law that says
that the voltage between any two points has to be independent of the path used to travel

between the two points,
LI'(t) + RI(t) + £Q(t) = V(1)

Assuming that R, L, C' and V are known, this is still one differential equation in two
unknowns, I and Q. However the two unknowns are related by I(t) = 22 (¢) so that

dt
LQ"(t) + RQ'(t) + ¢Q(t) = V(1)

. .. . . . d
or, differentiating with respect to ¢ and then subbing in d—?(t) =1I(t),

LI"(t)+ RI'(t) + £1(t) = V' (¢)

For an ac voltage source, choosing the origin of time so that V' (0) = 0, V (t) = E{ sin(wt)

and the differential equation becomes

LI"(t) + RI'(t) + £1(t) = wEy cos(wt) (1)

One Solution

We first guess one solution of (1) by trying I, (t) = Asin(wt — ¢) with the amplitude
A and phase ¢ to be determined. That is, we are guessing that the circuit responds to an
oscillating applied voltage with a current that oscillates at the same frequency. For I,(t)

to be a solution, we need
LI)(t) + RI(t) + & 1,(t) = wEq cos(wt) (1,)
—Lw?Asin(wt — ¢) + RwA cos(wt — ¢) + & Asin(wt — ¢) = wEy cos(wt)
= wEy cos(wt — ¢ + )



and hence
(& — Lw?) Asin(wt— )+ RwA cos(wt —p) = wEy cos(ip) cos(wt — ) —wEy sin(ip) sin(wt — )

Matching coefficients of sin(wt — ¢) and cos(wt — ¢) on the left and right hand sides gives

(Lw? — L) A = wEysin(y) (2)
RwA = wE cos(yp) (3)

It is now easy to solve for A and ¢
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22+ () = [ (Tw? — 1)* + Row? A= wEy = A= wEo

V(Lw? = £)7 + R2w?
Ey

Ve - L) + R

Naturally, different input frequencies w give different output amplitudes A. Here is a graph

— -t (5 - )

of A against w, with all other parameters held fixed.
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Note that there is a small range of frequencies that give a large amplitude response. The
amplitude A is a maximum when the frequency obeys Lw — % =0orw= \/% This is
the phenomenon of resonance. It is exploited in the design of radio and television tuning
circuitry. It has also been dramatically illustrated in, for example, the collapse of the

Tacoma narrows bridge.

The General Solution When R2 #* %

We have found one solution. Now we see if we can find any others. Note that sub-

tracting (1,) from (1) gives

LI - 1,)"(t) + R = I,)'(t) + (I = L,)(t) =0
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That is, a function I() is a solution of (1) if and only if i(t) = I(t) — I,(¢) is a solution of
Li"(t) + Ri'(t) + &i(t) =0 (1c)

This is called the complementary homogeneous equation for (1). It is constructed from (1)
by deleting all I independent terms. We now guess many solutions to (1.). Any solution,
i(t), of (1c) has to have the property that Xi(t), Ri’(t) and Li’(t) have to cancel each
other out for all ¢. We choose our guess so that i(t), i’(t) and i”(¢) are all proportional to
a single function of ¢t. Then it will easy to see if 5i(t), Ri’(t) and Li”(t) all cancel. Hence
we try i(t) = e, with the constant r to the determined. This guess is a solution of (1.) if
and only if

_ 2_
Lr’e™ + Rre™ + Le"" =0 < L+ Rr+ 1t =0 < r= e fL ALe =712 (5)

We now know that et and €' both obey (1.). That is,

L%e”t +RLemt + LeMt =0 (6a)

Lfl—:ge”t + R%erzt + %e’"?t =0 (6b)

for all t. Now let ¢; and co be any constants. Multiplying (6a) by ¢; and (6b) by ¢o and
adding gives

a2 rit rot d rit rot 1 rit rot\ __
L& (cle + coe )—i—Rdt(Cle + cse )—|— C(cle + coe ) =0

So ce"tt +coe™t is also a solution of (1.). We now have a two parameter family of solutions
of (1.). It is reasonable to guess that, to solve a differential equation involving a second
derivative, one has to integrate twice so that the general solution contains two arbitrary
constants. This is in fact the case, though the proof, or even giving a precise meaning
to “the general solution contains two arbitrary constants”, is beyond the scope of this
course. Assuming that R? %, r1 and ry are different and the general solution to (1.) is

rit rot

c1€™" + coe™?. Then, the general solution of (1) is

I(t) = cie™! + coe™! + Asin(wt — @)

with 71, 79 given in (5) and A, ¢ given in (4).

The arbitrary constants ¢; and ¢y are to be determined by initial conditions. However,
when R, L, C > 0, as is often the case, e! and €"?* damp out exponentially and their values
are not very important. To see this, observe that, as we are assuming R? # %, R? — %

is either strictly positive or negative.



o In the event that it is positive 0 < R? — % < R?% so that 0 < /R2 — % < R and

—R+/R?— % < 0. So, when R? — % > 0, both r; and 7y are negative and both
e™! and e™! decay exponentially to zero as t — 0.
o In the event that R? — % is negative, {/R? — % is pure imaginary. Write % =p
and 5-4/R? — %% = iw. Then
clerlt + 62€r2t — Cle(—p—i—iw)t + 026(—p—iw)t — Pt [Cleiwt + cze_i“’t}
= e " [c1 (cos(wt) + isin(wt)) + c2( cos(wt) — isin(wt))]
= e "*[dy cos(wt) + da sin(wt)]
where di = ¢;+c9 and dy = ic; —icy. The factor [dl cos(wt)+ds sin(wt)} just oscillates

in time. It remains bounded. On the other hand e~ ! decays exponentially. So, for

any ci,co, c1e™t + cpe™?t decays exponentially to zero as t — oo.

The General Solution When R? = %

From now on, assume R? = %. To save writing, set p = %. Now, 1 =1re = p, so
cre™ + et = (¢ + co)e Pt = de
where d = ¢; + co. We really only have a one parameter family of solutions to (1.). The
general solution to (1.) contains two independent free parameters. Here is a trick (called

variation of parameters) for finding the other solutions: look for solutions of the form

v(t)e . Here e *' is the solution we have already found and v(t) is to be determined. To

save writing, divide (1.) by L and substitute that £ = 2 — 52 So (1.) is equivalent to

— AL
i (t) + 2pd' (t) + p?i(t) = 0
Sub in
i(t) = v(t)e Pt
i'(t) = —p v(t)e PP+ W (t)e Pt
pPo(t)e Pt — 2pv (t)e Pt + 0" (t)e Pt
When i(t) = v(t)e **,
() + 200 (t) + p2i(t) = [p° — 20" + p*Ju()e " + [ = 2p+ 2p]V" (t)e Pt + 0" (t)e ™"
=" (t)e P"
Thus v(t)e ! is a solution of (1.) whenever the function v”(t) = 0 for all t. But, for
any values of the constants ¢; and ¢y, v(t) = ¢ + cot has vanishing second derivative so
(c1 + CQt)e_pt solves (1.) and

I(t) = (c1+ cot)e P + Asin(wt — )

solves (1). This is the general solution.



