Appendix S2: Problem Solutions for §2

Problem 2.1.1 Let Q = (—1,1) and ¢ = 1. Think of f(x) = |z| and g(z) = sgnz as
functions in L?(Q). Find a sequence {f, }new C CH(Q) such that

o {fn}nen is Cauchy with respect to the norm || ||¢.q

o {fn}new converges in L?(Q) to f.

o {4 } e converges in L2(Q) to g.

Solution. Let, for each n € IN, g,, be any continous function on (—1,1) that obeys
o gn(z) =—1forall z < —%

o gn(z) =1 for all » > 1 ¥=80(%)
o gn(—z)=—xforall -1<zx<1 .
o |gn(z)|<lforal —1<z<1 Yy
Define ) \l/y: fn(2)
fulz) =1+ /_1 gn(t) dt | .
Then f, € CY(Q2) and g—; =gn- As f(-1) =1=]|—1] and f(1) = 1 = |1 (note that

f_ll gn(t) dt = 0 since g, is odd), we have
o fo(z)=|z|forall z < —1
o fo(z) =|z| forallz > 1
o —1< fu(x) <3forall -1 <z < 1since —2 < f_xl gn(t) dt < 2 (This is pretty sloppy,
but still good enough.)
If n < m, then
fnl(z) — fm(a:) and f,(x) — f(z) vanish for all z < —% and all z > 1
|fn(2) = fm(2)] < 4 and [fn(2) — f(2)] < 4 for all z
df"( ) — dfm( ) and Cg—;(a:) — g(x) vanish for all z < —% and all > 1
I (2) — Um ()] <2 and | D= (2) — g(z)| < 2 for all @
Consequently

@)

@)

o

@)

1/n

1/2
I = Sl I = Bl < | [ 2as] =12

1/n

and
|4 - 4 y

dx

1/2
dfs, B
£2(Q) || gHLz(Q) < {/ 22 da:] —2,/2

—1/n

All three desired conclusions follow.



Problem 2.1.2 Prove that C§(Q) C H{(Q).

Solution. Let §(z) € C§°(IR") have support in the ball of radius one centred on the
origin and obey [, 6(x) d"z = 1. Then, for any m > 0, d,,(x) = m™d(mx) has support
in the ball of radius % centred on the origin and still obeys fmn Om(z) d"z = 1. Let
¢(z) € C§(Q). Define ¢y, (x) = [ 0m(z —y)e(y) d™y. Because ¢ is absolutely integrable
and 9y, is C§°, ¢, is C°°. Because the support of ¢ is compact the distance from that
support to the boundary of €2 is strictly positive. The support of ¢,, is contained in the
set of all points of distance at most % from the support of ¢. So ¢,, € C5°(Q2) for all
sufficiently large m > 0. It remains only to show that ¢,, converges in H*(Q) to . Let

la] < ¢. Then

O onia) = [ oo —ueln) @y = [ (D050~ n)lel)

— [ dnle - 0)05ew) 'y

by integration by parts. Since [, dm(z —y) d"y =1,
0 p(2) ~ 0 pn(@) = [ bula = 1)[0"0(a) ~ 07 (w)] &'y

= / i 5(2)[0%p(x) — 0%p(x — £)] d"z where z = m(z — y)

Since 0%y is continuous and compactly supported, it is uniformly continuous. Hence, given
any £ > 0, there is an M such that |9%p(z) — 0%p(z — £)| < e for all z, all [2| < 1 and
all m > M. Thus

10%p(z) — 0%pm(z)| < / 5(2)|0%p(z) — 0%p(x — Z)| d"z < 5/ d(z)d"z=¢

n n

for all m > M. As the set of points within distance one of the support of ¢ has finite
volume, ¢,,, converges to ¢ in H(Q). [ |

Problem 2.1.3 Let ¢ € IN,.

(a) Let ¢ : Q — C and all of its derivatives of order at most ¢ be bounded and continuous.
Prove that the map u € { u € C*(Q) | |lullr,o < 00 } — @u, where, as you would expect
(pu)(x) = ¢(z)u(zr), has a unique extension to a bounded, linear map on H*(Q). Prove,
in particular, that there is a constant Cy ,, depending only on ¢ and n, such that

¢
loulle,o < Con kZ lellex @ llulle—k.o
=0
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for all w € H*(2). Here [p||cr) =  sup |0%p()|.
aeﬂ\lgbgf\za\sk

(b) Let o € IN§ with |a| < £. Prove that the map u € { v € C*(Q) | [[ufro < 00 } — 0%u
has a unique extension to a bounded, linear map from H*(Q) to H*~!*/(Q).

Solution. (a) Let a € IN{ with |a| < £ and u € { u € CY(Q) | |Jull,o < oo }. By the
product rule

0%(pu) = Y (3)(@°9) (0" Pu)

BelNg
BLla

where “f < o” signifies that 3; < «; for all 1 <7 <n. Hence

10%(pu)||L2() < Z (g) 1(0°)(0°Pu) || L2
B
< Z (g) sup ‘3ﬂ90(33)‘ 10°Pul| 2 (q)
3 =9

< Z (g) HSOHCIB\(Q) [ullja—p).0

BENE
B«

0
< Ca kE leller @) ulle—ro where C, = max Z ()
—0

The existence of a unique bounded extension now follows by the BLT theorem and the
specified bound extends to all u € H*(Q) by continuity.

(b) If u € C*(Q) with |Jul/s.o < oo, then

0%ulf o= D 10%(0)ulfz(q

L—|al
BEN

[B]<t—|al

= Z H@”uH%z(Q) where vy = a + 3
vENE
RIS FRP

< [Jull? o

and the B.L.T. theorem generates the desired extension.

Problem 2.1.4 Let Q be a bounded open subset of IR". Suppose that F': IR — R is a
C' function with bounded derivative. Let Hg; (€2) denote the set of real valued functions
in H1(Q).



(a) Prove that if u € C1(Q) N Hk(Q), then Fou € CH(Q) N Hik (Q).

(b) Prove that the map u +— Fou, with domain C*(Q2)NHE (2), is continuous with respect
to the topology of Hg; (). That is, prove that if € > 0 and v € C*(2) N Hk (), then
there is a § > 0 such that ||[Fou — Fovl||;q < ¢ for all u € C1(Q) N H () obeying
lu —vlj1,0 < 9.

(c) Prove that the map u +— F ou has a continuous extension to Hp (£2).

Solution. (a) We check that if u € C1(Q) N HL (Q), then Fou € CY(Q) N Hg (), so that
the (nonlinear) map
d: CHQ)NHR(Q) — CHQ) N HL(Q)

u— Fou

is well-defined. That F ou € C1(Q) is obvious.Let M be the supremum of |F’|. Since

1
Fou(x) :F(O)—I—/O 4 F(tu(z)) dt

1
= F(0) -I-/O F' (tu(z))u(z) dt

o Fou(e) = F'(u(x)) g3 ()

we have
}Fou(m)‘ <I|FO)|+ M|u(x)] = HFOUHLQ(Q) < |F(0)[\/]Q| + Mlul[ 2 (o)
o, Fou(w)| < M| Gt () = HaszO“HLz(Q) < M| 52 L2(Q)

where |Q] is the volume of . Thus F ou € H(Q).

(b) Observe that

Fou(x)— Fouv(x) = /0 L F(tu(z) 4+ (1 — t)v(z)) dt

0= [Foul@) — Fou@)] = F'(u(a)) [§4(x) - 52

If lu —v[[1,0 < d, then

HFOU_FOUHLz(Q)<M||u_'U||L2(Q) < M§
|7 (u(x)) [g_;fe@) - g;)g ]Hm(n) S M”am 3.’L‘g L2 < M6
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So our main problem is to bound the L?(Q)-norm of [F’(u(z)) — F’(v(z))] %(w). Since
ov

50 () € L?(Q), the Lebesgue dominated convergence theorem implies that

lim
P—oo v

CEY)

}g—;’e(m‘)‘z d"zr =0
>P

Pick P such that
9 2 2
/av |52 (@] d"e < 55

CEX)

and define
Bi={zeQ||3%|>P}

Since |F’| is bounded by M

(S2.1a) /B |[F' (u(z)) — F' (v(z))] g—;’e(aj)f d"zr < 4M2/B ‘%<x)‘2 d"z < %

We will eventually pick 6 < 1. Hence ||ull1,0 < ||v|1.0 + 1%, As F’ is continuous on the
: TrMPy/n : A 7. e
compact interval [t| < TV there is an > 0 such that |F'(t') — F/(t)| < NI
for all ¢,t' € [— TrMPy/n 7TMP‘/E]
’ € ’ €

obeying |t — t’| <. Define

By={x€Q\B | |u(x) > MR

e

Bs={zeQ\B ||o(a) > M2/

Bi={2€Q\Bi|u@)—v@)| =7}
Bs = Q\ (B UB,U B3 U By)

Then

2 fulla > [ a2 OB = B < i
Hence
(S2.1b) /B |[F' (w(z)) — F'(v(2))] g—;’e(q:)f d"z < AM*P?u(Bs) < &5-
Similarly,
(S2.1c) /33 [F' (u(@)) — F' (v(2))] 32 (x)|* d"a < AM2P2u(Bs) < $5n
As

2
P2 lu—vlio> [ fu) - o@)Pds = Pu(B) — u(B) < &

By



we have

(S2.1d) /B [F' (ul(@)) — F' (v(2))] 32 (2)|* d"z < 4M2P?u(By) < 5

2_2
provided we choose 6 < f5i=ps-. Finally

(S2.1e) /B [[F' (u(@)) = F'(v(2))] 32 (@) d"2 < mpiays P2uU(Q) < 5n
Adding (S2.1a-€) gives
[P () - P @) g2 @f ae <
Hence
lu—v|g=]|Fou—Fo UH;(Q) + zn: 12 [F o u(z) — Fouv(x)] H;(Q)

< M?%5% + 2nM3?62 + 2n— < &2

provided we choose § smaller than min {1, Vi \/_, i \/_}

(c) We now verify that if {u;}iew is a Cauchy sequence in C'(Q) N Hk(Q), then the
sequence {F o u;}iew is also Cauchy in H(2). By the completeness of Hp (§2) there is
are v,v1,- -, v, € HR(Q) such that u; converges to v and g—g;(x) converges to v(z) in
L?(Q) for all 1 < ¢ < n. Observe that

Foui(a:)—Fov(x):/O 4P (tu(z) + (1 - to(a)) di

1
= [ P (tuta) + (1 = 0(@) (o) = o(e)] a
g—m [F o ul(q:)} —F (v(x))vg(a:) =F’ (u,(x)) [g—gz(a:) — ’Ug([l?)}
+ [F'(ui(z)) — F'(v(2)) ] ve()

Clearly
HFOUI — FOUHL2(Q) < MH’U,Z — ’UHLZ(Q)

HF/(UZ@U)) [ggz (x) W }HL2(Q) < MHamg - WHL?(Q)

converge to zero as i — co. The argument that [F’(u;(x)) — F' (v(z))]ve(x) also converges

to zero in L?(Q) is much the same as the corresponding argument in part (b). Hence
F o u; converges to F ov in H(Q2) and we may deﬁne ®(v) = F ov. The proof that & is
continuous is similar to the proof of part (b) Wlth replaced by vy. [ |
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Problem 2.1.5 Let Q be a bounded open subset of IR™. Prove that if u € Hg(£2), then
lu, max{0,u} € Hg(Q).

Solution. Let F; : IR — IR be a sequence of C! functions all of whose derivatives are
bounded in magnitude by some fixed M > 0. Suppose that this sequence converges
uniformly to a function F' and that the derivatives F}(t) converge pointwise to a function
G(t). We prove that F; o u converges in H (). Since F;(u(z)) converges uniformly in
x and Q has finite measure, Fj(u(x)) also converges in L?(2) to F(u(x)). Recall from
Remark 2.1.2, that, for each u € H (), g—;‘[ is defined and is an element of L?(Q2). The
integrand of

/() - ()] 32 @0y = [ [ (00) = Guw)] 3 2)

2
is bounded, uniformly in i, by the L? function 4M 2’%(w)’ and converges pointwise to
zero as © — 0o0. Hence, by the Lebesgue dominated convergence theorem,

i |[[F (u(x) ~ G (u(x))] 32 (2) a0y = 0

71— 00

Hence F;(u(x)) converges in H'(2) to F(u(z)) and F(u(z)) € H().
Applying this with F;(t) = y/t> 4+ 5; yields that |u| € H () when u € H (). Since

max{0,u} = 1 (u+ |ul)

we have that max{0,u} € Hj (Q) too. u

Problem 2.1.6 Let Q2 = (0, 00).

(a) Prove that there is a constant C' such that if u € C*(Q2) and ||u||1,q < oo, then lin% u(x)
xr—
exists and obeys
[ im ()] < Cllulug

(b) Prove that there is a unique bounded linear map B : H'(Q) — C such that Bu =
lim u(z) for all w € C1(Q) with [Jul|1.q < co.

r—0

(c) Prove that H}(Q) is of codimension one in H(Q). This means that there exists a
ug € H'(Q) such that each u € H*(2) has a unique representation of the form u = awug+u;
with a € € and u; € H}(Q).



(d) Let I = (a,b) be a finite open interval in IR. What is the codimension of H{(I) in
HY(I)?

Solution. (a) By Cauchy—Schwarz, if 0 < z <y

(52.2)  |uly) — u(z)| = ‘/:1 < (1) dt' < \//: | dt\//: W) dt < V7= T|ul 1o

So {u(1/n)} is a Cauchy sequence and converges to some number A as n — oo. Taking
the limit as z — 0 in (S2.2) gives that |u(y) — A| < \/yl|ull1,o. Hence lim,_u(z) exists
and also equals A. Furthermore

’A—/OIU(Z/) dy’ = ‘/OI[U(y)—A] dy’ < HUIIm/le/?dy: 3lu

1,0

Since, by Cauchy—Schwarz again, ’fol u(y) dy‘ < ||lu|lL2 < |Jul]1,0, we have

: 5
[ lim u()] < 3ulo

(b) By part (a), the map u — lir% u(x) is a well-defined linear transformation from the

dense subset { v € C*(Q) | ||ul1,o < oo } of H' () to C that obeys }limmqo u(a:)} <
Cllull1,o. It now suffices to apply the B.L.T. theorem. |

(c) Let B be the linear functional of part (b). We claim that

Hj(Q)={ueH(Q) |Bu=0}

Once this claim is proven, we are done because, if u € H*(Q) then a = Bu, ug(z) = 7%,
up(x) = u(x) — (Bu)e™® provides the desired decomposition. The uniqueness of the de-
composition is consequence of the observation that ae™ + uy(x) = ade™® + @ (x) implies
( — &)e™ = w1 () — ui(z). Applying B to both sides forces & = & which in turn forces
U1 (x) = uy(x).
Proof of claim. Applying B to any element of C§°(£2) gives zero. Since C§°(2) is dense
in H}(Q) and B is continuous, applying B to any element of HZ () gives zero.

Now for the converse. Suppose u € H'(Q) and Bu = 0. We must prove u € H{(Q).
By definition, there is a sequence of functions u; € { u € CHR) ‘ Jull1,0 < oo } that
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converge in H'(Q) to u. Since B is continuous, lim Bu; = Bu = 0. Replacing u;(x)
by w;(x) — (Bu;)e™™, we may assume without losls_)(;? generality that ilg%) u;(z) = 0 for
all i. Since H} () is a closed subspace of H'(f2), it suffices to prove that if v € C(£),
|v]|1,0 < 0o and ili% v(z) = 0, then v € H(Q).

Let x(z) be a C* function that takes values in [0, 1], is zero for <  and one for
x> 2 and let Y = 1 —x. Then v,,(z) = x(mz)v(x)x(x/m) € C}(Q) C HE(). For m > 4,

v(@) = vm(z) = (1 = x(ma))v(z) + x(mz)v(z) (1 - X(z/m))
= (1= x(ma))v(z) + v(z)(1 - X(z/m))
So, to show that vy, converges to v in € H}(R), it suffices to prove that (1—x(mz))v(z) =
xX(mz)v(x ) and v(z)(1 — X(z/m)) = v(x)x(z/m) converge to zero in Hg (). Let V,,

\/ 2/m )2 dz. Asin (82.2), [v(z)| < &V, for all 0 <z < 2. Since |[v]|] g is finite,
the Lebesgue dominated convergence theorem yields lim,, Vm = 0. That yx(mz)v(zx)

converges to zero follows from

2/m 2/m
/|X max)v(z)|? de < / lv(x)|? do < / V72 dx = %Vﬁb
0 0

and

[ 5 mayo@)? de = [ mma)ota) + Xm0 da

2/m 2/m
< const m2/ lv(x)|? da + 2/ |v' (z)|? da
0 0

2/m
< const m? / V2 dx +2V?2 < const V.2

That v(z)x(xz/m) converges to zero follows from the Lebesgue dominated convergence

/|v x(z/m)|? dx </ lv(x)|? dz
m/2

/ 14 [o(z)x(x/m)]? dz = / o (@)x(a/m) + Lo (a/m)]? do

< 2/ v/ (2)|? dz + const L5 lv(x)|? da
m/2 m/2

theorem,

and

(d) Two. Define Bju = lim+u(:r:), Bou = hril u(z), uo(z) = =%, ui(z) = £=2. Then

b—a’ b—a

u = aug + fuy + us with o = Byu, 8 = Bou and us = u — aug — Puq € H&(I).



Problem 2.1.7 The goal of this problem is to prove the Paley-Wiener theorem, which
says that a function f is C* and supported in the closed ball Bg = { x e R" ‘ lz| <R }
if and only if f(k) extends to a holomorphic function on €™ which obeys

(82.3) ‘f(k)‘ < lﬁ‘%eRHmkﬂ
for all N € IN.

(a) Let f € C°(IR"™) be supported in Bgr. Prove that f(k) extends to a holomorphic
function on C™ and that, for each N € IN, there is a constant C'y such that (S2.3) holds.

(b) Assume that the Fourier transform f(k) of a function f(z) extends to a holomorphic
function on C™ and that, for each N € IN, there is a constant C'x such that (S2.3) holds.
Let p € IR". Prove that

f@) = [l ip)
(c) Prove that, under the hypotheses of part (b), f(x) is supported in Bg.

Solution. (a) For any k£ € C" and any multiindex o € IN,

/ e—ik-x%<x) A"z
B

@) = | [ ke g s

§6R|Imk|/ %(l‘)‘ d"x
B

so that f(k) is defined for all k € €©" and obeys (S2.3). For each 1 < j < n, z,f(z) is
absolutely integrable. Hence f (k) is (complex) differentiable with respect to k; and obeys

QJ‘QJ

%; f(k) = —i/_ e_ik'mxjf(m) d"x

B
Thus f(k) is entire.

(b) By the Cauchy integral formula, all of the derivatives of f(k) also obey bounds of the
form (S2.3). In particular, the restriction of f(k) to k € R™ is in S(IR™) and

f = [ e

Make the change of variables k — k + ip:

R™—1 (2m)
—ip

10



Since f is entire and, for each fixed p € R"

7+ i9)| < comst W 1T e

we may move the domain of integration back to IR", as desired.

(¢) From part (b)

|[f(z)| = e

ik-x £ . d"k
/ez Tf(k+ip) Gy
—p-x C Rlp| d"k
<e / 1+|k+1\l~rp|21\r € PR

-pz Rlp| [ _Cn  _d"k
Se (& /1—|—|kz|2N (27r)”

< const,, e PRIl

where we have chosen, for example, N = n. Note that const,, isindependent of p. Choosing
p = tx with ¢ > 0 we have that

|f(x)| < const,, e~ tol® ot Rlzl const,, e~ tlzl(lz|—R)

for all t > 0. If |z| > R, this is possible only when f(x) = 0. |

Problem 2.1.8 Let s € R. Prove that C5°(IR") is dense in H*(IR").

Solution. We first prove that C5°(IR™) is dense in L?(IR™). Let p(k) € CS(IR") take
values in [0,1] and be identically one for |k| < 1. Let u € L?*(IR") and set v;(k) =
o(k/j)u(k) and u; = v;. By Cauchy-Schwarz,

1/2
/ o (k)| "k = / lo(k/D)| |a(k)| &k < [ / o (k/D)| dnk] (22| 2y < 00

Hence v;(k) is both L' and of compact support, so that u; € C>(IR"). Since |v;(k)| <
[4(k)|, we also have that u; € L*(IR™). By the Lebesgue dominated convergence theorem

N 2 n
OINCEE

. . N2
i a5 By = lim [ 1= o(k/5)

< limsup/ }ﬂ(k)f (g;fn
|k|>j

j—o00

=0

11



This proves that C>°(IR™)NL2(IR™) is dense in L?(IR"). Let u € C*°(IR")NL?(IR"). Then
u;(z) = p(z/j)u(z) € C(IR™) converges in L2(IR™) to u since, again by the Lebesgue
dominated convergence theorem,

. . 2 2
i a5 By = lim [ 1= (/) ute) do

< lim sup/ ‘u(aj)‘z d"x
|lz[>j

Jj—00

=0

Next, we prove that S(IR™) is dense in H*(IR"). Let v € H*(IR™). Choose a sequence of
functions f;(k) € C§°(IR™) that converge in L2(IR™) to (1 + |k2|)*/2a(k). Let u;(x) be the
inverse Fourier transform of (1 + |k2)~=%/2f;(k). Since (1 + |k2|)~*/2f;(k) € C3°(R™) C
S(IR"), u;(x) € S(IR™). Since

ju—l? = [(+lk)

A —s 2 n s N 2 n
()~ () 2,0 ke = [0+ a0~ 1 (0 e
u; converges to u in H*(IR").

It remains only to prove that C3°(IR") is dense in S(IR") in H*(IR™). Let u € S(IR"™).
Pick any natural number ¢ with 2/ > s. Set u;(z) = p(z/j)u(z) € Cg°(IR™). Then

lu — sl < (1= A)(w — w;) |l L2(rey

All derivatives of u are in L? and all derivatives of ¢(x/j) are bounded, uniformly in j.
Furthermore all nontrivial derivatives of ¢(x/j) are supported in |z| > j. So, the right
hand side converges to zero as j — oo, by the Lebesgue dominated convergence theorem,
yet again. [ |

Problem 2.1.9 Let » < s < t. Prove that, for each € > 0, there is a C' > 0, depending
only on r,s,¢ and € such that |f|, < e|f], + C|f], for all f € H*(IR").

Solution. We first find a C such that
L+ kP <21+ kP +C2(1+ [k

for all £ € IR", or equivalently, setting x = (1 + |k\2)t_r and o = =L, such that

t—r

2t 4 C’zx% >1
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for all z > 1. Observe that

(27 +C? L) =% [52(1 —a) — C*al

The minimum value of 22!~ + C’QI% either occurs when x = 1, in which case it suffices

to choose C' = 1, or occurs when

e2(1 —a) — C?a

8|

In the latter case, the minimum value is
2(C? _a \l-«o 2(C% _a \7® _ _2a2(1— a V7 _«
(&) T +C(E) " =0T () [m‘“]
— 820zcv2(1—o¢)(_ -
— 820zcv2(1—o¢) 1

So an acceptable choice of C' is
C {1 [aa(l_a)la]l/[Q(l_a)}}
= Imax y | T a2
With this choice of C

1F12 < 21717 + CIFE < (el fl, + CIfLL)°

Problem 2.1.10 Let s € IR.
(a) Let f € S(R") and a € INj. By Lemma 2.3.5, the map u € S(R") — fu € S(R")
has a unique extension to a bounded, linear map on H*(IR"). Prove that

0*(fu) =Y _ (5@ )0 u)
BEWNT
p<a
for all w € H*(IR™). Here § < o if and only if §; < «; for all 1 <i < n, (o — f); =
a; — 3 for all 1 <4 < n and (g) =11, Wiﬁ)'
(b) Let u,v € H*(IR") and let O be an open subset of IR". Make up a definition for
“u=wvon O".
(c) Prove that differentiation is local in the sense that if u,v € H*(IR") and O is any
open subset of R" with u = v on O, then 0%u = 0%v on O for all a € INj.
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Solution. (a) By the product rule, 9%(fu) = > semr (g) (08 ) (0% Pu) for all u, f €
f<a

S(R™). By Lemma 2.3.5 and part (b) of Lemma 2.1.5, the maps
ue H¥(R") — fue H*(R") — 0%(fu) € H*~I*|(R™)
and
uwe H*(R™) — 0 Pu e H*71*=B(IR") — 6% Pu e H*~I1*/(R™)
= (0°1)(0°Pu) € H*T1*I(R")

are bounded maps from H*(IR") to H*~I*/(IR™). By Problem 2.1.8, S(IR") is dense in
H?*(IR"™). So the product rule extends by continuity to all u € H*(IR").

(b) We define u to be equal to v on O if and only if fu = fv, as elements of H*(IR"), for
all of f € C§°(0).

(c) The proof is by induction on |a|. It is trivially true for |a| = 0. So suppose that
la] > 0 and 0"u = 07w on O for all v € INy with |y| < |a|. If f € C§°(0O), then
(0P £)(07u) = (9P f)(07v) for all B € IN} and all v € IN} with |y| < |a| so that

FOu=0%(fu)— D (5@ )0 u)

BEINS
0#B<a

=0°(fv) = Y (3)(0°)E° )

BE]NS
0#B<a

— 9%

Problem 2.1.11 Let a € INj and s > |a| + 5. Prove that if v € H*(IR"), then 0%u is
continuous and there is a constant C, depending only on s, n and |a/, such that

sup |0%u(z)| < Clul,
:reIR//,L

Solution. The Fourier transform of 9%u is il®/k*a(k). We first prove that this Fourier
transform is L'. By Cauchy-Schwarz

/}ka’Il(k)‘ dnk:/(1+|k‘2)_s/2}ka‘ (1+‘]€|2)8/2
1/2

< U(H k[?) 7|k dmk| (2m)"?]ul,

a(k)| d"k

14



This is finite whenever the integral converges, which is the case when —2s + 2|a| < —n.

The integrand of

0%u(r) = /eik'x ik a (k) (;l;;“n

and is continuous in z. So the

ke a(k)

Lebesgue dominated convergence theorem implies that 0%u is continuous and obeys the

is uniformly bounded by the L' function —(271)n

prescribed bound with

1/2

o= [ e g

Problem 2.1.12 Let s and s’ be real numbers and 0 < p < 1. Prove that

1—
|u|u5+(1—u)s’ < |U|5 |U|S/ g

for all u € H™{ssH(R™).

Solution. The cases ¢ = 0 and p = 1 are trivial, so assume that 0 < g < 1. By Holder’s

inequality, with p = % and ¢ = ﬁ,

|“|;2w+(1—u)s’ = / i (1 + \k|2)us+(1—u)s |11(l<;)|2 (gﬂf
S| A H s’ . 1—p n
= [ Js ey tawr] " [ 1wy amE] T
s n " s’ n 1=
<| [ aempytaer ]| [ e ar @

2 2(1—
= Juf2 Juf2

Problem 2.1.13 Let £ € INg, 2 C IR” be open and u € H*(Q).

(a) Let K C Q be compact. Suppose that u(z) = 0 for all x € Q\ K. Prove that
u € HE(Q).

(b) Let K C Q. Suppose that u(x) = 0 for all z € Q\ K and that, for each R > 0,
K N {|z| < R} is compact. Prove that u € H§ ().

15



Solution. (a) Extend u(z) to all x € IR™ by setting u(xz) = 0 for all z € IR"™ \ Q. Since
the original u vanishes in a neighbourhood of 9, the new w is in H*(IR"). By Problem
2.1.8, C§°(IR™) is dense in H*(IR™). Thus there is a sequence u; € C§°(IR") such that
lim |u—w;]|, =0
]—)
Since K is compact and €2 is open, there is a function ¢ € C5°(Q2) that is identically one
on K. Thus pu = u, pu; € C5°(2) and

lim [Ju — pujlleo = lim |[ou — pujllro = lim |o(u —u;)|, =0
j—o00 j—oo j—o0

since multiplication by ¢ is a bounded operator on H*(IR™), by part (a) of Problem 2.1.3.
Since H§(Q) is a closed subspace of H*(IR"), we have that u € H§(Q). |

(b) Let p(z) € C5°(IR™) take values in [0, 1] and be identically one for |x| < 1. By part
(a) of Problem 2.1.3, we have that ¢(z/j)u(z) € H*(Q). By part (a) of this question,
o(z/j)u(z) € HE(Q). Since HE(Q) is a closed subspace of H*(IR™), if suffices to prove
that ¢(z/j)u(x) converges to u in H*(£). Equivalently, it suffices to prove that, for each
a € INJ with |a| < £, 0%[u(z) — ¢(x/j)u(z)] converges to zero in L2(2). But

0°u(z) = p(/j)u(@)] = [1 = p(@/N]0"u(z) + Y 557(0"0) (/)0 u

BEINT
0#£8<a
Now
hm [T = o (z/5)]0%u( HL2(Q) = JIEEO 0" UHL2({x€Q >4 = 0

by the Lebesgue dominated convergence theorem and, for all # € IN{ with 0 # § < «,

lim H% (87 0) (/)0 UHL2(Q) = Sup ( (07¢) )}jlifgojw_lﬁlHaa_ﬂuHLz(Q) =0

Jj—o0

Problem 2.1.14 Let s < t and § be a bounded open subset of IR". Since |u|, < |u],,

HE(Q) € HE(Q). The goal of this problem is to prove Rellich’s theorem, which states that

any bounded subset of H}(£2) is precompact when viewed as a subset of H§(2).

(a) Let ¢ be a real valued function in C§°(IR") that is identically one on €. Prove that
if u € C§°(92) then, for all a € INy,

R a(k)| < |ullvg]_,
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where ¢ (z) = 2% %)(x).

(b) Prove that if u € HE(Q?) then, for all o € INy, 9gi(k) exists, is continuous and obeys
the bound of part (a).

(c) Let r > 0. Prove that if {u;}iezvw € { u € H{(Q) | |ul, < r }, then there is a
subsequence u;; which converges in H§(Q2). Hints: (1) Let R > 0. Use the Arzela-
Ascoli theorem to prove the existence of a subsequence that converges uniformly on
|k| < R. (2) Bound separately the two terms in

2
Jus, ~ i = [ @Ry’
|k|I<R

4 / (14 k)71 4 k)
|k|>R

N N 2 n
iy (k) — i, (k)| gy

. . 2
i, (k) — G, (k)|” L2

Solution. (a) Since 1 is identically one on the support of u

u(k) = /e_ik'xu(a:) d"x = /e_ik'“u(aj)w(m) d"x

Inserting 1 = (1 + |p|2)t/ 2(1 + \p|2)_t/ ? and applying Cauchy-Schwarz yields the desired
bound.

(b) Let u; € C§°(2) converge in HE(Q) to u. Then |u;], is bounded in ¢ and |u; — ujl,
converges to zero as min{i,j} — oo. Hence, for every a € INy, 0%4,(k) is a sequence

of bounded continuous functions that converges uniformly on IR"™ by the bound of part
(a). The limit lim @;(k) exists pointwise and is C*°. In Lemma 2.1.5, u(k) was defined
71— 00

as the (1 + |k|?)"~weighted L? limit of the @;(k)’s. Every L? convergent sequence has an
almost everywhere pointwise convergent subsequence. So (k) = lim 4;(k). The bound is

obvious.

(c) Let R > 0. Since 9 (p) = 9§ (p — k), Pectre’s inequality, Lemma 2.3.4, implies that

ol = [+ b -

an

:/(1+\p+k! \wo \ VR
It] 2, ¢! 2 d'p
< 21 + |k?) (1+[p*) Wo ‘ @)
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is bounded on |k| < R. Hence, by the inequality of part (b), the sequence u;(k) is bounded
and equicontinuous on {|k| < R}. By the Arzela—Ascoli theorem [F, Theorem 4.43], there
is a subsequence 1;, (k) that converges uniformly on |k| < R. For this subsequence

s, — g, |* = / 1+ |kP)’

- / (1+ k)’
k<R

b k!
|k|>R

2

N N 2 n
i, (k) — s, ()| 2k

N ~ 2 n
Ui (k) — Ui, (k)‘ g kn

~ ~ 2 n
Ui (k) — Ui, (k)‘ 2k

< (1+ R0, B sup i, (k) — i, (k)|
|[k|I<R

—(t—s) 2 2
+2(1 + R?) [ui, |} + i, ;]

< (1+ R0, B sup |, (k) — i, (B)] + 4r2(1 + R?)
|[kI<R

—(t=s)

where I',, is volume of the unit ball in IR". Let ¢ > 0. First pick R such that
472 (1 + Rz)_(t_s) < % This is possible since t > s. Next pick M such that j,¢ > M
implies that sup,<g }ﬂ%(k) - f&ie(k)}Q < 2513” (1+ RQ)_|S|R_". Then j,¢ > M implies

|Uij — uizls <e€

Problem 2.1.15

(a) Let s € IR and v € H~*(IR"™). Prove that

lv|_,,, = sup
’ uwe HS (IR™)
I’“‘Is,nsl

(b) Let v € L2(IR™) and s > 0. Prove that

|U|—s,n = Ssup } <U7U>L2(IR") ‘
wEHS (IR™)
Iuls,n<1

(c) Let t < s and v € H'(IR"). Prove that if

d"k
(2m)"

M = sup{ ) / a(k)o(k)

i€ CPRY), [u]_.. <1 } <

—s,n

18



then v € H*(IR") and |v|, ,, = M.

Solution. (a) By part (a) of Proposition 2.1.8,

| [ a5 | <pal, 1ol
Hence
sup | [ a0 | < 1ol
uGIHISgn)

For the other inequality, it suffices to consider v # 0. Choose u so that

(k) = (1+ k%) 7" 2

As
ul? = [ (L4 P) TP b = e [ (0 ) o0 e =1
and
[ el = e [+ PR e = ol
we have
s | [a@am | = 1l
[ul <1

(b) When s > 0, H*(IR") c L*(IR"). If v € L*(IR") as well,

(1,0) oy = [ URTTTH)

and part (b) follows from part (a).

(c) Let ¢ € C§°(IR") take values in [0,1], be identically one on { k € R™ | k| <1 },
identically zero on { k € R" | [k| > 2 } and monotone decreasing in |k|. The function,
vR, whose Fourier transform is 0r(k) = ¥(k/R)0(k) obeys

S N n s—t t~ n
jorl? = [ (1 P WO/ RIS ke < (448 [ (L4 o7 ke < o0

and hence is in H*(IR"). If |u|_, < 1, the function, ur, whose Fourier transform is
ur(k) =¥ (k/R)u(k) also obeys |ur|_, < |u|_, < 1. Hence

| [ Rt

— | [ tr5® k] < 01
19



for all uw € C§°(IR™) with |u|_, < 1. Since vg € H*(IR"), the map u — [ a(k)ig(k) %
is continuous on H ~*(IR™) by Proposition 2.1.8. Since C§°(IR") is dense in H*(IR") we

have

<M

| [ o

for all w € H™*(IR") with |u|_, < 1. By part (a), |vg|], < M for all R > 0. By the

monotone convergence theorem

[ Q)W e = i [ (@ 62) T R ke < b1

Problem 2.1.16 Prove Lemma 2.1.14. That is:
Let £ € Z.

(a) Let ¢ : Q — € and all of its derivatives of order at most |¢| be bounded and continuous.
Prove that the map v € { v e Cl(Q) ‘ ]| max{o,e3,0 < 00 } — v has a unique extension
to a bounded, linear map on H*(Q) and that there is a constant C)¢|,n, depending only on
|¢| and n, such that

lpulle,o < Clopnllellcren @) llulleo

for all w € H*(Q2). Here |¢||ce) =  sup |0%p(2)].
x€EQ

a€ND, |a|<e

(b) Let a € IN;. Prove that the map v € { v € Cmax{tlal} () | [vllmaxe,|al}.0 < 00 }
d%v has a unique extension to a bounded, linear map from H*(Q) to H*~1*/(Q). In the
case 0 < £ < |a|, assume that { v € Cl°l(Q) | 1o]lja,0 < oo } is dense in H(%).

Solution. (a) The case ¢ > 0 has already been dealt with part (a) of Problem 2.1.3,
so let £ < 0. Observe that if u € C'(l)el(Q), then pu € C(lfl(Q) C H(Lg'(Q), by Problem
2.1.2. As Hg)gl(Q) is a closed subspace of HI*/(Q), part (a) of Problem 2.1.3 implies that
multiplication by ¢ maps H(l)gl(Q) into itself. If £ € H*(Q) = H(‘)el(Q)* then,

|[L(pu)] < |I£

ealleullio < Cunllellcie@ILleallulljg.o

for all u € H(‘f'(Q), by part (a) of Problem 2.1.3. Hence

(Mo L)u = L(pu)
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defines another element of H*(Q) = HJf'(Q)* and furthermore

1M, L]

0,0 < Clyn

[ellcter @)l £lle.o
If v € L?(Q) and L, is the element of H(l)gl(Q)* that is defined in part (b) of Theorem
2.1.11 and is identified with v in Remark 2.1.12, then

(MpLy)u = Ly (pu) = <<pu,’l7>L2(Q) = <U7W>L2(Q) = Loy

Thus M, is a bounded, linear map on H (Q) that extends the prescribed v + @v map.
By part (b) of Theorem 2.1.11, C§°(2) C { v € CI(Q) | [Jv]|o,n < o0 } is dense in H*(1).
So the extension is unique.

(b) We can always express 0% as a product of derivatives of order one, so it suffices to
consider |a| = 1. The case ¢ > |a| has already been dealt with part (b) of Problem 2.1.3,
so let ¢ < 0. Observe that
o ifu e C'(|)£|+1(Q), then 0%u € C(|)Z|(Q) C H(l)a(Q), by Problem 2.1.2. As Hg)el(Q) is a
closed subspace of H*/(Q), part (b) of Problem 2.1.3 implies that 9% maps H(|)£|+1(Q)
into H(l)él(Q).
e Since C§°(Q) is dense in L2(Q2), H°(2) = HJ(Q). By the Riesz representation theo-
rem, there is a natural identification between H*(Q) and H(lfl(Q)* for £ =0 too.
If £ € HY(Q) = H''(Q)* then,

L) < [[L]leallo*ull.e < IL1eallullge

for all u € H(lle(Q), by part (b) of Problem 2.1.3. Hence
(Do L)u = —L(0%)
defines an element of H~1(Q) = H(LEHI(Q)* and furthermore || DoL|li—1.0 < ||L|leq- If
v € CHQ) with v,0% € L?(Q) and L, is the element of H!)Z'(Q)* that is defined in part
(b) of Theorem 2.1.11 and is identified with v in Remark 2.1.12, then
(DaLy)u ==Ly (0%) = = (0%U, V) 12() = <u,%>L2(Q) = Loyt

for all u € C§°(£2), by the divergence theorem. Thus D, is a bounded, linear map from
HY(Q) to H*~1(Q) that extends the prescribed v +— 0%v map. Since C§°(2), which is

contained in the domain of the prescribed map, is dense in L?(Q) and L?(Q) is, in turn,
dense in H*(Q), by part (b) of Theorem 2.1.11, the extension is unique. [ |
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Problem 2.1.17 This problem illustrates the need for the multiplier ¢ of part (a) of
Lemma 2.1.14 to be relatively smooth if the product v is to be well-defined when v is
quite unsmooth. In this problem, ¢ will be a characteristic function with a discontinuity
at 0 and there will be two different v’s. One will be a Dirac delta function and the other
the derivative of a Dirac delta function. Both will be supported on the point 0. Let
Q= (—1,1). Let w € C§°(IR) be supported in [— 1, 3]. Assume that w is even and obeys
Jr w(z)dr =1 and w'(z) > 0 for z < 0. Define, for ¢ > 0 and u € C§°(Q),

(a) Prove that 6, 6. and . all have unique continuous extensions to elements of H ~1().
Prove that §’ and ¢, have unique continuous extensions to elements of H~2(1).

(b) Prove that

al—i>%1+ 56 =9 and sl—i>%1+ 5€,+ =0
in H2(Q2) and
lim &, =4’
e—0+

in H=3(0).

(c) Let ¢ be the characteristic function of (0,1). Prove that
. _1 : —
lim @i, = 50 and Elir&_ Pe 4 =0
in H~2(Q2) and that liI(I)1+ @6 diverges in H—¢(Q) for all £ € IN.
E—

Solution. a) Recall, from Problem 2.1.11, that, for all u € C§°(Q2) C C§°(IR), there is a
constant C such that

sup |u(@)| < Cllulie  sup|u/@)] < Cluloa  sup|u’(@)] < Cllulsn

The existence and uniqueness of the desired extensions follows from the denseness of C§°(2)
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in H5(Q) and the bounds
15(w)] = [u(0)] < Cllulc
16" (u)] = |u'(0)] <
16.(u)] < / Lop(2) u(z)] de < / Lu(2) Olfull v dz = Cllull.g / w(y) dy = Cllul1o

)] < [ u(z9) Jute >\dxs/lw(u)

‘5’ ‘—‘/— E r)dx| = ‘/ r)dx

We have used the change of variables y = % in lines 3 and 5, the change of variables

y = “== in line 4 and integration by parts in line 5.

= Cllulli0

< Cllullac / w(2) dr = Cllullaa

(b) Since [w(x)dxz =1, we have

For 0 <e <1, w(g) is supported on [— 55 %} and

[0 (1) = 6(u)| = |32 (u) — u(0)] = ’/ Lw(2) [u(z) — u(0)] dz
< / zw(2) lalsup [u'(2)] do < Cllulla0 / zw(2) ol dz

= < Clluflac / ylw(y) dy < & Cllulla. / w(y) dy = £ Cllullz.0

which implies that . converges to ¢ in H~2(2) as ¢ — 0. Similarly

|0c 1+ (u) = 8(w)| = [0+ () — u(0) } \5s,+(U)—U(6)}+\U(S)—U(O)\

‘ / - —u(e)] dz

_/sw< ) o — el sup (@) + e up o/ 0)

< Cllullas [ tu(2) o — ¢l da + e Clullan

+ ‘u(a) — u(O)‘

—=Cllullaq [ Iyluly) dy+ = Cllulzn < 2:C lulas
implies that J. 4 converges to § in H2(Q). By integration by parts, 0’ (u) = —d.(u’). So
|02 (w) = 0 (w)| = | = 6:(u') + W/ (0)| < e Ol |20 < £ Cllulls,0
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(c) Since w is even, [~ w(z)dz =1 [w(z)dr = 3, so that

/OOO %w(f) u(0) dx = u(0) /000 %w(f) dx = u(0) /OOO w(y) dy = %U(O)

Hence, for 0 < e < 1,

|(#02) (u) = $6(w)| = |(p6:) () — Ju(0)| =

/00 %w(f) [u(x) — u(0)] dz
0

< / %w(f) |z| sup |u'(z)] dz < e C|ul|2.0
and @d. converges to %5 in H=2(Q). Since w(m;‘g) is supported on [%, %], ©e 4 = 0z 4
for 0 < e < 1. So ., 4 converges to 26 in H2(12).
Fix any u € C§°(Q) C H~*(Q2) that is identically one on [ — 3, 3]. Since w'(%) is

supported on [— 55 %], we have, for 0 < e < 1,

w3 = [l @ute)do = [ 2w (@)t = [ ulz)do= ) - w(0)]

This diverges as € — 0.

Problem 2.1.18 Let 2 C IR" be a bounded open set and k& € IN. Prove that § has
C* boundary if and only if, for each p € 91, there is an open neighbourhood #(p) of
p and a C* function ¢, : U(p) — IR such that V¢,(p) # 0, U(p) N ON = ¢, (0) and

U(p) N2 = 677 ((0,00)).

Solution. Assume that Q has C* boundary and let p € 9Q. Let U(p) and Y, be the
neighbourhood of p and the diffeomorphism, respectively, provided by Definition 2.1.15.
Let ¢, be the n*® component of v,. The gradient of ¢, at p is one row of the Jacobian
matrix of 1, and hence cannot vanish, as v, is a diffeomorphism. Furthermore,

Up)noQ =y, ({zeR" | 2, =0}) =¢,"(0)
Up)NQ=y, ' ({zeR" |z, >0})=0¢,"((0,00))

Let p € 99 and assume that there is an open neighbourhood V(p) of p and a C*
function ¢, : V(p) — IR such that V¢, (p) # 0 and V(p) N0 = ¢, (0). Since V¢, (p) # 0,
there is a 1 < 57 < n such that gij (p) # 0. By the implicit function theorem, there is a
neighbourhood U(p) C V(p) of p and a C* function ¢, : U(p) — IR, which is independent

of x; such that

Up)NoIQ={zel(p) | z; =((x) }
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The function (, is independent of the variable x;. Set, O(z) = (Y1(z), -+, n(z)) where,
for 1 <i <n,

- T; — p; ifi#j
@ ={n 1]

Then ¢ is a C* diffeomorphism from (p) to the image under v of U (p), which contains

¥(p) = 0. Its inverse map has i*® component

1\ Jyitpi if i # j
Vi ()_{yj+Cp(y+p) ifi=j

By permuting the components of ) we may assume that j = n. By shrinking & (p), we may
assume that the range of ¢ is a ball of some radius > 0 centred on @E(p) = 0. Possibly
replacing the n*" component of 1& by its negative, we have

&(U(p)ﬂQ)Z{xGIR”}|x|<r, Tn >0}
@E(U(p)ﬂ@Q):{xGIR"}|x|<r, T, =0}

It now suffices to compose ¥ with a suitable diffeomorphism from the ball of radius r to
IR". For example, let p : [0,7) — [0,00) be a C* function that is identically one on [0, r/2)
and increases monotonically to oo as its argument increases to r. Then

Up() = p([d(@)]) ()

does the job. [ |
Problem 2.1.19 Prove that || - |50, given in Definition 2.1.18, is a norm. Prove further
that
N
(fs 900 = D _(0af) oty (ag) vy,
i=1

is an inner product.

Solution. Define, for f,g € C*(02) and i <1 < N,
Ai - |(X1f) © wp_ills,n—l BZ - |<ng) © wp_ills,n—l

Then clearly || f[|2 5o = vazl A? is positive and vanishes only if A; =0 for all 1 <i < N.
But in the latter case y;f is the zero function for all 7. As the x;’s form a partition of
unity for 0€2, this implies that f is also the zero function. This verifies the positivity and
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nondegeneracy of both || - |00 and (-, - ), 5. The sesquilinearity of (-, - )  5q is
obvious. So is (9, f), 50 = (f>9). 00 )s.00- The remaining two norm axioms are automatic.
Alternatively, they can be easily proven directly:

N
lafl2o0 = [Cuaf) ovpls, | = Z|a|2| xif) o vy,
=1

snl

and

1

N
f+gs,afz\lz |(xi(f +9)) Ol/)p_illi’n 1<J (A; + B;)?
=

= A + Borcien s < (A1

5,002 + ||gH5,8Q

RmN T H 1<'L<NH]RN

Problem 2.1.20 Let ¢ € C°(IR™) and let ¢ : R™ — IR™ be a C° diffeomorphism.
Then, for each ¢ € INp, the map

Co”(R™) — C5°(R™)
f(ef)oyp™!

extends to a bounded linear map on H*(IR™).

Solution. Let a € INg" with |a| < . We first consider |a| = 0. Making the change of
variables z = 1 (y) and using ‘ } to denote the associated Jacobian determinant

[l @)@ @) @ = [lewrwl|Ew] ay

Since ¥~! and ¢ are C* and ¢ is of compact support, C' = sup,, ‘gp(y)‘z}g—;(y)} is finite,

so that
[lew @)@ @) ae <c [ |swf

Since C§°(IR™) is dense in H°(IR™) = L%(IR™), the B.L.T. theorem now finishes the proof
when ¢ = 0.
Next consider general a. By the product and chain rules

el @) @) = L[S wrm e e 5@
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By further repeated application of the product and chain rules

o @) @) = X 9s@@ N @)

BENTY
[BI<|a]

with each gz bounded and of compact support, since »~! and ¢ are C* and ¢ is of
compact support. Again making the change of variables = = ¢ (y),

[o et @) s @] ana - / |5 s@@ N @) dm
|5\<|(2><|
- [1,5 6@ nwliEw] a
|5\<IO<I
<[] = lso)l][ £ 10wzl ey
[BI<]e] [BI<]e]

by Cauchy—Schwarz. Once again,

Clay =sw B W[ % los(ww)[’]

[BI<|al

is finite since ¥~! is C* and the gg’s are bounded and of compact support. Hence

oot @i @)] ame < [ 5 10 D6F] amy = calrt,

BEINST

181<la]
The claim now follows by the B.L.T. theorem. [ |
Problem 2.1.21 Prove that || - ||o,00 is equivalent to

12200 = \/ | 15@l dota)

where do(z) is the surface measure on 0f2.

Solution. Let (Z/{(p),@bp) be a coordinate system as in Notation 2.1.16 and let y; €
Cs°(U(pi)), 1 < i < N be a partition of unity as in Definition 2.1.18. Then

12200 = /a X T do(@) < 57 e fllocom I Fllzcon)
1,J

ihj

< Z 3 X fllZ2c00) + x5 Fll7200)] = NZ Ixi fl1 200
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and
11100 = 3 / P do) 2 3 / P dota) = 3 b om

So it remains only to show that [, x7|f|> do(z) is bounded above and below by constants

times
—112 2
|(Xif>o¢pi1|0n_1:/ L ‘(Xif)O¢p11(x17"'7xn—170)‘ dﬁ[fl"‘dﬂjn_l
) R"—

As in Problem 2.1.18, we may always arrange that, in the support of x;,
e 00 is given by the equation x,, = {(x), with ( a C*° function that is independent of

z,, and
b ¢p1< ) = (ajb y Lp—1,Tpn — C({IZ’))
In this setting do(x) = ‘VC — én‘ dzy - -dr,—1 where é, = (0,---,0,1). As V( is

C* and has no é, component, ‘VC (z) — én‘ is bounded below by one and above by some
constant so that

/ X 1f)? dU(«T):/ |G f) (21, @1, C( )‘ (V¢(2) = én|day - - - dan—y
o0 Rr-1

is clearly bounded above and below by constants times

i) 0 Uy oy = /IR eah (@ zaen (@) [ dan -

Problem 2.1.22 Let s € IR. Prove that there are constants Cs and cs, depending only
on n, ) and s, such that

| (£, 9) 1200 | < Cs Ifll-s.00ll9]ls.00

for all f,g € C*°(092) and

1 fll-s.00 < cs sup { | (f,9) 200y | | 9 € CF(09), llgllso0 <1}

for all f € C>°(092). Here, as you would expect,

(2 9) oo = /8 @)g(@) do(a)



where do(z) is the surface measure on 0f).

Solution. (a) Let (U(p), ;) be a coordinate system as in Notation 2.1.16 and let x; €
(O (L{(pi)), 1 < i < N be a partition of unity as in Definition 2.1.18. For each 1 <1i < N,
let & € C°(0Q2NU(p;)) be the function }VC — é,,| constructed in Problem 2.1.21 for patch
number 7 and also choose some y; € Cg° (U (pz)) that is identically one on the support of

Xi- Then
{(f,9) 12(00) = Z (Xif> Xi9) 12(00) = > XiXi9) 12 (00)
4,
= Z< Xz XzXszg) p_i1>L2(IRn—1)
By Proposition 2.1.8,
}< Xif XZXJ& wpz >L2(IR" 1)‘ < | le pzll—s n— 1| XZXJ& ) P_illsm—l

< [I£[l-s,00] (Rix;&i9) © pflgn )

= || fll=s,00|(Xix;&9g) © o (¥, 0¥y, )y s
< C'||fll=s,00|(x;9) © 1/1pj1|s7n_1

< fll-s,

5,002

For the second last inequality, we used Lemma 2.1.19, with ¢ = (x:X;&) o ¢p_j Land ¢ a
C° diffeomorphism of IR™ ™! that coincides with Vp; © Yy L on Vp, (Z/{ (p)) U (pj)). The
desired bound now follows with Cs = N2(C".

(b) Recall that
N
12
1112500 = Z |(xif) o ¢pi1|_sm_1
i=1

Let, for each 1 < ¢ < N, g; € S(IR”_l) be the function whose Fourier transform is
(1+ k%) ~° times the Fourier transform of (x;f) o ¢, 1. Then

19151 = [O6f) o vy sy S I fll=s00

and

|(X1f p11|_s n—1 = < XZ ¢1;1’gi>L2(IR"_1) <X2f7 gZ o ¢pz)>L2(8Q)

where ¢; was defined in part (a). Thus

||f||2—s,8Q = <f7 G>L2(6’Q) where G= Z Xz gz o ¢pz)
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so that

2
IF1Z 5,00

sup { ‘ <f7g>L2(8Q) ‘ ‘ g €C=(09), |lgllson <1} > TGT.00

The proof is completed by verifying that

s,00 <N & (g ;
IGlls.o0 < N max_[Dig; (gi 0 ¥p,)

< NE2 1§r¥il,?§zv |(Xsz‘§¢_1(§i ° wpi)) © wp_jlls,n—l

5,002

S CS lrgrllaé}%\[ |g1;|s7n—1

< || fll=s,00

For the second last inequality, we used Lemma 2.1.19, with ¢ = (x:x;&; !

) o, Land ¢ a
C diffeomorphism of IR~ that coincides with 1, o Yt on iy, (U(pi) NU(p;

(pj))' u

Problem 2.1.23 Let 0 < s € IR. By Problem 2.1.22, if f € C*°(9Q) then

geC>®(0N) — L¢g=(f, §>L2(am

extends to a bounded linear functional on H*®(02) with norm bounded by Cs||f||-s,a0-
Prove that the map f — L£; has a unique continuous extension to an isomorphism

L:H*(0Q) — H*(00)*

and that { Ly | f € C*°(09) } is dense in H*(9Q)*.

Solution. By definition, C'°°(9f2) is dense in H*(9€2). So the existence of a unique contin-
uous extension is an immediate consequence of the BLT theorem. Let || - ||_5 00,+« denote
the norm on H*(9Q2)*. By Problem 2.1.22,

e 1fl=s.00 < 1£41-s.00. < Csllfll-s,00

for all f € C°(09). These inequalities extend by continuity to all f € H*(92). So L is
an isometry onto a closed linear subspace of H*®(0Q)*.

Now we prove the denseness. Since H*®(0f2) is a Hilbert space, with the inner product
given in Problem 2.1.19, the Riesz representation theorem says that, for each £ € H*(9Q)*,
there is a vector ug € H*(012) such that Lw = (w, ug), 5o for all w € H*(092). The map
L — ug is an isometry from H*(9Q)* to H*(0). Soif { L; | f € C*°(09) } is not dense
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in H*(9Q)*, then { uz, | f € C°>°(0Q) } is not dense in H*(9R) and there is a nonzero
vector w € H*(0R) that is orthogonal to { uz, | f € C>~(99) }. But

wl {ug, | feC®09Q)}
— 0= (w,uz,), ,o = Lsr(w) = Ly(f) for all f e C>(0N)
Since C*°(0€2) is dense in H*(0%2), L, = 0. So w = 0 as an element of H ~*(92) and hence

also as an element of H*(9€2). This contradicts the assumption that { Ly | f € C*°(09) }
is not dense in H*(0€Q)*. This also completes the proof that L is surjective. ]

Problem 2.1.24 Let £ € INg and s > ¢ + 2. Prove that if u € H*(9), then u € C*(99)
and there is a constant C', depending only on € and |¢|, such that

5,002

Solution. Using the notation of Definition 2.1.18, we have, by Problem 2.1.11,

—1112
H(XZU’) © wpil Ct¢(IR"—1) < CQ'(XZU) © pllls n—1 < CQHU’HS ,00

for each 1 <7 < N. The claim follows. [ ]

Problem 2.1.25 Let s and s’ be real numbers and 0 < u < 1. Let N be the number of
neighbourhoods in the cover of 92 used in Definition 2.1.18. Prove that

1_
||f||us+(1—u)s , s’,gﬁ

for all f € H™ax{s:5"}(5Q).

Solution. Using the notation of Definition 2.1.18, we have, by Problem 2.1.12,

N
_1 2
||f||us—|-(1 n)s’,0Q — Z |(X1f> D |,u5—|—(1—,u)s’,n—1

; 2(1—p)
Z' pzllsn 1| XZ p_z‘lls’,n—ul
=1

N N 2(1—p)
< [Slounov ] [Z ) o5 252
=1

=1

) pr N ) 1—p
SN{Zuxiﬁow;:L,n_l} Sl vl
3 =1
= N[ £l F12050”

31

IN



For the third inequality, we used that, for any v, Ay, -+, Ay > 0,
[Al-l--i-AN]V S [NmaX{Al,---,AN}]” S N”maX{Al,---,AN}” S NV[Allj-l--i-A]VV]

Problem 2.2.1 Let £k € IN and s € IR obey £ < n and s > % Identify R" " with

{zeR" |zp_py1="-=z, =0 } and write z € R" as z = (2, y) with 2’ € R"* and
y € R*. Prove that the linear transformation r : C§°(IR") — C$°(IR™*) defined by

(ru)(z’) = u(a2’,0)
has a unique extension to a bounded linear map

R: H*(R") — H* % (R"")

Solution. We shall prove that there is a constant C' (depending only on k and s) such
that

|ru|s—§,n—k < Cluls,n

for all u € C§°(IR™). The Lemma will then follow by the B.L.T. theorem.
If p e R", write p = (p/,q) with p" = (p1,- -+, pn—k) and ¢ € IR*. The definition of
the Fourier transform gives

Thus, by Cauchy—-Schwarz,

@I =] a0 () (1 )

= [/<1+p/21+q2>8 @) /‘“p ) (1407 + )" 3]

s dk

— 1 9 9
B [(1+p’2)3’“/2/(1+Q2)5 (27r)k /‘up Q)" (1 +p" +¢%) —(275’;@]

where ¢ = Q+/1 + p’?

- mﬁﬁ/?ﬂ(ﬂ,q)f (1+0%+)" 5%
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where the constant C? = [ ——ssr LQ,C depends only on s, k and is finite because s > £.
(1+Q2)" (2m) 2
Hence
2 _k o n—k 1
rall g s = [ E RGP
. 2 n
< 02/ (', q)]” (L +0"+6°)" 5
= C?lul,,
|

Problem 2.2.2 Let 3 < s < ¢ € IN and let u € C*(IR™). Suppose that each derivative

of u of order at most £ is bounded by a constant times (1 + [z[)™* for some a > 3.

Then v € HY(R") c H*(IR") and u(2/,0) € HY(R"') ¢ H* z(IR"!). Prove that
(Ru)(z') = u(2’,0), where R : H*(IR") — H* 2 (IR""!) is the map of Lemma 2.2.5.

Solution. Let C5(IR™) be the set of u’s specified in the statement of the problem. Define
7: C5(R") — H*~2(R""!) by
(Fu)(z') = u(', 0)

The identical calculation as in Lemma 2.2.5 shows that |Fu|§_% < C|u|§’n. Hence 7

has a bounded linear extension, R, to H*(IR"™). Since R also extends r and the extension

n—1

of r is unique, R = R. [ |

Problem 2.2.3 Let s > 1. Define, for each t € R, R : H*(R") — H*"3(IR"') to be the
unique bounded linear extension of the linear transformation 7, : C§°(IR™) — C§°(IR™™1)
defined by

(ru)(z') = u(a’,1)

Prove that R; is strongly continuous in t. That is, prove that
lim |Ryf — Ry, f|? =0
t—to

1
s—gz,n—1

for each ¢ty € IR and each f € H*(IR").
Solution. As in the proof of Lemma 2.2.5,
() = [ etk k) G
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and

2
|riu — rto“"s—%,n

L= [ [t e a k) (1R 4R
Since both sides are continuous in u, for each fixed t and ¢y, we also have that
ikn iknto] f 2 5 _dr
Ref = Rip fI2_3 0y < 02/\[6 et = MO o) (1 K2 4 K7) 55

for all f € H*(IR™). The right hand side converges to zero as t tends to to by the Lebesgue
dominated convergence theorem.

Problem 2.2.4 Let ¢ € Ny, £,¢/, R > 0 and v € H*(IR'}). Suppose that u(z) = 0 for all
|z| > R. Show that there is a function v € C§°(IR"™) that obeys v(x) = 0 for all |x| > R+¢’
and |ju — P+v||g,1R¢ < €, where P, is the restriction from IR" to IR"}.

Solution. Let p(x) be a C'*° function on IR™ that is identically one for |x| < R and 0 for
|z| > R+ ¢’. By Lemma 2.2.7, there is a sequence of functions v; € C§°(IR"™) such that

u = lim Pyv; in HY(IR"}). Multiplication by ¢ is a bounded operator in H*(IR"}) and

j—o00

¢(z)u(z) = u(z) for all z in IR} Hence u = pu = lim ¢Prv; = lim PLpv; in HY(IR}).
j—o0 j—00

It suffices to choose v = gwvj, for j sufficiently large. [ |

Problem 2.2.5 Let {x;};cnv be any sequence of complex numbers. Define the Vander-

monde determinant

1 1 1
l’l l’2 .« .. l’n
2 2 2
V, =det| 1 Ly o Ty
n—1 n—1 n—1
l’l x2 .« .. :I:n

(a) Use row and column operations to prove that V,, = V,,_i [[; <i<n (xn — xl)
(b) Prove that Vi, =[], <, (zj — ).

Solution. (a) First subtract the last column from each of the other columns.

0 0 0 1
T1 — Tnp T2 — Tp Tn—1 — Tn Tn
2 2 2 2 2 2 2
Vn = det Ty — Ty Ty — Ty Thn—1— Ty Ty
n—1 n—1 n—1 n—1 n—1 n—1 n—1
T — Ty Lo — Ty LTp-1—Tn Tn




Next expand along the first row.

T Tn ) Tn Tn—1 Tn
2 2 2 2 2 2
ne1 Iy — Ty Ly — Ty LTp—1— Ty
Vi = (—=1)"""det
n—1 n—1 n—1 n—1 n—1 n—1
Ly T ) T Lp—1 T
Next factor (z; — z,,) out of column j, for each of j =1,---,n — 1.
1
Tj+ Tnp
2 ‘ 2
Vn — (_1)n—1 H (-Tz o xn) det ij +$31‘n +$n
1<i<n . .
xn—Q + mn—Bx 4+t .xn—3 + mn—Q
J J n Jvn n
1
Tj+ T
2 , 2
= ]I (xn — xl) det Tj + TjTn + T3
1<i<n . .
e L7 [/ I o o
J n JIvn n

Finally, subtract z,, times the first row from the second row and then subtract z2 times
the first row and z,, times the second row form the third row and so on.

1
2 ':EJ 2
1<i<n ) .
n2+ n—3 et .n—3_|_ n—2
] iy, xix; xnr
1
Lj
2
= J] (asn — 1’1) det j
1<i<n
n—2+ n—3 et .n—3_|_ n—2
T} Ty Ty, xjx; xy
1
Ly
2
= = ]I (xn — xl) det J
1<i<n .
n—2
L
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(b) For n =2

1 1
V2 = det T, o = T2 — X1
Now just proceed by induction, using part (a). [ |

Problem 2.2.6 Let ¢ € INg and ¢/ € Z with ¢/ < /. Denote by E, the operator of Lemma
2.2.8. Prove that there is a constant C' such that

|Eeuly ,, < Cllulle,mn

for all u € HY(IR'}).

Solution. We have already shown, in the proof of Lemma 2.2.8, that there is a constant
C such that
10°EpullL2rmy < CllO“ullL2(mer)

for all @ € INj with |a| < ¢ and u € C*°(IR") N HY(IR'}). Squaring both sides, summing
over o with || < ¢ and then taking the square root gives

|Eculy ,, < Cllulle mn

for all w € C®°(R) N HY(IRY}) and 0 < ¢’ < ¢. By Lemma 2.2.7, C*(IR}) N H*(RY) is
dense in H* (IR"). This proves the desired bound for all 0 < ¢" < /.
Now consider ¢/ < 0. By part (b) of Problem 2.1.15,

|Eeuly,, = sup (v, Bew) 12 (mn)
'uEer/ (IR™)
I”l_g/7n§1

Write z = (2/,x,) € R" with 2’ = (z1,---,2,-1). By (2.2.1), if u € C*(IR}) N HY(R%),
then

41

(v, Eot) 2 (g Zﬂ]{ /In<0v x)u(T—IT") dx + /xn>0 v(z)u(x) dx}
= Hzlﬂ]{ /xn>0v —jxn)u(z) d:1;+/ v(z)u(x) dx}

x>0

{41

- Zﬁj {] ij u L2(IR") + <P-|-U U>L2(IR") }
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where P, restricts to IR} and (Q;v)(z) = v(z', —jz,). Asin (2.2.2), if v € CF°(IR"),

[ et P = g [ et e <
z,>0 z, <0

so that

iy 99 2
||ij||2—£’,IRi <n TR,

for all v € C$°(IR™) and hence for all v € H~* (IR"). By Remark 2.1.12,

{+1
[ (0, Be) oy | € 21851 31@s01 -0 ey, + 1 Pioll ey ulle s |
j=1
{+1
<S5V T 1l

=1

R

Setting C' = Zfii |Bj|{j\/n—f'+1j—2£'—1 - 1}, we have |Egul, ,, < Clluly gy for all

u € C*(IR}) N H(IR") and hence for all u € HY(IR'}). [ |

Problem 2.2.7 Let ¢/,¢ € INy with ¢/ < ¢ and a € IN] with «,, = 0. Denote by E,
the operator of Lemma 2.2.8. By Problem 2.2.6, E;, has a unique bounded extension to
H e’(err) and it in turn has a unique bounded extension to H e/"""(IR:L_). We persist in
denoting both of them E,. Recall, from Lemma 2.1.14, that 0% is a bounded operator from
HY(RY) to H*~l*l(R}) and from H* (R™) to H* ~1*l(IR™). Let u € H (R?). Prove
0“Eou = E,0% and that 0%u € H*(R"}) if and only if 9°E,u € H*(IR").

Solution. If u is the restriction to IR’} of a function in C§°(IR"™), then since o, = 0,
0“Eyu = Ey0“u by (2.2.1). Such functions are dense in H (RY) by Lemma 2.2.7. Since
the operators

E,:H'(R?) — H' (R") Ep :HU IR ) — Y lel(Rr™)
o* :HY(RY) — H'~I(RY) 0% :H'(R") — H'~I*I(R")
are all bounded, 0“Eyu = E,0%u for all u € HY (RT).
If 0°u € HYIRY), then E,0“u and hence 0*Eyu are in H*(R™). Conversely, if

O“Epu € HY(IR"™), then E,0%u € HY(IR"). As 9%u is the restriction to R’} of E,0%u,
0“u € HY(RY). |

37



Problem 2.2.8

(a) Let {ag} PN, be any sequence of real numbers. Prove that there is a function f €
C*(IR) such that f(™)(0) = a,, for all m € IN.

) Let {ag(x’) be any sequence of C* functions on IR"~!. Prove that there is a
(b) rem,

function f € C’OO(IR") such that (J: 0) = ay, (') for all m € Ny and 2’ € R" .

(c) Prove that if f € C°°(IR"), then there exists F' € C*°(IR"™) such that f(z) = F(z) for
all R”.

Solution. (a) Let {Aﬁ}ﬁeﬂ\lo be any sequence of real numbers with A; > |a,| for all £ € IN.
Let ¢ € C§°(IR) obey ¢(x) = 1 for all |z| < & and ¢(z) = 0 for all [z| > 1 and set, for
each n € INy,

fe(x) = %GZI’KQO(AZZL’)

Then f; € C*°(IR) and, since all derivatives of p(Ayz) vanish at x = 0, except for the 0*!
which takes the value 1,

(m) vy ) @m ifm=1¢
‘ (0)_{0 if m £ ¢

Furthermore, for all £ > m and all x € IR

(m) agajg mﬂA] (J)<Ag£(3)

where C = 3 g icm (7?) ¢Y)||so. Hence, for every fixed m € INy the series

Z (m) Z (m) Z (m)

l=m-+1

converges absolutely and uniformly on all compact subsets of IR. As a result, the series
Yo fe(x) converges to f € C*°(IR) and, for all m € IN

f(m) Z f(m)

38



In particular,

Fm©0) =3 £ 0) = am

=0
(b) The proof is similar to that of part (a), but this time we choose {Af}eelNo to be a
sequence of real numbers with
A > sup 0 a(a")]

a’E]Ng_l, 2/ eRrn—1
lal|<e, |z’ |<e

for all ¢ € INg and set, for £ € Ny, 2’ € R"! and = € IR,
fe(@',x) = Jag(a")ao(Apx)

Then, if « = (o/,m) with o/ € IN§ ™", m € Ny and ¢ > max{m + 1, |&/|, |2/|}

‘80‘]%(;1:',1')‘ =

%)'(T) 3a’a£(l./) xg_mJ’jAng(j)(Agx)
0

1
(@=m)!

NE

IA

()= AT | ) (Ager)|
§=0

3

< g 2 (Pl el (Ae)|
7=0

< C ),|$|Z m—1

Once again, for every fixed o € ]NO the series Y o, 0 fi(a', ) converges absolutely and
uniformly on all compact subsets of IR". As a result, the series Y, fe(z’, ) converges
to f € C*°(IR") and, for all a € IN{,

x) = Z@O‘fg(x’,x)
=0

so that, for all m € INy,

O (0, 0) = 3 5 (2! 0) = a ()
=0

(c) Since f € C®(RY), am(z') = limy—o+ gm,{ (2',z) exists and is in C>°(IR"™ 1) for all
m € INg. By part (b), there is a function g € C°°(IR"™) such that 2 o "9(2',0) = am(a’) for
all m € INg and 2/ € R™™!. Then

f(z) ifz, >0
F(z) = {g(x) if 2, <0

does the job. [ |
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Problem 2.2.9 Let £ € N and let Q = { z € R" | |z| <2, |z| #1 }. Prove that C*>(Q)
is NOT dense in H(Q2).

Solution. Let

u(x):{o if |z| <1

1 if o] > 1

and suppose that {u;};e;w € C(Q) converges in H(Q) to u. Set
Q={zeQ|lz[>1} Q_={zeQ|lz|<1} Q={zeR"||z[]=1}

and let Ry and R_ be the operators of Theorem 2.2.2 applied to 24 and €)_ respectively.
Since they are bounded

lim Ryu; = Ryu=1 lim R_u; =R_u=0

71— 00 i—00

In particular, since §2; is contained in both 024 and 9 _,

1—00 1—00

These conclusions are contradictory. [ |

Problem 2.2.10 Let a € INj and ¢ € INg obey ¢ > |a| + %. Prove that if u € H*(Q),
then 0%u is continuous on € and there is a constant C, depending only on €2, ¢ and |/,
such that

sup |0%u(z)| < Cllulleq
e

Solution. Let Q' be the set of all points in IR" whose distance from € is less than one
and let O be the interior of R" \ O’. Let E : H*(Q) — H*(IR™) be the bounded linear
operator of Lemma 2.2.12. Then Eu € H*(IR") and, by Problem 2.1.11, 9*Eu may be
chosen continuous and there is a constant C’, depending only on ¢, n and |a/, such that

sup |0%Eu(z)| < C'|Eul,,, < C|lu
z€R" ’

0,0

As we may choose a representative for v that coincides with Eu on €, the proof is complete.
|
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Problem 2.2.11 Let €2 be a bounded open subset of IR"™ with smooth boundary. Define
the restriction map

r:C®(Q2) — C®(0N)
u— u [ 0N
Prove that there does NOT exist a bounded map

R: L*(Q) — L?(09)

such that Ru = ru for all u € C*°(Q).

Solution. Suppose that R existed. Let u be the function that is identically one on €.
Then ru is identically one on 9. But C5°(Q) is dense in L?(2). So there is a sequence of
functions u; € C§°(Q) that converges in L?(2) to u. For example, one can choose u; to be
a C* function that takes values in [0, 1], is identically one on the part of Q that is farther
than Qi from Of) and is identically zero on the part of €2 that is of distance at most 2;.

from 0€). Then Ru; = ru; = 0. Since R is continuous Ru = lim Ru; = 0. =< [ |

11— 00

Problem 2.3.1 Let t < s and let A be a bounded linear map on H'*(IR"™). Prove that if
there is a constant M such that

[ A0 5| < a1, ol

for all f,g € S(IR™) then A is a bounded linear map H*(IR™) with norm at most M.

Solution. By Problem 2.1.15, if f € S(IR™) then Af € H*(IR™) and |Af|, < M|f],.
Now let f € H*(IR"). Since S(IR™) is dense in H*(IR"™) there is a sequence of
functions f; € S(IR™) that converge in H*(IR™) to f. As the sequence {f;};cn is Cauchy
in H*(IR™), the sequence {Af;}iew is also Cauchy in H*(IR™) and hence converges to
some g € H*(IR™) that obeys |g|, < M|f|,. The sequences {fi}iew and {Af;}ien also
converge to f and g, respectively, in H(IR™). Since A is continuous in H!(IR™), Af = g.
Thus Af € H*(IR™) and |Af|, < M]|f],. |

Problem 2.3.2 Let s € IR and A be a bounded linear map on H*(IR™). Let f,g € S(R™)
and set, for z € C, o(z) = (1 — 2)sg + zs1. Define

F(z) :/m (1+ k%) AL (k)5(k) Gy
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where f, € S(IR™) is determined by
. s—o(z)
fa(k) = (L +[k?) 7 f(k)
(a) Prove that £z _iz converges in H*(IR™) as 2/ — z.

(b) Prove that F'(z) is an entire function of z.

Solution. (a) Observe that

s—o(z') (z (Z) o(z )* (€20)
IR T = () T = () [+ k)T T — 1]

s—o(z) (z=z")(s1=50)
= (R T [T T —1]

By integration by parts and the fundamental theorem of calculus

G(1) — G(0) — G'(0) = /01(1 _ G (#) dt

In particular, with G(t) = 1 etec,

}——a_‘/ 1—t%§—t“<dt‘—aC/ taCdt}<1|ac|e|a<|

Applying this with ( = 2’ — z and a = 250 In (1 + |k ) and Writing

—o(
~

k) = o5t (14 [k2) (14 K2) 2 A(k)
we have

Le®)=F0) _ fr(y] < 1a2)s — ofe == (14 |k2) 5 | £ ()]

2—2 z =
For z,z’ in any compact subset of C, the right hand side is bounded by a constant times
some integer power of (1 + |k|?) times ‘f(k)‘ times |2/ — z|]. As f € S(R"),

/(1 + k)™ FR)[* a7k < oo
= — f;|S < const |2/ — z| and

Lt -l =0

z

for all M € IN. Hence

lim
2l —z

o(z)—s

(b) Write g.(k) = (1+ |k[?)  * g(k). Then

F(z))—F(z AL () =AL(K) 77 d™ i ((R)—g=(k) d™
(=) ():/m Fu ()= AL 0 5 (gﬁ)zfnJr/mAfz( ) B0

z —z z z'—z

By part (a), ! ;',:z = converges in H%(IR™). By hypothesis, A is a bounded linear map on
H*(IR™). Hence % converges in H*(IR™) as 2/ — z. As in part (a), Z=% and
g.r converge in H*(IR™) as 2/ — z. The claim now follows by the bound of part (a) of
Proposition 2.1.8. u
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Problem 2.3.3 Let Q be an open subset of IR". Let 1 < p < g < r < oo. Prove that if
feLP(Q)NL"(Q), then f € L1(Q) and

1fllza) < 1f ooy 1F Iz

where 0 < t < 1 is determined by % = % +

3 e

Solution. If r = 0o, so that t =1 — g, we just factor

F@)]7 = £ @) P @) < 1 | ()7

integrate both sides and take the ¢*" root.

If r is finite, we use Holder with P = and

(I-t)q
_#)yg1—1 -1 -
Q= (1=~ -k - 1) = 5

This gives
/Q|f<x>|q d'e = /Q F@IO D9 f @) de < (11 g

Taking the ¢'" root gives the desired bound. [ |

Problem 2.3.4 The goal of this problem is to prove the Riesz—Thorin interpolation the-
orem, which is as follows. Let Q2 be an open subset of R". Let 1 < pg, p1, o, ¢1 < 00 and,
for 0 <t <1, define p;, q; by

1 _ 1-—t t 11—t t
- + q0 +CI1

Suppose that T is a linear transformation from LP°(€2) N LP*(Q2) to L (£2) N L9 (€2) which
satisfies

1Tl oo () < Mol | Lro () | T fllar ) < M|l fllze o)

for all f € LPo(Q)NLP*(Q2). Then, for each f € LPo(Q)NLP*(Q)and 0 <t < 1,Tf € L9 (Q)
and

1T fll ooy < Mo~ M| fl e o)

(a) Prove the Riesz—Thorin interpolation theorem in the special case that pg = p;.
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(b) Denote by
2 = { 3 ajxe,
=1

1=

meNN, ar, -, a, € C,

FEq, -+, E, C Q) measureable and of finite measure }

the set of simple functions on 2. Prove that if f € ¥(Q), then

7wy = suo{ | [ (TP @) aa] | 9 € B, gl 0y <1}

where ¢}, the conjugate index to ¢, is determined by i + % =1.
t

(c) Let po # p1 and 0 < t < 1. Prove that
| [ @)@t aa| < b

(d) Prove the Riesz—Thorin interpolation theorem.

Solution. (a) By problem 2.3.3,

1T f oy < WTFIEat oy 1T F sy < Ma 1Nty ML s gy = M3~ ML Fll v

(b) Let S denote the supremum in the statement of the problem. Note that every function
in X(Q) is LP(Q) for every 1 < p < oo. Hence Tf € L% (Q2) N L9 (). As g; is between qg
and q1, T'f € L%(§) by problem 2.3.3. By Holder,

| [ n@ata) | < 177 luolal o

so that S < ||Tf| e ()-
First consider ¢, < co. Choose 0(z) so that (T'f)(z) = @ |Tf(x)| and define

Fz) = e—i0@) [TL@I"

-1
1512 e

Then F € L%(Q) and

1Tty

HF” ay = mrngi—1
L@ T f) %
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The set of simple functions is dense in Lt (Q2). Consequently there is a sequence of simple
| ||<p||Lq£(Q) < 1 } that converges in L9%(Q) to F. Since

Y= fQ(Tf)('T)SO(CU) d"x is continuous on Lqi(Q)7

[ mn@r

As | [T 1) @)F(2) d™e| = |7 1oy, we have | 7]l ey =  when gf < oo.
If g = o0, let Qp = { x € } lr| < R } The set of simple functions is dense in

functions ¢; € { ¢ € X(Q)

hm’/Tf z)p;(x) d*z| < S

]—)OO

L*(2g). So we can repeat the above argument to show that || xo,T f||La @) < S for all
R. By the Lebesgue dominated convergence theorem, ||Tf|| e (q) < S too.

(c) Since [(Tf)(x)g(x) d™x is linear in f and in g, we may scale f and g so that
1fllzee)y = lgllza) = 1. Let f = 377" cjxm, and f = 3°7_ djxr, with the ¢;’s
and d;’s being nonzero complex numbers and the F;’s and F}’s being measurable subsets
of 1 of finite measure with the different E;’s disjoint and the different F}’s disjoint. Set

Observe that a(t) = p—lt #0, B(t)=1— % = q—l,. Write ¢; = |c;j|e% and d; = |d;]e?¥s and
define

= 3 oo @ a0t y

j=1
Z§:1 |dj|ﬁ(z)/6(t)ei<ijFj if 3(t) >0
g = X
g if B(t) =

and

F) = [ (T)()gu(a) '
Since the F;’s are disjoint and the F}’s are disjoint
|fz| — |f|Rea(z)/a(t) — |f|pt/pRCZ ‘gz| — ‘g‘Re,B(z)/ﬁ(t) _ { ‘g‘q:&/q{’{ez 1f q% < 00
9] if ¢ =

If Rez =0, then

(@] < T fallzoo @) 1921 Lo ) < Mollf2llzeo @) llg21l o

|qt/QO

t ||g|
oll FIITEe, '

if ¢} < o0
. /!
= M,
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since ¢; = oo only if ¢} = ¢} = co. If Rez =1, then

[E@] < T Flla@llg=ll Lo o) < Millfallzo@llgzll o

lgll“% it g; < oo

— ¢/

= M8 | ol = 0o
L7 (Q) t

= M,

As F(z) is an entire function of z, the three lines theorem, Lemma 2.3.1, gives

| [ @@t ava

(d) The case py = p; has already been proven in part (a), so it suffices to consider py # ps.
By parts (b) and (c),

=|F(t)] < My~" My

||TfHth(Q) < Mé_t Mf

for all f € X(Q) with || f||zre(q) < 1.

Let f € LPo(Q)NLP(Q) with || f[| re () < 1. As, by hypothesis, T'f € L% (Q)NL%(£2),
we have, by problem 2.3.3, that T'f € L%(Q2). Hence, it remains only to show that
|Tfll Lo ) < My " M{. We claim that there is a sequence f; € (), with | f;(z)| < |f(z)|

for all z, that converges pointwise to f. If f is pure real, it suffices to take, for j € IN,
.2

fi :152255—.1()@2 _XFe) where
={zeQ| S <flx) <t}
—{wGQW%Sf(> %F}

Observe that each Ey; and Fy is of finite measure because f € LP°(2) N LP*(Q)) and at
least one of pg, py is finite. If f is complex valued, we just apply a construction like this
separately to the real and imaginary components. The sequence {f;};ew converges to f
in both LPo(Q2) and LP*(Q2). For finite values of py and/or p;, this is a consequence of
the Lebesgue dominated convergence theorem. For infinite values of pg or pp, this is a
consequence of the observation that when f is bounded, f; converges to f uniformly. As
T is a bounded map from LPi(£2) to L% (), the sequence {T'f;}en converges to Tf in
both L% () and L% (). By problem 2.3.3, the sequence {T'f;} ;e converges to T'f in
L (). Hence
|Tfll ot ) = hm | T fill Lot ) < hiscgle M FillLee

gmmwMﬁ%Awmmm=M$”%

J—00
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Problem 2.3.5 Let /, L € Z and s € IR with £ < s < L. Let ) be a bounded open subset
of R™ with smooth boundary and assume that o € C™@*{I¢LILI} (9Q). Prove that the map
f e C>®(09) — ¢f has a unique extension to a bounded, linear map on H*(92) and there
is a constant C, depending only on 2, max{|¢|,|L|} and n, such that

L—s s E

I
for all f € H*(0Q).

Solution. It suffices to prove the specified bound for f € C*°(92). Let (Z/{(p),l/zp) be
a coordinate system as in Notation 2.1.16 and let x; € C§° (U(pi)), 1 <i<N,bea
partition of unity as in Definition 2.1.18. For each 1 <7 < N, choose an open subset V; of
IR™ that contains the support of x; and whose closure is contained in U(p;). Then t,,(V;)
is compact and all the derivatives of ¥, ! are bounded on 9, (V;). Choose a X; € C§°(V;)
that is identically one on the support of x; and set ® = (X;p)o @Z)pil. By part (a) of Lemma
9.1.14,
[P0l 1 < Clerpn—1ll®llcrerrr-1) 1V]er s
< C'llellcienaay [0ly s

for all v € HY (IR"™!) and both ¢/ = ¢, L. Then, by Lemma 2.3.2, with sq = ¢, s; = L and

_ s—4
t= L—¢

—s s—¢

|q)vls,n—1 S C,H(:OHCm(aQ)||90||0\L|(89) |v|€/,n—1

for all v € H*(IR"™!). In particular

|(X190f) pllls n—1 |(p (le) p_il|S n—1 = Cl”@”c\el(ag)||§0||C|L\(QQ) |(X1f) o _1|

s,n—1

and the desired bounds follows. [ ]

Problem 2.3.6(Hausdorff-Young Inequality) Let 1 <p < 2 and let 2 < ¢ < 0o obey
% + % = 1. Prove that if f € LP(IR™), then f € LY(IR"™) and

[l pamn,amey < [[f e e dana)

y(2m)m™

Solution. We apply the Riesz—Thorin interpolation theorem with po = 1, p; = 2, qo = o0,
g1 =2,Q2=1R"and Tf = f. Since

1A poe e tziy < W fllrameanay [ fllp2me, ansey = (1 l220rn dna
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we have My = M; = 1 (or if you insist on using the measure d"k in place of My=1

and M; = (2m)"/?). Choosing ¢t = 2(1 — —) gives

(2 )"’

L1t t 7 ¢4

t 1 _ 1-—t¢
Dt Po P1 2 T Qo +

t
q1

or p; =p and ¢; = q. So

1l o, amey < (1 fllze e ana)

s (2m)™

(or Hf”Lq(]:Rn7dnk.) < (2m)"4| f|| Lo (r7 ana)) for all f € LYIR™) N L2(IR™). For 1 < p < 2,
LY(IR™)NL?(IR™) is dense in LP(IR™). So the bound extends by continuity to all of LP(IR™).
|

Problem 2.3.7 Let 2 < p < oo and let 1 < g < 2 obey % + % = 1. Prove that there does
NOT exist a constant C' such that

1o, gt < CIA e ana

)7L

for all f € S(IR"™). Hint: consider f(z) = e~ (@+®)” with a > 0.

Solution. Since

2 2 ’I’L/2 9 ’I’L/2 oo 5 ’I’L/2
/e_x A"z = [/e‘x de} = [/e‘r rdrd@} = [271‘/ e " rdr} = /2
0

we have
(S2.4) / ) g = [2]%

for all z > 0, 2’ € IR, by translating and scaling. Since the left hand side is analytic in z
and 2’ for Rez > 0 and 2’ € C, (S2.4) is valid for all z, 2’ € C with Rez > 0. On the right
hand side, ¢!/2 is the branch of the square root that is defined on Re ¢ > 0 and is positive
for ( > 0. Let fo5(z) = e~ (atib)a® Then, writing a + ib = z,

£ _ —ikx —zx? m, . _ _—k?/(4z) —z[z+ik/(22)]% . _ 4ak21b n/2
fap(k)= [ e e d"x =e e d"x =e <+>[a+lb]

so that

_ 2 L/p n
drz) = {/e paw d”x] =[]

x_ /2 —a S gy, Ha x_ 1% [4r 2\12¢[ 17%
:(gﬂ)n) = [|a—|—ib|:| /6 HatHtD (2m)™ - [|a—|—ib|] [qa (CL +0 ):| [ﬂ]
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The ratio

Hfa,bHLq(IRn dmk )

emn/) - Az (2 4 2 %pa% 1 % n/2
||fCLb Lp(]Rn d"m) T |G+Zb| |:q_a,<a + ):| [?] |:27T:|
s 1 2 2 % pa % n/2
:{la+zb| [ gam (a® +0%)] 7 [22] }
i 1yn/2
= { [ a® + )] " [pa]” |
n/2
R L
p /P (g2 p? l_% n/2
= {m (2t ]
For ¢ < 2 this grows to infinity as b grows to infinity. -

Problem 2.3.8
(a) Let 1 < p,q,r < 0o obey % + % + % = 2. Prove that if f € LP(IR"), g € LI(IR"™) and
h € L"(IR™), then

[ f@iote - i) a7 ds| < e ol Ve
(b) Let 1 < p,q,r < 0o obey % + % =1+ 1. Prove that if f € LP(IR") and g € L(IR"),
then f*ge L"(IR") and

1 * gllzr@my < W llze @ l9llLerm)

Solution. Let p’, ¢, r’ be the dual indices for p, ¢, r. That is

+1L =1 +1L =1

1 _
ty=1 q

heRIT
Q=
S =
3

First consider the case in which all of p, ¢, r are finite. Since

1,1
St =2-

S =
Q[

1 1,1 _o9 1 _1_1 1,1 _¢o_
s Tty =2—3 ;g pty=2

=
bR
Q=
S =

the absolute value of the integrand factors into the product of

alz,y) = |f(@)[P/" |g(z — y)|"
Blx,y) = |g(z — )| |h(y)|""
v(z,y) = | f(@)|P9 |n(y)|"d
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Since

Holder’s inequality gives

< ||04||Lr’(132n)||ﬁ||Lp’(IR2n)||’Y||Lq’(IR2")

'/f g(z — y)h(y) d"zd™y

If p’,¢’,r" are finite, the desired inequality now follows from

’

ol eny = [ [ 1£@Plote =l araary) "
- [ [ e

= £ s 1| Yo

181 o7 qzny = 19l gy N e

(S2.5)

7] o mzmy = 1ty B o

Even if some of p’, ¢/, r" are infinite, the final bounds of (S2.5) still hold. For example, if
r' =00, a =1 50 that both [|a ./ gzn) = 1 and ||f] L,,(R,L)||g|yg/;gmn = 1.

Now suppose that p, g, are not all finite. Since 1 i L ; = 2, one of them is co and
the other two are 1. We deal with the case p = 0o, ¢ = r = 1. The other two cases are

similar. The absolute value of the integrand factors into the product of

a(z,y) = |f(z)]
B(z,y) = lg(z —y)l[h(y)]
Holder’s inequality gives
'/f gz —y)h(y) d"xd"y| < ||| oo (m2n) 1Bl L1 mzny = 1f | oo ) ll9] L1 @) |2 L1 ()

as desired.

(b) If p # 1, apply the bound of part (a) with
fx) = e70@g s h(x) P/
where () is chosen so that g * h(z) = €?®)|(g  h)(x)|. This gives
9% Bl ey < g A2 gl e 2 e
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or
g * hHLP’(IR") < llgllzaq) 1Pl - (mm)
If p = 1, that is p’ = oo, this conclusion is still valid by Holder’s inequality. Substituting

g=F h=G p =R g=P r=0Q

gives
| F Gl prmny < |1Fllpe @) |Gl Lo mn

under the constraint
1 1 1

Switching from upper to lower case gives the desired bound. [ |

Problem 2.3.9 Let Q be an open subset of IR". Prove that if u € HZ(Q), then

Z Hamz

L2(Q) < Z ||u||L2(Q) Hax HL2(Q)

Solution. First consider u € C§°(€2). Then, by integration by parts (a.k.a the divergence
theorem),

Z/ ‘amz dnx - Z/ amz 8m1 dnx = - Z/Qu@j) gi? (JJ) d"x
=1

The boundary terms disappeared because u vanishes in a neighbourhood of 0€2. By
Cauchy—Schwarz

Z/ oz ( S < ZH“HL2(Q) Hax HL2(Q)

=1

By taking limits this also applies to u € HZ(Q). |

Problem 2.3.10 Let € be a convex open subset of IR with smooth boundary and S a
measurable subset of Q. Prove that if u € H'(£2), then,

[ — (u HLl(Q) < |dsn|wn n|Q|_HquL1(Q) < |dsn| Z‘Q‘%—‘_%HVUHL%Q)
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where w,, = 2&”72) is the volume of the unit ball in IR", d is the diameter of €, |S] is the
measure of S and ( = 737 S| Jou g u(z) d"z is the average value of u on S.

Solution. By Lemma 2.2.13, C1(Q) is dense in H' (), so it suffices to consider u € C* ().
Then, by Lemma 2.3.8,

Integrating over ) with respect to x,

o= 20y < 1V 50 [ o

e \9\’”“‘ NVl 1o

| N

n—
= f57%n” ”"IQIV"HWHD@

by (2.3.1) with r =1, § =0 and = + chosen so that n(1 — pu)r = n — 1. The other claim

follows by Cauchy—Schwarz.
|

Problem 2.3.11 Let (X, u) and (Y, ) be measure spaces and let k(x,y) be a measurable
function on X x Y. Set, for 0 < o, 8 < 00,

1/« .
L :ﬁm{{ﬂwuawwdmw}/ 0 < o< o
reX

sup, ey Kz, )| if o = o

1/p
{ Jlk@.)l? dut)} 360 < § < o
SUp,ex |k (2, y)] if 8= o0

Rz = sup
yey

Consider the map
(K£)(@) = [ b)) dviy)
(with domain to be specified).

(a) Let 1 < a < ooand o = (1 - é)_l be the dual index to «. If L, < oo, then K is a
bounded linear operator from L (Y, v) to L°°(X, u) with operator norm bounded by L.

(b) Assume that X is a o-finite measure and 1 < § < co. If Rg < 00, then K is a bounded
linear operator from L'(Y,v) to LP(X, u) with operator norm bounded by Rg.
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Solution. (a) By Hélder,

EN@I< [ el ) < { [ ke aw} {171 awm}
< Lallfl

as desired.

(b) For any f € L*(Y,v) and g € LP (X, )

/Xxy|g<x>||k<x I 1f @) du(z)d <y>=/ v(y) 1y >|/ w(z) 19()] [k(z )]

/ /Ikwylﬁdu B/|Q )P du(y) 6_

< Rpllgll o (X,u)“f”Ll(Y,u)

Since, for any measurable function h(x),

Ihllscx = s { [ la@Ih@)] due) | g € 27 (X, ol <1 )

the claim follows.
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