
Appendix S2: Problem Solutions for §2

Problem 2.1.1 Let Ω = (−1, 1) and ` = 1. Think of f(x) = |x| and g(x) = sgnx as

functions in L2(Ω). Find a sequence {fn}n∈IN ⊂ C1(Ω) such that

◦ {fn}n∈IN is Cauchy with respect to the norm ‖ ‖`,Ω
◦ {fn}n∈IN converges in L2(Ω) to f .

◦
{
dfn

dx

}
n∈IN

converges in L2(Ω) to g.

Solution. Let, for each n ∈ IN, gn be any continous function on (−1, 1) that obeys

◦ gn(x) = −1 for all x < − 1
n

x

y
y = gn(x)

◦ gn(x) = 1 for all x > 1
n

◦ gn(−x) = −x for all −1 < x < 1

◦ |gn(x)| ≤ 1 for all −1 < x < 1

Define

fn(x) = 1 +

∫ x

−1

gn(t) dt x

y
y = fn(x)

Then fn ∈ C1(Ω) and dfn

dx = gn. As f(−1) = 1 = | − 1| and f(1) = 1 = |1| (note that∫ 1

−1
gn(t) dt = 0 since gn is odd), we have

◦ fn(x) = |x| for all x < − 1
n

◦ fn(x) = |x| for all x > 1
n

◦ −1 ≤ fn(x) ≤ 3 for all −1 < x < 1 since −2 ≤
∫ x
−1
gn(t) dt ≤ 2 (This is pretty sloppy,

but still good enough.)

If n < m, then

◦ fn(x)− fm(x) and fn(x)− f(x) vanish for all x < − 1
n and all x > 1

n

◦ |fn(x)− fm(x)| ≤ 4 and |fn(x)− f(x)| ≤ 4 for all x

◦ dfn

dx (x)− dfm

dx (x) and dfn

dx (x)− g(x) vanish for all x < − 1
n and all x > 1

n

◦ |dfn

dx
(x)− dfm

dx
(x)| ≤ 2 and | dfn

dx
(x)− g(x)| ≤ 2 for all x

Consequently

∥∥fn − fm
∥∥
L2(Ω)

,
∥∥fn − fm

∥∥
L2(Ω)

≤
[∫ 1/n

−1/n

42 dx

]1/2

= 4
√

2
n

and
∥∥dfn

dx − dfm

dx

∥∥
L2(Ω)

,
∥∥dfn

dx − g
∥∥
L2(Ω)

≤
[∫ 1/n

−1/n

22 dx

]1/2

= 2
√

2
n

All three desired conclusions follow.
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Problem 2.1.2 Prove that C`0(Ω) ⊂ H`
0(Ω).

Solution. Let δ(x) ∈ C∞0 (IRn) have support in the ball of radius one centred on the

origin and obey
∫
IRn δ(x) dnx = 1. Then, for any m > 0, δm(x) = mnδ(mx) has support

in the ball of radius 1
m

centred on the origin and still obeys
∫
IRn δm(x) dnx = 1. Let

ϕ(x) ∈ C`0(Ω). Define ϕm(x) =
∫
IRn δm(x− y)ϕ(y) dny. Because ϕ is absolutely integrable

and δm is C∞0 , ϕm is C∞. Because the support of ϕ is compact the distance from that

support to the boundary of Ω is strictly positive. The support of ϕm is contained in the

set of all points of distance at most 1
m from the support of ϕ. So ϕm ∈ C∞0 (Ω) for all

sufficiently large m > 0. It remains only to show that ϕm converges in H`(Ω) to ϕ. Let

|α| ≤ `. Then

∂αϕm(x) =

∫

IRn

∂αx δm(x− y)ϕ(y) dny =

∫

IRn

(−1)|α|[∂αy δm(x− y)]ϕ(y) dny

=

∫

IRn

δm(x− y)∂αy ϕ(y) dny

by integration by parts. Since
∫
IRn δm(x− y) dny = 1,

∂αϕ(x)− ∂αϕm(x) =

∫

IRn

δm(x− y)
[
∂αϕ(x)− ∂αϕ(y)

]
dny

=

∫

IRn

δ(z)
[
∂αϕ(x)− ∂αϕ

(
x− z

m

)]
dnz where z = m(x− y)

Since ∂αϕ is continuous and compactly supported, it is uniformly continuous. Hence, given

any ε > 0, there is an M such that
∣∣∂αϕ(x)− ∂αϕ

(
x− z

m

)∣∣ < ε for all x, all |z| ≤ 1 and

all m > M . Thus

∣∣∂αϕ(x)− ∂αϕm(x)
∣∣ ≤

∫

IRn

δ(z)
∣∣∂αϕ(x)− ∂αϕ

(
x− z

m

)∣∣ dnz ≤ ε

∫

IRn

δ(z) dnz = ε

for all m > M . As the set of points within distance one of the support of ϕ has finite

volume, ϕm converges to ϕ in H`(Ω).

Problem 2.1.3 Let ` ∈ IN0.

(a) Let ϕ : Ω → C and all of its derivatives of order at most ` be bounded and continuous.

Prove that the map u ∈
{
u ∈ C`(Ω)

∣∣ ‖u‖`,Ω < ∞
}
7→ ϕu, where, as you would expect

(ϕu)(x) = ϕ(x)u(x), has a unique extension to a bounded, linear map on H `(Ω). Prove,

in particular, that there is a constant C`,n, depending only on ` and n, such that

‖ϕu‖`,Ω ≤ C`,n
∑̀
k=0

‖ϕ‖Ck(Ω)‖u‖`−k,Ω
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for all u ∈ H`(Ω). Here ‖ϕ‖Ck(Ω) = sup
x∈Ω

α∈INn
0

, |α|≤k

∣∣∂αϕ(x)
∣∣.

(b) Let α ∈ INn
0 with |α| ≤ `. Prove that the map u ∈

{
u ∈ C`(Ω)

∣∣ ‖u‖`,Ω <∞
}
7→ ∂αu

has a unique extension to a bounded, linear map from H`(Ω) to H`−|α|(Ω).

Solution. (a) Let α ∈ INn
0 with |α| ≤ ` and u ∈

{
u ∈ C`(Ω)

∣∣ ‖u‖`,Ω < ∞
}
. By the

product rule

∂α(ϕu) =
∑

β∈INn
0

β≤α

(
α
β

)
(∂βϕ)(∂α−βu)

where “β ≤ α” signifies that βi ≤ αi for all 1 ≤ i ≤ n. Hence

‖∂α(ϕu)‖L2(Ω) ≤
∑

β

(
α
β

)
‖(∂βϕ)(∂α−βu)‖L2(Ω)

≤
∑

β

(
α
β

)
sup
x∈Ω

∣∣∂βϕ(x)
∣∣ ‖∂α−βu‖L2(Ω)

≤
∑

β∈INn
0

β≤α

(
α
β

)
‖ϕ‖C|β|(Ω) ‖u‖|α−β|,Ω

≤ Cα
∑̀
k=0

‖ϕ‖Ck(Ω) ‖u‖`−k,Ω where Cα = max
0≤k≤|α|

∑

β∈INn
0

β≤α |β|=k

(
α
β

)

The existence of a unique bounded extension now follows by the BLT theorem and the

specified bound extends to all u ∈ H`(Ω) by continuity.

(b) If u ∈ C`(Ω) with ‖u‖`,Ω <∞, then

‖∂αu‖2
`−|α|,Ω =

∑

β∈IN
`−|α|
0

|β|≤`−|α|

‖∂β(∂α)u‖2
L2(Ω)

=
∑

γ∈IN`
0

|γ|≤`,γ≥α

‖∂γu‖2
L2(Ω) where γ = α+ β

≤ ‖u‖2
`,Ω

and the B.L.T. theorem generates the desired extension.

Problem 2.1.4 Let Ω be a bounded open subset of IRn. Suppose that F : IR → IR is a

C1 function with bounded derivative. Let H1
IR(Ω) denote the set of real valued functions

in H1(Ω).

3



(a) Prove that if u ∈ C1(Ω) ∩H1
IR(Ω), then F ◦ u ∈ C1(Ω) ∩H1

IR(Ω).

(b) Prove that the map u 7→ F ◦u, with domain C1(Ω)∩H1
IR(Ω), is continuous with respect

to the topology of H1
IR(Ω). That is, prove that if ε > 0 and v ∈ C1(Ω)∩H1

IR(Ω), then

there is a δ > 0 such that ‖F ◦ u− F ◦ v‖1,Ω < ε for all u ∈ C1(Ω) ∩H1
IR(Ω) obeying

‖u− v‖1,Ω < δ.

(c) Prove that the map u 7→ F ◦ u has a continuous extension to H1
IR(Ω).

Solution. (a) We check that if u ∈ C1(Ω)∩H1
IR(Ω), then F ◦u ∈ C1(Ω)∩H1

IR(Ω), so that

the (nonlinear) map
Φ : C1(Ω) ∩H1

IR(Ω) 7→ C1(Ω) ∩H1
IR(Ω)

u 7→ F ◦ u

is well–defined. That F ◦ u ∈ C1(Ω) is obvious.Let M be the supremum of |F ′|. Since

F ◦ u(x) = F (0) +

∫ 1

0

d
dtF

(
tu(x)

)
dt

= F (0) +

∫ 1

0

F ′
(
tu(x)

)
u(x) dt

∂
∂xi

F ◦ u(x) = F ′
(
u(x)

)
∂u
∂xi

(x)

we have

∣∣F ◦ u(x)
∣∣ ≤ |F (0)|+M |u(x)| =⇒

∥∥F ◦ u
∥∥
L2(Ω)

≤ |F (0)|
√
|Ω|+M‖u‖L2(Ω)

∣∣∂
∂xi

F ◦ u(x)
∣∣ ≤M

∣∣ ∂u
∂xi

(x)
∣∣ =⇒

∥∥ ∂
∂xi

F ◦ u
∥∥
L2(Ω)

≤M
∥∥ ∂u
∂xi

∥∥
L2(Ω)

where |Ω| is the volume of Ω. Thus F ◦ u ∈ H1
IR(Ω).

(b) Observe that

F ◦ u(x)− F ◦ v(x) =

∫ 1

0

d
dtF

(
tu(x) + (1− t)v(x)

)
dt

=

∫ 1

0

F ′
(
tu(x) + (1− t)v(x)

)
[u(x)− v(x)] dt

∂
∂x`

[
F ◦ u(x)− F ◦ v(x)

]
= F ′

(
u(x)

)[
∂u
∂x`

(x)− ∂ v
∂x`

(x)
]

+
[
F ′

(
u(x)

)
− F ′

(
v(x)

)]
∂ v
∂x`

(x)

If ‖u− v‖1,Ω < δ, then

∥∥F ◦ u− F ◦ v
∥∥
L2(Ω)

≤M‖u− v‖L2(Ω) ≤Mδ
∥∥F ′

(
u(x)

)[
∂u
∂x`

(x)− ∂ v
∂x`

(x)
]∥∥
L2(Ω)

≤M‖∂u∂x`
− ∂ v

∂x`
‖L2(Ω) ≤Mδ
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So our main problem is to bound the L2(Ω)–norm of
[
F ′

(
u(x)

)
− F ′

(
v(x)

)]
∂ v
∂x`

(x). Since
∂ v
∂x`

(x) ∈ L2(Ω), the Lebesgue dominated convergence theorem implies that

lim
P→∞

∫
∣∣ ∂ v

∂x`

∣∣>P
∣∣∂ v
∂x`

(x)
∣∣2 dnx = 0

Pick P such that ∫
∣∣ ∂ v

∂x`

∣∣>P
∣∣∂ v
∂x`

(x)
∣∣2 dnx ≤ ε2

48M2n

and define

B1 =
{
x ∈ Ω

∣∣ ∣∣∂ v
∂x`

∣∣ > P
}

Since |F ′| is bounded by M

(S2.1a)

∫

B1

∣∣[F ′
(
u(x)

)
− F ′

(
v(x)

)]
∂ v
∂x`

(x)
∣∣2 dnx ≤ 4M2

∫

B1

∣∣ ∂ v
∂x`

(x)
∣∣2 dnx ≤ ε2

12n

We will eventually pick δ < 1. Hence ‖u‖1,Ω ≤ ‖v‖1,Ω + 1
def
= r. As F ′ is continuous on the

compact interval |t| ≤ 7rMP
√
n

ε , there is an η > 0 such that
∣∣F ′(t′)− F ′(t)

∣∣ ≤ ε

P
√

12nµ(Ω)

for all t, t′ ∈ [− 7rMP
√
n

ε
, 7rMP

√
n

ε
] obeying |t− t′| ≤ η. Define

B2 =
{
x ∈ Ω \B1

∣∣ |u(x)| ≥ 7rMP
√
n

ε

}

B3 =
{
x ∈ Ω \B1

∣∣ |v(x)| ≥ 7rMP
√
n

ε

}

B4 =
{
x ∈ Ω \B1

∣∣ |u(x)− v(x)| ≥ η
}

B5 = Ω \ (B1 ∪ B2 ∪ B3 ∪ B4)

Then

r2 ≥ ‖u‖2
1,Ω ≥

∫

B2

|u(x)|2dnx ≥ 49r2M2P 2n
ε2 µ(B2) =⇒ µ(B2) ≤ ε2

49M2P 2n

Hence

(S2.1b)

∫

B2

∣∣[F ′
(
u(x)

)
− F ′

(
v(x)

)]
∂ v
∂x`

(x)
∣∣2 dnx ≤ 4M2P 2µ(B2) ≤ ε2

12n

Similarly,

(S2.1c)

∫

B3

∣∣[F ′
(
u(x)

)
− F ′

(
v(x)

)]
∂ v
∂x`

(x)
∣∣2 dnx ≤ 4M2P 2µ(B3) ≤ ε2

12n

As

δ2 ≥ ‖u− v‖2
1,Ω ≥

∫

B4

|u(x)− v(x)|2dnx ≥ η2µ(B4) =⇒ µ(B4) ≤ δ2

η2
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we have

(S2.1d)

∫

B4

∣∣[F ′
(
u(x)

)
− F ′

(
v(x)

)]
∂ v
∂x`

(x)
∣∣2 dnx ≤ 4M2P 2µ(B4) ≤ ε2

12n

provided we choose δ2 < η2ε2

49M2P 2n
. Finally

(S2.1e)

∫

B5

∣∣[F ′
(
u(x)

)
− F ′

(
v(x)

)]
∂ v
∂x`

(x)
∣∣2 dnx ≤ ε2

12P 2µ(Ω)nP
2µ(Ω) ≤ ε2

12n

Adding (S2.1a–e) gives

∫

Ω

∣∣[F ′
(
u(x)

)
− F ′

(
v(x)

)]
∂ v
∂x`

(x)
∣∣2 dnx ≤ 5ε2

12n

Hence

‖u− v‖2
1,Ω =

∥∥F ◦ u− F ◦ v
∥∥2

L2(Ω)
+

n∑

`=1

∥∥∂
∂x`

[
F ◦ u(x)− F ◦ v(x)

]∥∥2

L2(Ω)

≤M2δ2 + 2nM2δ2 + 2n 5ε2

12n
< ε2

provided we choose δ smaller than min
{
1, ηε

7MP
√
n
, ε

5M
√
n

}
.

(c) We now verify that if {ui}i∈IN is a Cauchy sequence in C1(Ω) ∩ H1
IR(Ω), then the

sequence {F ◦ ui}i∈IN is also Cauchy in H1
IR(Ω). By the completeness of H1

IR(Ω) there is

are v, v1, · · · , vn ∈ H1
IR(Ω) such that ui converges to v and ∂ui

∂x`
(x) converges to v`(x) in

L2(Ω) for all 1 ≤ ` ≤ n. Observe that

F ◦ ui(x)− F ◦ v(x) =

∫ 1

0

d
dt
F

(
tui(x) + (1− t)v(x)

)
dt

=

∫ 1

0

F ′
(
tui(x) + (1− t)v(x)

)
[ui(x)− v(x)] dt

∂
∂x`

[
F ◦ ui(x)

]
− F ′

(
v(x)

)
v`(x) = F ′

(
ui(x)

)[
∂ui

∂x`
(x)− v`(x)

]

+
[
F ′

(
ui(x)

)
− F ′

(
v(x)

)]
v`(x)

Clearly ∥∥F ◦ ui − F ◦ v
∥∥
L2(Ω)

≤M‖ui − v‖L2(Ω)
∥∥F ′

(
ui(x)

)[
∂ui

∂x`
(x)− v`(x)

]∥∥
L2(Ω)

≤M‖ ∂ui

∂x`
− v`‖L2(Ω)

converge to zero as i→∞. The argument that
[
F ′

(
ui(x)

)
−F ′

(
v(x)

)]
v`(x) also converges

to zero in L2(Ω) is much the same as the corresponding argument in part (b). Hence

F ◦ ui converges to F ◦ v in H1
IR(Ω) and we may define Φ(v) = F ◦ v. The proof that Φ is

continuous is similar to the proof of part (b) with ∂ v
∂x`

replaced by v`.

6



Problem 2.1.5 Let Ω be a bounded open subset of IRn. Prove that if u ∈ H1
IR(Ω), then

|u|,max{0, u} ∈ H1
IR(Ω).

Solution. Let Fi : IR → IR be a sequence of C1 functions all of whose derivatives are

bounded in magnitude by some fixed M > 0. Suppose that this sequence converges

uniformly to a function F and that the derivatives F ′i (t) converge pointwise to a function

G(t). We prove that Fi ◦ u converges in H1
IR(Ω). Since Fi(u(x)) converges uniformly in

x and Ω has finite measure, Fi(u(x)) also converges in L2(Ω) to F (u(x)). Recall from

Remark 2.1.2, that, for each u ∈ H1(Ω), ∂ u
∂x`

is defined and is an element of L2(Ω). The

integrand of

∥∥[
F ′i

(
u(x)

)
−G

(
u(x)

)]
∂u
∂x`

(x)
∥∥2

L2(Ω)
=

∫

Ω

∣∣∣
[
F ′i

(
u(x)

)
−G

(
u(x)

)]
∂u
∂x`

(x)
∣∣∣
2

dnx

is bounded, uniformly in i, by the L2 function 4M2
∣∣∣∂u∂x`

(x)
∣∣∣
2

and converges pointwise to

zero as i→∞. Hence, by the Lebesgue dominated convergence theorem,

lim
i→∞

∥∥[
F ′i

(
u(x)

)
−G

(
u(x)

)]
∂ u
∂x`

(x)
∥∥
L2(Ω)

= 0

Hence Fi(u(x)) converges in H1(Ω) to F (u(x)) and F
(
u(x)

)
∈ H1(Ω).

Applying this with Fi(t) =
√
t2 + 1

2i yields that |u| ∈ H1
IR(Ω) when u ∈ H1

IR(Ω). Since

max{0, u} = 1
2

(
u+ |u|

)

we have that max{0, u} ∈ H1
IR(Ω) too.

Problem 2.1.6 Let Ω = (0,∞).

(a) Prove that there is a constant C such that if u ∈ C1(Ω) and ‖u‖1,Ω <∞, then lim
x→0

u(x)

exists and obeys ∣∣ lim
x→0

u(x)
∣∣ ≤ C‖u‖1,Ω

(b) Prove that there is a unique bounded linear map B : H1(Ω) → C such that Bu =

lim
x→0

u(x) for all u ∈ C1(Ω) with ‖u‖1,Ω <∞.

(c) Prove that H1
0 (Ω) is of codimension one in H1(Ω). This means that there exists a

u0 ∈ H1(Ω) such that each u ∈ H1(Ω) has a unique representation of the form u = αu0+u1

with α ∈ C and u1 ∈ H1
0 (Ω).
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(d) Let I = (a, b) be a finite open interval in IR. What is the codimension of H1
0 (I) in

H1(I)?

Solution. (a) By Cauchy–Schwarz, if 0 < x < y

(S2.2)
∣∣u(y)− u(x)

∣∣ =

∣∣∣∣
∫ y

x

1× u′(t) dt

∣∣∣∣ ≤
√∫ y

x

1 dt

√∫ y

x

|u′(t)|2 dt ≤ √
y − x‖u‖1,Ω

So {u(1/n)} is a Cauchy sequence and converges to some number A as n → ∞. Taking

the limit as x → 0 in (S2.2) gives that
∣∣u(y)− A

∣∣ ≤ √
y‖u‖1,Ω. Hence limx→0 u(x) exists

and also equals A. Furthermore

∣∣∣∣A−
∫ 1

0

u(y) dy

∣∣∣∣ =

∣∣∣∣
∫ 1

0

[u(y)−A] dy

∣∣∣∣ ≤ ‖u‖1,Ω

∫ 1

0

√
y dy = 2

3
‖u‖1,Ω

Since, by Cauchy–Schwarz again,
∣∣∣
∫ 1

0
u(y) dy

∣∣∣ ≤ ‖u‖L2 ≤ ‖u‖1,Ω, we have

| lim
x→0

u(x)| ≤ 5
3‖u‖1,Ω

(b) By part (a), the map u 7→ lim
x→0

u(x) is a well–defined linear transformation from the

dense subset
{
u ∈ C1(Ω)

∣∣ ‖u‖1,Ω < ∞
}

of H1(Ω) to C that obeys
∣∣ limx→0 u(x)

∣∣ ≤
C‖u‖1,Ω. It now suffices to apply the B.L.T. theorem.

(c) Let B be the linear functional of part (b). We claim that

H1
0 (Ω) =

{
u ∈ H1(Ω)

∣∣ Bu = 0
}

Once this claim is proven, we are done because, if u ∈ H1(Ω) then α = Bu, u0(x) = e−x,

u1(x) = u(x) − (Bu)e−x provides the desired decomposition. The uniqueness of the de-

composition is consequence of the observation that αe−x + u1(x) = α̃e−x + ũ1(x) implies

(α− α̃)e−x = ũ1(x)− u1(x). Applying B to both sides forces α = α̃ which in turn forces

ũ1(x) = u1(x).

Proof of claim. Applying B to any element of C∞0 (Ω) gives zero. Since C∞0 (Ω) is dense

in H1
0 (Ω) and B is continuous, applying B to any element of H1

0 (Ω) gives zero.

Now for the converse. Suppose u ∈ H1(Ω) and Bu = 0. We must prove u ∈ H1
0 (Ω).

By definition, there is a sequence of functions ui ∈
{
u ∈ C1(Ω)

∣∣ ‖u‖1,Ω < ∞
}

that
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converge in H1(Ω) to u. Since B is continuous, lim
i→∞

Bui = Bu = 0. Replacing ui(x)

by ui(x) − (Bui)e
−x, we may assume without loss of generality that lim

x→0
ui(x) = 0 for

all i. Since H1
0 (Ω) is a closed subspace of H1(Ω), it suffices to prove that if v ∈ C1(Ω),

‖v‖1,Ω <∞ and lim
x→0

v(x) = 0, then v ∈ H1
0 (Ω).

Let χ(x) be a C∞ function that takes values in [0, 1], is zero for x < 1
2

and one for

x > 2 and let χ̃ = 1−χ. Then vm(x) = χ(mx)v(x)χ̃(x/m) ∈ C1
0 (Ω) ⊂ H1

0 (Ω). For m ≥ 4,

v(x)− vm(x) =
(
1− χ(mx)

)
v(x) + χ(mx)v(x)

(
1− χ̃(x/m)

)

=
(
1− χ(mx)

)
v(x) + v(x)

(
1− χ̃(x/m)

)

So, to show that vm converges to v in ∈ H1
0 (Ω), it suffices to prove that

(
1−χ(mx)

)
v(x) =

χ̃(mx)v(x) and v(x)
(
1 − χ̃(x/m)

)
= v(x)χ(x/m) converge to zero in H1

0 (Ω). Let Vm =√∫ 2/m

0
|v′(x)|2 dx. As in (S2.2), |v(x)| ≤ √

xVm for all 0 < x < 2
m . Since ‖v‖2

1,Ω is finite,

the Lebesgue dominated convergence theorem yields limm→∞ Vm = 0. That χ̃(mx)v(x)

converges to zero follows from

∫
|χ̃(mx)v(x)|2 dx ≤

∫ 2/m

0

|v(x)|2 dx ≤
∫ 2/m

0

xV 2
m dx = 2

m2V
2
m

and ∫
|d
dx

[χ̃(mx)v(x)]|2 dx =

∫
|mχ̃′(mx)v(x) + χ̃(mx)v′(x)|2 dx

≤ constm2

∫ 2/m

0

|v(x)|2 dx+ 2

∫ 2/m

0

|v′(x)|2 dx

≤ constm2

∫ 2/m

0

xV 2
m dx+ 2V 2

m ≤ constV 2
m

That v(x)χ(x/m) converges to zero follows from the Lebesgue dominated convergence

theorem, ∫
|v(x)χ(x/m)|2 dx ≤

∫ ∞

m/2

|v(x)|2 dx

and ∫
|ddx [v(x)χ(x/m)]|2 dx =

∫
|v′(x)χ(x/m) + 1

mv(x)χ
′(x/m)|2 dx

≤ 2

∫ ∞

m/2

|v′(x)|2 dx+ const 1
m2

∫ ∞

m/2

|v(x)|2 dx

(d) Two. Define B1u = lim
x→a+

u(x), B2u = lim
x→b−

u(x), u0(x) = b−x
b−a , u1(x) = x−a

b−a . Then

u = αu0 + βu1 + u2 with α = B1u, β = B2u and u2 = u− αu0 − βu1 ∈ H1
0 (I).
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Problem 2.1.7 The goal of this problem is to prove the Paley-Wiener theorem, which

says that a function f is C∞ and supported in the closed ball B̄R =
{
x ∈ IRn

∣∣ |x| ≤ R
}

if and only if f̂(k) extends to a holomorphic function on Cn which obeys

(S2.3)
∣∣f̂(k)

∣∣ ≤ CN

1+|k|2N e
R|Im k|

for all N ∈ IN.

(a) Let f ∈ C∞0 (IRn) be supported in B̄R. Prove that f̂(k) extends to a holomorphic

function on Cn and that, for each N ∈ IN, there is a constant CN such that (S2.3) holds.

(b) Assume that the Fourier transform f̂(k) of a function f(x) extends to a holomorphic

function on Cn and that, for each N ∈ IN, there is a constant CN such that (S2.3) holds.

Let p ∈ IRn. Prove that

f(x) = e−p·x
∫
eik·xf̂(k + ip) dnk

(2π)n

(c) Prove that, under the hypotheses of part (b), f(x) is supported in B̄R.

Solution. (a) For any k ∈ Cn and any multiindex α ∈ INn
0 ,

∣∣kαf̂(k)
∣∣ =

∣∣∣∣
∫

B̄R

kαe−ik·xf(x) dnx

∣∣∣∣ =

∣∣∣∣
∫

B̄R

e−ik·x ∂
αf
∂xα (x) dnx

∣∣∣∣

≤ eR|Im k|
∫

B̄R

∣∣∂αf
∂xα (x)

∣∣ dnx

so that f̂(k) is defined for all k ∈ Cn and obeys (S2.3). For each 1 ≤ j ≤ n, xjf(x) is

absolutely integrable. Hence f̂(k) is (complex) differentiable with respect to kj and obeys

∂
∂kj

f̂(k) = −i
∫

B̄R

e−ik·xxjf(x) dnx

Thus f̂(k) is entire.

(b) By the Cauchy integral formula, all of the derivatives of f̂(k) also obey bounds of the

form (S2.3). In particular, the restriction of f̂(k) to k ∈ IRn is in S(IRn) and

f(x) =

∫

IRn

eik·xf̂(k) dnk
(2π)n

Make the change of variables k → k + ip:

f(x) =

∫

IRn−ip
ei(k+ip)·xf̂(k + ip) dnk

(2π)n
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Since f is entire and, for each fixed p ∈ IRn

∣∣f̂(k + ip)
∣∣ ≤ const eR|p|

n∏
j=1

1
1+|kj |2

we may move the domain of integration back to IRn, as desired.

(c) From part (b)

|f(x)| = e−p·x
∣∣∣∣
∫
eik·xf̂(k + ip) dnk

(2π)n

∣∣∣∣

≤ e−p·x
∫

CN

1+|k+ip|2N e
R|p| dnk

(2π)n

≤ e−p·xeR|p|
∫

CN

1+|k|2N
dnk

(2π)n

≤ constn e
−p·xeR|p|

where we have chosen, for example,N = n. Note that constn is independent of p. Choosing

p = tx with t > 0 we have that

|f(x)| ≤ constn e
−t|x|2etR|x| = constn e

−t|x|(|x|−R)

for all t > 0. If |x| > R, this is possible only when f(x) = 0.

Problem 2.1.8 Let s ∈ IR. Prove that C∞0 (IRn) is dense in Hs(IRn).

Solution. We first prove that C∞0 (IRn) is dense in L2(IRn). Let ϕ(k) ∈ C∞0 (IRn) take

values in [0, 1] and be identically one for |k| ≤ 1. Let u ∈ L2(IRn) and set vj(k) =

ϕ(k/j)û(k) and uj = v̌j . By Cauchy–Schwarz,

∫ ∣∣vj(k)
∣∣ dnk =

∫ ∣∣ϕ(k/j)
∣∣ ∣∣û(k)

∣∣ dnk ≤
[∫ ∣∣ϕ(k/j)

∣∣2 dnk
]1/2

(2π)n/2‖u‖L2(IRn) <∞

Hence vj(k) is both L1 and of compact support, so that uj ∈ C∞(IRn). Since |vj(k)| ≤
|û(k)|, we also have that uj ∈ L2(IRn). By the Lebesgue dominated convergence theorem

lim
j→∞

‖u− uj‖2
L2(IRn) = lim

j→∞

∫ ∣∣1− ϕ(k/j)
∣∣2∣∣û(k)

∣∣2 dnk
(2π)n

≤ lim sup
j→∞

∫

|k|>j

∣∣û(k)
∣∣2 dnk

(2π)n

= 0
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This proves that C∞(IRn)∩L2(IRn) is dense in L2(IRn). Let u ∈ C∞(IRn)∩L2(IRn). Then

uj(x) = ϕ(x/j)u(x) ∈ C∞0 (IRn) converges in L2(IRn) to u since, again by the Lebesgue

dominated convergence theorem,

lim
j→∞

‖u− uj‖2
L2(IRn) = lim

j→∞

∫ ∣∣1− ϕ(x/j)
∣∣2∣∣u(x)

∣∣2 dnx

≤ lim sup
j→∞

∫

|x|>j

∣∣u(x)
∣∣2 dnx

= 0

Next, we prove that S(IRn) is dense in Hs(IRn). Let u ∈ Hs(IRn). Choose a sequence of

functions fj(k) ∈ C∞0 (IRn) that converge in L2(IRn) to (1 + |k2|)s/2û(k). Let uj(x) be the

inverse Fourier transform of (1 + |k2|)−s/2fj(k). Since (1 + |k2|)−s/2fj(k) ∈ C∞0 (IRn) ⊂
S(IRn), uj(x) ∈ S(IRn). Since

|||u−uj|||2s =

∫
(1+|k|2)s

∣∣û(k)−(1+|k2|)−s/2fj(k)
∣∣2 dnk

(2π)n =

∫ ∣∣(1+|k2|)s/2û(k)−fj(k)
∣∣2 dnk

(2π)n

uj converges to u in Hs(IRn).

It remains only to prove that C∞0 (IRn) is dense in S(IRn) in Hs(IRn). Let u ∈ S(IRn).

Pick any natural number ` with 2` ≥ s. Set uj(x) = ϕ(x/j)u(x) ∈ C∞0 (IRn). Then

|||u− uj|||s ≤ ‖(1−∆)`(u− uj)‖L2(IRn)

All derivatives of u are in L2 and all derivatives of ϕ(x/j) are bounded, uniformly in j.

Furthermore all nontrivial derivatives of ϕ(x/j) are supported in |x| > j. So, the right

hand side converges to zero as j →∞, by the Lebesgue dominated convergence theorem,

yet again.

Problem 2.1.9 Let r < s < t. Prove that, for each ε > 0, there is a C > 0, depending

only on r, s, t and ε such that |||f|||s ≤ ε|||f|||t + C|||f|||r for all f ∈ Ht(IRn).

Solution. We first find a C such that

(
1 + |k|2

)s ≤ ε2
(
1 + |k|2

)t
+ C2

(
1 + |k|2

)r

for all k ∈ IRn, or equivalently, setting x =
(
1 + |k|2

)t−r
and α = s−r

t−r , such that

ε2x1−α + C2 1
xα ≥ 1
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for all x ≥ 1. Observe that

d
dx

(
ε2x1−α + C2 1

xα

)
= 1

xα

[
ε2(1− α)− C2α 1

x

]

The minimum value of ε2x1−α + C2 1
xα either occurs when x = 1, in which case it suffices

to choose C = 1, or occurs when

ε2(1− α)− C2α 1
x = 0 ⇐⇒ x = C2

ε2
α

1−α

In the latter case, the minimum value is

ε2
(
C2

ε2
α

1−α
)1−α

+ C2
(
C2

ε2
α

1−α
)−α

= ε2αC2(1−α)
(

α
1−α

)−α[
α

1−α + 1
]

= ε2αC2(1−α)
(

α
1−α

)−α 1
1−α

= ε2αC2(1−α) 1
αα(1−α)1−α

So an acceptable choice of C is

C = max

{
1,

[
αα(1−α)1−α

ε2α

]1/[2(1−α)]
}

With this choice of C

|||f|||2s ≤ ε2|||f|||2t + C|||f|||2r ≤
(
ε|||f|||t + C|||f|||r

)2

Problem 2.1.10 Let s ∈ IR.

(a) Let f ∈ S(IRn) and α ∈ INn
0 . By Lemma 2.3.5, the map u ∈ S(IRn) 7→ fu ∈ S(IRn)

has a unique extension to a bounded, linear map on Hs(IRn). Prove that

∂α(fu) =
∑

β∈INn
0

β≤α

(
α
β

)
(∂βf)(∂α−βu)

for all u ∈ Hs(IRn). Here β ≤ α if and only if βi ≤ αi for all 1 ≤ i ≤ n, (α − β)i =

αi − βi for all 1 ≤ i ≤ n and
(
α
β

)
=

∏n
i=1

αi!
βi!(αi−βi)!

.

(b) Let u, v ∈ Hs(IRn) and let O be an open subset of IRn. Make up a definition for

“u = v on O”.

(c) Prove that differentiation is local in the sense that if u, v ∈ Hs(IRn) and O is any

open subset of IRn with u = v on O, then ∂αu = ∂αv on O for all α ∈ INn
0 .
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Solution. (a) By the product rule, ∂α(fu) =
∑

β∈INn
0

β≤α

(
α
β

)
(∂βf)(∂α−βu) for all u, f ∈

S(IRn). By Lemma 2.3.5 and part (b) of Lemma 2.1.5, the maps

u ∈ Hs(IRn) 7→ fu ∈ Hs(IRn) 7→ ∂α(fu) ∈ Hs−|α|(IRn)

and
u ∈ Hs(IRn) 7→ ∂α−βu ∈ Hs−|α−β|(IRn) 7→ ∂α−βu ∈ Hs−|α|(IRn)

7→ (∂βf)(∂α−βu) ∈ Hs−|α|(IRn)

are bounded maps from Hs(IRn) to Hs−|α|(IRn). By Problem 2.1.8, S(IRn) is dense in

Hs(IRn). So the product rule extends by continuity to all u ∈ Hs(IRn).

(b) We define u to be equal to v on O if and only if fu = fv, as elements of Hs(IRn), for

all of f ∈ C∞0 (O).

(c) The proof is by induction on |α|. It is trivially true for |α| = 0. So suppose that

|α| > 0 and ∂γu = ∂γv on O for all γ ∈ INn
0 with |γ| < |α|. If f ∈ C∞0 (O), then

(∂βf)(∂γu) = (∂βf)(∂γv) for all β ∈ INn
0 and all γ ∈ INn

0 with |γ| < |α| so that

f∂αu = ∂α(fu)−
∑

β∈INn
0

06=β≤α

(
α
β

)
(∂βf)(∂α−βu)

= ∂α(fv)−
∑

β∈INn
0

06=β≤α

(
α
β

)
(∂βf)(∂α−βv)

= f∂αv

Problem 2.1.11 Let α ∈ INn
0 and s > |α| + n

2 . Prove that if u ∈ Hs(IRn), then ∂αu is

continuous and there is a constant C, depending only on s, n and |α|, such that

sup
x∈IRn

∣∣∂αu(x)
∣∣ ≤ C|||u|||s

Solution. The Fourier transform of ∂αu is i|α|kαû(k). We first prove that this Fourier

transform is L1. By Cauchy–Schwarz
∫ ∣∣kαû(k)

∣∣ dnk =

∫ (
1 + |k|2

)−s/2∣∣kα
∣∣ (

1 + |k|2
)s/2∣∣û(k)

∣∣ dnk

≤
[ ∫ (

1 + |k|2
)−s∣∣k2α

∣∣ dnk
]1/2

(2π)n/2|||u|||s
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This is finite whenever the integral converges, which is the case when −2s + 2|α| < −n.

The integrand of

∂αu(x) =

∫
eik·x i|α|kαû(k) dnk

(2π)n

is uniformly bounded by the L1 function 1
(2π)n

∣∣kαû(k)
∣∣ and is continuous in x. So the

Lebesgue dominated convergence theorem implies that ∂αu is continuous and obeys the

prescribed bound with

C =

[∫ (
1 + |k|2

)−s∣∣k2α
∣∣ dnk

(2π)n

]1/2

Problem 2.1.12 Let s and s′ be real numbers and 0 ≤ µ ≤ 1. Prove that

|||u|||µs+(1−µ)s′ ≤ |||u|||µs |||u|||
1−µ
s′

for all u ∈ Hmax{s,s′}(IRn).

Solution. The cases µ = 0 and µ = 1 are trivial, so assume that 0 < µ < 1. By Hölder’s

inequality, with p = 1
µ and q = 1

1−µ ,

|||u|||2µs+(1−µ)s′ =

∫

IRn

(
1 + |k|2

)µs+(1−µ)s′ |û(k)|2 dnk
(2π)n

=

∫

IRn

[(
1 + |k|2

)s|û(k)|2
]µ [(

1 + |k|2
)s′ |û(k)|2

]1−µ
dnk

(2π)n

≤
[ ∫

IRn

(
1 + |k|2

)s|û(k)|2 dnk
(2π)n

]µ [∫

IRn

(
1 + |k|2

)s′ |û(k)|2 dnk
(2π)n

]1−µ

= |||u|||2µs |||u|||2(1−µ)
s′

Problem 2.1.13 Let ` ∈ IN0, Ω ⊂ IRn be open and u ∈ H`(Ω).

(a) Let K ⊂ Ω be compact. Suppose that u(x) = 0 for all x ∈ Ω \ K. Prove that

u ∈ H`
0(Ω).

(b) Let K ⊂ Ω. Suppose that u(x) = 0 for all x ∈ Ω \ K and that, for each R > 0,

K ∩ {|x| ≤ R} is compact. Prove that u ∈ H`
0(Ω).
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Solution. (a) Extend u(x) to all x ∈ IRn by setting u(x) = 0 for all x ∈ IRn \ Ω. Since

the original u vanishes in a neighbourhood of ∂Ω, the new u is in H `(IRn). By Problem

2.1.8, C∞0 (IRn) is dense in H`(IRn). Thus there is a sequence uj ∈ C∞0 (IRn) such that

lim
j→∞

|||u− uj|||` = 0

Since K is compact and Ω is open, there is a function ϕ ∈ C∞0 (Ω) that is identically one

on K. Thus ϕu = u, ϕuj ∈ C∞0 (Ω) and

lim
j→∞

‖u− ϕuj‖`,Ω = lim
j→∞

‖ϕu− ϕuj‖`,Ω = lim
j→∞

|||ϕ(u− uj)|||` = 0

since multiplication by ϕ is a bounded operator on H`(IRn), by part (a) of Problem 2.1.3.

Since H`
0(Ω) is a closed subspace of H`(IRn), we have that u ∈ H`

0(Ω).

(b) Let ϕ(x) ∈ C∞0 (IRn) take values in [0, 1] and be identically one for |x| ≤ 1. By part

(a) of Problem 2.1.3, we have that ϕ(x/j)u(x) ∈ H`(Ω). By part (a) of this question,

ϕ(x/j)u(x) ∈ H`
0(Ω). Since H`

0(Ω) is a closed subspace of H`(IRn), if suffices to prove

that ϕ(x/j)u(x) converges to u in H`(Ω). Equivalently, it suffices to prove that, for each

α ∈ INn
0 with |α| ≤ `, ∂α[u(x)− ϕ(x/j)u(x)] converges to zero in L2(Ω). But

∂α[u(x)− ϕ(x/j)u(x)] = [1− ϕ(x/j)]∂αu(x) +
∑

β∈INn
0

06=β≤α

1
j|β|

(∂βϕ)(x/j)∂α−βu

Now

lim
j→∞

∥∥[1− ϕ(x/j)]∂αu(x)
∥∥
L2(Ω)

≤ lim
j→∞

∥∥∂αu
∥∥
L2({x∈Ω | |x|≥j}) = 0

by the Lebesgue dominated convergence theorem and, for all β ∈ INn
0 with 0 6= β ≤ α,

lim
j→∞

∥∥ 1
j|β|

(∂βϕ)(x/j)∂α−βu
∥∥
L2(Ω)

≤ sup
x∈IRn

∣∣(∂βϕ)(x)
∣∣ lim
j→∞

1
j|β|

∥∥∂α−βu
∥∥
L2(Ω)

= 0

Problem 2.1.14 Let s < t and Ω be a bounded open subset of IRn. Since |||u|||s ≤ |||u|||t,
Ht

0(Ω) ⊂ Hs
0(Ω). The goal of this problem is to prove Rellich’s theorem, which states that

any bounded subset of Ht
0(Ω) is precompact when viewed as a subset of Hs

0(Ω).

(a) Let ψ be a real valued function in C∞0 (IRn) that is identically one on Ω. Prove that

if u ∈ C∞0 (Ω) then, for all α ∈ INn
0 ,

∣∣∂αk û(k)
∣∣ ≤ |||u|||t|||ψαk |||−t
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where ψαk (x) = xαeik·xψ(x).

(b) Prove that if u ∈ Ht
0(Ω) then, for all α ∈ INn

0 , ∂αk û(k) exists, is continuous and obeys

the bound of part (a).

(c) Let r > 0. Prove that if {ui}i∈IN ⊂
{
u ∈ Ht

0(Ω)
∣∣ |||u|||t ≤ r

}
, then there is a

subsequence uij which converges in Hs
0(Ω). Hints: (1) Let R > 0. Use the Arzelà–

Ascoli theorem to prove the existence of a subsequence that converges uniformly on

|k| ≤ R. (2) Bound separately the two terms in

∣∣∣∣∣∣uij − ui`
∣∣∣∣∣∣2
s

=

∫

|k|≤R
(1 + |k|2)s

∣∣ûij (k)− ûi`(k)
∣∣2 dnk

(2π)n

+

∫

|k|>R
(1 + |k|2)−(t−s)

(1 + |k|2)t
∣∣ûij (k)− ûi`(k)

∣∣2 dnk
(2π)n

Solution. (a) Since ψ is identically one on the support of u

û(k) =

∫
e−ik·xu(x) dnx =

∫
e−ik·xu(x)ψ(x) dnx

Hence, by Parseval,

∂αk û(k) =

∫
(−ix)αe−ik·xu(x)ψ(x) dnx = (−i)|α|

∫
u(x)ψαk (x) dnx

= (−i)|α|
∫
û(p)ψ̂αk (p) dnp

(2π)n

Inserting 1 = (1 + |p|2)t/2(1 + |p|2)−t/2 and applying Cauchy–Schwarz yields the desired

bound.

(b) Let ui ∈ C∞0 (Ω) converge in Ht
0(Ω) to u. Then |||ui|||s is bounded in i and |||ui − uj|||t

converges to zero as min{i, j} → ∞. Hence, for every α ∈ INn
0 , ∂αûi(k) is a sequence

of bounded continuous functions that converges uniformly on IRn by the bound of part

(a). The limit lim
i→∞

ûi(k) exists pointwise and is C∞. In Lemma 2.1.5, û(k) was defined

as the (1 + |k|2)s–weighted L2 limit of the ûi(k)’s. Every L2 convergent sequence has an

almost everywhere pointwise convergent subsequence. So û(k) = lim
i→∞

ûi(k). The bound is

obvious.

(c) Let R > 0. Since ψ̂αk (p) = ψ̂α0 (p− k), Peetre’s inequality, Lemma 2.3.4, implies that

|||ψαk |||
2
−t =

∫
(1 + |p|2)−t

∣∣ψ̂α0 (p− k)
∣∣2 dnp

(2π)n

=

∫
(1 + |p+ k|2)−t

∣∣ψ̂α0 (p)
∣∣2 dnp

(2π)n

≤ 2|t|(1 + |k|2)|t|
∫

(1 + |p|2)−t
∣∣ψ̂α0 (p)

∣∣2 dnp
(2π)n
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is bounded on |k| ≤ R. Hence, by the inequality of part (b), the sequence ûi(k) is bounded

and equicontinuous on {|k| ≤ R}. By the Arzelà–Ascoli theorem [F, Theorem 4.43], there

is a subsequence ûij (k) that converges uniformly on |k| ≤ R. For this subsequence

∣∣∣∣∣∣uij − ui`
∣∣∣∣∣∣2
s

=

∫
(1 + |k|2)s

∣∣ûij (k)− ûi`(k)
∣∣2 dnk

(2π)n

=

∫

|k|≤R
(1 + |k|2)s

∣∣ûij (k)− ûi`(k)
∣∣2 dnk

(2π)n

+

∫

|k|>R
(1 + |k|2)−(t−s)

(1 + |k|2)t
∣∣ûij (k)− ûi`(k)

∣∣2 dnk
(2π)n

≤ (1 +R2)
|s|

ΓnR
n sup
|k|≤R

∣∣ûij (k)− ûi`(k)
∣∣2

+ 2(1 +R2)
−(t−s)[|||uij |||2t + |||ui`|||

2
t

]

≤ (1 +R2)
|s|

ΓnR
n sup
|k|≤R

∣∣ûij (k)− ûi`(k)
∣∣2 + 4r2(1 + R2)

−(t−s)

where Γn is volume of the unit ball in IRn. Let ε > 0. First pick R such that

4r2(1 + R2)
−(t−s)

< ε2

2 . This is possible since t > s. Next pick M such that j, ` > M

implies that sup|k|≤R
∣∣ûij (k)− ûi`(k)

∣∣2 < ε2

2Γn
(1 + R2)

−|s|
R−n. Then j, ` > M implies

∣∣∣∣∣∣uij − ui`
∣∣∣∣∣∣
s
< ε

Problem 2.1.15

(a) Let s ∈ IR and v ∈ H−s(IRn). Prove that

|||v|||−s,n = sup
u∈Hs(IRn)

|||u|||s,n≤1

∣∣∣
∫
û(k)v̂(k) dnk

(2π)n

∣∣∣

(b) Let v ∈ L2(IRn) and s ≥ 0. Prove that

|||v|||−s,n = sup
u∈Hs(IRn)

|||u|||s,n≤1

∣∣ 〈u, v〉L2(IRn)

∣∣

(c) Let t < s and v ∈ Ht(IRn). Prove that if

M = sup
{ ∣∣∣

∫
û(k)v̂(k) dnk

(2π)n

∣∣∣
∣∣∣ û ∈ C∞0 (IRn), |||u|||−s,n ≤ 1

}
<∞
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then v ∈ Hs(IRn) and |||v|||s,n = M .

Solution. (a) By part (a) of Proposition 2.1.8,

∣∣∣
∫
û(k)v̂(k) dnk

(2π)n

∣∣∣ ≤ |||u|||s |||v|||−s

Hence

sup
u∈Hs(IRn)

|||u|||s≤1

∣∣∣
∫
û(k)v̂(k) dnk

(2π)n

∣∣∣ ≤ |||v|||−s

For the other inequality, it suffices to consider v 6= 0. Choose u so that

û(k) =
(
1 + |k|2

)−s v̂(k)
|||v|||−s

As

|||u|||2s =

∫ (
1 + |k|2

)s|û(k)|2 dnk
(2π)n = 1

|||v|||2−s

∫ (
1 + |k|2

)−s|v̂(k)|2 dnk
(2π)n = 1

and ∫
û(k)v̂(k) dnk

(2π)n = 1
|||v|||−s

∫ (
1 + |k|2

)−s|v̂(k)|2 dnk
(2π)n = |||v|||−s

we have

sup
u∈Hs(IRn)

|||u|||s≤1

∣∣∣
∫
û(k)v̂(k) dnk

(2π)n

∣∣∣ ≥ |||v|||−s

(b) When s ≥ 0, Hs(IRn) ⊂ L2(IRn). If v ∈ L2(IRn) as well,

〈u, v〉L2(IRn) =

∫
û(k)v̂(k) dnk

(2π)n

and part (b) follows from part (a).

(c) Let ψ ∈ C∞0 (IRn) take values in [0, 1], be identically one on
{
k ∈ IRn

∣∣ |k| < 1
}
,

identically zero on
{
k ∈ IRn

∣∣ |k| > 2
}

and monotone decreasing in |k|. The function,

vR, whose Fourier transform is v̂R(k) = ψ(k/R)v̂(k) obeys

|||vR|||2s =

∫ (
1 + |k|2

)s|ψ(k/R)v̂(k)|2 dnk
(2π)n ≤ (1 + 4R2)

s−t
∫ (

1 + |k|2
)t|v̂(k)|2 dnk

(2π)n <∞

and hence is in Hs(IRn). If |||u|||−s ≤ 1, the function, uR, whose Fourier transform is

ûR(k) = ψ(k/R)û(k) also obeys |||uR|||−s ≤ |||u|||−s ≤ 1. Hence

∣∣∣
∫
û(k)v̂R(k) dnk

(2π)n

∣∣∣ =
∣∣∣
∫
ûR(k)v̂(k) dnk

(2π)n

∣∣∣ ≤M
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for all u ∈ C∞0 (IRn) with |||u|||−s ≤ 1. Since vR ∈ Hs(IRn), the map u 7→
∫
û(k)v̂R(k) dnk

(2π)n

is continuous on H−s(IRn) by Proposition 2.1.8. Since C∞0 (IRn) is dense in H−s(IRn) we

have ∣∣∣
∫
û(k)v̂R(k) dnk

(2π)n

∣∣∣ ≤M

for all u ∈ H−s(IRn) with |||u|||−s ≤ 1. By part (a), |||vR|||s ≤ M for all R > 0. By the

monotone convergence theorem

∫ (
1 + |k|2

)s|v̂(k)|2 dnk
(2π)n = lim

R→∞

∫ (
1 + |k|2

)s|ψ(k/R)v̂(k)|2 dnk
(2π)n ≤M

Problem 2.1.16 Prove Lemma 2.1.14. That is:

Let ` ∈ ZZ.

(a) Let ϕ : Ω → C and all of its derivatives of order at most |`| be bounded and continuous.

Prove that the map v ∈
{
v ∈ C|`|(Ω)

∣∣ ‖v‖max{0,`},Ω <∞
}
7→ ϕv has a unique extension

to a bounded, linear map on H`(Ω) and that there is a constant C|`|,n, depending only on

|`| and n, such that

‖ϕu‖`,Ω ≤ C|`|,n‖ϕ‖C|`|(Ω)‖u‖`,Ω

for all u ∈ H`(Ω). Here ‖ϕ‖C`(Ω) = sup
x∈Ω

α∈INn
0

, |α|≤`

∣∣∂αϕ(x)
∣∣.

(b) Let α ∈ INn
0 . Prove that the map v ∈

{
v ∈ Cmax{`,|α|}(Ω)

∣∣ ‖v‖max{`,|α|},Ω < ∞
}
7→

∂αv has a unique extension to a bounded, linear map from H`(Ω) to H`−|α|(Ω). In the

case 0 < ` < |α|, assume that
{
v ∈ C|α|(Ω)

∣∣ ‖v‖|α|,Ω <∞
}

is dense in H`(Ω).

Solution. (a) The case ` ≥ 0 has already been dealt with part (a) of Problem 2.1.3,

so let ` < 0. Observe that if u ∈ C
|`|
0 (Ω), then ϕu ∈ C

|`|
0 (Ω) ⊂ H

|`|
0 (Ω), by Problem

2.1.2. As H
|`|
0 (Ω) is a closed subspace of H |`|(Ω), part (a) of Problem 2.1.3 implies that

multiplication by ϕ maps H
|`|
0 (Ω) into itself. If L ∈ H`(Ω) = H

|`|
0 (Ω)∗ then,

∣∣L(ϕu)| ≤ ‖L‖`,Ω‖ϕu‖|`|,Ω ≤ C|`|,n‖ϕ‖C|`|(Ω)‖L‖`,Ω‖u‖|`|,Ω

for all u ∈ H |`|
0 (Ω), by part (a) of Problem 2.1.3. Hence

(MϕL)u = L(ϕu)
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defines another element of H`(Ω) = H
|`|
0 (Ω)∗ and furthermore

‖MϕL‖`,Ω ≤ C|`|,n‖ϕ‖C|`|(Ω)‖L‖`,Ω

If v ∈ L2(Ω) and Lv is the element of H
|`|
0 (Ω)∗ that is defined in part (b) of Theorem

2.1.11 and is identified with v in Remark 2.1.12, then

(MϕLv)u = Lv(ϕu) = 〈ϕu, v̄〉L2(Ω) = 〈u, ϕv〉L2(Ω) = Lϕvu

Thus Mϕ is a bounded, linear map on H`(Ω) that extends the prescribed v 7→ ϕv map.

By part (b) of Theorem 2.1.11, C∞0 (Ω) ⊂
{
v ∈ C|`|(Ω)

∣∣ ‖v‖0,Ω <∞
}

is dense in H`(Ω).

So the extension is unique.

(b) We can always express ∂α as a product of derivatives of order one, so it suffices to

consider |α| = 1. The case ` ≥ |α| has already been dealt with part (b) of Problem 2.1.3,

so let ` ≤ 0. Observe that

• if u ∈ C
|`|+1
0 (Ω), then ∂αu ∈ C

|`|
0 (Ω) ⊂ H

|`|
0 (Ω), by Problem 2.1.2. As H

|`|
0 (Ω) is a

closed subspace of H |`|(Ω), part (b) of Problem 2.1.3 implies that ∂α maps H
|`|+1
0 (Ω)

into H
|`|
0 (Ω).

• Since C∞0 (Ω) is dense in L2(Ω), H0(Ω) = H0
0 (Ω). By the Riesz representation theo-

rem, there is a natural identification between H`(Ω) and H
|`|
0 (Ω)∗ for ` = 0 too.

If L ∈ H`(Ω) = H
|`|
0 (Ω)∗ then,

∣∣L(∂αu)| ≤ ‖L‖`,Ω‖∂αu‖|`|,Ω ≤ ‖L‖`,Ω‖u‖|`|+1,Ω

for all u ∈ H |`|+1
0 (Ω), by part (b) of Problem 2.1.3. Hence

(DαL)u = −L(∂αu)

defines an element of H`−1(Ω) = H
|`|+1
0 (Ω)∗ and furthermore ‖DαL‖`−1,Ω ≤ ‖L‖`,Ω. If

v ∈ C1(Ω) with v, ∂αv ∈ L2(Ω) and Lv is the element of H
|`|
0 (Ω)∗ that is defined in part

(b) of Theorem 2.1.11 and is identified with v in Remark 2.1.12, then

(DαLv)u = −Lv(∂αu) = −〈∂αu, v̄〉L2(Ω) =
〈
u, ∂αv

〉
L2(Ω)

= L∂αvu

for all u ∈ C∞0 (Ω), by the divergence theorem. Thus Dα is a bounded, linear map from

H`(Ω) to H`−1(Ω) that extends the prescribed v 7→ ∂αv map. Since C∞0 (Ω), which is

contained in the domain of the prescribed map, is dense in L2(Ω) and L2(Ω) is, in turn,

dense in H`(Ω), by part (b) of Theorem 2.1.11, the extension is unique.
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Problem 2.1.17 This problem illustrates the need for the multiplier ϕ of part (a) of

Lemma 2.1.14 to be relatively smooth if the product ϕv is to be well–defined when v is

quite unsmooth. In this problem, ϕ will be a characteristic function with a discontinuity

at 0 and there will be two different v’s. One will be a Dirac delta function and the other

the derivative of a Dirac delta function. Both will be supported on the point 0. Let

Ω = (−1, 1). Let w ∈ C∞0 (IR) be supported in
[
− 1

2 ,
1
2

]
. Assume that w is even and obeys∫

IR
w(x) dx = 1 and w′(x) ≥ 0 for x < 0. Define, for ε > 0 and u ∈ C∞0 (Ω),

δ(u) = u(0) δε(u) =

∫ 1

−1

1
εw

(
x
ε

)
u(x) dx δε,+(u) =

∫ 1

−1

1
εw

(
x−ε
ε

)
u(x) dx

δ′(u) = −u′(0) δ′ε(u) =

∫ 1

−1

1
ε2
w′

(
x
ε

)
u(x) dx

(a) Prove that δ, δε and δε,+ all have unique continuous extensions to elements of H−1(Ω).

Prove that δ′ and δ′ε have unique continuous extensions to elements of H−2(Ω).

(b) Prove that

lim
ε→0+

δε = δ and lim
ε→0+

δε,+ = δ

in H−2(Ω) and

lim
ε→0+

δ′ε = δ′

in H−3(Ω).

(c) Let ϕ be the characteristic function of (0, 1). Prove that

lim
ε→0+

ϕδε = 1
2δ and lim

ε→0+
ϕδε,+ = δ

in H−2(Ω) and that lim
ε→0+

ϕδ′ε diverges in H−`(Ω) for all ` ∈ IN.

Solution. a) Recall, from Problem 2.1.11, that, for all u ∈ C∞
0 (Ω) ⊂ C∞0 (IR), there is a

constant C such that

sup
x

∣∣u(x)
∣∣ ≤ C‖u‖1,Ω sup

x

∣∣u′(x)
∣∣ ≤ C‖u‖2,Ω sup

x

∣∣u′′(x)
∣∣ ≤ C‖u‖3,Ω

The existence and uniqueness of the desired extensions follows from the denseness of C∞
0 (Ω)
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in H`
0(Ω) and the bounds

|δ(u)| = |u(0)| ≤ C‖u‖1,Ω

|δ′(u)| = |u′(0)| ≤ C‖u‖2,Ω

∣∣δε(u)
∣∣ ≤

∫
1
ε
w

(
x
ε

)
|u(x)| dx ≤

∫
1
ε
w

(
x
ε

)
C‖u‖1,Ω dx = C‖u‖1,Ω

∫
w(y) dy = C‖u‖1,Ω

∣∣δε,+(u)
∣∣ ≤

∫
1
εw

(
x−ε
ε

)
|u(x)| dx ≤

∫
1
εw

(
x−ε
ε

)
C‖u‖1,Ω dx = C‖u‖1,Ω

∣∣δ′ε(u)
∣∣ =

∣∣∣∣
∫

1
ε2w

′(x
ε

)
u(x) dx

∣∣∣∣ =

∣∣∣∣
∫

1
εw

(
x
ε

)
u′(x) dx

∣∣∣∣ ≤ C‖u‖2,Ω

∫
1
εw

(
x
ε

)
dx = C‖u‖2,Ω

We have used the change of variables y = x
ε in lines 3 and 5, the change of variables

y = x−ε
ε in line 4 and integration by parts in line 5.

(b) Since
∫
w(x) dx = 1, we have

∫
1
εw

(
x
ε

)
u(0) dx = u(0)

∫
1
εw

(
x
ε

)
dx = u(0)

∫
w(y) dy = u(0)

For 0 < ε < 1, w
(
x
ε

)
is supported on

[
− ε

2 ,
ε
2

]
and

∣∣δε(u)− δ(u)
∣∣ =

∣∣δε(u)− u(0)
∣∣ =

∣∣∣∣
∫

1
ε
w

(
x
ε

)
[u(x)− u(0)] dx

∣∣∣∣

≤
∫

1
εw

(
x
ε

)
|x| sup

x
|u′(x)| dx ≤ C‖u‖2,Ω

∫
1
εw

(
x
ε

)
|x| dx

= εC‖u‖2,Ω

∫
|y|w(y) dy ≤ εC‖u‖2,Ω

∫
w(y) dy = εC‖u‖2,Ω

which implies that δε converges to δ in H−2(Ω) as ε→ 0. Similarly

∣∣δε,+(u)− δ(u)
∣∣ =

∣∣δε,+(u)− u(0)
∣∣ ≤

∣∣δε,+(u)− u(ε)
∣∣ +

∣∣u(ε)− u(0)
∣∣

=

∣∣∣∣
∫

1
εw

(
x−ε
ε

)
[u(x)− u(ε)] dx

∣∣∣∣ +
∣∣u(ε)− u(0)

∣∣

≤
∫

1
εw

(
x−ε
ε

)
|x− ε| sup

x
|u′(x)| dx+ |ε| sup

x
|u′(x)|

≤ C‖u‖2,Ω

∫
1
ε
w

(
x−ε
ε

)
|x− ε| dx+ εC‖u‖2,Ω

= εC‖u‖2,Ω

∫
|y|w(y) dy+ εC‖u‖2,Ω ≤ 2εC ‖u‖2,Ω

implies that δε,+ converges to δ in H−2(Ω). By integration by parts, δ′ε(u) = −δε(u′). So

∣∣δ′ε(u)− δ′(u)
∣∣ =

∣∣− δε(u
′) + u′(0)

∣∣ ≤ εC‖u′‖2,Ω ≤ εC‖u‖3,Ω
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(c) Since w is even,
∫∞
0
w(x) dx = 1

2

∫
w(x) dx = 1

2 , so that

∫ ∞

0

1
ε
w

(
x
ε

)
u(0) dx = u(0)

∫ ∞

0

1
ε
w

(
x
ε

)
dx = u(0)

∫ ∞

0

w(y) dy = 1
2
u(0)

Hence, for 0 < ε < 1,

∣∣(ϕδε)(u)− 1
2δ(u)

∣∣ =
∣∣(ϕδε)(u)− 1

2u(0)
∣∣ =

∣∣∣∣
∫ ∞

0

1
εw

(
x
ε

)
[u(x)− u(0)] dx

∣∣∣∣

≤
∫

1
εw

(
x
ε

)
|x| sup

x
|u′(x)| dx ≤ εC‖u‖2,Ω

and ϕδε converges to 1
2δ in H−2(Ω). Since w

(
x−ε
ε

)
is supported on

[
ε
2 ,

3ε
2

]
, ϕδε,+ = δε,+

for 0 < ε < 1
2
. So ϕδε,+ converges to 1

2
δ in H−2(Ω).

Fix any u ∈ C∞0 (Ω) ⊂ H−`(Ω) that is identically one on
[
− 1

2 ,
1
2

]
. Since w′

(
x
ε

)
is

supported on
[
− ε

2 ,
ε
2

]
, we have, for 0 < ε < 1,

(ϕδ′ε)(u) =

∫ 1

0

1
ε2w

′(x
ε

)
u(x) dx =

∫ 1

0

1
ε2w

′(x
ε

)
dx =

∫ 1

0

1
ε
d
dxw

(
x
ε

)
dx = 1

ε

[
w

(
1
ε

)
− w(0)

]

= −w(0)
ε

This diverges as ε→ 0.

Problem 2.1.18 Let Ω ⊂ IRn be a bounded open set and k ∈ IN. Prove that Ω has

Ck boundary if and only if, for each p ∈ ∂Ω, there is an open neighbourhood U(p) of

p and a Ck function φp : U(p) → IR such that ∇φp(p) 6= 0, U(p) ∩ ∂Ω = φ−1
p (0) and

U(p) ∩ Ω = φ−1
p

(
(0,∞)

)
.

Solution. Assume that Ω has Ck boundary and let p ∈ ∂Ω. Let U(p) and ψp be the

neighbourhood of p and the diffeomorphism, respectively, provided by Definition 2.1.15.

Let φp be the nth component of ψp. The gradient of φp at p is one row of the Jacobian

matrix of ψp and hence cannot vanish, as ψp is a diffeomorphism. Furthermore,

U(p) ∩ ∂Ω = ψ−1
p

({
x ∈ IRn

∣∣ xn = 0
})

= φ−1
p (0)

U(p) ∩ Ω = ψ−1
p

({
x ∈ IRn

∣∣ xn > 0
})

= φ−1
p

(
(0,∞)

)

Let p ∈ ∂Ω and assume that there is an open neighbourhood V(p) of p and a Ck

function φp : V(p) → IR such that ∇φp(p) 6= 0 and V(p)∩∂Ω = φ−1
p (0). Since ∇φp(p) 6= 0,

there is a 1 ≤ j ≤ n such that
∂φp

∂xj
(p) 6= 0. By the implicit function theorem, there is a

neighbourhood U(p) ⊂ V(p) of p and a Ck function ζp : U(p) → IR, which is independent

of xj such that

U(p) ∩ ∂Ω =
{
x ∈ U(p)

∣∣ xj = ζp(x)
}
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The function ζp is independent of the variable xj . Set, ψ̃(x) =
(
ψ̃1(x), · · · , ψ̃n(x)

)
where,

for 1 ≤ i ≤ n,

ψ̃i(x) =

{
xi − pi if i 6= j
xj − ζp(x) if i = j

Then ψ̃ is a Ck diffeomorphism from U(p) to the image under ψ̃ of U(p), which contains

ψ̃(p) = 0. Its inverse map has ith component

ψ̃−1
i (y) =

{
yi + pi if i 6= j
yj + ζp(y + p) if i = j

By permuting the components of ψ̃ we may assume that j = n. By shrinking U(p), we may

assume that the range of ψ̃ is a ball of some radius r > 0 centred on ψ̃(p) = 0. Possibly

replacing the nth component of ψ̃ by its negative, we have

ψ̃
(
U(p) ∩ Ω

)
=

{
x ∈ IRn

∣∣ |x| < r, xn > 0
}

ψ̃
(
U(p) ∩ ∂Ω

)
=

{
x ∈ IRn

∣∣ |x| < r, xn = 0
}

It now suffices to compose ψ̃ with a suitable diffeomorphism from the ball of radius r to

IRn. For example, let ρ : [0, r) → [0,∞) be a C∞ function that is identically one on [0, r/2)

and increases monotonically to ∞ as its argument increases to r. Then

ψp(x) = ρ
( ∣∣ψ̃(x)

∣∣ ) ψ̃(x)

does the job.

Problem 2.1.19 Prove that ‖ · ‖s,∂Ω, given in Definition 2.1.18, is a norm. Prove further

that

〈f, g〉s,∂Ω =

N∑

i=1

〈
(χif) ◦ ψ−1

pi
, (χig) ◦ ψ−1

pi

〉
s,n−1

is an inner product.

Solution. Define, for f, g ∈ C∞(∂Ω) and i ≤ 1 ≤ N ,

Ai =
∣∣∣∣∣∣(χif) ◦ ψ−1

pi

∣∣∣∣∣∣
s,n−1

Bi =
∣∣∣∣∣∣(χig) ◦ ψ−1

pi

∣∣∣∣∣∣
s,n−1

Then clearly ‖f‖2
s,∂Ω =

∑N
i=1A

2
i is positive and vanishes only if Ai = 0 for all 1 ≤ i ≤ N .

But in the latter case χif is the zero function for all i. As the χi’s form a partition of

unity for ∂Ω, this implies that f is also the zero function. This verifies the positivity and
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nondegeneracy of both ‖ · ‖s,∂Ω and 〈 · , · 〉s,∂Ω. The sesquilinearity of 〈 · , · 〉s,∂Ω is

obvious. So is 〈g, f〉s,∂Ω = 〈f, g〉s,∂Ω. The remaining two norm axioms are automatic.

Alternatively, they can be easily proven directly:

‖αf‖2
s,∂Ω =

N∑

i=1

∣∣∣∣∣∣(χiαf) ◦ ψ−1
pi

∣∣∣∣∣∣2
s,n−1

=

N∑

i=1

|α|2
∣∣∣∣∣∣(χif) ◦ ψ−1

pi

∣∣∣∣∣∣2
s,n−1

= |α|2 ‖f‖2
s,∂Ω

and

‖f + g‖s,∂Ω =

√√√√
N∑

i=1

∣∣∣∣∣∣(χi(f + g)) ◦ ψ−1
pi

∣∣∣∣∣∣2
s,n−1

≤

√√√√
N∑

i=1

(Ai + Bi)2

=
∥∥(Ai + Bi)1≤i≤N

∥∥
IRN ≤

∥∥(Ai)1≤i≤N
∥∥

IRN +
∥∥(Bi)1≤i≤N

∥∥
IRN

= ‖f‖s,∂Ω + ‖g‖s,∂Ω

Problem 2.1.20 Let ϕ ∈ C∞0 (IRm) and let ψ : IRm → IRm be a C∞ diffeomorphism.

Then, for each ` ∈ IN0, the map

C∞0 (IRm) → C∞0 (IRm)

f 7→ (ϕf) ◦ ψ−1

extends to a bounded linear map on H`(IRm).

Solution. Let α ∈ INm
0 with |α| ≤ `. We first consider |α| = 0. Making the change of

variables x = ψ(y) and using
∣∣∂x
∂y

∣∣ to denote the associated Jacobian determinant

∫ ∣∣ϕ
(
ψ−1(x)

)
f
(
ψ−1(x)

)∣∣2 dmx =

∫ ∣∣ϕ(y)f(y)
∣∣2∣∣∂x

∂y
(y)

∣∣ dmy

Since ψ−1 and ϕ are C∞ and ϕ is of compact support, C ≡ supy
∣∣ϕ(y)

∣∣2∣∣∂x
∂y (y)

∣∣ is finite,

so that ∫ ∣∣ϕ
(
ψ−1(x)

)
f
(
ψ−1(x)

)∣∣2 dmx ≤ C

∫ ∣∣f(y)
∣∣2 dmy

Since C∞0 (IRm) is dense in H0(IRm) = L2(IRm), the B.L.T. theorem now finishes the proof

when ` = 0.

Next consider general α. By the product and chain rules

∂
∂xi

[
ϕ
(
ψ−1(x)

)
f
(
ψ−1(x)

)]
=

m∑

j=1

[
∂ϕ
∂xj

(y)f(y) + ϕ(y)∂ f∂xj
(y)

]
y=ψ−1(x)

∂ψ−1
j

∂ xi
(x)
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By further repeated application of the product and chain rules

∂α
[
ϕ
(
ψ−1(x)

)
f
(
ψ−1(x)

)]
=

∑

β∈INm
0

|β|≤|α|

gβ(x)(∂
βf)

(
ψ−1(x)

)

with each gβ bounded and of compact support, since ψ−1 and ϕ are C∞ and ϕ is of

compact support. Again making the change of variables x = ψ(y),
∫ ∣∣∣∂α

[
ϕ
(
ψ−1(x)

)
f
(
ψ−1(x)

)]∣∣∣
2

dmx =

∫ ∣∣∣
∑

β∈INm
0

|β|≤|α|

gβ(x)(∂
βf)

(
ψ−1(x)

)∣∣∣
2

dmx

=

∫ ∣∣ ∑
β∈INm

0
|β|≤|α|

gβ
(
ψ(y)

)
(∂βf)(y)

∣∣2∣∣∂x
∂y (y)

∣∣ dmy

≤
∫ [ ∑

β∈INm
0

|β|≤|α|

∣∣gβ
(
ψ(y)

)∣∣2
][ ∑

β∈INm
0

|β|≤|α|

∣∣(∂βf)(y)
∣∣2

]∣∣∂x
∂y (y)

∣∣ dmy

by Cauchy–Schwarz. Once again,

C|α| ≡ sup
y

∣∣∂x
∂y (y)

∣∣
[ ∑

β∈INm
0

|β|≤|α|

∣∣gβ
(
ψ(y)

)∣∣2
]

is finite since ψ−1 is C∞ and the gβ’s are bounded and of compact support. Hence
∫ ∣∣∣∂α

[
ϕ
(
ψ−1(x)

)
f
(
ψ−1(x)

)]∣∣∣
2

dmx ≤ C|α|

∫ [ ∑
β∈INm

0
|β|≤|α|

∣∣(∂βf)(y)
∣∣2

]
dmy = C|α||||f|||2|α|

The claim now follows by the B.L.T. theorem.

Problem 2.1.21 Prove that ‖ · ‖0,∂Ω is equivalent to

‖f‖L2(∂Ω) =

√∫

∂Ω

|f(x)|2 dσ(x)

where dσ(x) is the surface measure on ∂Ω.

Solution. Let
(
U(p), ψp

)
be a coordinate system as in Notation 2.1.16 and let χi ∈

C∞0
(
U(pi)

)
, 1 ≤ i ≤ N be a partition of unity as in Definition 2.1.18. Then

‖f‖2
L2(∂Ω) =

∑

i,j

∫

∂Ω

χif χjf dσ(x) ≤
∑

i,j

‖χif‖L2(∂Ω)‖χjf‖L2(∂Ω)

≤
∑

i,j

1
2

[
‖χif‖2

L2(∂Ω) + ‖χjf‖2
L2(∂Ω)

]
= N

∑

i

‖χif‖2
L2(∂Ω)
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and

‖f‖2
L2(∂Ω) =

∑

i

∫

∂Ω

χi|f |2 dσ(x) ≥
∑

i

∫

∂Ω

χ2
i |f |2 dσ(x) =

∑

i

‖χif‖2
L2(∂Ω)

So it remains only to show that
∫
∂Ω
χ2
i |f |2 dσ(x) is bounded above and below by constants

times

∣∣∣∣∣∣(χif) ◦ ψ−1
pi

∣∣∣∣∣∣2
0,n−1

=

∫

IRn−1

∣∣(χif) ◦ ψ−1
pi

(x1, · · · , xn−1, 0)
∣∣2 dx1 · · ·dxn−1

As in Problem 2.1.18, we may always arrange that, in the support of χi,

• ∂Ω is given by the equation xn = ζ(x), with ζ a C∞ function that is independent of

xn and

• ψpi
(x) =

(
x1, · · · , xn−1, xn − ζ(x)

)

In this setting dσ(x) =
∣∣∇ζ(x) − ên

∣∣ dx1 · · ·dxn−1 where ên = (0, · · · , 0, 1). As ∇ζ is

C∞ and has no ên component,
∣∣∇ζ(x)− ên

∣∣ is bounded below by one and above by some

constant so that

∫

∂Ω

χ2
i |f |2 dσ(x) =

∫

IRn−1

∣∣(χif)
(
x1, · · · , xn−1, ζ(x)

)∣∣2 ∣∣∇ζ(x)− ên
∣∣dx1 · · ·dxn−1

is clearly bounded above and below by constants times

∣∣∣∣∣∣(χif) ◦ ψ−1
pi

∣∣∣∣∣∣2
0,n−1

=

∫

IRn−1

∣∣(χif)
(
x1, · · · , xn−1, ζ(x)

)∣∣2 dx1 · · ·dxn−1

Problem 2.1.22 Let s ∈ IR. Prove that there are constants Cs and cs, depending only

on n, Ω and s, such that

∣∣ 〈f, ḡ〉L2(∂Ω)

∣∣ ≤ Cs ‖f‖−s,∂Ω‖g‖s,∂Ω

for all f, g ∈ C∞(∂Ω) and

‖f‖−s,∂Ω ≤ cs sup
{ ∣∣ 〈f, ḡ〉L2(∂Ω)

∣∣ ∣∣ g ∈ C∞(∂Ω), ‖g‖s,∂Ω ≤ 1
}

for all f ∈ C∞(∂Ω). Here, as you would expect,

〈f, g〉L2(∂Ω) =

∫

∂Ω

f(x)g(x) dσ(x)
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where dσ(x) is the surface measure on ∂Ω.

Solution. (a) Let
(
U(p), ψp

)
be a coordinate system as in Notation 2.1.16 and let χi ∈

C∞0
(
U(pi)

)
, 1 ≤ i ≤ N be a partition of unity as in Definition 2.1.18. For each 1 ≤ i ≤ N ,

let ξi ∈ C∞(∂Ω∩U(pi)) be the function
∣∣∇ζ− ên

∣∣ constructed in Problem 2.1.21 for patch

number i and also choose some χ̃i ∈ C∞0
(
U(pi)

)
that is identically one on the support of

χi. Then

〈f, ḡ〉L2(∂Ω) =
∑

i,j

〈χif, χj ḡ〉L2(∂Ω) =
∑

i,j

〈χif, χ̃iχj ḡ〉L2(∂Ω)

=
∑

i,j

〈
(χif) ◦ ψ−1

pi
, (χ̃iχjξiḡ) ◦ ψ−1

pi

〉
L2(IRn−1)

By Proposition 2.1.8,

∣∣ 〈
(χif) ◦ ψ−1

pi
, (χ̃iχjξiḡ) ◦ ψ−1

pi

〉
L2(IRn−1)

∣∣ ≤
∣∣∣∣∣∣(χif) ◦ ψ−1

pi

∣∣∣∣∣∣
−s,n−1

∣∣∣∣∣∣(χ̃iχjξiḡ) ◦ ψ−1
pi

∣∣∣∣∣∣
s,n−1

≤ ‖f‖−s,∂Ω

∣∣∣∣∣∣(χ̃iχjξig) ◦ ψ−1
pi

∣∣∣∣∣∣
s,n−1

= ‖f‖−s,∂Ω

∣∣∣∣∣∣(χ̃iχjξig) ◦ ψ−1
pj

◦ (ψpj
◦ ψ−1

pi
)
∣∣∣∣∣∣
s,n−1

≤ C ′‖f‖−s,∂Ω

∣∣∣∣∣∣(χjg) ◦ ψ−1
pj

∣∣∣∣∣∣
s,n−1

≤ C ′‖f‖−s,∂Ω‖g‖s,∂Ω

For the second last inequality, we used Lemma 2.1.19, with ϕ = (χ̃iχ̃jξi) ◦ ψ−1
pj

and ψ a

C∞ diffeomorphism of IRn−1 that coincides with ψpi
◦ ψ−1

pj
on ψpj

(
U(pi) ∩ U(pj)

)
. The

desired bound now follows with Cs = N2C ′.

(b) Recall that

‖f‖2
−s,∂Ω =

N∑

i=1

∣∣∣∣∣∣(χif) ◦ ψ−1
pi

∣∣∣∣∣∣2
−s,n−1

Let, for each 1 ≤ i ≤ N , gi ∈ S(IRn−1) be the function whose Fourier transform is(
1 + |k|2

)−s
times the Fourier transform of (χif) ◦ ψ−1

pi
. Then

|||gi|||s,n−1 =
∣∣∣∣∣∣(χif) ◦ ψ−1

pi

∣∣∣∣∣∣
−s,n−1

≤ ‖f‖−s,∂Ω

and

∣∣∣∣∣∣(χif) ◦ ψ−1
pi

∣∣∣∣∣∣2
−s,n−1

=
〈
(χif) ◦ ψ−1

pi
, gi

〉
L2(IRn−1)

=
〈
χif, ξ

−1
i (gi ◦ ψpi

)
〉
L2(∂Ω)

where ξi was defined in part (a). Thus

‖f‖2
−s,∂Ω =

〈
f, Ḡ

〉
L2(∂Ω)

where G =
N∑

i=1

χiξ
−1
i (ḡi ◦ ψpi

)
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so that

sup
{ ∣∣ 〈f, ḡ〉L2(∂Ω)

∣∣ ∣∣ g ∈ C∞(∂Ω), ‖g‖s,∂Ω ≤ 1
}
≥ ‖f‖2−s,∂Ω

‖G‖s,∂Ω

The proof is completed by verifying that

‖G‖s,∂Ω ≤ N max
1≤i≤N

‖χiξ−1
i (ḡi ◦ ψpi

)‖s,∂Ω

≤ N3/2 max
1≤i,j≤N

∣∣∣∣∣∣(χjχiξ−1
i (ḡi ◦ ψpi

)
)
◦ ψ−1

pj

∣∣∣∣∣∣
s,n−1

≤ cs max
1≤i≤N

|||ḡi|||s,n−1

≤ cs ‖f‖−s,∂Ω

For the second last inequality, we used Lemma 2.1.19, with ϕ = (χiχjξ
−1
i ) ◦ ψ−1

pi
and ψ a

C∞ diffeomorphism of IRn−1 that coincides with ψpj
◦ ψ−1

pi
on ψpi

(
U(pi) ∩ U(pj)

)
.

Problem 2.1.23 Let 0 ≤ s ∈ IR. By Problem 2.1.22, if f ∈ C∞(∂Ω) then

g ∈ C∞(∂Ω) 7→ Lfg = 〈f, ḡ〉L2(∂Ω)

extends to a bounded linear functional on Hs(∂Ω) with norm bounded by Cs‖f‖−s,∂Ω.

Prove that the map f 7→ Lf has a unique continuous extension to an isomorphism

L : H−s(∂Ω) → Hs(∂Ω)∗

and that
{
Lf

∣∣ f ∈ C∞(∂Ω)
}

is dense in Hs(∂Ω)∗.

Solution. By definition, C∞(∂Ω) is dense in Hs(∂Ω). So the existence of a unique contin-

uous extension is an immediate consequence of the BLT theorem. Let ‖ · ‖−s,∂Ω,∗ denote

the norm on Hs(∂Ω)∗. By Problem 2.1.22,

c−1
s ‖f‖−s,∂Ω ≤ ‖Lf‖−s,∂Ω,∗ ≤ Cs‖f‖−s,∂Ω

for all f ∈ C∞(∂Ω). These inequalities extend by continuity to all f ∈ Hs(∂Ω). So L is

an isometry onto a closed linear subspace of Hs(∂Ω)∗.

Now we prove the denseness. Since Hs(∂Ω) is a Hilbert space, with the inner product

given in Problem 2.1.19, the Riesz representation theorem says that, for each L ∈ Hs(∂Ω)∗,

there is a vector uL ∈ Hs(∂Ω) such that Lw = 〈w, uL〉s,∂Ω for all w ∈ Hs(∂Ω). The map

L 7→ uL is an isometry from Hs(∂Ω)∗ to Hs(∂Ω). So if
{
Lf

∣∣ f ∈ C∞(∂Ω)
}

is not dense
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in Hs(∂Ω)∗, then
{
uLf

∣∣ f ∈ C∞(∂Ω)
}

is not dense in Hs(∂Ω) and there is a nonzero

vector w ∈ Hs(∂Ω) that is orthogonal to
{
uLf

∣∣ f ∈ C∞(∂Ω)
}
. But

w ⊥
{
uLf

∣∣ f ∈ C∞(∂Ω)
}

=⇒ 0 =
〈
w, uLf

〉
s,∂Ω

= Lf (w) = Lw(f) for all f ∈ C∞(∂Ω)

Since C∞(∂Ω) is dense in Hs(∂Ω), Lw = 0. So w = 0 as an element of H−s(∂Ω) and hence

also as an element of Hs(∂Ω). This contradicts the assumption that
{
Lf

∣∣ f ∈ C∞(∂Ω)
}

is not dense in Hs(∂Ω)∗. This also completes the proof that L is surjective.

Problem 2.1.24 Let ` ∈ IN0 and s > `+ n
2 . Prove that if u ∈ Hs(∂Ω), then u ∈ C`(∂Ω)

and there is a constant C, depending only on Ω and |`|, such that

‖u‖C`(∂Ω) ≤ C‖u‖s,∂Ω

Solution. Using the notation of Definition 2.1.18, we have, by Problem 2.1.11,
∥∥(χiu) ◦ ψ−1

pi

∥∥2

C`(IRn−1)
≤ C2

∣∣∣∣∣∣(χiu) ◦ ψ−1
pi

∣∣∣∣∣∣2
s,n−1

≤ C2‖u‖2
s,∂Ω

for each 1 ≤ i ≤ N . The claim follows.

Problem 2.1.25 Let s and s′ be real numbers and 0 ≤ µ ≤ 1. Let N be the number of

neighbourhoods in the cover of ∂Ω used in Definition 2.1.18. Prove that

‖f‖µs+(1−µ)s′,∂Ω ≤ N‖f‖µs,∂Ω ‖u‖1−µ
s′,∂Ω

for all f ∈ Hmax{s,s′}(∂Ω).

Solution. Using the notation of Definition 2.1.18, we have, by Problem 2.1.12,

‖f‖2
µs+(1−µ)s′,∂Ω =

N∑

i=1

∣∣∣∣∣∣(χif) ◦ ψ−1
pi

∣∣∣∣∣∣2
µs+(1−µ)s′,n−1

≤
N∑

i=1

∣∣∣∣∣∣(χif) ◦ ψ−1
pi

∣∣∣∣∣∣2µ
s,n−1

∣∣∣∣∣∣(χif) ◦ ψ−1
pi

∣∣∣∣∣∣2(1−µ)

s′,n−1

≤
[ N∑

i=1

∣∣∣∣∣∣(χif) ◦ ψ−1
pi

∣∣∣∣∣∣2µ
s,n−1

][ N∑

i=1

∣∣∣∣∣∣(χif) ◦ ψ−1
pi

∣∣∣∣∣∣2(1−µ)

s′,n−1

]

≤ N

[ N∑

i=1

∣∣∣∣∣∣(χif) ◦ ψ−1
pi

∣∣∣∣∣∣2
s,n−1

]µ[ N∑

i=1

∣∣∣∣∣∣(χif) ◦ ψ−1
pi

∣∣∣∣∣∣2
s′,n−1

]1−µ

= N‖f‖2µ
s,∂Ω‖f‖

2(1−µ)
s′,∂Ω
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For the third inequality, we used that, for any ν,A1, · · · , AN ≥ 0,

[A1 + · · ·+AN ]ν ≤ [N max{A1, · · · , AN}]ν ≤ Nν max{A1, · · · , AN}ν ≤ Nν [Aν1 + · · ·+AνN ]

Problem 2.2.1 Let k ∈ IN and s ∈ IR obey k < n and s > k
2 . Identify IRn−k with{

x ∈ IRn
∣∣ xn−k+1 = · · · = xn = 0

}
and write x ∈ IRn as x = (x′, y) with x′ ∈ IRn−k and

y ∈ IRk. Prove that the linear transformation r : C∞0 (IRn) → C∞0 (IRn−k) defined by

(ru)(x′) = u(x′, 0)

has a unique extension to a bounded linear map

R : Hs(IRn) → Hs−k
2 (IRn−k)

Solution. We shall prove that there is a constant C (depending only on k and s) such

that

|||ru|||s− k
2 ,n−k

≤ C|||u|||s,n

for all u ∈ C∞0 (IRn). The Lemma will then follow by the B.L.T. theorem.

If p ∈ IRn, write p = (p′, q) with p′ = (p1, · · · , pn−k) and q ∈ IRk. The definition of

the Fourier transform gives

(r̂u)(p′) =

∫
û(p′, q) dkq

(2π)k

Thus, by Cauchy–Schwarz,

∣∣(r̂u)(p′)
∣∣2 =

∣∣∣
∫
û(p′, q)

(
1 + p′2 + q2

)s/2(
1 + p′2 + q2

)−s/2 dkq
(2π)k

∣∣∣
2

≤
[ ∫

1
(1+p′2+q2)s

dkq
(2π)k

][ ∫ ∣∣û(p′, q)
∣∣2 (

1 + p′2 + q2
)s dkq

(2π)k

]

=
[

1
(1+p′2)s−k/2

∫
1

(1+Q2)s
dkQ
(2π)k

][ ∫ ∣∣û(p′, q)
∣∣2(1 + p′2 + q2

)s dkq
(2π)k

]

where q = Q
√

1 + p′2

= C2

(1+p′2)s−k/2

∫ ∣∣û(p′, q)
∣∣2 (

1 + p′2 + q2
)s dkq

(2π)k
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where the constant C2 =
∫

1
(1+Q2)s

dkQ
(2π)k depends only on s, k and is finite because s > k

2 .

Hence

|||ru|||2s−k
2 ,n−1 =

∫
(1 + p′2)

s− k
2 |r̂u(p′)|2 dn−kp′

(2π)n−k

≤ C2

∫ ∣∣û(p′, q)
∣∣2 (

1 + p′2 + q2
)s dnp

(2π)n

= C2|||u|||2s,n

Problem 2.2.2 Let 1
2 < s ≤ ` ∈ IN and let u ∈ C`(IRn). Suppose that each derivative

of u of order at most ` is bounded by a constant times (1 + |x|)−α for some α > n
2
.

Then u ∈ H`(IRn) ⊂ Hs(IRn) and u(x′, 0) ∈ H`(IRn−1) ⊂ Hs− 1
2 (IRn−1). Prove that

(Ru)(x′) = u(x′, 0), where R : Hs(IRn) → Hs− 1
2 (IRn−1) is the map of Lemma 2.2.5.

Solution. Let C`d(IR
n) be the set of u’s specified in the statement of the problem. Define

r̃ : C`d(IR
n) → Hs− 1

2 (IRn−1) by

(r̃u)(x′) = u(x′, 0)

The identical calculation as in Lemma 2.2.5 shows that |||r̃u|||2s− 1
2 ,n−1 ≤ C|||u|||2s,n. Hence r̃

has a bounded linear extension, R̃, to Hs(IRn). Since R̃ also extends r and the extension

of r is unique, R̃ = R.

Problem 2.2.3 Let s > 1
2 . Define, for each t ∈ IR, Rt : Hs(IRn) → Hs− 1

2 (IRn−1) to be the

unique bounded linear extension of the linear transformation rt : C∞0 (IRn) → C∞0 (IRn−1)

defined by

(ru)(x′) = u(x′, t)

Prove that Rt is strongly continuous in t. That is, prove that

lim
t→t0

|||Rtf − Rt0f|||
2
s− 1

2 ,n−1 = 0

for each t0 ∈ IR and each f ∈ Hs(IRn).

Solution. As in the proof of Lemma 2.2.5,

(r̂tu)(k′) =

∫
eikntû(k′, kn)

dkn

2π
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and

|||rtu− rt0u|||
2
s− 1

2 ,n−1 ≤ C2

∫ ∣∣[eiknt − eiknt0
]
û(k′, kn)

∣∣2 (
1 + k′2 + k2

n

)s dnk
(2π)n

Since both sides are continuous in u, for each fixed t and t0, we also have that

|||Rtf − Rt0f|||
2
s− 1

2 ,n−1 ≤ C2

∫ ∣∣[eiknt − eiknt0
]
f̂(k′, kn)

∣∣2 (
1 + k′2 + k2

n

)s dnk
(2π)n

for all f ∈ Hs(IRn). The right hand side converges to zero as t tends to t0 by the Lebesgue

dominated convergence theorem.

Problem 2.2.4 Let ` ∈ IN0, ε, ε
′, R > 0 and u ∈ H`(IRn+). Suppose that u(x) = 0 for all

|x| ≥ R. Show that there is a function v ∈ C∞0 (IRn) that obeys v(x) = 0 for all |x| ≥ R+ε′

and ‖u− P+v‖`,IRn
+
< ε, where P+ is the restriction from IRn to IRn+.

Solution. Let ϕ(x) be a C∞ function on IRn that is identically one for |x| ≤ R and 0 for

|x| ≥ R + ε′. By Lemma 2.2.7, there is a sequence of functions vj ∈ C∞0 (IRn) such that

u = lim
j→∞

P+vj in H`(IRn+). Multiplication by ϕ is a bounded operator in H`(IRn+) and

ϕ(x)u(x) = u(x) for all x in IRn+. Hence u = ϕu = lim
j→∞

ϕP+vj = lim
j→∞

P+ϕvj in H`(IRn+).

It suffices to choose v = ϕvj , for j sufficiently large.

Problem 2.2.5 Let {xi}i∈IN be any sequence of complex numbers. Define the Vander-

monde determinant

Vn = det

∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1
x1 x2 · · · xn
x2

1 x2
2 · · · x2

n
...

...
. . .

...
xn−1

1 xn−1
2 · · · xn−1

n

∣∣∣∣∣∣∣∣∣∣

(a) Use row and column operations to prove that Vn = Vn−1

∏
1≤i<n

(
xn − xi

)
.

(b) Prove that Vn =
∏

1≤i<j≤n
(
xj − xi

)
.

Solution. (a) First subtract the last column from each of the other columns.

Vn = det

∣∣∣∣∣∣∣∣∣∣∣

0 0 · · · 0 1
x1 − xn x2 − xn · · · xn−1 − xn xn
x2

1 − x2
n x2

2 − x2
n · · · x2

n−1 − x2
n x2

n

...
...

. . .
...

xn−1
1 − xn−1

n xn−1
2 − xn−1

n · · · xn−1
n−1 − xn−1

n xn−1
n

∣∣∣∣∣∣∣∣∣∣∣
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Next expand along the first row.

Vn = (−1)n−1 det

∣∣∣∣∣∣∣∣∣

x1 − xn x2 − xn · · · xn−1 − xn
x2

1 − x2
n x2

2 − x2
n · · · x2

n−1 − x2
n

...
...

. . .
...

xn−1
1 − xn−1

n xn−1
2 − xn−1

n · · · xn−1
n−1 − xn−1

n

∣∣∣∣∣∣∣∣∣

Next factor (xj − xn) out of column j, for each of j = 1, · · · , n− 1.

Vn = (−1)n−1 ∏
1≤i<n

(
xi − xn

)
det

∣∣∣∣∣∣∣∣∣∣∣

· · · 1 · · ·
· · · xj + xn · · ·
· · · x2

j + xjxn + x2
n · · ·

. . .
...

. . .

· · · xn−2
j + xn−3

j xn + · · ·+ xjx
n−3
n + xn−2

n · · ·

∣∣∣∣∣∣∣∣∣∣∣

=
∏

1≤i<n

(
xn − xi

)
det

∣∣∣∣∣∣∣∣∣∣∣

· · · 1 · · ·
· · · xj + xn · · ·
· · · x2

j + xjxn + x2
n · · ·

. . .
...

. . .

· · · xn−2
j + xn−3

j xn + · · ·+ xjx
n−3
n + xn−2

n · · ·

∣∣∣∣∣∣∣∣∣∣∣

Finally, subtract xn times the first row from the second row and then subtract x2
n times

the first row and xn times the second row form the third row and so on.

Vn =
∏

1≤i<n

(
xn − xi

)
det

∣∣∣∣∣∣∣∣∣∣∣

· · · 1 · · ·
· · · xj · · ·
· · · x2

j + xjxn + x2
n · · ·

. . .
...

. . .

· · · xn−2
j + xn−3

j xn + · · ·+ xjx
n−3
n + xn−2

n · · ·

∣∣∣∣∣∣∣∣∣∣∣

=
∏

1≤i<n

(
xn − xi

)
det

∣∣∣∣∣∣∣∣∣∣∣

· · · 1 · · ·
· · · xj · · ·
· · · x2

j · · ·
. . .

...
. . .

· · · xn−2
j + xn−3

j xn + · · ·+ xjx
n−3
n + xn−2

n · · ·

∣∣∣∣∣∣∣∣∣∣∣

= · · · =
∏

1≤i<n

(
xn − xi

)
det

∣∣∣∣∣∣∣∣∣∣∣

· · · 1 · · ·
· · · xj · · ·
· · · x2

j · · ·
. . .

...
. . .

· · · xn−2
j · · ·

∣∣∣∣∣∣∣∣∣∣∣
= Vn−1

∏
1≤i<n

(
xn − xi

)
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(b) For n = 2

V2 = det

∣∣∣∣
1 1
x1 x2

∣∣∣∣ = x2 − x1

Now just proceed by induction, using part (a).

Problem 2.2.6 Let ` ∈ IN0 and `′ ∈ ZZ with `′ ≤ `. Denote by E` the operator of Lemma

2.2.8. Prove that there is a constant C such that

|||E`u|||`′,n ≤ C‖u‖`′,IRn
+

for all u ∈ H`(IRn+).

Solution. We have already shown, in the proof of Lemma 2.2.8, that there is a constant

C such that

‖∂αE`u‖L2(IRn) ≤ C‖∂αu‖L2(IRn
+

)

for all α ∈ INn
0 with |α| ≤ ` and u ∈ C∞(IRn+) ∩H`(IRn+). Squaring both sides, summing

over α with |α| ≤ `′ and then taking the square root gives

|||E`u|||`′,n ≤ C‖u‖`′,IRn
+

for all u ∈ C∞(IRn+) ∩ H`(IRn+) and 0 ≤ `′ ≤ `. By Lemma 2.2.7, C∞(IRn+) ∩ H`(IRn+) is

dense in H`(IRn+). This proves the desired bound for all 0 ≤ `′ ≤ `.

Now consider `′ < 0. By part (b) of Problem 2.1.15,

|||E`u|||`′,n = sup
v∈H−`′ (IRn)

|||v|||
−`′,n

≤1

∣∣∣ 〈v, E`u〉L2(IRn)

∣∣∣

Write x = (x′, xn) ∈ IRn with x′ = (x1, · · · , xn−1). By (2.2.1), if u ∈ C∞(IRn+) ∩H`(IRn+),

then

〈v, E`u〉L2(IRn) =
`+1∑

j=1

βj

{∫

xn<0

v(x)u
(
x′,−xn

j

)
dx+

∫

xn>0

v(x)u(x) dx

}

=

`+1∑

j=1

βj

{
j

∫

xn>0

v(x′,−jxn)u(x) dx+

∫

xn>0

v(x)u(x) dx

}

=

`+1∑

j=1

βj

{
j 〈Qjv, u〉L2(IRn

+
) + 〈P+v, u〉L2(IRn

+
)

}
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where P+ restricts to IRn+ and (Qjv)(x) = v(x′,−jxn). As in (2.2.2), if v ∈ C∞0 (IRn),

∫

xn>0

∣∣∂α

∂xα v
(
x′,−jxn

)∣∣2 dnx = 1
j j

2αn

∫

xn<0

∣∣∂αv(x)
∣∣2 dnx ≤ j2αn−1|||v|||2|α|,n

so that

‖Qjv‖2
−`′,IRn

+
≤ n−`

′+1j−2`′−1|||v|||2−`′,n

for all v ∈ C∞0 (IRn) and hence for all v ∈ H−`′(IRn). By Remark 2.1.12,

∣∣ 〈v, E`u〉L2(IRn)

∣∣ ≤
`+1∑

j=1

|βj |
{
j‖Qjv‖−`′,IRn

+
‖u‖`′,IRn

+
+ ‖P+v‖−`′,IRn

+
‖u‖`′,IRn

+

}

≤
`+1∑

j=1

|βj |
{
j
√
n−`′+1j−2`′−1 + 1

}
|||v|||−`′,n‖u‖`′,IRn

+

Setting C =
∑`+1
j=1 |βj |

{
j
√
n−`′+1j−2`′−1 + 1

}
, we have |||E`u|||`′,n ≤ C‖u‖`′,IRn

+
for all

u ∈ C∞(IRn+) ∩H`(IRn+) and hence for all u ∈ H`(IRn+).

Problem 2.2.7 Let `′, ` ∈ IN0 with `′ ≤ ` and α ∈ INn
0 with αn = 0. Denote by E`

the operator of Lemma 2.2.8. By Problem 2.2.6, E` has a unique bounded extension to

H`′(IRn+) and it in turn has a unique bounded extension to H`′−|α|(IRn+). We persist in

denoting both of them E`. Recall, from Lemma 2.1.14, that ∂α is a bounded operator from

H`′(IRn+) to H`′−|α|(IRn+) and from H`′(IRn) to H`′−|α|(IRn). Let u ∈ H`′(IRn+). Prove

∂αE`u = E`∂
αu and that ∂αu ∈ H`(IRn+) if and only if ∂αE`u ∈ H`(IRn).

Solution. If u is the restriction to IRn+ of a function in C∞0 (IRn), then since αn = 0,

∂αE`u = E`∂
αu by (2.2.1). Such functions are dense in H`′(IRn+) by Lemma 2.2.7. Since

the operators

E` :H`′(IRn+) → H`′(IRn) E` :H`′−|α|(IRn+) → H`′−|α|(IRn)

∂α :H`′(IRn+) → H`′−|α|(IRn+) ∂α :H`′(IRn) → H`′−|α|(IRn)

are all bounded, ∂αE`u = E`∂
αu for all u ∈ H`′(IRn+).

If ∂αu ∈ H`(IRn+), then E`∂
αu and hence ∂αE`u are in H`(IRn). Conversely, if

∂αE`u ∈ H`(IRn), then E`∂
αu ∈ H`(IRn). As ∂αu is the restriction to IRn+ of E`∂

αu,

∂αu ∈ H`(IRn+).
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Problem 2.2.8

(a) Let
{
a`

}
`∈IN0

be any sequence of real numbers. Prove that there is a function f ∈
C∞(IR) such that f (m)(0) = am for all m ∈ IN0.

(b) Let
{
a`(x

′)
}
`∈IN0

be any sequence of C∞ functions on IRn−1. Prove that there is a

function f ∈ C∞(IRn) such that ∂mf
∂xm

n
(x′, 0) = am(x′) for all m ∈ IN0 and x′ ∈ IRn−1.

(c) Prove that if f ∈ C∞(IRn+), then there exists F ∈ C∞(IRn) such that f(x) = F (x) for

all IRn+.

Solution. (a) Let
{
A`

}
`∈IN0

be any sequence of real numbers with A` ≥ |a`| for all ` ∈ IN0.

Let ϕ ∈ C∞0 (IR) obey ϕ(x) = 1 for all |x| < 1
2 and ϕ(x) = 0 for all |x| ≥ 1 and set, for

each n ∈ IN0,

f`(x) = 1
`!a`x

`ϕ(A`x)

Then f` ∈ C∞(IR) and, since all derivatives of ϕ(A`x) vanish at x = 0, except for the 0th

which takes the value 1,

f
(m)
` (0) =

{
am if m = `
0 if m 6= `

Furthermore, for all ` > m and all x ∈ IR

∣∣f (m)
` (x)

∣∣ =

∣∣∣∣
m∑

j=0

1
(`−m+j)!

(
m
j

)
a`x

`−m+jAj`ϕ
(j)(A`x)

∣∣∣∣

≤ 1
(`−m)!

m∑

j=0

(
m
j

)
|x|`−m+jAj+1

`

∣∣ϕ(j)(A`x)
∣∣

≤ 1
(`−m)!

m∑

j=0

(
m
j

)
|x|`−m−1

∣∣ϕ(j)(A`x)
∣∣

≤ Cm
1

(`−m)! |x|
`−m−1

where Cm =
∑

0≤j≤m
(
m
j

)
‖ϕ(j)‖∞. Hence, for every fixed m ∈ IN0 the series

∞∑

`=0

f
(m)
` (x) =

m∑

`=0

f
(m)
` (x) +

∞∑

`=m+1

f
(m)
` (x)

converges absolutely and uniformly on all compact subsets of IR. As a result, the series∑∞
`=0 f`(x) converges to f ∈ C∞(IR) and, for all m ∈ IN0

f (m)(x) =
∞∑

`=0

f
(m)
` (x)
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In particular,

f (m)(0) =
∞∑

`=0

f
(m)
` (0) = am

(b) The proof is similar to that of part (a), but this time we choose
{
A`

}
`∈IN0

to be a

sequence of real numbers with

A` ≥ sup
α′∈IN

n−1
0

, x′∈IRn−1

|α′|≤`, |x′|≤`

|∂α′a`(x′)|

for all ` ∈ IN0 and set, for ` ∈ IN0, x
′ ∈ IRn−1 and x ∈ IR,

f`(x
′, x) = 1

`!
a`(x

′)x`ϕ(A`x)

Then, if α =
(
α′,m

)
with α′ ∈ INn−1

0 , m ∈ IN0 and ` ≥ max{m+ 1, |α′|, |x′|}
∣∣∂αf`(x′, x)

∣∣ =

∣∣∣∣
m∑

j=0

1
(`−m+j)!

(
m
j

)
∂α

′

a`(x
′) x`−m+jAj`ϕ

(j)(A`x)

∣∣∣∣

≤ 1
(`−m)!

m∑

j=0

(
m
j

)
|x|`−m+jAj+1

`

∣∣ϕ(j)(A`x)
∣∣

≤ 1
(`−m)!

m∑

j=0

(
m
j

)
|x|`−m−1

∣∣ϕ(j)(A`x)
∣∣

≤ Cm
1

(`−m)! |x|
`−m−1

Once again, for every fixed α ∈ INn
0 the series

∑∞
`=0 ∂

αf`(x
′, x) converges absolutely and

uniformly on all compact subsets of IRn. As a result, the series
∑∞
`=0 f`(x

′, x) converges

to f ∈ C∞(IRn) and, for all α ∈ INn
0 ,

∂αf(x′, x) =
∞∑

`=0

∂αf`(x
′, x)

so that, for all m ∈ IN0,

∂mf
∂xm

n
(x′, 0) =

∞∑

`=0

∂mf`

∂xm
n

(x′, 0) = am(x′)

(c) Since f ∈ C∞(IRn+), am(x′) = limx→0+
∂mf
∂xm

n
(x′, x) exists and is in C∞(IRn−1) for all

m ∈ IN0. By part (b), there is a function g ∈ C∞(IRn) such that ∂mg
∂xm

n
(x′, 0) = am(x′) for

all m ∈ IN0 and x′ ∈ IRn−1. Then

F (x) =

{
f(x) if xn > 0
g(x) if xn ≤ 0

does the job.
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Problem 2.2.9 Let ` ∈ IN and let Ω =
{
x ∈ IRn

∣∣ |x| < 2, |x| 6= 1
}
. Prove that C∞(Ω)

is NOT dense in H`(Ω).

Solution. Let

u(x) =

{
0 if |x| < 1
1 if |x| > 1

and suppose that {ui}i∈IN ⊂ C∞(Ω) converges in H`(Ω) to u. Set

Ω+ =
{
x ∈ Ω

∣∣ |x| > 1
}

Ω− =
{
x ∈ Ω

∣∣ |x| < 1
}

Ω1 =
{
x ∈ IRn

∣∣ |x| = 1
}

and let R+ and R− be the operators of Theorem 2.2.2 applied to Ω+ and Ω− respectively.

Since they are bounded

lim
i→∞

R+ui = R+u = 1 lim
i→∞

R−ui = R−u = 0

In particular, since Ω1 is contained in both ∂Ω+ and ∂Ω−,

lim
i→∞

ui � Ω1 = 1 lim
i→∞

ui � Ω1 = 0

These conclusions are contradictory.

Problem 2.2.10 Let α ∈ INn
0 and ` ∈ IN0 obey ` > |α| + n

2 . Prove that if u ∈ H`(Ω),

then ∂αu is continuous on Ω and there is a constant C, depending only on Ω, ` and |α|,
such that

sup
x∈Ω

∣∣∂αu(x)
∣∣ ≤ C‖u‖`,Ω

Solution. Let Ω′ be the set of all points in IRn whose distance from Ω is less than one

and let O be the interior of IRn \ O′. Let E : H`(Ω) → H`(IRn) be the bounded linear

operator of Lemma 2.2.12. Then Eu ∈ H`(IRn) and, by Problem 2.1.11, ∂αEu may be

chosen continuous and there is a constant C ′, depending only on `, n and |α|, such that

sup
x∈IRn

∣∣∂αEu(x)
∣∣ ≤ C ′|||Eu|||`,n ≤ C‖u‖`,Ω

As we may choose a representative for u that coincides with Eu on Ω, the proof is complete.
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Problem 2.2.11 Let Ω be a bounded open subset of IRn with smooth boundary. Define

the restriction map
r : C∞( Ω ) → C∞(∂Ω)

u 7→ u � ∂Ω

Prove that there does NOT exist a bounded map

R : L2(Ω) → L2(∂Ω)

such that Ru = ru for all u ∈ C∞( Ω ).

Solution. Suppose that R existed. Let u be the function that is identically one on Ω.

Then ru is identically one on ∂Ω. But C∞0 (Ω) is dense in L2(Ω). So there is a sequence of

functions ui ∈ C∞0 (Ω) that converges in L2(Ω) to u. For example, one can choose ui to be

a C∞ function that takes values in [0, 1], is identically one on the part of Ω that is farther

than 1
2i from ∂Ω and is identically zero on the part of Ω that is of distance at most 1

22i

from ∂Ω. Then Rui = rui = 0. Since R is continuous Ru = lim
i→∞

Rui = 0. ⇒⇐

Problem 2.3.1 Let t < s and let A be a bounded linear map on H t(IRm). Prove that if

there is a constant M such that
∣∣∣
∫

IRm

Âf(k)ĝ(k) dmk
(2π)m

∣∣∣ ≤M |||f|||s |||g|||−s

for all f, g ∈ S(IRm) then A is a bounded linear map Hs(IRm) with norm at most M .

Solution. By Problem 2.1.15, if f ∈ S(IRm) then Af ∈ Hs(IRm) and |||Af|||s ≤M|||f|||s.
Now let f ∈ Hs(IRn). Since S(IRm) is dense in Hs(IRm) there is a sequence of

functions fi ∈ S(IRm) that converge in Hs(IRm) to f . As the sequence {fi}i∈IN is Cauchy

in Hs(IRm), the sequence {Afi}i∈IN is also Cauchy in Hs(IRm) and hence converges to

some g ∈ Hs(IRm) that obeys |||g|||s ≤ M|||f|||s. The sequences {fi}i∈IN and {Afi}i∈IN also

converge to f and g, respectively, in H t(IRm). Since A is continuous in Ht(IRm), Af = g.

Thus Af ∈ Hs(IRm) and |||Af|||s ≤M|||f|||s.

Problem 2.3.2 Let s ∈ IR and A be a bounded linear map on Hs(IRm). Let f, g ∈ S(IRm)

and set, for z ∈ C, σ(z) = (1− z)s0 + zs1. Define

F (z) =

∫

IRm

(
1 + |k|2

)σ(z)−s
2 Âfz(k)ĝ(k)

dmk
(2π)m
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where fz ∈ S(IRm) is determined by

f̂z(k) =
(
1 + |k|2

) s−σ(z)
2 f̂(k)

(a) Prove that fz′−fz

z′−z converges in Hs(IRm) as z′ → z.

(b) Prove that F (z) is an entire function of z.

Solution. (a) Observe that

(
1 + |k|2

) s−σ(z′)
2 −

(
1 + |k|2

) s−σ(z)
2 =

(
1 + |k|2

) s−σ(z)
2

[(
1 + |k|2

)σ(z)−σ(z′)
2 − 1

]

=
(
1 + |k|2

) s−σ(z)
2

[(
1 + |k|2

) (z−z′)(s1−s0)

2 − 1
]

By integration by parts and the fundamental theorem of calculus

G(1)−G(0)−G′(0) =

∫ 1

0

(1− t)G′′(t) dt

In particular, with G(t) = 1
ζ e
taζ ,

∣∣∣ eaζ−1
ζ − a

∣∣∣ =
∣∣∣
∫ 1

0

(1− t) 1
ζ
d2

dt2 e
taζ dt

∣∣∣ =
∣∣∣a2ζ

∫ 1

0

(1− t)etaζ dt
∣∣∣ ≤ 1

2 |a
2ζ|e|aζ|

Applying this with ζ = z′ − z and a = s1−s0
2 ln

(
1 + |k|2

)
and writing

f̂ ′z(k) = s1−s0
2 ln

(
1 + |k|2

) (
1 + |k|2

) s−σ(z)
2 f̂(k)

we have
∣∣ f̂z′ (k)−f̂z(k)

z′−z − f̂ ′z(k)
∣∣ ≤ 1

2a
2|z′ − z|ea|z′−z|

(
1 + |k|2

) s−Re σ(z)
2

∣∣f̂(k)
∣∣

For z, z′ in any compact subset of C, the right hand side is bounded by a constant times

some integer power of
(
1 + |k|2

)
times

∣∣f̂(k)
∣∣ times |z′ − z|. As f ∈ S(IRn),

∫ (
1 + |k|2

)M ∣∣f̂(k)
∣∣2 dmk <∞

for all M ∈ IN. Hence
∣∣∣∣∣∣ fz′−fz

z′−z − f ′z
∣∣∣∣∣∣
s
≤ const |z′ − z| and

lim
z′→z

∣∣∣∣∣∣ fz′−fz

z′−z − f ′z
∣∣∣∣∣∣
s

= 0

(b) Write ĝz(k) =
(
1 + |k|2

)σ(z)−s
2 ĝ(k). Then

F (z′)−F (z)
z′−z =

∫

IRm

Âfz′ (k)−Âfz(k)
z′−z ĝz̄′(k)

dmk
(2π)m +

∫

IRm

Âfz(k)
ĝz̄′ (k)−ĝz̄(k)

z̄′−z̄
dmk

(2π)m

By part (a), fz′−fz

z′−z converges in Hs(IRm). By hypothesis, A is a bounded linear map on

Hs(IRm). Hence Afz′−Afz

z′−z converges in Hs(IRm) as z′ → z. As in part (a), gz̄′−gz̄

z̄′−z̄ and

gz′ converge in H−s(IRm) as z′ → z. The claim now follows by the bound of part (a) of

Proposition 2.1.8.
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Problem 2.3.3 Let Ω be an open subset of IRn. Let 1 ≤ p < q < r ≤ ∞. Prove that if

f ∈ Lp(Ω) ∩ Lr(Ω), then f ∈ Lq(Ω) and

‖f‖Lq(Ω) ≤ ‖f‖1−t
Lp(Ω)‖f‖

t
Lr(Ω)

where 0 < t < 1 is determined by 1
q = 1−t

p + t
r .

Solution. If r = ∞, so that t = 1− p
q
, we just factor

|f(x)|q = |f(x)|q−p|f(x)|p ≤ ‖f‖tqL∞(Ω)|f(x)|p

integrate both sides and take the qth root.

If r is finite, we use Hölder with P = p
(1−t)q and

Q =
[
1− (1−t)q

p

]−1
=

[
1− q

(
1
q − t

r

)]−1
= r

tq

This gives

∫

Ω

|f(x)|q dnx =

∫

Ω

|f(x)|(1−t)q|f(x)|tq dnx ≤ ‖f‖(1−t)q
Lp(Ω) ‖f‖

tq
Lr(Ω)

Taking the qth root gives the desired bound.

Problem 2.3.4 The goal of this problem is to prove the Riesz–Thorin interpolation the-

orem, which is as follows. Let Ω be an open subset of IRn. Let 1 ≤ p0, p1, q0, q1 ≤ ∞ and,

for 0 ≤ t ≤ 1, define pt, qt by

1
pt

= 1−t
p0

+ t
p1

1
qt

= 1−t
q0

+ t
q1

Suppose that T is a linear transformation from Lp0(Ω)∩Lp1(Ω) to Lq0(Ω)∩Lq1(Ω) which

satisfies

‖Tf‖Lq0(Ω) ≤M0‖f‖Lp0(Ω) ‖Tf‖Lq1(Ω) ≤M1‖f‖Lp1(Ω)

for all f ∈ Lp0(Ω)∩Lp1(Ω). Then, for each f ∈ Lp0(Ω)∩Lp1(Ω) and 0 < t < 1, Tf ∈ Lqt(Ω)

and

‖Tf‖Lqt(Ω) ≤M1−t
0 M t

1‖f‖Lpt(Ω)

(a) Prove the Riesz–Thorin interpolation theorem in the special case that p0 = p1.
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(b) Denote by

Σ(Ω) =
{ m∑

j=1

ajχEj

∣∣∣ m ∈ IN, a1, · · · , am ∈ C,

E1, · · · , Em ⊂ Ω measureable and of finite measure
}

the set of simple functions on Ω. Prove that if f ∈ Σ(Ω), then

‖Tf‖Lqt(Ω) = sup
{ ∣∣∣

∫

Ω

(Tf)(x)g(x) dnx
∣∣∣
∣∣∣ g ∈ Σ(Ω), ‖g‖

L
q′
t(Ω)

≤ 1
}

where q′t, the conjugate index to qt, is determined by 1
qt

+ 1
q′t

= 1.

(c) Let p0 6= p1 and 0 < t < 1. Prove that

∣∣∣
∫

Ω

(Tf)(x)g(x) dnx
∣∣∣ ≤M1−t

0 M t
1

for all f, g ∈ Σ(Ω) with ‖f‖Lpt(Ω), ‖g‖Lq′
t(Ω)

≤ 1.

(d) Prove the Riesz–Thorin interpolation theorem.

Solution. (a) By problem 2.3.3,

‖Tf‖Lqt(Ω) ≤ ‖Tf‖1−t
Lq0(Ω)‖Tf‖

t
Lq1(Ω) ≤M1−t

0 ‖f‖1−t
Lp0(Ω)M

t
1‖f‖tLp1(Ω) = M1−t

0 M t
1‖f‖Lpt(Ω)

(b) Let S denote the supremum in the statement of the problem. Note that every function

in Σ(Ω) is Lp(Ω) for every 1 ≤ p ≤ ∞. Hence Tf ∈ Lq0(Ω) ∩ Lq1(Ω). As qt is between q0
and q1, Tf ∈ Lqt(Ω) by problem 2.3.3. By Hölder,

∣∣∣
∫

Ω

(Tf)(x)g(x) dnx
∣∣∣ ≤ ‖Tf‖Lqt(Ω)‖g‖Lq′

t(Ω)

so that S ≤ ‖Tf‖Lqt(Ω).

First consider q′t <∞. Choose θ(x) so that (Tf)(x) = eiθ(x)|Tf(x)| and define

F (x) = e−iθ(x) |Tf(x)|qt−1

‖Tf‖qt−1

Lqt (Ω)

Then F ∈ Lq′t(Ω) and

‖F‖
L

q′
t(Ω)

=
‖Tf‖qt/q

′
t

Lqt(Ω)

‖Tf‖qt−1
Lqt(Ω)

= 1
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The set of simple functions is dense in Lq
′
t(Ω). Consequently there is a sequence of simple

functions ϕj ∈
{
ϕ ∈ Σ(Ω)

∣∣ ‖ϕ‖
L

q′
t (Ω)

≤ 1
}

that converges in Lq
′
t(Ω) to F . Since

ϕ 7→
∫
Ω
(Tf)(x)ϕ(x) dnx is continuous on Lq

′
t(Ω),

∣∣∣
∫

Ω

(Tf)(x)F (x) dnx
∣∣∣ = lim

j→∞

∣∣∣
∫

Ω

(Tf)(x)ϕj(x) d
nx

∣∣∣ ≤ S

As
∣∣∣
∫
Ω
(Tf)(x)F (x) dnx

∣∣∣ = ‖Tf‖Lqt(Ω), we have ‖Tf‖Lqt(Ω) = S when q′t <∞.

If q′t = ∞, let ΩR =
{
x ∈ Ω

∣∣ |x| < R
}
. The set of simple functions is dense in

L∞(ΩR). So we can repeat the above argument to show that ‖χΩR
Tf‖Lqt(Ω) ≤ S for all

R. By the Lebesgue dominated convergence theorem, ‖Tf‖Lqt(Ω) ≤ S too.

(c) Since
∫
Ω
(Tf)(x)g(x) dnx is linear in f and in g, we may scale f and g so that

‖f‖Lpt(Ω) = ‖g‖Lqt(Ω) = 1. Let f =
∑m
j=1 cjχEj

and f =
∑p

j=1 djχFj
with the cj ’s

and dj’s being nonzero complex numbers and the Ej’s and Fj ’s being measurable subsets

of Ω of finite measure with the different Ej’s disjoint and the different Fj ’s disjoint. Set

α(z) = 1−z
p0

+ z
p1

β(z) = 1− 1−z
q0

− z
q1

Observe that α(t) = 1
pt
6= 0, β(t) = 1− 1

qt
= 1

q′t
. Write cj = |cj|eiθj and dj = |dj |eiϕj and

define

fz =

m∑

j=1

|cj |α(z)/α(t)eiθjχEj

gz =

{∑p
j=1 |dj |β(z)/β(t)eiϕjχFj

if β(t) > 0

g if β(t) = 0

and

F (z) =

∫

Ω

(Tfz)(x)gz(x) d
nx

Since the Ej’s are disjoint and the Fj ’s are disjoint

|fz| = |f |Reα(z)/α(t) = |f |pt/pRe z |gz| = |g|Reβ(z)/β(t) =

{
|g|q′t/q′Re z if q′t <∞
|g| if q′t = ∞

If Re z = 0, then

|F (z)| ≤ ‖Tfz‖Lq0(Ω)‖gz‖Lq′
0(Ω)

≤M0‖fz‖Lp0(Ω)‖gz‖Lq′
0(Ω)

= M0‖f‖pt/p0
Lpt(Ω)




‖g‖q

′
t/q

′
0

L
q′
t(Ω)

if q′t <∞
‖g‖

L
q′
t(Ω)

if q′t = ∞

= M0
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since q′t = ∞ only if q′0 = q′1 = ∞. If Re z = 1, then

|F (z)| ≤ ‖Tfz‖Lq1(Ω)‖gz‖Lq′
1(Ω)

≤M1‖fz‖Lp1(Ω)‖gz‖Lq′
1(Ω)

= M1‖f‖pt/p1
Lpt(Ω)




‖g‖q

′
t/q

′
1

L
q′
t(Ω)

if q′t <∞
‖g‖

L
q′
t(Ω)

if q′t = ∞

= M1

As F (z) is an entire function of z, the three lines theorem, Lemma 2.3.1, gives

∣∣∣
∫

Ω

(Tf)(x)g(x) dnx
∣∣∣ =

∣∣F (t)
∣∣ ≤M1−t

0 M t
1

(d) The case p0 = p1 has already been proven in part (a), so it suffices to consider p0 6= p1.

By parts (b) and (c),

‖Tf‖Lqt(Ω) ≤M1−t
0 M t

1

for all f ∈ Σ(Ω) with ‖f‖Lpt(Ω) ≤ 1.

Let f ∈ Lp0(Ω)∩Lp1(Ω) with ‖f‖Lpt(Ω) ≤ 1. As, by hypothesis, Tf ∈ Lq0(Ω)∩Lq1(Ω),

we have, by problem 2.3.3, that Tf ∈ Lqt(Ω). Hence, it remains only to show that

‖Tf‖Lqt(Ω) ≤M1−t
0 M t

1. We claim that there is a sequence fj ∈ Σ(Ω), with |fj(x)| ≤ |f(x)|
for all x, that converges pointwise to f . If f is pure real, it suffices to take, for j ∈ IN,

fj =
j2∑
`=2

`−1
j

(
χE`

− χF`

)
where

E` =
{
x ∈ Ω

∣∣ `−1
j < f(x) ≤ `

j

}

F` =
{
x ∈ Ω

∣∣ −`
j
≤ f(x) < −`+1

j

}

Observe that each E` and F` is of finite measure because f ∈ Lp0(Ω) ∩ Lp1(Ω) and at

least one of p0, p1 is finite. If f is complex valued, we just apply a construction like this

separately to the real and imaginary components. The sequence {fj}j∈IN converges to f

in both Lp0(Ω) and Lp1(Ω). For finite values of p0 and/or p1, this is a consequence of

the Lebesgue dominated convergence theorem. For infinite values of p0 or p1, this is a

consequence of the observation that when f is bounded, fj converges to f uniformly. As

T is a bounded map from Lpi(Ω) to Lqi(Ω), the sequence {Tfj}j∈IN converges to Tf in

both Lq0(Ω) and Lq1(Ω). By problem 2.3.3, the sequence {Tfj}j∈IN converges to Tf in

Lqt(Ω). Hence

‖Tf‖Lqt(Ω) = lim
j→∞

‖Tfj‖Lqt(Ω) ≤ lim sup
j→∞

M1−t
0 M t

1‖fj‖Lpt(Ω)

≤ lim sup
j→∞

M1−t
0 M t

1‖f‖Lpt(Ω) = M1−t
0 M t

1

46



Problem 2.3.5 Let `, L ∈ ZZ and s ∈ IR with ` ≤ s ≤ L. Let Ω be a bounded open subset

of IRn with smooth boundary and assume that ϕ ∈ Cmax{|`|,|L|}(∂Ω). Prove that the map

f ∈ C∞(∂Ω) 7→ ϕf has a unique extension to a bounded, linear map on Hs(∂Ω) and there

is a constant C, depending only on Ω, max{|`|, |L|} and n, such that

‖ϕu‖s,∂Ω ≤ C‖ϕ‖
L−s
L−`

C|`|(∂Ω)
‖ϕ‖

s−`
L−`

C|L|(∂Ω)
‖u‖s,∂Ω ≤ C‖ϕ‖Cmax{|`|,|L|}(∂Ω)‖u‖s,∂Ω

for all f ∈ Hs(∂Ω).

Solution. It suffices to prove the specified bound for f ∈ C∞(∂Ω). Let
(
U(p), ψp

)
be

a coordinate system as in Notation 2.1.16 and let χi ∈ C∞0
(
U(pi)

)
, 1 ≤ i ≤ N , be a

partition of unity as in Definition 2.1.18. For each 1 ≤ i ≤ N , choose an open subset Vi of

IRn that contains the support of χi and whose closure is contained in U(pi). Then ψpi
(Vi)

is compact and all the derivatives of ψ−1
pi

are bounded on ψpi
(Vi). Choose a Xi ∈ C∞0 (Vi)

that is identically one on the support of χi and set Φ = (Xiϕ)◦ψ−1
pi

. By part (a) of Lemma

2.1.14,
|||Φv|||`′,n−1 ≤ C|`′|,n−1‖Φ‖C|`′|(IRn−1) |||v|||`′,n−1

≤ C ′‖ϕ‖C|`′|(∂Ω) |||v|||`′,n−1

for all v ∈ H`′(IRn−1) and both `′ = `, L. Then, by Lemma 2.3.2, with s0 = `, s1 = L and

t = s−`
L−`

|||Φv|||s,n−1 ≤ C ′‖ϕ‖
L−s
L−`

C|`|(∂Ω)
‖ϕ‖

s−`
L−`

C|L|(∂Ω)
|||v|||`′,n−1

for all v ∈ Hs(IRn−1). In particular

∣∣∣∣∣∣(χiϕf) ◦ ψ−1
pi

∣∣∣∣∣∣
s,n−1

=
∣∣∣∣∣∣Φ (χif) ◦ ψ−1

pi

∣∣∣∣∣∣
s,n−1

≤ C ′‖ϕ‖
L−s
L−`

C|`|(∂Ω)
‖ϕ‖

s−`
L−`

C|L|(∂Ω)

∣∣∣∣∣∣(χif) ◦ ψ−1
pi

∣∣∣∣∣∣
s,n−1

and the desired bounds follows.

Problem 2.3.6(Hausdorff–Young Inequality) Let 1 ≤ p ≤ 2 and let 2 ≤ q ≤ ∞ obey
1
p

+ 1
q

= 1. Prove that if f ∈ Lp(IRn), then f̂ ∈ Lq(IRn) and

‖f̂‖Lq(IRn, dnk
(2π)n ) ≤ ‖f‖Lp(IRn,dnx)

Solution. We apply the Riesz–Thorin interpolation theorem with p0 = 1, p1 = 2, q0 = ∞,

q1 = 2, Ω = IRn and Tf = f̂ . Since

‖f̂‖L∞(IRn, dnk
(2π)n ) ≤ ‖f‖L1(IRn,dnx) ‖f̂‖L2(IRn, dnk

(2π)n ) = ‖f‖L2(IRn,dnx)
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we have M0 = M1 = 1 (or if you insist on using the measure dnk in place of dnk
(2π)n , M0 = 1

and M1 = (2π)n/2). Choosing t = 2
(
1− 1

p

)
gives

1
pt

= 1−t
p0

+ t
p1

= 1− t+ t
2 = 1

p
1
qt

= 1−t
q0

+ t
q1

= t
2 = 1

q

or pt = p and qt = q. So

‖f̂‖Lq(IRn, dnk
(2π)n ) ≤ ‖f‖Lp(IRn,dnx)

(or ‖f̂‖Lq(IRn,dnk) ≤ (2π)n/q‖f‖Lp(IRn,dnx)) for all f ∈ L1(IRn) ∩ L2(IRn). For 1 < p < 2,

L1(IRn)∩L2(IRn) is dense in Lp(IRn). So the bound extends by continuity to all of Lp(IRn).

Problem 2.3.7 Let 2 < p ≤ ∞ and let 1 ≤ q < 2 obey 1
p

+ 1
q

= 1. Prove that there does

NOT exist a constant C such that

‖f̂‖Lq(IRn, dnk
(2π)n ) ≤ C‖f‖Lp(IRn,dnx)

for all f ∈ S(IRn). Hint: consider f(x) = e−(a+ib)x2

with a > 0.

Solution. Since

∫
e−x

2

dnx =

[∫
e−x

2

d2x

]n/2
=

[∫
e−r

2

rdrdθ

]n/2
=

[
2π

∫ ∞

0

e−r
2

rdr

]n/2
= πn/2

we have

(S2.4)

∫
e−z(x+z

′)2 dnx =
[
π
z

] n
2p

for all z > 0, z′ ∈ IR, by translating and scaling. Since the left hand side is analytic in z

and z′ for Re z > 0 and z′ ∈ C, (S2.4) is valid for all z, z′ ∈ C with Re z > 0. On the right

hand side, ζ1/2 is the branch of the square root that is defined on Re ζ > 0 and is positive

for ζ > 0. Let fa,b(x) = e−(a+ib)x2

. Then, writing a+ ib = z,

f̂a,b(k) =

∫
e−ik·xe−zx

2

dnx = e−k
2/(4z)

∫
e−z[x+ik/(2z)]

2

dnx = e−
k2

4(a+ib)
[

π
a+ib

]n/2

so that

‖fa,b‖Lp(IRn,dnx) =

[∫
e−pax

2

dnx

]1/p

=
[
π
pa

] n
2p

‖f̂a,b‖Lq(IRn, dnk
(2π)n ) =

[
π

|a+ib|
]n/2

[∫
e
−q ak2

4(a2+b2) dnk
(2π)n

]1/q

=
[

π
|a+ib|

]n
2
[
4π
qa

(a2 + b2)
] n

2q
[

1
2π

]n
q
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The ratio
‖f̂a,b‖Lq(IRn, dnk

(2π)n )

‖fa,b‖Lp(IRn,dnx)
=

{
π

|a+ib|
[
4π
qa (a2 + b2)

] 1
q
[
pa
π

] 1
p
[

1
2π

] 2
q

}n/2

=
{

π
|a+ib|

[
1
qaπ (a2 + b2)

] 1
q
[
pa
π

] 1
p

}n/2

=
{

1
|a+ib|

[
1
qa(a

2 + b2)
] 1

q
[
pa

] 1
p

}n/2

=
{
p1/p

q1/q (a2 + b2)
1
q− 1

2 a
1
p− 1

q

}n/2

=
{
p1/p

q1/q

(
a2+b2

a2

) 1
q− 1

2

}n/2

For q < 2 this grows to infinity as b grows to infinity.

Problem 2.3.8

(a) Let 1 ≤ p, q, r ≤ ∞ obey 1
p + 1

q + 1
r = 2. Prove that if f ∈ Lp(IRn), g ∈ Lq(IRn) and

h ∈ Lr(IRn), then

∣∣∣∣
∫
f(x)g(x− y)h(y) dnxdny

∣∣∣∣ ≤ ‖f‖Lp(IRn)‖g‖Lq(IRn)‖h‖Lr(IRn)

(b) Let 1 ≤ p, q, r ≤ ∞ obey 1
p + 1

q = 1 + 1
r . Prove that if f ∈ Lp(IRn) and g ∈ Lq(IRn),

then f ∗ g ∈ Lr(IRn) and

‖f ∗ g‖Lr(IRn) ≤ ‖f‖Lp(IRn)‖g‖Lq(IRn)

Solution. Let p′, q′, r′ be the dual indices for p, q, r. That is

1
p + 1

p′ = 1 1
q + 1

q′ = 1 1
r + 1

r′ = 1

First consider the case in which all of p, q, r are finite. Since

1
r′ + 1

q′ = 2− 1
r − 1

q = 1
p

1
r′ + 1

p′ = 2− 1
r − 1

p = 1
q

1
p′ + 1

q′ = 2− 1
p − 1

q = 1
r

the absolute value of the integrand factors into the product of

α(x, y) = |f(x)|p/r′|g(x− y)|q/r′

β(x, y) = |g(x− y)|q/p′|h(y)|r/p′

γ(x, y) = |f(x)|p/q′|h(y)|r/q′
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Since
1
p′

+ 1
q′

+ 1
r′

= 3− 1
p
− 1

q
− 1

r
= 1

Hölder’s inequality gives

∣∣∣∣
∫
f(x)g(x− y)h(y) dnxdny

∣∣∣∣ ≤ ‖α‖Lr′ (IR2n)‖β‖Lp′(IR2n)‖γ‖Lq′(IR2n)

If p′, q′, r′ are finite, the desired inequality now follows from

(S2.5)

‖α‖Lr′(IR2n) =
[ ∫

|f(x)|p|g(x− y)|q dnxdny
]1/r′

=
[ ∫

|f(x)|p|g(z)|q dnxdnz
]1/r′

= ‖f‖p/r
′

Lp(IRn)‖g‖
q/r′

Lq(IRn)

‖β‖Lp′ (IR2n) = ‖g‖q/p
′

Lq(IRn)‖h‖
r/p′

Lr(IRn)

‖γ‖Lq′(IR2n) = ‖f‖p/q
′

Lp(IRn)‖h‖
r/q′

Lr(IRn)

Even if some of p′, q′, r′ are infinite, the final bounds of (S2.5) still hold. For example, if

r′ = ∞, α ≡ 1 so that both ‖α‖Lr′ (IR2n) = 1 and ‖f‖p/r
′

Lp(IRn)‖g‖
q/r′

Lq(IRn) = 1.

Now suppose that p, q, r are not all finite. Since 1
p

+ 1
q

+ 1
r

= 2, one of them is ∞ and

the other two are 1. We deal with the case p = ∞, q = r = 1. The other two cases are

similar. The absolute value of the integrand factors into the product of

α(x, y) = |f(x)|
β(x, y) = |g(x− y)||h(y)|

Hölder’s inequality gives

∣∣∣∣
∫
f(x)g(x− y)h(y) dnxdny

∣∣∣∣ ≤ ‖α‖L∞(IR2n)‖β‖L1(IR2n) = ‖f‖L∞(IRn)‖g‖L1(IRn)‖h‖L1(IRn)

as desired.

(b) If p 6= 1, apply the bound of part (a) with

f(x) = e−iθ(x)|g ∗ h(x)|p′/p

where θ(x) is chosen so that g ∗ h(x) = eiθ(x)|(g ∗ h)(x)|. This gives

‖g ∗ h‖p
′

Lp′ (IRn)
≤ ‖g ∗ h‖p

′/p

Lp′ (IRn)
‖g‖Lq(IRn)‖h‖Lr(IRn)
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or

‖g ∗ h‖Lp′(IRn) ≤ ‖g‖Lq(IRn)‖h‖Lr(IRn)

If p = 1, that is p′ = ∞, this conclusion is still valid by Hölder’s inequality. Substituting

g = F h = G p′ = R q = P r = Q

gives

‖F ∗G‖LR(IRn) ≤ ‖F‖LP (IRn)‖G‖LQ(IRn)

under the constraint

1− 1
R

+ 1
P

+ 1
Q

= 2

Switching from upper to lower case gives the desired bound.

Problem 2.3.9 Let Ω be an open subset of IRn. Prove that if u ∈ H2
0 (Ω), then

n∑

i=1

∥∥ ∂u
∂xi

∥∥2

L2(Ω)
≤

n∑

i=1

‖u‖L2(Ω)

∥∥∂2u
∂x2

i

∥∥
L2(Ω)

Solution. First consider u ∈ C∞0 (Ω). Then, by integration by parts (a.k.a the divergence

theorem),

n∑

i=1

∫

Ω

∣∣∂u
∂xi

(x)
∣∣2 dnx =

n∑

i=1

∫

Ω

∂u
∂xi

(x)∂u∂xi
(x) dnx = −

n∑

i=1

∫

Ω

u(x)∂
2u
∂x2

i
(x) dnx

The boundary terms disappeared because u vanishes in a neighbourhood of ∂Ω. By

Cauchy–Schwarz

n∑

i=1

∫

Ω

∣∣∂u
∂xi

(x)
∣∣2 dnx ≤

n∑

i=1

‖u‖L2(Ω)

∥∥∂2u
∂x2

i

∥∥
L2(Ω)

By taking limits this also applies to u ∈ H2
0 (Ω).

Problem 2.3.10 Let Ω be a convex open subset of IRn with smooth boundary and S a

measurable subset of Ω. Prove that if u ∈ H1(Ω), then,

∥∥u− (u)S
∥∥
L1(Ω)

≤ dn

|S|ω
1− 1

n
n |Ω| 1n

∥∥∇u
∥∥
L1(Ω)

≤ dn

|S|ω
1− 1

n
n |Ω| 1n + 1

2

∥∥∇u
∥∥
L2(Ω)
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where ωn = 2πn/2

nΓ(n/2) is the volume of the unit ball in IRn, d is the diameter of Ω, |S| is the

measure of S and (u)S = 1
|S|

∫
S
u(x) dnx is the average value of u on S.

Solution. By Lemma 2.2.13, C1(Ω) is dense in H1(Ω), so it suffices to consider u ∈ C1(Ω).

Then, by Lemma 2.3.8,

∣∣u(x)− (u)S
∣∣ ≤ dn

n|S|

∫

Ω

1
|x−y|n−1 |∇u(y)| dny

Integrating over Ω with respect to x,

∥∥u− (u)S
∥∥
L1(Ω)

≤ dn

n|S|
∥∥∇u

∥∥
L1(Ω)

sup
y∈Ω

∫

Ω

1
|x−y|n−1 d

ny

≤ dn

n|S|
1−δ
µ−δω

r(1−µ)
n |Ω|r(µ−δ)

∥∥∇u
∥∥
L1(Ω)

= dn

|S|ω
1−1/n
n |Ω|1/n

∥∥∇u
∥∥
L1(Ω)

by (2.3.1) with r = 1, δ = 0 and µ = 1
n chosen so that n(1− µ)r = n− 1. The other claim

follows by Cauchy–Schwarz.

Problem 2.3.11 Let 〈X,µ〉 and 〈Y, ν〉 be measure spaces and let k(x, y) be a measurable

function on X × Y . Set, for 0 < α, β ≤ ∞,

Lα = sup
x∈X

{ { ∫
Y
|k(x, y)|α dν(y)

}1/α
if 0 < α <∞

supy∈Y |k(x, y)| if α = ∞

Rβ = sup
y∈Y





{ ∫
X
|k(x, y)|β dµ(x)

}1/β

if 0 < β <∞
supx∈X |k(x, y)| if β = ∞

Consider the map

(Kf)(x) =

∫

Y

k(x, y)f(y) dν(y)

(with domain to be specified).

(a) Let 1 ≤ α ≤ ∞ and α′ =
(
1 − 1

α

)−1
be the dual index to α. If Lα < ∞, then K is a

bounded linear operator from La
′

(Y, ν) to L∞(X,µ) with operator norm bounded by Lα.

(b) Assume that X is a σ–finite measure and 1 ≤ β ≤ ∞. If Rβ <∞, then K is a bounded

linear operator from L1(Y, ν) to Lβ(X,µ) with operator norm bounded by Rβ .
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Solution. (a) By Hölder,

|(Kf)(x)| ≤
∫
|k(x, y)||f(y)| dν(y) ≤

{ ∫
|k(x, y)|α dν(y)

} 1
α
{ ∫

|f(y)|α′ dν(y)
} 1

α′

≤ Lα‖f‖Lα′

as desired.

(b) For any f ∈ L1(Y, ν) and g ∈ Lβ′(X,µ)

∫

X×Y
|g(x)| |k(x, y)| |f(y)| dµ(x)dν(y) =

∫

Y

dν(y) |f(y)|
∫

X

dµ(x) |g(x)| |k(x, y)|

≤
∫

Y

dν(y) |f(y)|
{∫

|k(x, y)|β dµ(x)
} 1

β
{ ∫

|g(x)|β′ dν(y)
} 1

β′

≤ Rβ‖g‖Lβ′(X,µ)‖f‖L1(Y,ν)

Since, for any measurable function h(x),

‖h‖Lβ(X,µ) = sup
{ ∫

X

|g(x)| |h(x)| dµ(x)
∣∣∣ g ∈ Lβ′(X,µ), ‖g‖Lβ′(X,µ) ≤ 1

}

the claim follows.
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