§2. Sobolev Spaces

This chapter provides some background concerning Sobolev spaces. In the first section,
we define the spaces H*(Q)), H*(0€2) and Hj(2). We start with {2 being an arbitrary open
subset of IR™, but later restrict €2 to being a bounded open subset of IR"™ with C°° boundary
(see Definition 2.1.15), which we denote 9€2. Roughly speaking, the spaces consist of all
functions whose s*® order derivatives are L? and which, in the case of Hy(f2), vanish
appropriately on 0Q. If o = (a1, -+, ay,) € INiy, where INg = {0} UIN, we shall use 0“u(z)
to denote the partial derivative % e %
|a| = a1+ - -+ ay,. There is more than one way to precisely implement this rough picture.
We choose to define

o H*(2), resp. H{(), with ¢ € INy, to be the completion of { u € C*() | ||ull¢,0 < oo },

resp. C6°(Q2), under the norm ||ul|7, = > jal<e Jo ‘8“71(3:)‘2 d"z (Definition 2.1.1)

o and H%(), with £ a negative integer, to be the space Hy ‘(Q)* of bounded linear

functionals on Hy “(Q) (Definition 2.1.10).

We shall make some natural identifications, like identifying H%(Q2) = L2(Q2) with L?(Q)*,
and show that
o if £,0 € Z with £ < ', then H* (Q) ¢ H'(Q) and |[v||p.0 < |[v]ler.q for all v e HY ()
(Remark 2.1.13) and
o we can define 9* as a bounded linear map from H*(Q) to H!~1*/(Q) for all £ € Z and
all o« € IN(j (part (b) of Lemma 2.1.14) and then
oif £ € Ny, H(Q) = { u € L*(R") | 9*u € L*(R") for all « € INj with |a| < ¢ }

(part (a) of Proposition 2.2.15)

We shall also equivalently characterize, in part (b) of Proposition 2.2.15, H*(Q2), £ € INy,
as the set of all u € L?(2) for which there is a constant C such that

u(x). The order of this partial derivative is

(2.1) [0 fsupaqey | < Cfll 2o
for all @ € IN( with |a| < ¢ and all f € C§°(£2). The map

Dy - Cy°(Q2) — C
[ (_1)|a| (0, U>L2(Q)

is called the weak (or distributional) a—derivative of u. It is defined for all u € L?(Q)
and all a € INj, but is not a function on Q. One says that the weak derivative D¢ is in
L2(Q) if there exists a v, € L?(Q) such that (f, Va)r2(0) = (—1)lel (o f, U) 2(q) for all
f € C°(Q). In the special case that u € Cl1*l(Q), we can take v, = 0%u, by repeated
integration by parts. By the Riesz representation theorem, the bound (2.1) provides a
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necessary and sufficient condition for the weak derivative D% to be in L?(Q). So part (b)
of Proposition 2.2.15 characterizes H*(Q), as the set of all u € L?(Q2) all of whose weak
derivatives of order up to £ are in L*(Q2).

In the second section, we consider the problem of restricting functions on €2, that a
priori need only be defined almost everywhere, to 0{2. We shall see that if the function
u, on §), has s > % derivatives in L2, then one can define a natural restriction of u to 0%
and this restriction has s — % derivatives in L2. Of course, for this to make sense, we have
define what it means for a function to have fractional derivatives.

Finally, in the third section, we prove a number of useful inequalities.

§2.1. Definitions of Sobolev Spaces

We wish to define a Hilbert space consisting of functions on 2 that have s derivatives,
in some reasonable sense. When s is a positive integer, this is easy.

Definition 2.1.1 (H%(Q), H{(2), £ € Ng) Let Q be an open subset of IR and ¢ € INj.

Define
) 1/2
e,fz:{ Z / |0%u(z)| d”x}
laj<e” <

for each u € C*(Q) for which the right hand side makes sense. Then H‘(Q) is the
completion® of the pre-Hilbert space { u € CY(Q) | |Julro < oo } equipped with the

[

inner product

(u,v)pq = Z /Q(‘)O‘u(:r:)é?o‘v(x) d"x

|| <€

We sometimes drop the  from the notation. Similarly, H§(£2) is the completion of C§° ().

Problem 2.1.1 Let Q = (—1,1) and ¢ = 1. Think of f(z) = |z| and g(z) = sgnz as
functions in L?(Q). Find a sequence {f, }nenw € C1() such that

o {fn}nemw is Cauchy with respect to the norm || ||¢.q

o {fn}new converges in L?(Q) to f.

o {‘g—;}nem converges in L?(2) to g.
By definition, each element of H*(f2) is an equivalence class of Cauchy sequences. We can
identify f with the Cauchy sequence {f, }nen and so think of f as an element of H*(Q).

1 Readers that are not familiar with completion should read the first Chapter of [RS]. It is also common
to define H*(Q) to be the space of distributions u € D’(Q), all of whose derivatives %u of order
|a| < £ are L? functions, not just distributions. We shall not assume that readers are familiar with
distributions.



Remark 2.1.2 By definition, each element of H*(2) is an equivalence class of Cauchy
sequences. A sequence {u;}iew C { u € C*(Q) | ||lulle,o < oo } is Cauchy with respect to
the norm || - [|zq if and only if {0%u;}ien is Cauchy with respect to the norm || - || z2¢q)
for all o € INy with |« < £. Since L?(f2) is complete, this in turn is the case if and only if,
for each a € INy with |a| < £, the sequence 9%u; converges in L?() to some v, € L(£2).
Thus we may equivalently view H‘(Q) as the set of all v € L?(2) for which there is a
sequence {u;}ienw C { u € CY(Q) ‘ Julle,0 < 00 } obeying

o u; converges to v in L%(Q) and

o for each o € INy with |a| < ¢, the sequence %u; converges in L?((2).
In this way, we may view all of H*(Q2), H§(f2), ¢ € INg as subsets of L?({). Furthermore,
if ¢/,0 € Ny with ¢’ > ¢, we have H{ (Q) ¢ HY (Q) ¢ HY(Q) c L%(Q) and ||u
for all u € HY ().

0.0 < |ulleo

Problem 2.1.2 Prove that C§(Q) C H§(Q).

Problem 2.1.3 Let ¢ € INy.

(a) Let ¢ : Q — C and all of its derivatives of order at most ¢ be bounded and continuous.
Prove that the map u € { u € C*(Q) | |lullr,o < 00 } — @u, where, as you would expect
(pu)(x) = ¢(z)u(zr), has a unique extension to a bounded, linear map on H*(Q). Prove,
in particular, that there is a constant Cy ,, depending only on ¢ and n, such that

/
loulleo < Con kzo leller@yllulle—r.o

for all w € H*(2). Here [¢||cr) =  sup |0%p()].
x€EQ

n
a€ND, |a|<k

(b) Let o € IN§ with |a| < £. Prove that the map u € { v € C*(Q) | [[ufro < 00 } — 0%u
has a unique extension to a bounded, linear map from H*(Q) to H*~!*/(Q).

Problem 2.1.4 Let Q be a bounded open subset of IR". Suppose that F: IR — R is a
C' function with bounded derivative. Let Hg, (€2) denote the set of real valued functions
in H1(Q).

(a) Prove that if u € C1(Q) N Hk (), then Fou € CH(Q) N Hk (Q).

(b) Prove that the map u +— Fou, with domain C*(Q)NHE (2), is continuous with respect
to the topology of Hj (€2). That is, prove that if ¢ > 0 and v € C1(Q) N HE (2), then
there is a § > 0 such that [|[Fou — F o1 o < ¢ for all u € C'(Q) N Hx(2) obeying
|lu — vl < 9.

(c) Prove that the map u +— F ou has a continuous extension to Hg (£2).
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Problem 2.1.5 Let Q be a bounded open subset of IR™. Prove that if u € Hgk (), then
lu, max{0,u} € Hpg(Q).

Example 2.1.3 Here is an example which shows that Hg () can be a strictly proper
subspace of H(Q2). We take n = 1, Q = (0,00). Start with f € C§°(Q). Since f is

supported in €2, we can think of it as being defined on all IR, taking value zero everywhere
except in (0, 00). In particular £U)(0) = 0. So, for z > 0,

‘f(j)(a:)‘ - ‘f(j)(a:) _ f(j)(O)‘ _ ‘/Ox f(j+1)(t) dt‘
= )/Ooo X102 (£) fYUTH(2) dt) < [/Ooo Xo.01()? dt]m[/ooo FUED @) dt]
= Va [P a] " < o
0

1/2

provided £ > j + 1. Now suppose that f € H§(Q). It is a limit, in H(Q), of functions
fi € C5°(R2). We can always choose the sequence so that | fille.o < 2| flle.q for every i.
Thus, if j < -1, ‘fi(j)(aj)‘ < V| fillea < 2y flleq for all i. We can think of this
as saying that the first £ — 1 derivatives of every f € HE(Q) vanish on the boundary of
Q. Certainly, given any constant C, if 0 < x < min {1, ﬁ} and |f(z)] < Cy/x then
le™ — f(z)| > e7* — & > 0. So the function e=* € H*(Q) cannot be approximated in
L2(€2), let alone H(Q), by functions f;(z) that obey |f;(z)] < Cy/x.

Problem 2.1.6 Let Q = (0, 00).

(a) Prove that there is a constant C' such that if u € C*(2) and ||u||1,o < oo, then lin%) u(x)

exists and obeys

[ im ()] < Cllulug
(b) Prove that there is a unique bounded linear map B : H'(Q2) — C such that Bu =
lir% u(z) for all w € C1(Q) with [Jul|1,0 < co.

(c) Prove that H}(Q) is of codimension one in H'(). This means that there exists a
ug € H(Q) such that each u € H*(2) has a unique representation of the form u = awug+u;
with o € € and u; € H}(Q).

(d) Let I = (a,b) be a finite open interval in IR. What is the codimension of H{(I) in
HY(I)?

An important special case of H*(Q) is H*(IR™). Many properties of functions, f(x), in
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this space become easy to understand when expressed in terms of their Fourier transforms

~

(2.1.1a) f(k) = / "R f(x) dx

Recall the following basic properties of Fourier transforms. See, for example, [RS2, §IX.1].
(a) Let

S(R™)={uecC®MR") | sup |(1+|z[™)0%u(z)| < oo for all m € Ny, € INj }
relR"™

be the space of all C* functions on IR™ all of whose derivatives (including the function
itself) decay faster than any polynomial at infinity. It is called Schwartz space. If
f(z) € S(IR™), then f(k) € S(IR™). In fact, one usually first defines the map f — f
just for f € S(IR"™) and then extends it to all f € L2(IR") by continuity, using

(b) The L? norm of a function is the same as the L? norm of its Fourier transform, up
to some factors of 27 that depend on your Fourier transform conventions. For the
definition (2.1.1a),

(2.1.1b) /\f(:z:)\z d%:/\f(k)f L
(¢) The inverse Fourier transform of g(k) is
(2.1.1c) 9(z) = /e““'xg(k) R

(d) The F ourAier transform of gx—m f(x) is ikm f(k) so that the Fourier transform of 8% f ()
is il f(k) where k& = kS - - - kOn,
(¢) The Fourier transform (with respect to z) of the translate f(x + z) is €= f (k).

Problem 2.1.7 The goal of this problem is to prove the Paley-Wiener theorem, which
says that a function f is C™ and supported in the closed ball B = { xrelR" } lr| <R }
if and only if f (k) extends to a holomorphic function on €™ which obeys

(2.1.2) [f(k)| < 55pwefm Y
for all N € IN.

(a) Let f € Cg°(IR"™) be supported in Bg. Prove that f(k) extends to a holomorphic
function on C" and that, for each N € IN, there is a constant C'y such that (2.1.2) holds.

(b) Assume that the Fourier transform f(k) of a function f(z) extends to a holomorphic
function on C" and that, for each N € IN, there is a constant C'y such that (2.1.2) holds.
Let p € R". Prove that

fla) =P / e f(h + ip) Lk
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(c) Prove that, under the hypotheses of part (b), f(z) is supported in Bg.

Using properties (b) and (d) of the Fourier transform, we have that, when 2 = IR", the
(square of the) norm of Definition 2.1.1 is

e = (5w
"o al<t

It is traditional to replace the norm ||u| ¢k with

= | [ kR’

There are constants ¢ and C, depending only on n and /¢, such that

~ 2 n
’U/(k?)‘ (SW;C"

) 1/2
0"

Sk <A+ (k) < (2 k)

|| <2 || <€

for all £ € IR". Consequently the norms || - ||, r~» and | - |, are equivalent in the sense
that
lullemn <clul,  ful, < Cllullemn

for all w € H*(IR™). So a sequence of functions converges with respect to one of the norms
if and only if it converges with respect to the other.
Since (1 + \k|2)8 makes sense and is positive for all real s, the right hand side of

= | [ ez

(which we also write |u|s7n when we wish to specify the dimension explicitly) makes sense

1/2

N 2 n
b e

(though may be +00) for all functions u € L?(IR"). So we may define

Definition 2.1.4 (H*(IR"), s € IR) The Sobolev space H*(IR") is the completion? of
{u c L*(R") | Jul, < oo}

equipped with the inner product

(u,v), = / § (1+ |]{;|2)8@(k)ﬁ(k) (S;fn

2 Readers already familiar with distributions can avoid taking a completion by defining H*(IR")
to be the space of tempered distributions v € S’(IR"™) whose Fourier transforms, 4(k), obey

[ @+ (k%) |ak)? d™k < oo.



Lemma 2.1.5 Let s € R.

(a) The map uw € S(R™) — @ € S(IR™) has a unique extension to a bounded, linear map

Fs: H*(R") — { g: R" — C, measureable ‘ e (14 |k\2)s\g(k;) 2 (SZ;“,L < oo}

This extension is unitary (that is, one—to—one, onto and inner product preserving) when
the target space is equipped with the inner product

)= [ (R )3T

We also denote Fsu = 1.

(b) Let « € INy. The map u € S(IR"™) — 0% € S(R™) has a unique extension (that we
persist in denoting 0%) to a bounded, linear map

9% - Hs(IRn) _ Hs—|o¢|(IRn)

Proof: The proofs of both parts are trivial applications of the B.L.T. theorem [RS,
Theorem 1.7]. n

Remark 2.1.6 If s > s/, then there is a natural identification of H*(IR") with a subset

of H¥ (IR"). So any element u of H*(IR™) can also be viewed as an element of H* (IR™)
for any s’ < s. As Fyu is independent of s/, it is safe to use 4 to denote Fyu for all ' < s.
similarly, the absence of “s” in the notation d“u is harmless.

Problem 2.1.8 Let s € IR. Prove that C§°(IR™) is dense in H*(IR"™).

Problem 2.1.9 Let r < s < t. Prove that, for each € > 0, there is a C' > 0, depending
only on 7, s,¢ and € such that |f], <e|f], + C|f], for all f € H*(IR").

Problem 2.1.10 Let s € IR.
(a) Let f € S(R") and a € INj. By Lemma 2.3.5, the map u € S(R") — fu € S(R")
has a unique extension to a bounded, linear map on H*(IR"). Prove that

0*(fu) = > (5)(@° N Fu)

BE]NS

p<a
for all w € H*(IR™). Here § < aif and only if §; < «; for all 1 <i < n, (o — f3); =
a; — B; for all 1 < i < n and (g) =11, Wiﬁ)'

(b) Let u,v € H*(IR") and let O be an open subset of IR". Make up a definition for
“u=wvon O".

(c) Prove that differentiation is local in the sense that if u,v € H*(IR") and O is any
open subset of R" with u = v on O, then 0%u = 0%v on O for all o € INjj.
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Problem 2.1.11 (Sobolev Imbedding) Let o € INy and s > |a| + 4. Prove that if
u € H*(IR™), then 0%u is continuous and there is a constant C, depending only on s, n
and |a/, such that

0" u(z)| < Clul,

sup
xem?L

Problem 2.1.12 (Logarithmic Convexity) Let s and s’ be real numbers and 0 < p < 1.
Prove that

1—
< Jul? Jull;

|U’|p,s—|—(1—u)8'

for all u € H™ax{s:s"}(IR").

Problem 2.1.13 Let £ € INg,  C IR" be open and u € H*().

(a) Let K C Q be compact. Suppose that u(x) = 0 for all x € Q\ K. Prove that
u € HE(Q).

(b) Let K C Q. Suppose that u(x) = 0 for all z € Q\ K and that, for each R > 0,
K n{|z| < R} is compact. Prove that u € H§ ().

While it is possible [A] to define and work with H*(§2) and H(€2) for positive nonin-
teger s, we only need the latter. The motivation for our definition is the observation that
Fourier transforming converts differentiation with respect to x into multiplication by k.
We can think of multiplication by |k|? as corresponding to taking a fractional derivative

in x—space.

Definition 2.1.7 (H{(Q2), s > 0) If s happens to be an integer, we use Definition 2.1.1.
Otherwise, we define H{(2) to be the completion of C5°(£2) under the norm | - |..

Problem 2.1.14 Let s < t and Q be a bounded open subset of R". Since |u|, < |u],,

HE(Q) € HE(Q). The goal of this problem is to prove Rellich’s theorem, which states that

any bounded subset of H}(f2) is precompact when viewed as a subset of H§(£2).

(a) Let 1 be a real valued function in C§°(IR") that is identically one on €. Prove that
if u € C3°(2) then, for all a € INy,

R a(k)] < |ul lvg_,

where ¢ (z) = 2% %)(x).
(b) Prove that if u € H{(Q2) then, for all o € IN(j, 924 (k) exists, is continuous and obeys
the bound of part (a).



(c) Let r > 0. Prove that if {u;}ieznw € { u € HE(Q) | |ul, < r }, then there is a
subsequence u;; which converges in H§(Q). Hints: (1) Let R > 0. Use the Arzela-
Ascoli theorem to prove the existence of a subsequence that converges uniformly on
|k| < R. (2) Bound the two terms in

) ) 2 o
i, (k) — i, (k)| 5297

2 s
s, — s = [ (k)
|k|I<R

4 / (14 B2 (14 k)
|k|>R

~ ~ 2 n
Ui ; (k) — Ug, (k)‘ (gﬂfn

separately.

Our next job is to define H®(Q2) for negative s. For motivation, we again find a
characterization of H®(IR™) that does not use the Fourier transform. Recall that a bounded
linear functional on a Banach space B is a linear map L : B — C obeying

)= sup el < o
veEB

[lvll#0

and that the dual space, B*, of B is the Banach space of all bounded linear functionals on
B. The following Proposition proves that H*(IR")* = H~*(IR") for all s € IR.

Proposition 2.1.8 Let s € IR.
(a) Let w e H*(IR") and v € H*(R"™). Then the map

H*(R™) x H~5(R") — C
(1, 0) / a(k)o k)

d"k
(2m)™

is sesquilinear (i.e. linear in the first argument and conjugate linear in the second)
and obeys

< Jul; ol

| [ e

(b) If L € H5(IR™)*, then there exists v € H*(IR") such that

Lu = / a(k)o(k) oy

Furthermore ||L|| = |v]_,.



Proof: (a) By Cauchy—Schwarz

o . /2 ~s/2 . "
' / a()30R) k| < / [+ k1P 2ak)] |11+ [62) 20 (k)| ok
< lul, o],

The linearity in v and conjugate linearity in v are obvious.

(b). Let £ € H*(IR™)*. By the Riesz representation theorem [RS, Theorem II.4] there is
a g € H*(IR") such that

Lu=(u,g), :/(1 + [kI) (k) 9(k) g7

Furthermore ||£|| = |g|,. Then the v € H~*(IR™) with ©(k) = (1 + |k|?)°g(k), using the
Fourier transform of Lemma 2.1.5, fulfills the requirements of the Lemma. [ |

Problem 2.1.15

(a) Let s € IR and v € H~*(IR™). Prove that

v = su
| |_S7n uEHs(l?Rn)
], <1

(b) Let v € L2(IR™) and s > 0. Prove that

lv]_,, = sup }(u,v>L2(IRn)
wEHS (IR™)
|u|S7n51

(c) Let t < s and v € H'(IR"). Prove that if

i€ CPRY), [u]_.. <1 } <

—s,n

M = sup{ ) / a(k)o(k) Lk
then v € H*(IR") and |v|, ,, = M.

Corollary 2.1.9 Let ¢ € INy. There are constants ¢, C, depending only on n and ¢ such
that for each u € H*(IR"™) there are f, € L*(R™), a € N}, |a| < ¢ such that

u= Y fu and  cul, < Y falfamn < Clul,

n n
aE]NO aE]NO
lal<e lal<e
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Proof: By Lemma 2.1.5.a, (1+ \k’|2)_€/2f&(k’) € L*(IR™). Let L be any integer with
L> L Set F(k) = (1+|k2) “a(k) and write

A+ k"= > kP,

wenp
Jal<?

where P, (k) is a polynomial in ki,---,k, of degree at most 2L — ¢. There are many

such representations. Pick any one you like. For each a € IN{ with |a| < ¢ determine

fa by fo = (=i)®IPy(k)F(k). Since P, (k)? is of degree at most 4L — 2/, there is a

constant C, which depends on n, L and the P,’s we chose, but not on u, such that

Po(k)? < C(1+ |k2)°" . Hence

2 _ 2 2 d"k P2 (k) )2 d"k la(k)|*> d"k
HfaHL2(IR") - /Pa<k)‘F(k> 2m)n — / (1+]k|2 )2L‘ ( (2m)m < O/ (1+]k|2)¢ (2m)»

S0 12
= C|U|_£

and

3 (ik =3 kp = (1+ k)" Fk) = a(k)

aelNg aE]N"

|| <2 | \<e

The final remaining bound is
|u|2 — lak)1>  dmk _ [ 1Za(K)*fa(R)® _d"k
—t (1+]k[2)* (2m)" (1+]k[2)* (2m)"

[k2%] 2 d"k
<(e+nt Y /(1+|k| )f|f0< 2m)"

aean
i<t
<@+ Y [ 10 b =0 Y falamey
aean ozelNg
| \<€ || <2
We used Cauchy—Schwarz to get from the first line to the second line. [ |

Definition 2.1.10 (H*(Q), s <0) If s <0, we define H*(Q2) = H, *(2)*. The norm on
Hy*(2)* is denoted || -

5,82

Let s < 0. By Problem 2.1.8, H*(IR") = H; *(IR™). So Proposition 2.1.8 states that
H*(R™) = H*(R™)" = H;°(R")". Thus, Definition 2.1.10, in the special case Q = IR",
is consistent with our Definition 2.1.4 of H*(IR"). But in general, H; *(€2) can be a closed
strict subspace of H~*(2). By the Hahn-Banach theorem [RS, Theorem III.6], every
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bounded linear functional on H; *(2) extends to a bounded linear functional on H ~*(£2).
But, when H; *() is a closed strict subspace of H~*({2), every bounded linear functional
on Hy*(£2) can be extended to many different bounded linear functionals on H ~*(2) and
H™*(2)* is much larger than H; *(€2)*. We shall prove, in Theorem 2.1.11, below, that
every bounded linear functional £ € H{(Q)*, ¢ € INy, is of the form

Lu = Z <aau7fa>L2(Q)

n
aE]NO
lal<e

for some f, € L?(Q), a € INJ, |a] < £. The same representation, and even the same proof,
also applies to £ € H*(2)*. The difference is that, when the f,’s are sufficiently regular
and we integrate by parts to move the d,’s from the u to the f,’s, there are no boundary
terms when u € H§(Q) while there can be boundary terms when u € H*(Q). This makes
it more useful to define H*(Q2) = H; *(Q2)* rather than H*(Q2) = H°(Q)*.

Theorem 2.1.11 Let ¢ € INg.

(a) Let £ € H5(Q)*. There exist fo € L*(Q), « € Ny, |a| < ¢ such that

(2.1.3) Lu = Z (0%u, fa) r2(a)

n
aE]NO
lal<e

for all w € H§(Q). Furthermore

e =min{[ 5 1alla] | (eise obers (2:13)}

laf <

(b) If v € L(Q) then

EUU = <U, 'lj)LQ(Q)

defines a bounded linear functional on H{(Q) with |Lyl|—r,0 < |[v|z2(q). Furthermore
{ L, | veCF Q) } is dense in H{()*.

Proof: (a) Let N =#{ a € Ny | |a| < ¢ } and L% be the Hilbert space @ aeny L2(Q).

la]<e

The elements of L3 are of the form ( fa) with each f, € L?(Q). The inner product

laf<e
2 .
on L3 is

<(fa)|a|ge’ (ga)|a|ge> - Z <fo“ga>L2(Q)

o<t
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If |a| < ¢, the map v € { v € CY(Q) ‘ vl < 00 } — 0%v has a unique extension to a
bounded, linear map from H*(Q) to L?(£2). Define the map
P: H{(Q) — L3 (Q)
U — (80‘u)

laf <2

This is a unitary map from H§(2) to its range W, which is a closed linear subspace of
L3,(92). Hence

L(Pu) = L(u)

defines a bounded linear functional on W with norm ||£||. As W is itself a Hilbert space,
the Riesz representation theorem [RS, Theorem II.4] implies that there is a vector (fa)|a|<¢
in W such that

E((Ua)|oz|§£) = <(Uoz)|a|§g7 (fa)|a|§£> = Z <va7f04>L2(Q)

|| <€

and that |£]| = H(fo‘)|0‘|§£HL§V(Q)' Hence

If (fa)|a|§g is any other vector in L3,(2) that obeys

L((va)jai<e) = <(Ua)|a|gw (fa)|0<|§£> - Z <v“’fa>L2(Q)

lor| <2

for all (va)|a|<¢ € W, then

<(”a)|a|gw (fo - fa)loz|§e> =0

for all (va)ja|<¢ € W. This says that (fo — fa)lalj<e € W+, the orthogonal complement of
W in L%(Q). Consequently

H<fo‘)|o‘|§£HL§V(Q) > H(fa)lodgﬁHL?V(Q) = ”ﬁ” = H£H

(b) Let v € L?(Q). Since HE(Q) € L*(Q), L, is a well-defined linear functional on H§().
The boundedness and the claimed bound follow from

1Loul = | (w,0) 2y | < I0llz2@llullz2(@) < Ivllzz@llulleq

13



Now we prove the denseness. Since H§(€2) is a Hilbert space, the Riesz representation
theorem says that, for each £ € H§(Q)*, there is a vector uz € H§(S) such that Lw =
<w7U£>Hg(Q) for all w € H{(Q). The map £ + u, is an isometry from H(Q)* to H§(S).
Soif { £, | v e Cg(Q) } is not dense in H{(Q)*, then { uz, | v € C§°(Q) } is not dense in
ue Cge(Q) }.

Hg(Q) and there is a nonzero vector w € Hg(Q) that is orthogonal to { ur,
But
wl{ug, |velCFQ)}
= 0= (w,qu)Hg(Q) = Ly(w) = (w, V) 12 for all v € C7°(Q)

Since C§°(Q) is dense in L?(£2), w must be zero as an element of L?(Q2) and hence also as
an element of H{(€2), which contradicts the assumption that { £, ‘ v e Cge(R) } is not
dense in H§(Q)*. |

Remark 2.1.12 For each ¢ € IN, we identify each v € L?(Q) with the corresponding
L, € H*(Q) = H§(Q)* of Theorem 2.1.11. Using this identification, H~*(f2) is the
completion of L?(€2) under the norm

[vll—0 = sup [(u,0) 1200 |/lul
0#£ueHE(Q)

0,0

We also identify each v € H(Q) = L?(Q) with the corresponding £, € HJ(Q)* of Theorem
2.1.11, so that L?(Q) = H°(Q) = HJ(Q)*.

Remark 2.1.13 Let ¢, ¢ € INo with ¢/ < ¢. We saw in Remark 2.1.2 that H{(Q) c HE (Q)
and ||ully.o < |Julleq for all u € HE(Q). Now consider any v € H~Y(Q) = HE (Q)*. Tt
obeys

()| < [[vll-e ellulleo < [[vll-ellulleo

for all u € H§(2). Thus the restriction of v to H§(R) is an element of H¢(Q) = H{(Q)*,
which we again call v, and ||v||—r0 < ||v]|—¢ -

Combining this with the corresponding part of Remark 2.1.2, we have that if £, ¢’ € Z
with ¢ < ¢, then H' (Q) ¢ HY(Q) and ||v]e.0 < |[v]ler.q for all v € HY ().

Lemma 2.1.14 Letl c Z.

(a) Let ¢ : Q — C and all of its derivatives of order at most |¢| be bounded and continuous.
The map v € { v e CH(Q) ‘ 2] max{o,e3,0 < 00 } — v has a unique extension to a
bounded, linear map on H*(Q) and there is a constant Cle|,n, depending only on || and n,
such that

lpulle,o < Clopnllellcren @) llulleo
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for all w € H*(Q). Here lellce) = sup 10%¢p(z)|.

ozelNg, || <¢

(b) Let o € IN. In the case 0 < £ < |a|, assume that { v € Clel(Q) | [[v]lja,0 < oo } is
dense in H'(Q). The map v € { v € Cmax{tlall(Q) | [[0]lmax{e,jal}.0 < 00 } > 0% has a
unique extension to a bounded, linear map from H'(Q) to H'™1*l(Q).

Problem 2.1.16 Prove Lemma 2.1.14.

Problem 2.1.17 This problem illustrates the need for the multiplier ¢ of part (a) of
Lemma 2.1.14 to be relatively smooth if the product v is to be well-defined when v is
quite unsmooth. In this problem, ¢ will be a characteristic function with a discontinuity
at 0 and there will be two different v’s. One will be a Dirac delta function and the other
the derivative of a Dirac delta function. Both will be supported on the point 0. Let
Q= (—1,1). Let w € C§°(IR) be supported in [— 1, 2]. Assume that w is even and obeys
Jr w(z)dr =1 and w’'(z) > 0 for z < 0. Define, for ¢ > 0 and u € C§°(Q),

d(u) = u(0) de(u) = / w(E)u(z)de 6o 4 (u) = / Tw(2=2)u(x) dx

—1

™ |=

1

8 (u) = —u'(0) dl(u) = / L' (2)u(z) de

-1

o]

(a) Prove that 6, 6. and . all have unique continuous extensions to elements of H ~1().
Prove that §’ and 6. have unique continuous extensions to elements of H~2(().

(b) Prove that

al—i>%1+ 56 =9 and El_i)]f(l)l_F 56,4— =0
in H2(Q2) and
lir&_ oL =4

in H=3(0).

(c) Let ¢ be the characteristic function of (0,1). Prove that
ligen=1 wd g e =

in H~2(Q2) and that li%1+ @6 diverges in H=¢(Q) for all £ € IN.

We also want to define the space H*(9) in the same way as the space H*(Q2), but
for functions that are only defined on 9€2. To do so, we need a measure on 0f). The easy
way to create such a measure is to use local coordinates.

15



Definition 2.1.15 Let Q C IR" be a bounded open set.
(a) We say that © has C* boundary (or that 9§ is C* or that 92 € C¥) if, for each p € 99,
there is an open neighbourhood U(p) of p and a C* diffeomorphism 1, : U(p) — IR"

such that
(2.1.4) YpUPp)NQ)={zeR"|2,>0} =R}
a bpUP)NIQ) ={zeR" |z, =0} =R""
U
Q T ¢ RY
U(p)
o0 R !

(b) We say that 2 has smooth boundary (or that 02 is smooth or that 9Q € C'*) if each
Yy, p € 0L, of (a) is a C*° diffeomorphism.

For the rest of this chapter, we assume that €2 is a bounded open subset of IR"™ with
smooth boundary.

Problem 2.1.18 Let © C IR"™ be a bounded open set and k € IN. Prove that Q has
C* boundary if and only if, for each p € 9Q, there is an open neighbourhood U(p) of
p and a C* function ¢, : U(p) — IR such that V¢,(p) # 0, U(p) NN = gb;l(O) and

U(p) N2 = 651 ((0,0).

Notation 2.1.16 We call a system (U(p), ¢,), p € 9 as in Definition 2.1.15, a coordinate
system for 0f).

Definition 2.1.17 We say that f : 0Q — C is C* and write f € C°(9NQ) if there is a
coordinate system (U(p), 1) such that fo w;l -R"! = Cis C™.

Definition 2.1.18 (H?*(092), s € IR) Since 912 is compact, there exist p;, i =1,---, N,

such that 9Q C UN,U(p;). Choose functions x; € C5°(U(p;)), 1 < i < N, taking values
in [0, 1] so that Zivzl Xi = 1 on some neighbourhood of 0€).

(a) For f € C°°(02) we define

N
11200 = |06 ovyt]s,
=1
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(b) We define H*(012) to be the completion of C*°(92) under the norm || - |5 a0-

Problem 2.1.19 Prove that || - ||s 00, given in Definition 2.1.18, is a norm. Prove further
that

f’ 5,000 Z < XZ ng) p_i1>s,n—1

is an inner product.

We prove in Proposition 2.1.20, below, that all of the norms, defined through different
choices of partition of unity {y;} and coordinate systems (Z/{ (p), 1/Jp) in Definition 2.1.18.a,
are equivalent. That is, if || - || and || - || are two such norms, then there are constants ¢
and ¢’ such that

LA < el W< A

So a sequence of functions converges with respect to one of the norms if and only if it
converges with respect to the other.

Lemma 2.1.19 Let ¢ € C§°(IR™) and let ip : R™ — IR™ be a C*° diffeomorphism. Then
the map
Co"(R™) — C°(IR™)
fr(pf)oyp™

extends to a bounded linear map on H*(IR™).

Proof: By the B.L.T. theorem and Problem 2.1.8, it suffices to prove that there is a
constant C' such that |(¢f) o ¢_1|S’m < C|fl,,, for all f € C5°(IR"). The case s € Ny is
Problem 2.1.20, below. The case s > 0 then follows by the interpolation Lemma 2.3.2.

So let s < 0. Recalling, from Problem 2.1.15, that

lv], = sup ‘ (u, ’U>L2(1Rm) ‘
lul_ <
for all v € L?(IR"), we have
(0f) oy, = Jw [, (0f) 0™ Loy | = s, ’/ ~H(2)) dmw‘
Making the change of variables x = ¢ (y) and using } ‘ to denote the associated Jacobian
determinant
enevl.= s | [ |06 @)
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Set p(z) = |9 ( Y(2))|¢(¥~1(x)) and observe that ¢ € C§°(IR™), since ¢ € C5°(IR™)
and 7,11 is a C’OO diffeomorphism of IR™. By the s > 0 case of this Lemma, with v replaced
by ¢~ 1,

[(f) o™, = e ‘/ gu) ( f—)dmy) < sup |(gu)ow|__ |fI,

< sup Clul_, |1, < C|/fl

ul <1

Problem 2.1.20 Prove Lemma 2.1.19 in the special case that s € INg.

Proposition 2.1.20 All of the norms, defined through different choices of partition of
unity {x;} and coordinate systems (U(p),p) in Definition 2.1.18.a, are equivalent.

Proof: Let (Z/{(p), 1/Jp) and (Z;{(p), 1;1,) be two coordinate systems as in Notation 2.1.16
and let x; € C5°(U(p;)), 1 <i < N and x; € Cf° (Z](ﬁl)), 1 <i < N be two partitions of
unity as in Definition 2.1.18. If f € C*°(0%2), then

N N
(af) oyt = (i) ovpt =3 (Wxaf) oyt oy, 0ty

j=1 j=1

Note that (x;x:) o @[Jp_il(l‘) vanishes except when z € 1, (U (pj) N L{(pl)) and then d)p_il(x)
is in the domain of z;ﬁj. Applying Lemma 2.1.19, with ¢ = y; o wﬁj L= zﬂﬁj °¢p_il and

f replaced by (x;f) o 1513_3.1,

N N
|(X1f) © wp_zl s,n—1 < Z |(XJX1f) © w © wpﬂ lels n—1 Z Dy |s,n—1
Jj=1 =
< ON max |(555) 0y /], s
and hence
N
Zl(le) 1|sn 1 §C2N2N max | XJ 1|sn 1
| 1<j<N
<CENAINY (i) oty
j=1
completing the proof. [ |
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Problem 2.1.21 Prove that || -

171|200 = \/ / 2)[2 do(z)

where do(z) is the surface measure on 0f.

.00 1s equivalent to

Problem 2.1.22 Let s € IR. Prove that there are constants C, and ¢, such that
| (£, 9) 12000) | < Csllfll-s.00ll9lls,00
for all f,g € C>(09) and

1£ll—s00 < cssup { | (f,9)r2(a0) | | 9 € C*(09),

for all f € C°(092). Here, as you would expect,

5,082 <1 }

)i = [ S@)a@) doa)

where do(z) is the surface measure on 0f).

Problem 2.1.23 Let 0 < s € IR. By Problem 2.1.22, if f € C*°(9Q) then

g €C*(0Q) = Lrg=(f,9) 12000

extends to a bounded linear functional on H?®(02) with norm bounded by Cs||f||-s,a0-
Prove that the map f — L has a unique continuous extension to an isomorphism

L:H*(00Q) — H*(00)*
and that { Ly | f € C>(99Q) } is dense in H*(9Q)*.
Problem 2.1.24 (Sobolev Imbedding) Let £ € INg and s > £+ 5. Prove that if

u € H*(0N), then u € C*(09) and there is a constant C, depending only on Q and |/,
such that

[ullce

Problem 2.1.25 (Logarithmic Convexity) Let s and s’ be real numbers and 0 < p < 1.
Let N be the number of neighbourhoods in the cover of 9¢2 used in Definition 2.1.18. Prove
that

1 st (1—pysr.00 < NIFIS a0 ||U||l/_,59
for all f € H™>{55}(9Q).
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Lemma 2.1.21 Let ¢ € INy.

(a) Let U and V be bounded open sets in R"™ and let v : U — V be a C™*>{L4 diffeomor-
phism with ¥ € CYU) and =" € C™>L (V). Then the map

{uel'U) | lulleg < oo } = CHV)
U+ U0 77/)_1
extends to a bounded linear map from H*U) to H* (V).

(b) Let U, V and ) be as in part (a), except that we do not require U or V to be bounded
and we do not require 1 € CY(U) or = € O™V (V). Then if p € CC(U), the map

C5eU) — Co(V)
u s (pu) o™
extends to a bounded linear map from H{U) to HE(V).

(c) Let U, V and Q be open subsets of R"™ and let ) : U — V be a C™>LE diffeomorphism.
Then if x € C5°(U), the map

{uelC Q)| lulea <oo } = CHW(QNU))
w— (xu)oyp™!

extends to a bounded linear map from H*(Q) to H ((Q2NU)).

Proof: (a) We start with ¢ = 0. Making the change of variables x = 1 (y) and using ‘g—;
to denote the associated Jacobian determinant

o vy = [ fu(w d%—/ () |2 )| dy

Since ¢ € CY(U), Sup, .77 ‘ax y)| is finite and [luoy~? supyeu
definition, the set { v € C°(U) | [lulloy < oo } is dense in HO(Z/{) S0 the B L T. theorem
yields the desired result.
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Next we consider ¢ = 1. By the chain rule

n

ot @) =) G (0T (@) F (@)

j=1

-1
Since ¥~ € C1(V), }83); ()| is bounded on V for all 1 < j < n so, by Cauchy—Schwarz,

[ lgmuevwf are = [

> 28 (@) 2l ()

j=1 Jj=1
- n 1 - n
<s[ Sl [ 5150 @] o
zey "IJ= ) =
- n 1 - n
-me [ 150l [[S1s0r] 1ol r
zey "I= ) =
- n -1 -
<sup | 3 |- @)°] sup 32| llull e
zey ~j=1 T oyeu

The proof for £ > 1 is similar, since 9¢ [u o w_l} (z) is a finite sum of terms, each having
one factor (0°u) op~1, with |3| < |a|, and one or more factors 871pj_1 with 1 < |y] < |af.

(b) We already know, from part (a) of Problem 2.1.3, that multiplication by ¢ is a bounded
operator on H*(U/). Denote by ® the support of . It is a compact subset of U. Because
¢ is continuous, ¥(®) is a compact subset of V. For all |a| < ¢, 9*(¢u) (¢~ (x)) vanishes
unless z € ¥(®). Thus when we replace u with pu in the arguments of part (a), all of
the integrals [|, - d"x are restricted to fw<<1>) - d"z and all of the integrals [, - d"y are
restricted to [ - d"y. Since 1 (®) is compact, ! () and all of its derivatives to order ¢
are bounded on 9)(®), even if 1p~1 ¢ C™a{LE (V). Since ® is compact, g—;(y) is bounded
on ® even if v ¢ C1(U). So the arguments of part (a) still imply that

(o) 0™ H e, < comst fJuley

and the B.L.T. theorem implies that the map extends to the closure of C§°(U), which is
HE(U). By Problem 2.1.2, C§(V) € H§(V), so the image of C§°(U) is contained in HE(V).
Since H{(V) is a closed subset of H*(V), the image of the extended map is still contained
in H5(V).

(¢) The proof is similar to that of part (b). Let W denote ¥(Q2 NU) and ® denote the
support of x. As ® is a compact subset of U, ® N} is also a compact subset of U.
Because 1) is continuous, ¥(® N ) is a compact subset of V. For all x € W and |a| < ¢,
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9*(xu) (¢ ~'(2)) vanishes unless z € ¥(®) NY(QNU) = (P N Q). Thus when we replace
u with yu in the arguments of part (a)
e all of the integrals fv - d"z of part (a) become integrals fW - d"z and are restricted
to f¢(¢>ﬂﬂ) - d"r and
e all of the integrals fu - d™y of part (a) become integrals ffzmu - d"y and are restricted

to fquz - d"y.
Since ¥(® N Q) is compact, ¥»~1(z) and all of its derivatives to order £ are bounded on
(@ NQ), even if = ¢ Cm{LE (V). Since ® is compact, g—Z(y) is bounded on ¢ N
even if 1 ¢ C*(U). So the arguments of part (a) still imply that

1(xw) 0 ™ Hlew < comst Jufleuna < const [[ulle.q

and the B.L.T. theorem implies that the map extends to the closure of the domain of
definition { u € C*(2) } |ulle,o < oo }, which is HY(Q). [ |

§2.2. Traces — Restriction to the Boundary

Definition 2.2.1 (C*(Q)) Let © be an open subset of IR". We define C*(Q) to be the
set of all functions u € C*(IR™) for which 9“u is bounded and uniformly continuous on
for all || < ¢. We also write C°°(Q) = N2,C*(Q). If u € C*(Q) and |a| < ¢, then 9%u
has a unique continuous extension to €, which we also denote 0%w.

The goal of this section is to prove

Theorem 2.2.2 Let ¢ € IN and let Q0 be a bounded open subset of IR"™ with smooth
boundary. Define the restriction map

r:C®(Q) — C(00)
u— u [ 0f)
There exists a unique map
R: HY(Q) — H71/2(6Q)

and constants C,C" such that

(i) R extends r. That is, Ru = ru for all u in the domain, C=(Q), of r.
(it) R is bounded. That is, |Rull¢—1/2,00 < C|lullsq-
(iii) R is surjective (onto).
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(iv) For each f € H'=Y2(9Q), there is a u € H*(Q) such that
Ru=f and |lulleo < C\flle-1/2,00

That is, R has a bounded right inverse.
(v) R has kernel H3 () N H(Q).

Remark 2.2.3 Theorem 2.2.2 is true for all real ¢ > %, except that, when % <l{<1,R
has kernel H{(€). See [A, Theorem 7.53].

Remark 2.2.4 There are three main parts to the proof of Theorem 2.2.2, which is given
following Lemma 2.2.13.

o The first part is to show that r is bounded. Once this is done, and once we prove in
Lemma 2.2.13, below, that the domain of r is dense in H*(f), we can extend 7 by
continuity to all of H(Q) and call the result R. Parts (i) and (ii) of the Theorem
and also the uniqueness of R are then automatic. For pedagogical purposes, we prove
the boundedness of r first for = IR" with 0f) replaced by {z, = 0} (Lemma 2.2.5),
second for @ = R = {x,, > 0}, 0 = {z,, = 0} (Proposition 2.2.10) and finally for
2 as in the theorem.

o The second part is to prove that each f € H*"1/2(9Q) can be extended to a u € H*(Q)
in a bounded way. This will prove part (iv), which implies part (iii). For pedagogical
purposes, we prove extendibility first for Q = IR"™ with 09 replaced by {z, = 0}
(Lemma 2.2.6), second for 2 = R} = {z,, > 0}, 0Q = {z,, = 0} (Proposition 2.2.10)
and finally for 2 as in the theorem.

o Since r vanishes on C§°(€2), which is dense in H{(£2), the boundedness of r will also
imply that the kernel of R contains HE(€2). Note that, when / is large, many derivatives
of any f € H{(£)) must vanish on 9. On the other hand, to be in the kernel of R only
f itself — not its derivatives — must vanish on 9. In fact, if u € H}(Q) N HY(Q),
then there is a sequence of functions u; € C3°(2) that converge to u with respect to
the norm || - |1 . Since, by part (ii) of the theorem with ¢ =1,

| Rull1 /2,00 = |[Ru — Rujll1 /2,00 < Cllu — uj[[1,0 forall j = Ru =0

the kernel of R (acting on H*(Q2)) contains all of H}(Q) N H*(Q). To prove part (v),
we have to show that any function in the kernel of R can be approximated, in the
H(Q) norm, by functions in C§°(€2). For pedagogical purposes, we prove this first
for @ = R} = {x, > 0}, 0Q = {x, = 0} (Proposition 2.2.11) and then for {2 as in
the theorem.
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We start with a particularly simple geometry, to illustrate what’s going on. In the
illustration, we replace Q by IR™ and 99 by {z,, = 0}, which we identify with R"~'. To
save writing, we denote z’ = (z1,---,2,_1) € R"™' = {z,, = 0}.

Lemma 2.2.5 (Restriction from R" to R"™') Let s > <. The linear transformation
r: CP(IR™) — C°(R™ 1Y) defined by

(ru)(z’) = u(a2’,0)
has a unique extension to a bounded linear map

R:H*(R") — H* 3(R"™)

Proof: We shall prove that there is a constant C' (depending only on s) such that
|ru|5—%,n—1 < C'|u|s,n

for all u € C§°(IR™). The Lemma will then follow by the B.L.T. theorem.
If k € R", write k = (k', k) with ¥ = (kq,---,kp_1). The definition of the Fourier

transform gives
[ W) s = (raa) = ula' 0) = [ K k) i

so that

— N dky,
F ) = [ ol k) %
Thus, by Cauchy—Schwarz,

(@) (k)|* = ’/ﬂ(k;’,k;n) (14 k2 4 12)*2 (14 2 g2) 0

1 dky,
_ 1 1 dp
— |:(1+k/2)s—1/2 / (1+p2)s QW] [/

02
- (1+k./2)371/2

Ak kn)|” (14 K2 + k2)" 4|

Ak k)| (14 K2+ 82)" L |

where k,, = pv1+ k"?
Ak ka)|” (1 + k2 +k2)" den

27
where the constant C? = i U-F#)S g—g depends only on s and is finite because s > %
Hence
2 1~ n—1y./
rul?_y s = [ (R R
A~ 2 S n
< 02/ Wk kn)|” (L+K?+ K)o
= Clul,,
|
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Problem 2.2.1 Let k € IN and s € R obey k < n and s > £. Identify R * with
{ z€R" ‘ Tpgy1 = =Ty, =0 } and write z € R" as x = (2/,y) with 2’ € R™* and

y € R®. Prove that the linear transformation 7 : C$°(IR") — C5°(IR™ ") defined by
(ru)(z’) = u(a’,0)
has a unique extension to a bounded linear map

R:H*(R") — H* 3(R"™")

Problem 2.2.2 Let 1 < s < /¢ € IN and let u € C*(IR"). Suppose that each derivative

of u of order at most £ is bounded by a constant times (1 + [z[)™* for some a > 3.

Then v € HY(R") ¢ H*(IR") and u(2/,0) € HY(R"') ¢ H* z(IR"!). Prove that
(Ru)(z') = u(x’,0), where R : H(IR") — H*"2(IR""!) is the map of Lemma 2.2.5.

Problem 2.2.3 Let s > 1. Define, for each t € R, R, : H*(IR") — H*3(IR™') to be the
unique bounded linear extension of the linear transformation 7, : Cg°(IR™) — Cg°(IR™™ 1)
defined by

(ru)(a) = u(2’,t)

Prove that R; is strongly continuous in ¢. That is, prove that
lim |Ref = Re fl5_1,, 1 =0
t—to 27
for each ¢ty € IR and each f € H*(IR").
Lemma 2.2.6 (Extension from R"™' to R") Let s > % Then there is a constant C
(depending only on n and s) such that, for each f € H*='/2(IR"™1) there is a u € H*(R"™)

obeying
Ru=f and |u|5,n < C|f|5—1/2,n—1

where R is the map of Lemma 2.2.5.

Proof: As in the last lemma, write k = (k’, k,,) € R" with ¥’ = (ky1,-- -, kp—1). We claim
that if f € S(IR™™ '), then the u determined by

Ak k) = f(K) 2y/meFn/ OHET) 1 /T2

does the job for that f. Once the claim is proven, we will be able to extend the map f — u
by continuity (i.e. the B.L.T. theorem) to H*~'/2(IR"~*) and the Lemma will follow, since
R is itself continuous.
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We first check that @ € S(IR™). Every derivative of e *n/GH* ) / /T LK is a
polynomial in k times e~*a/(+* %) (1 4 |k'\2)_£/2 for some ¢ € IN. Since, for each m € INy,

e e O = (1 ey 21 )| e )

< const,, (14 |K'|>)™/?
each polynomial in & times e‘ki/(lﬂk/'z)(l + \k”|2)_€/2 is bounded by a polynomial in &’.
As f € SR™ 1), this ensures that @ € S(IR™).

To Verify that Ru = f, we need to verify that u(z’,0) = f(a'), or equivalently
Ja(k k ) dkn — f(K’). But this is an immediate consequence of

—k2 /(1+[K?) —p? —
2f/ \/m e dp=1

We made the change of variables k,, = py/1 + |k’|2. The verification of the boundedness

requirement is

= [ (1 )
:471'/(1—1— |k|2)5(1+ |k/‘2)—16_2ki/(1+|k/|2)‘ﬂk/)‘z (gjr;lf;d;—:

:2[/(1 +p ) —2p® dp] /(1+ |k’|2)8_1+1/2|f(k’)|2 g;;lfll
::L/QU:+p) e dp| 11121 s

We next consider another, slightly more realistic, but still simple, geometry. Namely
Q=R}={zeR"[2,>0},00=R""={zeR"|2,=0 }.

Lemma 2.2.7 Let { € INg. The set of restrictions of functions in C5°(IR"™) to IRY} is
dense in HY(R™). In particular, C=(IR") N H(R") is dense in H*(IR}).

Proof: Let u € H(IR'}) and ¢ > 0. Let, for any measurable function w on IR"”, PLw be
the restriction of w to IR'}. Observe that

R P ML SR D ol NI R T

|| <2 || <2
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Step 1. We first find a v € H*(IR™) such that |ju — n < 5. Let ¢ € C*(IR) obey

u(@’, x, + 6)Y(&) if z, > —0

b(D) L fort= =3 4 define, for 5> 0 ()
= and define, for § > 0, us(x) =
t<-32 ’ 0 if 7, < —25

u(z', xy,) —u(z, z, + 0) u(a', xn +0) (%)

Tn Tn Tn

Using the same procedure as in part (a) of Problem 2.1.3, we see that us € H*(IR™) (though
|us|, may diverge as § — 0). For z,, > 0, us(z) = u(z’, 2, + 0) and hence

||u—P+u(5||gIRn = Z/ |0%u(z “u(x, xn-l-é)‘ d"x

|| <2

We shall show in the next paragraph that translation is continuous in L*(IR"}). Hence we
can pick o > 0 sufficiently small that |[u — Py us,|l¢rr < 5 and set v = us,.

To complete this step, we show that translation is continuous in L?(Q) for any open
QCRR". Let f € L*Q). Define f to be zero on IR" \ Q. Then for all ¢t € R"

[1r@ =t sof aes [ i@ swrof o= [ - 1w

Rn

by (2.1.1b) and the translation property of the Fourier transform. The integrand converges

pointwise to zero as t — 0 and is bounded uniformly by the integrable function 4|f(k)|2.

So, by the Lebesgue dominated convergence theorem,
%%/‘f x—i—t)} d"r =0

Step 2. By Problem 2.1.8 there exists a w € C§°(IR") such that ||[v — w|,r» < 5. Hence

lu—Prw|emre < ere +[|Pro— Prwllery < ey Hlv—wleme <e

and we are done. ]
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Problem 2.2.4 Let ¢ € Ny, ¢,¢/, R > 0 and u € H(IR"}). Suppose that u(z) = 0 for all
|z| > R. Show that there is a function v € C§°(IR") that obeys v(x) = 0 for all |x| > R+¢’
and ||lu — P.'.'UHE’IRi < €, where P, is the restriction from IR" to IR"}.

Lemma 2.2.8 (Extension from IR" to IR") Let { € INg. There exists a bounded linear
operator
E:HYR}) — HY(R™)

such that Eu(x) = u(x) for all u € C* (IR—ZLF) NHYRY), z € IR—TJr

Proof: Let u € C®(R})N HYIR}). Write x = (2/,z,) € R" with 2’ = (1, , Tp—1).
Define

u(x) ifz, >0
2.2.1 E =

where the 3;’s are to chosen, independent of u, so as to ensure that Eu is C* across z,, = 0.
This will ensure that Eu € C*(IR™). Since

2 dry = j(%)zan/ }Bo‘u(x)}z d"x

T, >0

(2.2.2) / ru(a, —2)
T, <0

it will also ensure that F is bounded. It will then suffice to extend E by continuity to all
of HY(IRY).

To ensure that 0% Fu is continuous across x, = 0, when «,, = 0, it suffices to choose
the (3;’s so that Zfii Bj = 1. To ensure that 0“FEwu is continuous across z,, = 0, when
oy, = 1, it suffices to choose the (3;’s so that Zfii —% = 1. In general, to ensure that
0% Fu is continuous across z, = 0, when a,, = m, it suffices to choose the 3;’s so that

141
(2.2.3,,) (=57 =1

+

D =det| ) ‘ i # 0
e 1Y/ . 1!
-0 (=3 - (—&1)
But D is a Vandermonde determinant. By Problem 2.2.5, below, it has the value
HISKJ.SEJrl ( — % + 1), which is certainly not zero. [ |

7
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Problem 2.2.5 Let {z;};ew be any sequence of complex numbers. Define the Vander-
monde determinant

1 1 1
T x2 Tn
2 2 2
Vo=det| 1 T2 o Tn
n—1 n—1 n—1
L Lo Ty,

(a) Use row and column operations to prove that V,, = V,,_1 [[;; <n (l‘n — xz)
(b) Prove that Vi, = [T, <, (zj — ).

Problem 2.2.6 Let £ € INy and ¢’ € Z with ¢/ < /. Denote by E, the operator of Lemma
2.2.8. Prove that there is a constant C such that

|Eeuly ,, < Cllulle rn
for all u € HY(IR'}).

Problem 2.2.7 Let ¢/, € INg with ¢ < ¢ and o € INj with «,, = 0. Denote by E,
the operator of Lemma 2.2.8. By Problem 2.2.6, E;, has a unique bounded extension to
H el(IRi) and it in turn has a unique bounded extension to H E/"O"(IRﬁ). We persist in
denoting both of them E,. Recall, from Lemma 2.1.14, that 0% is a bounded operator from
HY(RY) to HY~1*I(IRT) and from H (R™) to HY~l*I(R™). Let u € HY(RT). Prove
O“Equ = E;0°u and that 9%u € H*(R"}) if and only if 0*E,u € HY(IR").

Problem 2.2.8

(a) Let {ag} PN, be any sequence of real numbers. Prove that there is a function f €
C*(IR) such that f(™)(0) = a,, for all m € IN.

(b) Let {ag(as')}ZE]NO be any sequence of C* functions on IR™~'. Prove that there is a

function f € C*°(IR") such that 2L (2/,0) = a,,(2') for all m € Ny and 2/ € R™ L.

m
oz

(c) Prove that if f € C°°(IR"), then there exists F' € C>(IR™) such that f(z) = F(z) for
all RY}.

We defined H*(IR} ), rather abstractly, as the completion of C*(IR!) under a certain
norm. Part (a) of the next proposition (with ¢ = 0) shows that H*(IR}) is precisely the set
of all u € L*(IR}) all of whose derivatives 9*u with order |o| < ¢ are again in L*(IR"}). We
also defined (in part (b) of Lemma 2.1.14) 0% : HY(IR'}) — H*"1*/(IR"} ), rather abstractly,
as the continuous extension of 9% : Cmax{tlall (R ) — Cmaxtt=lal.0}(IR™ ). Part (b) of the
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next proposition replaces these derivatives with, more explicit, weak derivatives and shows
that H*(IR") is precisely the set of all u € L?(IR"}) all of whose weak derivatives of order
at most ¢ are again in L?(IRY}). Recall that the weak (or distributional) a—derivative of u
is the map
Dy C¢ () — C
[ (_1)|a| (0, U>L2(Q)

and is defined for all u € L?(Q) and all a € INj. Recall also, from the discussion following
(2.1), that one says that the weak derivative D is in L?(Q) if there exists a v, € L%(2)
such that (f,va) 2) = (=1)lel (g f, U) r2(q) for all f € Cg°(€2). These characterizations
of H*(IR"), as the set of all u € L?(IR"}) all of whose derivatives of order at most ¢ are
again in L?(IR"} ), provide a good mental image for H*(IR"} ). But we will not explicitly use
them later in the book. So Proposition 2.2.9 and Proposition 2.2.15 (the analogous result
for H*(Q)) can be safely skipped on first reading.

Proposition 2.2.9 Let ¢ € INg.

(a) Let u € Hzl(]Ri) with ¢! € Ny obeying ¢' < (. Then uw € H(RY) if and only if
0w € H (RY}) for all « € Ny with |a] < £ —2'.

(b) Let w € L*(RY). Then w € H*(IRY) if and only if there is a constant C such that
(0" f, “>L2(IR1) | < OHfHLZ(IRj_)

for all o € INY with |a| < € and all f € C(RY). Also, w € HY(RY) if and only if, for
each o € Ny with |a| < £, there is a v, € L*(IRY) such that

(—1)|a| (0“f, u>L2(IF{i) = (f, va)Lz(IF{i)

for all f € CS°(IRY).

Proof: (a) The implication that if u € H*(IR}), then 0%u € HZ/(IRi) for all @ € IN§
with || < ¢ — ¢ is an immediate consequence of part (b) of Lemma 2.1.14. This Lemma
also implies that if 9%u € HY (") for all a € Ny with |a| < £ — ¢ then 0%u € L?(IR")
for all a € IN( with |«| < ¢, so it suffices to consider ¢ = 0.

So let w € L*(IR") and assume that 9“u € L*(IR}) for all & € INg with |a| < £.
Denote by E; the operator of Lemma 2.2.8 and its extensions to H* (RY) for ¢ < ¢, as
in Problem 2.2.7. Tt suffices to prove that Fyu € H*(IR™), since u is the restriction of E,u
to R’. To prove that E,u € H(IR"), it suffices to prove that 0°FE,u € L*(IR") for all
a € IN( with |a| < ¢, since then ka@(k) € L3(R") for all @ € INJ with |a| < ¢ and this
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implies that (1 + |k ) Egu(k) € L?(IR"™). We have already proven, in Problem 2.2.7,
that 9“Eyu € L*(IR") for all « € INjj with |a| < £ and «,, = 0.

So assume that «,, > 0 and set o/ = o — (0,---,0,,). We need to prove that
0*Eyu = %Egaa/u € L?(IR™). Recall, from (2.2.1), that, for v € C=(IR}) N H(R}),
v(x) ifz, >0
E —
where x = (2, x,) € R" with 2’ = (21,---,2,_1). Hence
—gaz}; (.’L‘) if Ty = 0
8an X
(2.2.4) Fow Bpv(z) =

S8 (D) L (!~ ) i@, <0

Define, for w € C*(IR'}) N H~(IR%),

w(z) if x, >0

(225) F'LU(ZC) - { Zé—l—l ﬁj( ) w(az’, _xj_n) if 2, <0

For the 3;’s chosen in Lemma 2.2.8, Fw is C*~%" across z,, = 0 so that Fw € C*~2»(IR")
and F' is bounded as a map from H*~%»(IR"}) to H~*"(IR}). So we may extend F by
continuity to all of H*=*»(IR'}). As in Problem 2.2.6, F has a unique bounded extension
to an operator from HY (R%) to H‘)/ (R™) for each ¢ € Z with ¢ < ¢ — «,,. Comparing
(2.2.4) and (2.2.5), we see that 2 i o Epv = 8 Sr for all v € C"X’(]R") N HYRY). By
the continuity of all of the operators involved and the denseness of C>(IR"}) N H*(RY),
aa" ¢ B = F8 v for all v € HY (IRY) with ¢/ < ¢. Applying this with v = 9 u, we have
that

0“Eyu = %Eg@a/u = Fo%u

By assumption, %u € L*(IR"}). So FO*u € L*(IR"}) and hence 0*E,u € L*(IRY).

(b) First, suppose that u € H*(IR'}). By Lemma 2.2.7, there is a sequence of functions
u; € C*°(IRY) that converges in H*(IR') to u. In particular, lim ||u;
and, if f € Cg°(IR"}),

= |u

ey = Il

O )y | = i [ @ ooy | = Jim | [ 00w ave
= lim ' MCETOLE E tim sup || £[] 2 gy (10%0 | 2y
= HfHLQ(Ri)hﬂSCEp H“iHe,Ri = HfHL2(IF{i) [
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provided |a] < ¢. The Riesz representation theorem provides the existence of the v,
required for the second statement.
For the converse, suppose that u € L*(IR]}) = H°(IR"}) obeys

| (0°f, u>L2(IRi) | < CHme(IRi)
for all @ € INy with || < ¢ and all f € C§°(IRY}). (For the second statement, we can use
C = max|q|<y HUO‘HLz(IR”)') Let o € IN{j with || < £. By part (b) of Lemma 2.1.14, 0%u
= ¥
exists as an element of H~1*/(IR"}) = H(l)O"(IR:L_)*. Forv € { v e CYIRY}) ‘ [v]lemn < oo },
9% is defined, as an element of H~I*/(IR"}) by
(00) () = (1.9°0) g
for all f € H(|)a|(IR:L_). In particular, for f € Cg°(IR"}),

(0°0) (1) = (£.00) oy = [ F@)0%0(@) = (-1 [ uf@) 07 (a) s

n

RY +
= (=Dl (o°f, V) p2 ()
By continuity,
(0%u)(£) = (=110 f, @) p2
for all w € L*(R'}) and f € H(l)O"(]R:L_). Thus for our w and «, |(9°u)(f)| < OHfHL?(IRi)'

So, by the Riesz representation theorem, there is a u, € L*(IR’}) such that (0%u)(f) =
(f, m>L2(IRi) for all f € H(I)al(IRi). In other words 0%u € L*(IRY). Since this is the case
for all « € IN{; with || < ¢, uw € HY(IR'}) by part (a). [ |

Proposition 2.2.10 Let ¢ € IN. Define the restriction map
r:{ueC®RY) | w has bounded support } — CS(R™1)

H
u u p—

There exists a unique map
R:HYRY) — H 2R

and constants C,C" such that
(i) R extends r.
(it) R is bounded. That is, |Rul,_ 5,1 < Cllulleme -
(iii) R is surjective (onto).
(iv) For each f € H'=YV2(IR™™Y), there is a u € HY(R'}Y) such that

Ru=f and ||

LIRY < C'/|Jc|z-1/2,n—1

That is, R has a bounded right inverse.
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Proof: By Lemma 2.2.7, { u € C* (RT) |  has bounded support } is dense in H*(IR}),
so there is at most one bounded extension.

Let £y be the extension map from R! to R" of Lemma 2.2.8 and let R be the
restriction map from IR" to x,, = 0 of Lemma 2.2.5. Then

Ru = RE+U

defines a bounded linear map from H*(RY) to H"/2(R"'). If u € C®(IR}) has
bounded support, then E,u € C5(IR™) (see (2.2.1)). By Problem 2.2.2, (RE,u)(z') =
(Eiu)(2',0) = u(z’,0), so R extends r. We have proven parts (i) and (ii).

Let Ey be the extension map of Lemma 2.2.6, with s = /. Let R, u be the restriction
of u € HY(IR") to R". It is a bounded map from H*(IR") to H*(R'}). Then & = R} Ey
is a bounded map from H‘"'/2(IR"") through H*(R™) to H*(R%). Furthermore, if
f e S(IR"™1Y), then Eof € S(IR™) (this was shown in the proof of Lemma 2.2.6) and
E,Ef = E{R,Eyf is in C*(IR") with derivatives that decay faster than the inverse of
any polynomial (see (2.2.1)). Hence, by Problem 2.2.2,

(REf)(") = (RELES)(2') = (E+ R4 Eof)(a',0) = (Eof)(a',0) = f(a")

Since S(IR™) is dense in H*"1/2(IR"!) and R and & are bounded, RE is the identity on
H''/2(R™™1). This proves parts (iii) and (iv). |

Proposition 2.2.11 Let /¢ € IN and let R be the restriction operator of Proposition 2.2.10.
The kernel of R is H*(R"}) N H(RY}).

Proof: If u € H}(IR")N H*(IR"), then there is a sequence of functions u; € C§°(IR"})
that converge to u with respect to the norm || - [|1,rz . Since, by part (ii) of Proposition
9.2.10 with £ =1,

|]-'{7,L|1/2m_1 = |Ru — Ruj|1/27n_1 < Cllu— UjHl,IRi forallj = Ru=0

the kernel of R (acting on H*(IR")) contains all of Hj(IR'}) N H*(IR").

To prove the converse, we have to show that any function in the kernel of R can be
approximated, in the H'(IR!) norm, by functions in C§°(IRY). Let ¢ € Cg°(IR) take
values in [0, 1] and obey ¢ (t) = 0 for all |t| < 1 and ¢(t) =1 for all |¢| > 1.

Step 1. We first prove that if u € H'(IR}}), & > 0 and u.(z) = u(z’, z,, )1 (%2), then

= e |l sy < 2% (1Rl L2 gy + 201+ W) Julf o, where
(2.2.6) Qe={zeR} |z, <e}
U=max{¢(t)’]5<t<1}
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Multiplication by 1 (%2) is a bounded operator on H'(IR'}) (possibly with a norm that
diverges as € — 0). So it suffices to prove (2.2.6) for u € C=(IR"}).

It is clear that
e27) -l = [ il gy < [ @ s

O<xn,<e
so we only need to bound the first derivative terms. If 1 < j <n — 1,

G [0 (=) u(@)] = o (%) G (=)

so that

2 Tn U u 2 m
(2.2.7b) Hg_mj[u - “EH‘L?(IR@ = [|[1—v(%)] gTJ HL2(IF{”) /0<xn<s ‘ng(xﬂ d"z
Finally,

ooy (@) = (2 )u(@)] = [1 - ()] 55 (2) — 20/ (2 u(@)
Since (a + b)? < 2a? + 22,
8= el gy < 2011 = 921 2 ) gy + 2 20 (22 @) o
The first term is bounded by

@27 2-v(E) ey <2 [ (3@ e
o<z, ,<e
Since W(?”) vanishes for 0 < z,, < % and for z,, > ¢,
2t (2o = % [ (@) o) @
s<zn<e

where z,, = ey. By the fundamental theorem of calculus

ey
u(z', ey) = u(x’,0) +/ gm—“n(:lr',a:n) dx.,
0
ey
= (Ru)(x) +/ G (2! ) day
0
So, by Cauchy—Schwarz and the fact that (a + b)? < 2a? + 2b2,
g
‘u(x’,sy)‘z < 2‘(Ru)(m’)‘2 —1—25/ ‘gx—“n(x’,xn)‘z dz,,
0

for all 0 < y < 1. Hence
(2.2.7d)

2L/ (2 )ul) [y <22 [ (R @ vow [ (g o

Adding (2.2.7a)—(2.2.7d) gives (2.2.6).
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Step 2. We now apply (2.2.6) to complete the proof. Let v € H* (IRY) be in the kernel of
R. By (2.2.6),

lim ||u — ue | ge < 2(1+ ¥) lim [jul|? g =0

e—0 B e—0 e

Since u.(x) vanishes for z,, < £, we have that u. € Hj(IR],) by Problem 2.1.13b. Since

Hg(RY) is complete, u € H} (IRY}). [ |

We are now ready to deal with general bounded open sets 2. We develop some
generally useful results about H*(2) and then give the proof of Theorem 2.2.2.

Lemma 2.2.12 Let { € INg and let Q be a bounded open subset of IR"™ with smooth
boundary. Let O be an open subset of R™ with QN O = 0. Then there exists a bounded
linear operator E : H*(Q) — H*(IR") such that

Eu(x) = u(z) a.e. forxz € Q
Eu(z)=0 a.e. forzeO

Proof: Let N and, for 1 < ¢ < N, U(p;), Xi, ¥p; be as in Definition 2.1.18. Let V
be a neighbourhood of 92 on which vazl Xxi = 1. Select a function ¢ € C§°(Q2) that is
identically one on Q\ V. Since  is compact, the distance from Q to O is strictly positive
and we may also choose a function y € C§°(IR™ \ O) that is identically one on €.

Let u € HY(Q). By construction, u = @u + vazl Xi(1 — ¢)u. By Lemma 2.1.21c, for
each 1 <i < N, v; = x;(1—p)uotp, ' € H(R") and

[villemn < eillulleq

Let E4 be the extension operator of Lemma 2.2.8 and set

Eu = X(SOU + i%(E-i-Ui) ° @/fpi)

Since x; is supported in a compact subset of the domain, U(p;), of ¥, and 1, is continuous,
there is an r > 0, independent of u, such that v; = x;(1 — p)u o, ! vanishes outside of
{ z € R} | |z| <r }. By Problem 2.2.4 and the construction (2.2.1) of Lemma 2.2.8,
there is an R > 0, such that E,v; vanishes outside of U, = { # € R" | |#| < R } for all
u. Set V' = 1(Up) C U(pi). As both Uy and V! are compact, the restriction of (U
to Uy is in C*° (U ) and the restriction of 1, to V' is in C°°(V’). By Lemma 2.1.21a,
with ¢ = zp;il, U replaced by US, and V replaced by V', followed by Lemma 2.2.8,

|(E+Ui> © ¢pi|g’n = H(E-i-UZ> © ¢pz‘

= | ELvil,, < cgflvi

o,V < CQHE—l—Ui LU

¢R™

< cres||ullen
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It now suffices to recall that, by Problem 2.1.3, multiplication by ¢ is bounded on H*((2)
and multiplication by y is bounded on H*(IR™). |

Lemma 2.2.13 Let { € INg and let Q be a bounded open subset of R" with smooth
boundary. Then C(Q) is dense in H().

Proof: Let u € H(Q) and Eu € H*(IR") its extension to IR" given by Lemma 2.2.12
with O = { z e R" ‘ |z —y| > 1for all y € Q }. By Problem 2.1.8, there is a sequence of
functions g,, € C$°(IR™) that converges to Eu in HY(R"). If P : H*(IR™) — H*(Q) is the
operator that restricts functions on IR" to 2, then

Jim |u = Pgmlleq = lm [[P(Eu—gm)lla
< lim |Eu—gm|&n

=0
|

Problem 2.2.9 Let £ € Ny and let Q = { (z,y) € R? |0<|z| <1, 0<y<1}. Prove
that C°°(Q) is NOT dense in H*(1Q).

Problem 2.2.10 (Sobolev Imbedding) Let a € INg and £ € INg obey £ > |a| + 3.
Prove that if u € H*(Q2), then 0%u is continuous on 2 and there is a constant C, depending
only on 2, ¢ and |a/, such that

sup |0%u(z)| < Cllulleq
e

Lemma 2.2.14 (Classical Regularity) Let Q be a bounded open subset of IR"™ with
smooth boundary. If u € HY(Q) for all £ € IN, then u € C>®(Q).

Proof: Just apply Problem 2.2.10 for all £ € INg. [ |

Proof of Theorem 2.2.2: Let N and, for 1 <i < N, U(p;), xi, ¥p, be as in Definition
2.1.18.

i), (ii) Let u € C*®°(Q). Then, using R, to denote the restriction map from H*(IR') to
+ +
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H 3 (IR,

N
HTuHiI‘“%(aQ) = Z [(xiru) o 1/;p_il|§_%’n_1 by Definition 2.1.18
i=1

I
.MZ

s
Il
—

— 2
IRy Qo vy 2y

-

s
Il
—

C?||(xiu) o lbp_il ||21Ri by Proposition 2.2.10

C?C?||ul

WE

ZQ by Lemma 2.1.21c

7

I
—

The existence of a unique R : HY(Q) — H~/2(0Q) fulfilling the requirements of parts (i)
and (ii) now follows by the B.L.T. theorem.

(iii), (iv) Let f € H*Y/2(0Q). By definition, for each 1 < i < n, (xif) o Y€
HY2(R™). By parts (iii) and (iv) of Proposition 2.2.10, there exists v; € H*(IR'})
such that R v; = (xif)ov, ' and [ville,rn < Cll(Xif>o¢p_z—1|e_%,n_1' Foreach1 <i < N,
select a function ¢; € C*°(IRY}) that has bounded support and is identically one on the
support of (x;f) o, ! and set

N

u=y (i) oy,

=1

By Lemma 2.1.21a (with the ¢/ of Lemma 2.1.21a being a bounded open subset of IR’} that
contains the support of ¢; and the ¢ of Lemma 2.1.21a being 1/Jp_il) and the boundedness
of multiplication by C'*® functions all of whose derivatives are bounded, the map

ve H(RY) = (piv) 0y, € HY(Q)

is bounded. Similarly, the map g € H! z(R"™!) — (Rypi)g) o ¥p, € H2(09) is
bounded. Hence

R((piv) o ¥yp,) = (Ryi) (R1v) 0 4y,
is valid for all v € H*(IR"}), not just v € C*(IR"}). In particular,

R((pivi) 0 1p,) = (Rp0i) (Ryvi) o ¥, = (Ryspi) (Xaf 09, ") 0 thp, = Xif

and Ru = vazl xif=171.
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For the bound of part (iv),

N N N
lullea < 37 (s 0wl 0 < 3 loillems < S [0 o v,y iy

<OVN[ S 106D o [ pa] = VI ISl a0
by Cauchy—Schwarz and Definition 2.1.18.
(v) Let u € H*(Q) be in the kernel of R. Observe that
Ry ((xiu) 0 9,') = ((Rxa)(Ru)) oy} Ro-1 0

Therefore, by Proposition 2.2.11, (x;u) o ¢, * € Hj(IR'}) N HY(IRY}) and there exist se-

quences u') € Cg°(IR}) obeying

lim ul) = (yu)o @[Jp_il in H'(RY)

Consequently lim u$ o ¥y, = xsu in H1(Q) and

m—o00 4

N N
lim Zugﬁ) 0y, = inu in H(Q)
=1 =1
. N
As ul¥) o, € C5°(Q), S xiu € HE(Q). By Problem 2.1.13,
=1

R ¢ 1
(1 ;XZ>UGHO(Q)CHO(Q)

Thus the kernel is contained in H}(Q) N H*(Q)). We have already observed, in Remark
2.2.4, that the kernel contains all of H} ()N H*(). So the proof is concluded. |

Problem 2.2.11 Let €2 be a bounded open subset of IR with smooth boundary. Define
the restriction map

r:C®(Q) — C®(0N)
u— u [ 0f)
Prove that there does NOT exist a bounded map

R: L*(Q) — L?(09)
such that Ru = ru for all u € C*° ().

Here is the analog of Proposition 2.2.9 for H(€2). As we mentioned in the discussion
preceeding Proposition 2.2.9, it can be safely skipped on first reading.
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Proposition 2.2.15 Let £ € INy and let Q be a bounded open subset of IR™ with smooth
boundary.

(a) Let v € HY (Q) with ¢ € Ny obeying ¢! < L. Then v € HY(Q) if and only if 0%u €
HY(Q) for all a € N} with |a| < 0 — 0.

(b) Let u € L?(Q2). Then u € HY(Q) if and only if there is a constant C such that
} (0°f, U>L2(Q) } < CHfHLz(Q)

for all « € Ny with |a| < £ and all f € C°(Q). Also, u € HY(Q) if and only if, for each
a € INy with |a| < £, there is a vy, € L*() such that

(—n)lelaey, u>L2(Q) = (/, Ua>L2(Q)
for all f € C§°(Q).

Proof: (a) The implication that if u € HY(Q), then 8%u € HY (Q) for all a € INI with
la] < ¢ —¢"is an immediate consequence of part (b) of Lemma 2.1.14, so we just prove the

converse.

Throughout the next two paragraphs, assume that « runs over the elements of INy
that obey |a| < ¢ —/¢'. Let N and, for 1 <i < N, U(p;), Xi, ¥p, be as in Definition 2.1.18.
Let V be a neighbourhood of 02 on which Zivzl Xi = 1. Select a function ¢ € C§°(Q2) that
is identically one on 2\ V. We prove that each of the N + 1 terms on the right hand side

of
N

u:gpu-l—ZXi(l—go)u

i=1

is in HY(Q). By the product rule and part (a) of Lemma 2.1.14, 9%(pu) € H(Q).
Since 8*(pu) vanishes outside of a compact subset of Q, 9%(pu) € HY(IR™). Thus

k(1 + |k‘|2)€//2@(k7) € L*(R") for all a € INj with |a| < ¢ — ¢’. This implies that

(1+ \k’|2)£/2@(l€) € L*(IR") and hence that pu € H*(IR™) and that pu € H*(Q).

Fix any 1 <i < N. Denote v = 9,,, v = x;(1 — ¢)u and w = x;(1 — p)uop~t. By
the chain rule, product rule and part (c¢) of Lemma 2.1.21, 0% € HE/(IR’j_). Hence, by
part (a) of Lemma 2.2.9, w € H*(IR"}). Let U be an open neighbourhood of the support
of x; whose closure is contained in ¢(p;). Then (U)NIR" = (U N Q) is a bounded open
subset of IR" and w vanishes outside of (U N §2). Enlarge ¢ (i) NIRY to V, a bounded

open subset of IR} with smooth boundary.
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Y
@ > (P
U

R

Y,

By part (a) of Lemma 2.1.21, with U replaced by V, V replaced by 1 ~1(V), and 1 replaced
by ¥~1, we have v € HY(Q).

(b) The proof is virtually identical to that of part (b) of Proposition 2.2.9. It suffices to
replace IR} by € and replace the reference to Lemma 2.2.7 by a reference to Lemma 2.2.13.
|

§2.3. Inequalities

In this section we prove a number of useful inequalities. Here is a table giving the

locations of the main inequalities.

Inequality Name Reference
Al (1=tysottss < Al IAIL, interpolation Lemma 2.3.2
If *glleerny < [ flleramm |9l e mm) Young’s inequality Lemma 2.3.3

El] sl
Jpul, <27 ([ (1+p)

&(p) %) |u|, | boundedness of v — ¢u| Lemma 2.3.5

HUH%Q(Q) < C[ ; ||8iuH%2(Q) + HRuH%g(am] Poincaré’s inequality | Proposition 2.3.7

|u— (u)SHLQ(Q) < C||Vul|p2q) Poincaré’s inequality |Proposition 2.3.10

L' — L bound on operator norm of integral operators Proposition 2.3.12

We start with the three lines theorem of complex analysis and apply it prove an
interpolation lemma that says that the operator norm on Sobolev spaces is log convex.

Lemma 2.3.1 (Three Lines Theorem) Let F(z) be a function that is holomorphic in
0 < Rez < 1 and continuous and bounded on 0 < Rez < 1. Assume that

sup |F(z)| < Mo sup |F(z)| < My
Re z=0 Re z=1
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Then

sup |F(z)| < My~"M{
Re z=t

forall0 <t <1.

Proof: Define, for ¢ > 0,
F.(2) = ¢ F(2) Mt M *
Since Re (2?) = (Re 2)? — (Im 2)?,
}Fs(z)} _ ea(Rez)2e—a(Imz)2|F(z)|M§{ez—1Ml—Rez
Recalling that |F'(z)| is bounded, by hypothesis, we have

sup |Fe(2)] <1 sup [F:(2)| <€ lim  sup [F.(2)[=0
Re z=0 Rez=1 [Im z|—00 0<Re 2<1

The maximum modulus of F.(z) on the rectangle {0 < Rez < 1,|Imz| < y} is achieved
on the boundary of the rectangle, since F;(z) is holomorphic. Hence

sup |F.(z)| = lim sup |F.(z)] < lim max{e6 , sup |F€(z)|} =e°
0<Re2<1 Y00 jimz|<y y—oo Tm =|=y
0<Re 2<1 0<Re z<1

Taking the limit ¢ — 04 gives }F(z)Mg{ez_lMl_Rez} < 1 and hence
[F(2)] < Mg~ My*e*

which is what we want. [ ]

Let so € IR and suppose that A is a continuous linear operator on H*°(IR™). For
any s > sg, H*(R™) C H*°(IR™) so that we may also view A as an operator defined on
H?*(IR™), though possibly still taking values in H*°(IR"). The next lemma shows that
if, in addition, we know that AH*'(IR™) C H**(IR™) for some s; > s¢, then necessarily
AH®(IR™) c H*(IR™) for all s between so and s;. The lemma also provides a bound on
the operator norm

|4l = sup Ioflem
fEHS(]Rm) s,m
f#0

of A, viewed as a map on H*(IR"), in terms of its operator norms when viewed as maps
on H*(IR™) and on H*'(R™).
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Lemma 2.3.2 (Interpolation) Let sg,s1 € R, 0<t <1 and s= (1 —1t)sg+tsy. Let

A H(R™) — H*(R™)
A H%(R™) — H* (R™)

be bounded. Then
A:H*(R™) — H*(R™)
1s bounded with

1ALl < 1Al 1AL,

Proof: By Problem 2.3.1, it suffices to prove that
[ ArwE0 k| < 1AL AL 1, ol

for all f,g € S(IR™). So let f,g € S(IR™) and set, for z € C, o(z) = (1 — 2)sg + 2s1.
Observe that o(t) = s. Define f, € S(R™) by

folk) = (14 K2) T2 fk)

We shall apply the three lines theorem, Lemma 2.3.1, to

Fe) = [ (k)T AR W50

in order to derive a bound on

Pt = [ AF0950) ek

Reo(z)

Reo(z)
Inserting 1 = (1 + |k[?) 2 (1+ |k[*) 2 into the integral defining F(z) and
applying Cauchy—Schwarz gives

- . 1/2
|F(Z)| < |:/1Rm (1+|k|2)Reg(2)}Afz(k)‘2 %}

|:/ ) (1+ ‘k|2)—Rea(2) (1+ ‘k|2)Rea(2)—s g

, 1/2
d™k
0 ]

Reo(s) — 12 1/2 ) 1/2
< | [ e TR ] ) el k]
ALl 19l < Aot Febren o 91 < 1ATreoto 171 ol
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since }fz(k)f =(1+ |l{r|2)s_Rea(z)|f(k)|2. When Rez =0, Reo(z) = sg so that
[E(2)] < [|Allso [f15 19l
When Rez =1, Reo(z) = s1 so that
[F(2)] < [[Alls, 1119 -
By Problem 2.3.2, F'(2) is an entire function of z so that the three lines theorem gives

d™k
(271-)'m

[ Ara

= [F@®)] < Al 1415, 11 19l

and the Lemma follows. [ ]

Problem 2.3.1 Let t < s and let A be a bounded linear map on H*(IR™). Prove that if
there is a constant M such that

[ Ar0E) | < a1, ol
for all f,g € S(IR™) then A is a bounded linear map H*(IR™) with norm at most M.

Problem 2.3.2 Let s € R. Let s € R and A be a bounded linear map on H*(IR™). Let
f,g € SR™) and set, for z € C, 0(z) = (1 — 2)sg + zs1. Define

o(z)—s _—_ - m
FG) = [ (U IRP) T AT

where f, € S(IR™) is determined by

s—

Fo(k) = (L+ k%) = (k)

(a) Prove that % converges in H*(IR™) as 2/ — z.

(b) Prove that F'(z) is an entire function of z.

Problem 2.3.3 Let Q2 be an open subset of IR". Let 1 < p < ¢ < r < co. Prove that if
feLP(Q)NL"(Q), then f € LI(Q) and

1fllzae) < 1oy 1z

where 0 < t < 1 is determined by % = % + L.
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Problem 2.3.4 The goal of this problem is to prove the Riesz—Thorin interpolation
theorem, which is as follows. Let 2 be an open subset of IR". Let 1 < pg, p1,q0,q1 < 00
and, for 0 <t < 1, define p;, ¢¢ by

1 _ 1—t 1 _ 1=t | t
_P0+ +q1

t
p1 qt q0

Suppose that T is a linear transformation from LP°(€2) N LP*(Q2) to L (2) N L9 (€2) which
satisfies

IT £l Lao () < Mol | Lro () | T fll Lar ) < M|l fllze o)
for all f € LPo(Q)NLP*(Q2). Then, for each f € LPo(Q)NLP*(Q)and 0 <t < 1,Tf € L9 (Q)
and
IT fll Loy < Mg ™" M| £l Lo ()

(a) Prove the Riesz—Thorin interpolation theorem in the special case that pg = p;.

(b) Denote by

E(Q):{ ZanEj mE]Na al,"',&mEG,
j=1

FEq, -+, E, C Q) measureable and of finite measure }

the set of simple functions on 2. Prove that if f € ¥(Q), then

7y = s { | [ @ @g(a)

‘ g € X(Q), HQHL%(Q) <1 }

where ¢;, the conjugate index to g, is determined by q—lt + % =1.
t

(c) Let pgp # p1 and 0 < t < 1. Prove that
| [ @)@t @] < b

for all £,g € () with |[fl|re(ey, 9]¢ g < 1

(d) Prove the Riesz—Thorin interpolation theorem.

Problem 2.3.5 Let {,L € Z and s € IR with £ < s < L. Let ) be a bounded open subset
of R"™ with smooth boundary and assume that ¢ € C™2{I¢LIL1}(9Q). Prove that the map
v € C®(09) — v has a unique extension to a bounded, linear map on H*®(0€2) and there
is a constant C, depending only on €, max{|¢|, |L|} and n, such that

L—s s—4£

5,00 < Cl|¢||é’|2f(89)||90||érf\(89)||u

s,00 < Cllo|

o Cmax{\u,m}(amnu 5,00

for all u € H*(092).
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Problem 2.3.6 (Hausdorff-Young Inequality) Let 1 < p <2 and let 2 < ¢ < >
obey % + % = 1. Prove that if f € LP(IR"), then f € L9(IR") and

||f||Lq(mn,(g:)kn) < | fllzr@mn dra)

Problem 2.3.7 Let 2 <p < oo andlet 1 <gq < 2 obey % + % = 1. Prove that there does
NOT exist a constant C such that

[fllpaqmn -ane y < Cllf e we dane)

(27\')7L

for all f € S(IR"™). Hint: consider f(z) = e~(@+®)* with a > 0.

Since ‘f(k)g(k)‘ < ||f||Loo(IRn) ‘g(k‘)} for almost every k£ € IR", we have
1£gllaqrmy < I Flle ey 191l Lo (rm)

Young’s inequality is the “Fourier transform” of this inequality.

Lemma 2.3.3 (Young’s Inequality) Let 1 <p < oco. If f € L'Y(R") and g € LP(R"),
then f+g e LP(IR") and

1f *glleearny < 1 fllorammllgllLemm)

Proof: First consider 1 < p < oo and set ¢ = (1 — %)_1. By Holder’s inequality,

F (@) = ‘/f(x—y)g(y) "y

< / £ — ) |f(x — )] lg()] d™y

<[ [lse—wtas] [ [ 1= lswr e

1/
= e | [ 106 = g 9]

Hence

1F #9150y < NFIE SRy [ d"2 [ d™y |f(z = )llg(y)]?
(R™) (R™)

= 17ty [ @ [ @ 15 = )lat)l

= AR [ @ o) = 171 e
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In the remaining cases, the desired inequality follows directly from

[1f@=yllg(y)| dry ifp=1
1 lerarey gl Loe(mmy — if p =00

|[f +g(z)| < {

Problem 2.3.8

(a) Let 1 < p,q,r < 0o obey % + % + 1 =2, Prove that if f € LP(R"), g € LY(IR") and
h € L"(IR™), then

[ 1@t =) aaas| < 1l o e Wil e

(b) Let 1 < p,q,7 < 00 obey % + % =1+ 1. Prove that if f € LP(IR") and g € L(IR"),
then f*ge L"(IR") and

1 * gllzr@ry < W llze @ l9llLermy

Next we prove that, for appropriate functions ¢, the map u +— pu is a bounded map
on H*(IR"™). By way of preparation, we prove

Lemma 2.3.4 (Peetre’s Inequality)
(L+ kP (1 + Ip2) " < 281 (1 + [k —p)"
forall k,p e R" and s € IR
Proof: Since 0 < (a — b)? = a? — 2ab + b?, we have that 2ab < a? + b? and
(L+[E*) < (14 (pl + [k = pD?) < (1+2[p|* + 2k — p*) < 2(1+ |p|*) (1 + |k — p|*)

If s > 0, it suffices to take the s power of this bound. If s < 0, exchange the roles of k
and p and then take the (—s)' power. |

46



Lemma 2.3.5 Lets€ R, p € S(IR") and u € H*(IR™). Then ou € H*(IR") and

Isl Isl
el <27 ([ o)

o) k) lul,

Proof: Let u € S(IR™). Then

The right hand side is 2 % 1 (f * g)(k) with

Fo)= 0+ )T 160 9 = (1+ pP)awm)

Hence by Young’s inequality, Lemma 2.3.3,
s sl
|90U|s = WH@ + |k|2) : |90U(k)|HL2(]Rn) <27 7(%)1371/2 ||f||L1(IR") ||9||L2(1R")

Isl Lsl n
=27 ([ 1oP) ¥ o) ) lul,

We now start the proof of Poincaré’s inequality, which bounds the L? norm of a
function in a region in terms the L? norm of the gradient of the function and the values
of the function on the boundary of the region. By way of preparation, we prove

Lemma 2.3.6 Let € be a bounded open subset of R" with smooth boundary and I' be an
open subset of Q. Let p € Q and y(t,p) , —1 <t <2, be a smooth curve obeying

o v(0,p) el

oy(l,p)=p

o v(t,p) € Q forall0 <t <2

o v meets I' transversely
Then there exists a neighbourhood N of{ ~(t) } 0<t<1 } and a C° diffeomorphism
Yv:N—{yc¢ R"! | |yl <1} x(=1,2) such that NNoQ C T, %) C R and
YQNN)={yeR""||y[<1}x(0,2).
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Proof: Let py € 092 be the point where « intersects I'. Let ~(¢,,p) be the point on
that is closest to ¢g. There is a unique such point if ¢ is close enough to v. We define the
vector field

Then we solve the ODE .
7 =v(q)

q(y,0) = ¢~ (y)

where ¢ is a C* diffeomorphism from a neighbourhood of pg in I' to the unit ball in IR™ ™!,
Then N = { q(y,t) ‘ lyl <1, =1 <t <2 } is the range of ¢ and 1 is the inverse of ¢. MW

Proposition 2.3.7 Let Q be a bounded open subset of R"™ with smooth boundary and T'
be an open subset of 0. Denote by d" 1o the surface measure on I'. There is a constant

C, which depends only on Q and T, such that, for all u € C*>°(Q2),

/Q|u(zrz)|2 dzx < C’(/Q }Vu(a:)}Q d”x+/r|u(x)|2 d”_la)

If R is the restriction map of Theorem 2.2.2,
n 5 ) 1/2
[ullz2(0) < C(Z [0iull 720y + ”RUHL2(8§2)>
i=1

for allu € HY(Q).

Proof: Let u € C*(Q), p € Q and (N(p),?) be as in Lemma 2.3.6. Then, making the

change of variables z € N(p) — (z) = (y,t) € { y e R" ' | |y <1 } x (~1,2) and

denoting the Jacobian ‘fl—;c ‘,

2
/ \u@)fdnx:/ dt/d”_ly woyL(y, 0| | 22|
N(p)nQ 0 ly|<1

By the fundamental theorem of calculus,

t
uow-1<y,t>=uow—1<y,o>+/0 d (o) (y, s) ds
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which implies that, for all 0 <¢ < 2,

2

\uo¢—1<y,t>\2sz}uo¢—1<y,o>}2+2'/o 1 (o) (y, s) ds

2
< 2ot @O0 +4 [ |5 ow )l ds

Since ‘;—”g} is bounded

[ ol e <[ eov 0+ [a [ 07t 1 ou ) of

Applying the chain rule to % (u o ¢_1)(y, s), using the smoothness of ¢»~! and changing

variables back again

/ ‘u(gc)‘2 d"x < C’"/d”_la ‘u(aj)‘z —I—C"/ d"z ‘Vu(aj)f
N(p)nQ r Q

as in Problem 2.1.21. Since Q is compact, we can cover it with finitely many of the N(p)’s.
This gives the first inequality.

By Theorem 2.2.2 with £ = 1, the operator R is bounded from u € H*(Q) to HY/2(9Q)
and hence to L?(0f2). By Lemma 2.2.13, C°°(Q) is dense in H'(Q). So the second
inequality follows by continuity. [ |

Problem 2.3.9 Let Q be an open subset of IR". Prove that if u € H3(12), then

Z Haml

vy S O lulliz) 1558 ooy
=1

We now prove another Poincaré inequality. Proposition 2.3.7 bounded a function in
terms of its gradient and its values on the boundary of the region of interest. This time,
the boundary values of the function are replaced by the average value of the function on
some region of interest.

Lemma 2.3.8 Let ) be a convex open subset of IR"™ and S a measurable subset of Q. If
u € CH(Q), then, for all z € 0,

mn

() - (w)s] < L /Q e [Vu(y)| dy

where d is the diameter of Q, |S| is the measure of S and (u)s = ﬁ Jgu(x) d"z is the

average value of u on S.
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Proof: By the fundamental theorem of calculus,

lz—y|
u(x) —u(y) = —/0 gr (z+rw) dr w = f;:i'
for all distinctz,y € ). Integrating over S with respect to vy,

S| [u(x) /d” /|m " u(z + rw) dr

If xq is the characteristic function of €2, then, since €2 is convex,
lz—y]
‘u(x) — (u)g‘ < |—§| / d™y / dr |Vu(z + rw)|xa(z + rw)
s 0
d p
< ﬁ /Sd”_lw/ dp p”_l/ dr |Vu(x 4+ rw)|xo(z + rw) where y = x + pw
0 0

_ L / / dr / dp p" " [Vula + rw)|xale + rw)

| /\

n‘&/d” ! / dr |Vu(x 4+ rw)|xa(z + rw)
S

< - dn /dn 1 / dr |Vu(z + rw)|xo(r + rw)
<y [t [T iVt + rohote + )
- "(Tgl /dny [z— y|” ==t Vu(y)xa(y) where y =z + rw

Lemma 2.3.9 Let0<pu<1land1l<p<qg<oo obeyd=
bounded open subset of IR", the operator

% %<u. Then if Q) is any

(V)= ﬁf(y) d"y
]
maps LP(Q2) continuously into L1(Y) and
s 1-8 11— _
HVfHLq(Q) < (th——?s) erz HQH 6||f||LP(Q)

Here w, = % is the volume of the unit ball in R™ and || is the measure of 2.
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Proof: Choose r > 1 so that % =1+ % — = =1-—4. By Holder,

1
p

}(Vf)(x)} < /Q |m_y|n<171u>r(1—1/p> |m_y|n<11—u>r/q |f(y)|p/q |f(y)|p6 d"y

1-1/p 1/q s
<| [rmiterry] | [ emtesoras] | [ ey
Q Q Q
so that

r qé

IV Aoy < | 500 prmgpiemr d V@Pdy| [ e | d e f )P
Lz Q

sup/ Wd"y} [/ If(y)\”d"y}

= _sl;p/ [o— y|nl<1 mr } [/ |f |pdn }

To complete the proof, it suffices to show that

IA

n —5\r(1=8) r@1-— r(p—9 -6, r(1— r(p—9
(2.3.1) /de y < (128) 07 Dr-m|Qprin=8) = L= r1-m) | (ud)
Think of the left hand side as a function of x and €2 with x running over R and €2 running
over measurable subsets of IR"™ having some prescribed measure V. Since EEmEeEE
decreases as |z — y| increases, this function achieves its maximum value when €2 is the ball
of volume V' centred on z. Then the ball has radius R = (wln)l/n and, since 1 —r(1—p) =

-0
=5 >0,

R
1 n,, __ R"(l r+ru) _1-=4 Vv 1—7'-1—7"“
/Q |m_y|n(17u)r d Y= nwn/o n(l pyr dp = NWwn, ’I’L(l ,,a_|_,,au) _5wn(m)

as desired. m

Proposition 2.3.10 Let 2 be a convex open subset of IR™ with smooth boundary and S
a measurable subset of Q. If u € HY(Q), then,

1-1/nd"

Hu - W Ell |Q|1/”||Vu||L2(Q)

Ws|| g2y <
where w, = % is the volume of the unit ball in IR™, d is the diameter of 1, |S| is the
measure of S and (u)s = |S| fs ) d"x is the average value of u on S.
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Proof: By Lemma 2.2.13, C1(Q) is dense in H'(Q), so it suffices to consider u € C*().
Then, by Lemma 2.3.8, followed by Lemma 2.3.9, with f(y) = |Vu(y)|, p = %, p=q=2
and 6 = 0,

d" d" (1-8\170 1- -5
Hu - (“)SHLz(Q) < o VfHL2(Q) = n|S|( 5) wn MUVl ey
= |d£| Wy 1/H\Q\l/nHV’MHL?(Q)
as desired. m

Problem 2.3.10 Let 2 be a convex open subset of R" with smooth boundary and S a
measurable subset of (. Prove that if u € H(£2), then,

W3 ey < Grwm " IQAF]|Vul| gy € Gom H QAT V|

=
where w,, = m is the Volume of the unit ball in IR", d is the diameter of €, |S| is the
measure of S and (u)g = TST S| Jgu(x) d"x is the average value of u on S.

Lemma 2.3.11 Let Q be a convex open subset of R"™ and let p > n. There is a constant
C, depending only on p, n and Q, such that for all u € C*(),

sup L < OV, ) wheres =15
TFY

Proof: Let z,y € Q and set R = |z — y|. Choose any open ball By of radius R that
contains both z and y. Then, by Lemma 2.3.8, with €2 and S both being 2N Bpg, followed
by Lemma 2.3.9, with f(y) = [Vu(y)|, p = L, ¢ =o0c and § = %,

[u(@) = (Wl < 55 IV | e ons

2R)™ _ 1-6 _ 1_1
< e (A25) Wl | N BalFTF [ Vull 2

< CRI_%||VU||L2(Q)

Similarly |u(y) — (w)aonBg| < CRI_%||VU||L2(Q) = Clr — y|*|Vul[12() and the claimed
bound follows by the triangle inequality. [ |

The next inequalities, while having no particular connection to Sobolev spaces, provide
simple, useful tools for bounding the operator norm of integral operators on LP spaces.
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Proposition 2.3.12 Let (X, u) and (Y, v) be measure spaces and let k(x,y) be a measur-
able function on X xY. Set, for 0 < o, 8 < o0,

L — sup { { Jy K, )|* dv(y)}
zeX

sup, ey [k(z,y) if a = oo

Lo if 0 < a< oo

Rz = sup
yey

{ { [ k(. 9)? du(@)}"? if0< B < oo
SUPgzex |k($7y)| Zfﬁ =0

Consider the map
(KD)@) = | ko) f(0) dviy)
Y
(with domain to be specified).

(a) Let 0 < o, f < o0 and 1 <p < q < o0 obey B—oz—l If L, < o0 and Rz < 00,
then K is a bounded linear operator from LP(Y, V) to Lq(X W) with operator norm bounded
by
a—a B
IK[| < La "R}

(b) Let 1 < o < 00 and o' = (1 — é)_l be the dual index to «. If L, < 0o, then K is a
bounded linear operator from L* (Y,v) to L°°(X, u) with operator norm bounded by L.
(¢) Assume that X is a o—finite measure and 1 < f < oco. If Rg < 00, then K is a bounded

linear operator from L'(Y,v) to LP(X, u) with operator norm bounded by Rg.

Proof: We prove part (a). The proofs of parts (b) and (c¢) are Problem 2.3.11 below.
Recall that Holder’s inequality states that

[t at) < { [ 1501w} { [swl ww}{ [ aw)

if 1 <,r,s,t < oo and % + % + % = 1. If one or more of r,s,t are infinite, replace
the corresponding integrals on the right hand side by essential suprema. Applying this
inequality with r = ¢, s =p' = (1 — %)_1 and t = (% — %)_1 gives

(K f)(2)| < / [1k(z, )%/ f () [P/7] Uk(x,y)w—a/ﬂ [|f<y)\”(1/p‘1/q)] dv(y)

/|my|ﬂ|f< )P duy /wwyr*dv /|f P dv(y) )"

1-2
q

Oé

<137 [P avt) ) 171
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Hence

IKFIS, < 28U [ Ikt P17 @) dvt)dua)
= L8N [l duo) (15 dvty)

q(a—
< La Rﬁllflquppllfll

which is the desired inequality.

Problem 2.3.11 Prove parts (b) and (c) of Proposition 2.3.12.
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