Appendix S2A: Problem Solutions for Appendix 2.A

Problem 2.A.1 Let m € R and a € A™(JDD).

(a) Prove that, for each K,L € INg, there is a constant Dy  such that the Fourier
coefficients

27 27
a(k,n,l) = W/o d@/o dy' e k0 —itt’ a(ew,n, ew/)

obey

for all k,¢,n € Z.

(b) Let, for each k, ¢ € Z,

2T 27
Z @m)? / do e_ike/ do’ =6 a(e n, ewl)eiw'
0

nez

be the k*" Fourier coefficient of ¥, applied to e;(8) = e*?. Prove that for each K € INy,
there is a constant Dg such that

~ 1+ Z m
Ak, 0)] < D iy

(c) Prove that if f € C°°(0ID), then ¥, f € C*°(0D).
Solution. (a) If K, L € INy, then, by repeated integration by parts,

27 27 ' o X ] L o
/ da/ da/ a(e’Le’ n, 61,9 )ge_Ke—ZkegeTe—zfe

27 27 K L .
/ da/ da/ —ik6 —’I,ﬁ@ ggK gQ/Laf(e 0 n,ele )

o o r19% 8% i0 6’

= (27r)2/ d&/ 40" | ggr ggmale”,n,e”)

27 27
< ﬁ/o d&/o 48 Co.xc.0(1+ |n))™
< Co,x,L(1+|n[)™

|kt a(k,n, 0)| = ﬁ

(27T)2

Adding together four of these bounds, including one with K and L both replaced by zero,
one with just K replaced by 0 and one with just L replaced by zero, yields

(L4 &) (1+ %)

a(k,n, 0)| < (Co,0,0 + Coo, + Co,x,0 + Cok,n)(1 + )™
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which implies

}&(k’, n,0)| < (Co0,0 + Co0,. + Co, k0 + Coic,.) (1 + [n])™ (1 + |/€\K)_1 (1+ M\L)_l

and the desired bound.

(b) We have
Ak, 0) =" a(k —n,n,n—0)

nez

So, by part (a)

N y (I+|np™
}A(k’g)} = DK:L Z (1+k—n|)E (1+|n—2) L
neZ
By Lemma 2.3.4 (Peetre’s inequality)

1+n2)% <25 (142 (1+\n—e|2)@
It k—n?) F <25@4 k-t Fsn—e?)

K
5 5
23 2

so that, picking L > |m| + K + 2,

i (+[ep™ 1 (a+[ep™
| A(k, £)| < const L Z RN < const Fp-mE
neZ

as desired.

(b) The Fourier coefficient

27 27
\I/ (%)2 Z/ d@/ o’ e—ik0 m(e 0’) ( )f(ew,)

nez
27 27
_ (%)2 Z / d@/ 48’ &= M0emO=8) 4 (0 o) F(0)e
lneZ
= > alk—n,n,n—0)f()
bneZ
=Y Ak, 0)f(£)
ez

By the bound of part (b) and the bound }f ‘ (1+|£|)M,
since f € C*°(JID), we have, for every K, M € Ny,

which is valid for all M € INj

o A+E)™ ey
[Waf(B)] <D Dx ixfromye iy
ez



By Lemma 2.3.4 (Peetre’s inequality)

K K
2

(1+k2)2 <25 (1+|k—£)

so that -
(1+ |k|)K‘\Ilaf(k')‘ < const Z UJFMD%
leZ
Choosing M > m + K + 2, we have that

(1+ BN [T f (k)] < const Y g <00 = |[Wal (B)] < i

(I+[E)*™
lez
Thus, for every K’ € INy the series Zkﬁé @(lﬂ)%};,eike converges absolutely and uni-
formly on IR. Hence W, f(e") =", .7 Waf(k)e™? is C. |

Problem 2.A.2 Let s,p € IR. Prove that each of
(1 + ’n2)8/2

satisfy (2.A.1) for any m > s, in the first two cases, any m > s in the third and any m > 0
in the last.

(1+ |n|)® (1+ |n|)®log? (2—|— |n|) sin log (2—|— |n|)

Solution. Let si, so, s3, s4, p € IR and define, for £ > 1,
a(€) = € (146%™ (1 +6)* (24 €)™ log’ (2 + ¢)
Then, if m > s1 + s2 + s3 + s4 (equality is allowed if p < 0),
|a(&)| < const (1+ &)™
for all £ > 1. Furthermore
d(§) =167 (14697 (1+9™ 2+ )™ log"(2+¢)

+ g (146 (1497 (24 9% log? (2+)

56 (14697 (14 ™71 2+ log" (2 +)

48" (1467 (149 2+ 9™ log"(2+)

+pE (14 )P (149" 249" log" ! (24)
is a finite linear combination of functions of the same form as a, but with s; + so + s3 + s4
reduced by exactly one. Thus, by Remark 2.A.4 and evenness, a(|n|) satisfies (2.A.1).
That takes care of all of the given cases except for sinlog(2 + |n|). It is dealt with in the
same way, but using

a(§) = (2+¢)° sinlog(2 +§) + (24 €)* coslog(2 +¢)

and m > s. [ ]



Problem 2.A.3 Prove that the linear operator f € C*°(9ID) — f(0), where f(0) is viewed
as a constant function on 9ID, is not in ¥ (JID) for any m € IR.

Solution. Use § to denote the specified map. Then applying § to the function e, (#) = e*?

0'" Fourier coefficient of § applied to e, is 1 for all

gives the constant function 1 and the
¢. This does not converge to zero as ¢ — oco. So the bound of part (b) of Problem 2.A.1

cannot be satisfied for any m € IR. [ |

Problem 2.A.4 Let a € S™(8ID) and b € S™ (9ID) and set

2
c(ew, n, ew/) = Z a(ew,n)l;(ﬁ,n — 0)e™ where b(¢,n) = %/ dp e~ b(ew,n)
tez 0

Prove that ¢ € A™"(9ID) and
U, U, =V,

Solution. We need to bound

}Daaﬁ 8% c(ew,mew’)

2o <3125 Ds[a(e, n)b(e,n — 0)] 7

868
LeZ

Since b € S™ (OID), for each v, L € INy, there is a constant D, 1, such that

7 =73 1+|n)™ =7
|D3b(e.n)| = | Dab(e,n) < Dy S
for all ¢,n € Z. Using this, the bound implicit in @ € S™(0ID) and the product rule
Dya(n)b(n) = a(n+1)b(n+ 1) — a(n)b(n) = a(n 4+ 1)D,b(n) + b(n)Dya(n)

gives

Daaﬁ 98’ c(ew,n,ew,)‘ < const Zz(l_l_mnm—a—l—vwmg

n 907 o575 (1+[en*-
teZ v=0
(63
m+m’—a 1
< const Z Z(l + |n|) (It [ L—Im —~T=5
LeZ v=0

< const (1 + |n|)™+m —@
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if L > |m/|+a+ 3 + 1, as desired. The computation showing that ¥, ¥, = W, is

(\Ija\I}bf)(eie) _ % Z/Qﬂ ez‘n(e—e”)a(eie,n)(\pbf)(eie”) do"
0

neZ

2 27
_ (271r)2 Z / d9”/ 4o’ ¢ O=0") 0" =004 (e ) ()
0 0

lneZ

27
— & S [ a (e )i~ £ ()

¢necz’0

27
_ % Z /0 do’ ein(@—@')ei(n—ﬁ)e'a(ew’ n)l;(n — 4, E)f(ew/)

bneZ

2
= = Z /dQ’ em(e_e/)eie/e/a(ew, n)b(¢',n — 6’)f(ei9/) where £ =n — /'
¢ ez’

= (\chf> (eié)

Problem 2.A.5 Let m,s,s’ € IR and p € INg obey p > |s — m| and 8" > s — m. Let
Y= { {on}nez ‘ o, €CforallneZ } denote the set of two—sided sequences and

S = { (0n)nez €3

lonl }
SUPp —— 5m7s < OO
neg (1+n2) 2

Given any 0 = {0, }nez € Zm,

fr= onfln) ™
neZ
where f(n) is the n'® Fourier coefficient of f, is a bounded operator from H*(9ID) to

Hs=™(0ID). If ¢ € CP(0DD), the space of functions on JID whose derivatives of order up
to p are continuous, then

Voo f = @(e) Y onf(n) e™
neZ
is also a bounded operator from H?®(0ID) to H*~"(0ID).

Let ¢, ...c() € ¥, be asymptotically independent in the sense that, given any
ag,---,a; € C, not all zero, there is a sequence {n;};ew obeying lim;_, |n;| = oo for
which

lim |nj|5/_5}a107(11j) +---+ ala,(fj)‘ = o0

Jj—00



Prove that if ¢1 -+, ¢ € CP(0ID) and if
l ’
> VY, ot t H(OID) — H* (0DD)
k=1
is a bounded operator, then ¢ - - -, ¢; are all identically zero.

Proof: We may choose the norm on H*(9DD), s € IR, to be given by

Uh:[220+nﬂﬂﬂﬂvz

nez

for f € C>°(0ID). If @1 - -+, ¢; are not all identically zero, then some Fourier coefficient of
at least one of them must be nonzero. Let ¢ be the index of such a Fourier coefficient. For
reach n € Z,

Fa0) = (1402) %m0 g, () = (1+ (n+ 0)2)"2ein00

are unit vectors in H*(0ID) and H _S/(8]D) respectively. As, by hypothesis, the operator
22:1 W, s is bounded from H*®(9ID) to H* (D),

l 27 l 27
n /2 i(—n— in
%ZA%NWmMM@M:ﬁM%2%2/< 9o (B)o e df
k:

n+/{ '12
= Zs&k eot?

must be uniformly bounded in n. By the independence hypothesis, there is a sequence
{n;}jen obeying lim;_, |n;| = oo for which

lim [n;]* = 2 Pk 00y,
—00
As »
s'/2 L 1 £ \2)?®
| R 5 M B G U
LIEO|TLJ| 25/2 = 1 5/2
g (1 4n3) ! (2 +1)
J
we have the contradiction
g | Q@072 S Uﬂ‘ > lim nsls 5] S @




Problem 2.A.6 Let m € R and a € A™(0DD). Set
p<ei9,n) — 6—in0q]a(en)

where e, (0) = ¢™?. Prove that p € S™(9ID) and ¥, = U,,.

Solution. In the notation of Problem 2.A.1

Z 27r/ —MLG zZ(G 0’) ( 0 L, 6 eznG o’ = Z ez(k—l—ﬁ n) k 0,0 — n)

ez kteZ

= e F 0%k £+, 0)

kteZ

so that
(Dgp) (e n) = Y " Daa(k, £ +n, ()
k,(cZ
Hence, by Problem 2.A.1, with a replaced by D&a, followed by Lemma 2.3.4 (Peetre’s
inequality)

« B o
D22 p(¢? n)| < Y [k + €7 |D3alk, £ +n, )]
kAleZ
1 m—o 1
<const Y |k + 07 e (14 164 n])™ ™ rrfyr
k,lcZ

< const Z W(l + |n|)™™ (1+|€|)L_15_‘m_a
k(€Z

< const (1 + |n|)™ ¢

if K >f@+1and L >+ |m—a|+ 1. Thus p € S™(0DD). By construction, ¥,(e,) =
emep(ew,n) = U,(e,) for all n € Z. By linearity ¥, and V¥, agree when applied to
any finite linear combination of e,’s. Since such finite linear combinations are dense in
H?#(0D), for any s € IR, and ¥, and V¥, are both continuous on H*(9D), ¥, and ¥,
agree on H*(0ID) and in particular on C*°(0D). |

Problem 2.A.7 Let a(x,&, z’) obey (2.A.8). Let K be any compact subset of IR and
X € C§°(IR) be identically one on K.

(a) Prove that, for each «, 3,7,7" € INy, there is a constant Cy, g . such that the partial
Fourier transform

i (2,6, ) = /IR da’ ¢ (e, €, 2')x (@)
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obeys

9~ 0% o7 - (a+lepm™—«
aga oxPB Ok G,X({E,f, k‘))} S Coz,ﬁ,%’}" (1_|_|k|)'y’

(b) Let o, 8 € INg and vy € IR obey v > m + 3+ 1. Prove that if f € Cy(K), then

8
SuI% ‘xo‘gx—ﬁ‘ﬁaf(x)‘ < const || f|| g (w)
re

Solution. (a) By integration by parts
9~ 9% 9 - ! —ika' 9~ 9°
K o€= o7 or Ux (2,6, k) = /Rdl’/ kY e (—ia’) "X (2) gex gamalz, €, 2)
. @ B / _ 12
= [ o’ (mia Y0 B Bl €07 e

X ’ it 4 a 8
= iy [ e S (e >2§a 2 ale,£,2)]

Since x has compact support there is an R > 0 such that y(«) vanishes for all || > R.
Hence, by (2.A.8),

}lﬂ gza giﬁ g;v ay(z, &, k’)} < const (1 + |§|)m_o‘/| | dx’
+'|<R

as desired.

(b) If f € Cy(K), then

Vofle) = 3= [ de [ do’ 0 ato, g 0 )
= oy /dg/ dk €%, (x,€, € — k) f (k)

so that

Iy
|
=y
SN—
S
—~
E
N—

PP (@) =l [ de [ dkare(ie+ ) (o,
= oy /dg/ dk (i€ + )y (2, 6,6 — k) f (K k)(—i%e)" e
=t [ de [k ¢S (15)" 6+ ) i o 6.6— DFE)
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Hence, by part (a) and Lemma 2.3.4 (Peetre’s inequality),

o’ B ym+8
4 @) < const [ de [ LD ()
—const/ d{/ dk (1+|E+k|)m+ﬁ|f(k:)|
(1+1gD
m+s
SCOHSt/d&T/ dk 1—|—k2 2
R AFlED Sl ( )

< const / dk —L——5(1+ k2)%|f(k)‘
R (1+k2)

2

(k)|

if we choose 7' > |m+ 3|+ 1. The desired bound now follows by Cauchy—Schwarz, provided
that v —m — 3 > 1 so that (14 k?)~(0="=0)/2 ¢ [2(R). |

Problem 2.A.8 Let m,s € R and b € C(IR?). Assume that, for each 3, 3’ € IN, there
is a constant Dg g such that

P .
/}Smag 0(2,€,2)| dzda’ < D (14 [¢])
Prove that there is a constant C' such that if f € C§°(IR), then

IBof | zrs—mwy < Cllf s (w)

Proof: The Fourier transform

B(P,&k?) = // dxdx’ e_ipme_ikm/b(x,f,x’)

obeys, for all P, K € INy,

£ m
(S2A.1) |b(p, &, k)| < CPK(1+|§|)P'<P+|;€|)K

We may express the Fourier transform of 9, f(z) in terms of b(p, £, k) b

—

T ) = by [ [ deakbp - 6.6 o) = by [ dk B (0

where

B(p,k>=/d§ bp— .66~ k)
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Since
90 ey = 2 [ o (12 " BF @ 1 ey = 2 [ b (14 82| F0)
it suffices, by Proposition 2.3.12, with « = 8 =1, p = ¢ = 2 and u = v being Lebesgue

‘ 2

measure on X =Y = IR, to prove that

sup/dk (1+p%) 7 B, k)1 + k)7 sup/dp 1422 B, R)(1+k) ¢ <o
k

p
These bounds follow from

2 cons
L+9) 7 [bp =& 6E—RIL+K) " < gy
which, in turn, follows easily from (S2A.1), with P = |s — m| + 2, K = |s| + 2, and the

consequences

s—m —m 'm

(1+p°) = S+ p— SI) B (1+€>

(1+Kk2) 7% <25 (14— k2 ) (1+§ ) ?
of Lemma 2.3.4 (Peetre’s inequality). |

Problem 2.A.9 Prove Lemma 2.A.14.

Proof: Since

Poflx) =& [ de / do’ @) (@ — )" b(2, €, 2) f (')
R R

(S2A.2) ,
— i [ de [ o eSS b o) £
R JR ¢
and £, agm b(xz,&,2') € Am~™ (IR), parts (a) and (b) follow from parts (a) and (b) of Propo-
sition 2.A.13, respectively. [ |

Problem 2.A.10 Prove Proposition 2.A.15.

Proof: Taylor expanding in the third argument about z’ = z,

’

z 0 g1,
/ (2" —t) L (w, &, t) dt

k

a(x, &, 2") ra(x, &, 2") («/ —az)k +

S|

L
k!

T/ =x

I
bl
~ Mm
o

k
'k CE(CB, 57 ':B/>

Q

- (2" — l’)k

e
I
)
Follo
Q

1
¢ ot 14
+%(a)'—a))e+1/ (1—u) %(x,g,ux’—f—(l—u)x) du
0
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By (S2A.2), the pseudodifferential operator associated with the k' term is exactly Pq, .
The bounds on R, are provided by Lemma 2.A.14. [ |

Problem 2.A.11 Let ® be a diffeomorphism of R and J(z,z") = fl

5@V (tr+(1—t)2') dt.
Prove that, for each k € INy,

k k+1 _
o (2,27, = i G @ (2)
Solution.
k k _ 1/
%J(w,x’) g = %q) Ytz 4+ (1—t)a’) dt .

1
/
' gkt =1 k

0
k+1 _ 1—¢)k+1 t=1
= _gmk+1q) l(x) ( k:?l

t=0
1 8k)+1

= 5 ST <I>_1(a:)

Problem 2.A.12 Let m € INg, ¢ € C*°(IR) and a(x,§) = ¢(z)§™ € S™(IR). Then
P (2) = (Palf 0 ®)) (@71 () = (=) (@ (@) e F(@W)], g1 o)
f(x) iftm=0
= (=i)"q(® () (@1 (x)) f'(x) ifm=1
<I>’(<I>_1(a:))2f”(a:) + (@ (x)) f'(x) fm=2
by the chain and product rules. Verify that Proposition 2.A.17 and Proposition 2.A.15

give the same formulae for m = 0,1, 2, up to an error R that is a smoothing map. That “R
is smoothing” means that for each compact K C IR and each s, s’ € IR there is a constant
C such that

IRf]

ey < Cllf s (w)

for all f € C5°(K).

Solution. By Proposition 2.A.17, B = P;, where
&1 (x -1 -1
b(x,f,x/) = J(T(x’)) a(q) (33'), ﬁ,@ (CL‘I))
_ et ((p—l(x))gm

J(z,x’)mT1
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By Proposition 2.A.15, for all £ > m,

¢
Po=> P, + R
k=0

where

= ik ()a(@ (@) H e st

bi(z,§) = %Wam,k b(lﬁf,m/) 0z'F J(z,z )T

! —
T/ =x
r’'=x

if k <m and by = 0 if £k > m. Thus Ry is independent of ¢ for £ > m and is smoothing.
For 0 <k <m

d?nfk

, dxm—k
T =T

-1/, .7
P, = (—)" ()" (7)q(@7 (@) Lor 7t

Denote J(z) = ®~ (). Then

o o M@) _ _ J@)
oz'* J(z,x)mtt T J(z,x’)mt1

k (I)fll ’ ’ ’ ’ J , ’
5o Taaryrett = grianaer — (m+ D IEaes)

k o (2! (! "(x') 2 (' 2') Jao (x,x’
k=2 = gxlk J(I’x/)(m—?-l = J(ix/()m)-u - 2(m + 1)4JJ((I’L/§£1+2 ) _ (m + 1)—‘7‘(](;;;5&2 )

k=0 =

k=1 —=

:r/ 2 T I/
+ (m+ 1)(m +2) L)

By Problem 2.A.11,

_ N L i €2 __1
]{7 — O o'k J(m,m’)m+1 v - J(m)m

_ ok @ '(a') _ _J@ 1 J(2)T"(x) _ 1-m J'(z)
F=1 = o Ty |,_, = 7@ ~ 2+ D7amms = 5 gmen

— L. Sl €] _ _J"@) J'(2)* m+1 J(2)T" (z)
]{7 - 2 o'k J(m,m’)’"+1 v - J(m)"”*l - (m + 1)J(m)7n+2 - 3 J(m)"'”rz

xT ! X 2
+ 3 (m+ 1)(m+ 2) LTS

For m =0,

Z‘Bbk = mbo = q(q)_l(x))

For m =1,

> o = (0074 0) gty + (000 074 (0) [152 7Tfoe)




Q

S P, = (—0)?q(27 (@) iy Lm + (—0)220(@7 (2)) [L2 5 L

2
+ (—1)q( T O T(a) T (@) T (@)
J'(z) d

q)—l(x)) [j//(x) _ 3j’($)2 B T ()T (x) n 3J(m)\7/(x)2}
= (=i)?q(®7' (@)@ (7' (2)) = — (=0)?a(@ 7 (0)) T &

as desired.
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