
Appendix S2A: Problem Solutions for Appendix 2.A

Problem 2.A.1 Let m ∈ IR and a ∈ Am(∂ID).

(a) Prove that, for each K, L ∈ IN0, there is a constant DK,L such that the Fourier

coefficients

â(k, n, `) = 1
(2π)2

∫ 2π

0

dθ

∫ 2π

0

dθ′ e−ikθe−i`θ′ a
(
eiθ, n, eiθ′

)

obey ∣∣â(k, n, `)
∣∣ ≤ DK,L

1
(1+|k|)K (1 + |n|)m 1

(1+|`|)L

for all k, `, n ∈ ZZ.

(b) Let, for each k, ` ∈ ZZ,

Â(k, `) =
∑

n∈ZZ

1
(2π)2

∫ 2π

0

dθ e−ikθ

∫ 2π

0

dθ′ ein(θ−θ′) a
(
eiθ, n, eiθ′

)
ei`θ′

be the kth Fourier coefficient of Ψa applied to e`(θ) = ei`θ. Prove that for each K ∈ IN0,

there is a constant DK such that

∣∣Â(k, `)
∣∣ ≤ DK

(1+|`|)m

(1+|k−`|)K

(c) Prove that if f ∈ C∞(∂ID), then Ψaf ∈ C∞(∂ID).

Solution. (a) If K, L ∈ IN0, then, by repeated integration by parts,

∣∣kK`Lâ(k, n, `)
∣∣ = 1

(2π)2

∣∣∣∣
∫ 2π

0

dθ

∫ 2π

0

dθ′ a
(
eiθ, n, eiθ′

)
∂K

∂θK e−ikθ ∂L

∂θ′L
e−i`θ′

∣∣∣∣

= 1
(2π)2

∣∣∣∣
∫ 2π

0

dθ

∫ 2π

0

dθ′ e−ikθe−i`θ′ ∂K

∂θK
∂L

∂θ′L
a
(
eiθ, n, eiθ′

)∣∣∣∣

≤ 1
(2π)2

∫ 2π

0

dθ

∫ 2π

0

dθ′
∣∣∂K

∂θK
∂L

∂θ′L
a
(
eiθ, n, eiθ′

)∣∣

≤ 1
(2π)2

∫ 2π

0

dθ

∫ 2π

0

dθ′ C0,K,L(1 + |n|)m

≤ C0,K,L(1 + |n|)m

Adding together four of these bounds, including one with K and L both replaced by zero,

one with just K replaced by 0 and one with just L replaced by zero, yields

(
1 + |k|K

)(
1 + |`|L

)∣∣â(k, n, `)
∣∣ ≤ (C0,0,0 + C0,0,L + C0,K,0 + C0,K,L)(1 + |n|)m
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which implies

∣∣â(k, n, `)
∣∣ ≤ (C0,0,0 + C0,0,L + C0,K,0 + C0,K,L)(1 + |n|)m

(
1 + |k|K

)−1(
1 + |`|L

)−1

and the desired bound.

(b) We have

Â(k, `) =
∑

n∈ZZ

â(k − n, n, n− `)

So, by part (a) ∣∣Â(k, `)
∣∣ ≤ DK,L̃

∑

n∈ZZ

(1+|n|)m

(1+|k−n|)K(1+|n−`|)L̃

By Lemma 2.3.4 (Peetre’s inequality)

(1 + n2)
m
2 ≤ 2

|m|
2 (1 + `2)

m
2 (1 + |n− `|2)

|m|
2

(1 + |k − n|2)
−K

2 ≤ 2
K
2 (1 + |k − `|2)

−K
2 (1 + |n− `|2)

K
2

so that, picking L̃ ≥ |m|+ K + 2,

∣∣Â(k, `)
∣∣ ≤ const (1+|`|)m

(1+|k−`|)K

∑

n∈ZZ

1
(1+|n−`|)L̃−|m|−K

≤ const (1+|`|)m

(1+|k−`|)K

as desired.

(b) The Fourier coefficient

Ψ̂af(k) = 1
(2π)2

∑

n∈ZZ

∫ 2π

0

dθ

∫ 2π

0

dθ′ e−ikθein(θ−θ′)a
(
eiθ, n, eiθ′

)
f
(
eiθ′

)

= 1
(2π)2

∑

`,n∈ZZ

∫ 2π

0

dθ

∫ 2π

0

dθ′ e−ikθein(θ−θ′)a
(
eiθ, n, eiθ′

)
f̂(`)ei`θ′

=
∑

`,n∈ZZ

â(k − n, n, n− `)f̂(`)

=
∑

`∈ZZ

Â(k, `)f̂(`)

By the bound of part (b) and the bound
∣∣f̂(`)

∣∣ ≤ CM

(1+|`|)M , which is valid for all M ∈ IN0

since f ∈ C∞(∂ID), we have, for every K, M ∈ IN0,

∣∣Ψ̂af(k)
∣∣ ≤

∑

`∈ZZ

DK
(1+|`|)m

(1+|k−`|)K
CM

(1+|`|)M
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By Lemma 2.3.4 (Peetre’s inequality)

(1 + k2)
K
2 ≤ 2

K
2 (1 + |k − `|2)

K
2 (1 + `2)

K
2

so that
(1 + |k|)K

∣∣Ψ̂af(k)
∣∣ ≤ const

∑

`∈ZZ

1
(1+|`|)M−K−m

Choosing M ≥ m + K + 2, we have that

(1 + |k|)K
∣∣Ψ̂af(k)

∣∣ ≤ const
∑

`∈ZZ

1
(1+|`|)2

< ∞ =⇒
∣∣Ψ̂af(k)

∣∣ ≤ EK

(1+|k|)K

Thus, for every K ′ ∈ IN0 the series
∑

k∈ZZ
Ψ̂af(k)dK′

dθK′ eikθ converges absolutely and uni-

formly on IR. Hence Ψaf(eiθ) =
∑

k∈ZZ
Ψ̂af(k)eikθ is C∞.

Problem 2.A.2 Let s, p ∈ IR. Prove that each of

(1 + n2)
s/2

(1 + |n|)s (1 + |n|)s logp
(
2 + |n|

)
sin log

(
2 + |n|

)

satisfy (2.A.1) for any m ≥ s, in the first two cases, any m > s in the third and any m ≥ 0

in the last.

Solution. Let s1, s2, s3, s4, p ∈ IR and define, for ξ > 1,

a(ξ) = ξs1 (1 + ξ2)
s2/2

(1 + ξ)s3 (2 + ξ)s4 logp(2 + ξ)

Then, if m > s1 + s2 + s3 + s4 (equality is allowed if p ≤ 0),
∣∣a(ξ)

∣∣ ≤ const (1 + ξ)m

for all ξ > 1. Furthermore

a′(ξ) =s1ξ
s1−1 (1 + ξ2)

s2/2
(1 + ξ)s3 (2 + ξ)s4 logp(2 + ξ)

+ s2ξ
s1+1 (1 + ξ2)

−1+s2/2
(1 + ξ)s3 (2 + ξ)s4 logp(2 + ξ)

+ s3ξ
s1 (1 + ξ2)

s2/2
(1 + ξ)s3−1 (2 + ξ)s4 logp(2 + ξ)

+ s4ξ
s1 (1 + ξ2)

s2/2
(1 + ξ)s3 (2 + ξ)s4−1 logp(2 + ξ)

+ pξs1 (1 + ξ2)
s2/2

(1 + ξ)s3 (2 + ξ)s4−1 logp−1(2 + ξ)

is a finite linear combination of functions of the same form as a, but with s1 + s2 + s3 + s4

reduced by exactly one. Thus, by Remark 2.A.4 and evenness, a(|n|) satisfies (2.A.1).

That takes care of all of the given cases except for sin log(2 + |n|). It is dealt with in the

same way, but using

a(ξ) = (2 + ξ)s sin log(2 + ξ) + (2 + ξ)s cos log(2 + ξ)

and m ≥ s.
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Problem 2.A.3 Prove that the linear operator f ∈ C∞(∂ID) 7→ f(0), where f(0) is viewed

as a constant function on ∂ID, is not in Ψm(∂ID) for any m ∈ IR.

Solution. Use δ to denote the specified map. Then applying δ to the function e`(θ) = ei`θ

gives the constant function 1 and the 0th Fourier coefficient of δ applied to e` is 1 for all

`. This does not converge to zero as ` → ∞. So the bound of part (b) of Problem 2.A.1

cannot be satisfied for any m ∈ IR.

Problem 2.A.4 Let a ∈ Sm(∂ID) and b ∈ Sm′

(∂ID) and set

c
(
eiθ, n, eiθ′

)
=

∑

`∈ZZ

a
(
eiθ, n

)
b̂(`, n− `)ei`θ′ where b̂(`, n) = 1

2π

∫ 2π

0

dθ e−i`θ b
(
eiθ, n

)

Prove that c ∈ Am+m′

(∂ID) and

ΨaΨb = Ψc

Solution. We need to bound

∣∣Dα
n

∂β

∂θβ
∂β′

∂θ′β
′ c

(
eiθ, n, eiθ′

)∣∣ ≤
∑

`∈ZZ

∣∣∂β

∂θβ Dα
n

[
a
(
eiθ, n

)
b̂(`, n− `)

]
`β′∣∣

Since b ∈ Sm′

(∂ID), for each γ, L ∈ IN0, there is a constant Dγ,L such that

∣∣Dγ
nb̂(`, n)

∣∣ =
∣∣D̂γ

nb(`, n) ≤ Dγ,L
(1+|n|)m′−γ

(1+|`|)L

for all `, n ∈ ZZ. Using this, the bound implicit in a ∈ Sm(∂ID) and the product rule

Dna(n)b(n) = a(n + 1)b(n + 1)− a(n)b(n) = a(n + 1)Dnb(n) + b(n)Dna(n)

gives

∣∣Dα
n

∂β

∂θβ
∂β′

∂θ′β
′ c

(
eiθ, n, eiθ′

)∣∣ ≤ const
∑

`∈ZZ

α∑

γ=0

(1 + |n|)m−α+γ (1+|n−`|)m′−γ

(1+|`|)L |`|β
′

≤ const
∑

`∈ZZ

α∑

γ=0

(1 + |n|)m+m′−α 1
(1+|`|)L−|m′−γ|−β′

≤ const (1 + |n|)m+m′−α
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if L > |m′|+ α + β′ + 1, as desired. The computation showing that ΨaΨb = Ψc is

(ΨaΨbf)
(
eiθ

)
= 1

2π

∑

n∈ZZ

∫ 2π

0

ein(θ−θ′′)a
(
eiθ, n

)
(Ψbf)

(
eiθ′′

)
dθ′′

= 1
(2π)2

∑

`,n∈ZZ

∫ 2π

0

dθ′′
∫ 2π

0

dθ′ ein(θ−θ′′)ei`(θ′′−θ′)a
(
eiθ, n

)
b
(
eiθ′′ , `

)
f
(
eiθ′

)

= 1
2π

∑

`,n∈ZZ

∫ 2π

0

dθ′ einθe−i`θ′a
(
eiθ, n

)
b̂
(
n− `, `

)
f
(
eiθ′

)

= 1
2π

∑

`,n∈ZZ

∫ 2π

0

dθ′ ein(θ−θ′)ei(n−`)θ′a
(
eiθ, n

)
b̂
(
n− `, `

)
f
(
eiθ′

)

= 1
2π

∑

`′,n∈ZZ

∫ 2π

0

dθ′ ein(θ−θ′)ei`′θ′a
(
eiθ, n

)
b̂
(
`′, n− `′

)
f
(
eiθ′

)
where ` = n− `′

= (Ψcf)
(
eiθ

)

Problem 2.A.5 Let m, s, s′ ∈ IR and p ∈ IN0 obey p ≥ |s − m| and s′ > s − m. Let

Σ =
{
{σn}n∈ZZ

∣∣ σn ∈ C for all n ∈ ZZ
}

denote the set of two–sided sequences and

Σm =
{
{σn}n∈ZZ ∈ Σ

∣∣∣ sup
n∈ZZ

|σn|

(1+n2)m/2 < ∞
}

Given any σ = {σn}n∈ZZ ∈ Σm,

f 7→
∑

n∈ZZ

σnf̂(n) einθ

where f̂(n) is the nth Fourier coefficient of f , is a bounded operator from Hs(∂ID) to

Hs−m(∂ID). If ϕ ∈ Cp(∂ID), the space of functions on ∂ID whose derivatives of order up

to p are continuous, then

Ψϕσf = ϕ(eiθ)
∑

n∈ZZ

σnf̂(n) einθ

is also a bounded operator from Hs(∂ID) to Hs−m(∂ID).

Let σ(1), · · ·σ(l) ∈ Σm be asymptotically independent in the sense that, given any

α1, · · · , αl ∈ C, not all zero, there is a sequence {nj}j∈IN obeying limj→∞ |nj| = ∞ for

which

lim
j→∞

|nj|
s′−s

∣∣α1σ
(1)
nj

+ · · ·+ αlσ
(l)
nj

∣∣ = ∞
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Prove that if ϕ1 · · · , ϕl ∈ Cp(∂ID) and if

l∑
k=1

Ψϕkσ(k) : Hs(∂ID) → Hs′(∂ID)

is a bounded operator, then ϕ1 · · · , ϕl are all identically zero.

Proof: We may choose the norm on Hs(∂ID), s ∈ IR, to be given by

|||f|||s =
[ ∑

n∈ZZ

(
1 + n2

)s
|f̂n|

2
]1/2

for f ∈ C∞(∂ID). If ϕ1 · · · , ϕl are not all identically zero, then some Fourier coefficient of

at least one of them must be nonzero. Let ` be the index of such a Fourier coefficient. For

reach n ∈ ZZ,

fn(θ) = (1 + n2)
−s/2

einθ gn,`(θ) = (1 + (n + `)2)
s′/2

ei(−n−`)θ

are unit vectors in Hs(∂ID) and H−s′(∂ID) respectively. As, by hypothesis, the operator∑l
k=1 Ψϕkσ(k) is bounded from Hs(∂ID) to Hs′(∂ID),

1
2π

l∑

k=1

∫ 2π

0

gn,`(θ)
(
Ψϕkσ(k)fn

)
(θ) dθ = (1+(n+`)2)

s′/2

(1+n2)s/2
1
2π

l∑

k=1

∫ 2π

0

ei(−n−`)θϕk(θ)σ(k)
n einθ dθ

= (1+(n+`)2)
s′/2

(1+n2)s/2

l∑

k=1

ϕ̂k,`σ
(k)
n

must be uniformly bounded in n. By the independence hypothesis, there is a sequence

{nj}j∈IN obeying limj→∞ |nj| = ∞ for which

lim
j→∞

|nj|
s′−s

∣∣∣
m∑

k=1

ϕ̂k,`σ
(k)
nj

∣∣∣ = ∞

As

lim
j→∞

|nj |
s−s′ (1 + (nj + `)2)

s′/2

(1 + n2
j)

s/2
= lim

j→∞

(
1

n2
j

+ (1 + `
nj

)2
)s′/2

(
1

n2
j

+ 1
)s/2

= 1

we have the contradiction

lim inf
n→∞

∣∣∣ (1+(n+`)2)
s′/2

(1+n2)s/2

m∑

k=1

ϕ̂k,`σ
(k)
n

∣∣∣ ≥ lim
j→∞

|nj |
s′−s

∣∣∣
m∑

k=1

ϕ̂k,`σ
(k)
nj

∣∣∣ = ∞
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Problem 2.A.6 Let m ∈ IR and a ∈ Am(∂ID). Set

p(eiθ, n) = e−inθΨa(en)

where en(θ) = einθ. Prove that p ∈ Sm(∂ID) and Ψa = Ψp.

Solution. In the notation of Problem 2.A.1

p(eiθ, n) =
∑

`∈ZZ

1
2π

∫ 2π

0

e−inθei`(θ−θ′)a
(
eiθ, `, eiθ′

)
einθ′ dθ′ =

∑

k,`∈ZZ

ei(k+`−n)θ â(k, `, `− n)

=
∑

k,`∈ZZ

ei(k+`)θ â(k, ` + n, `)

so that

(Dα
np)(eiθ, n) =

∑

k,`∈ZZ

ei(k+`)θD̂α
na(k, ` + n, `)

Hence, by Problem 2.A.1, with a replaced by Dα
na, followed by Lemma 2.3.4 (Peetre’s

inequality)

∣∣Dα
n

∂β

∂θβ p
(
eiθ, n

)∣∣ ≤
∑

k,`∈ZZ

|k + `|β
∣∣D̂α

na(k, ` + n, `)
∣∣

≤ const
∑

k,`∈ZZ

|k + `|β 1
(1+|k|)K (1 + |` + n|)m−α 1

(1+|`|)L

≤ const
∑

k,`∈ZZ

1
(1+|k|)K−β (1 + |n|)m−α 1

(1+|`|)L−β−|m−α|

≤ const (1 + |n|)m−α

if K > β + 1 and L > β + |m − α| + 1. Thus p ∈ Sm(∂ID). By construction, Ψp(en) =

einθp
(
eiθ, n

)
= Ψa(en) for all n ∈ ZZ. By linearity Ψp and Ψa agree when applied to

any finite linear combination of en’s. Since such finite linear combinations are dense in

Hs(∂ID), for any s ∈ IR, and Ψp and Ψa are both continuous on Hs(∂ID), Ψp and Ψa

agree on Hs(∂ID) and in particular on C∞(∂ID).

Problem 2.A.7 Let a(x, ξ, x′) obey (2.A.8). Let K be any compact subset of IR and

χ ∈ C∞
0 (IR) be identically one on K.

(a) Prove that, for each α, β, γ, γ ′ ∈ IN0, there is a constant Cα,β,γ,γ′ such that the partial

Fourier transform

ãχ(x, ξ, k) =

∫

IR

dx′ e−ikx′a(x, ξ, x′)χ(x′)
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obeys
∣∣∂α

∂ξα
∂β

∂xβ
∂γ

∂kγ ãχ(x, ξ, k)
∣∣ ≤ Cα,β,γ,γ′

(1+|ξ|)m−α

(1+|k|)γ′

(b) Let α, β ∈ IN0 and γ ∈ IR obey γ > m + β + 1. Prove that if f ∈ C0(K), then

sup
x∈IR

∣∣xα dβ

dxβ Paf(x)
∣∣ ≤ const ‖f‖Hγ(IR)

Solution. (a) By integration by parts

kγ′ ∂α

∂ξα
∂β

∂xβ
∂γ

∂kγ ãχ(x, ξ, k) =

∫

IR

dx′ kγ′e−ikx′(−ix′)γχ(x′)∂α

∂ξα
∂β

∂xβ a(x, ξ, x′)

=

∫

IR

dx′ (−ix′)γχ(x′)∂α

∂ξα
∂β

∂xβ a(x, ξ, x′)iγ
′ ∂γ′

∂x′γ
′ e
−ikx′

= (−i)γ+γ′
∫

IR

dx′ e−ikx′ ∂γ′

∂x′γ
′

[
(x′)γχ(x′)∂α

∂ξα
∂β

∂xβ a(x, ξ, x′)
]

Since χ has compact support there is an R > 0 such that χ(x′) vanishes for all |x′| > R.

Hence, by (2.A.8),

∣∣kγ′ ∂α

∂ξα
∂β

∂xβ
∂γ

∂kγ ãχ(x, ξ, k)
∣∣ ≤ const (1 + |ξ|)m−α

∫

|x′|≤R

dx′

as desired.

(b) If f ∈ C0(K), then

Paf(x) = 1
2π

∫

IR

dξ

∫

IR

dx′ eiξ(x−x′)a(x, ξ, x′)χ(x′)f(x′)

= 1
(2π)2

∫

IR

dξ

∫

IR

dk eiξxãχ(x, ξ, ξ − k)f̂(k)

so that

xα dβ

dxβ Paf(x) = 1
(2π)2

∫

IR

dξ

∫

IR

dk xαeiξx
(
iξ + d

dx

)β
ãχ(x, ξ, ξ − k)f̂(k)

= 1
(2π)2

∫

IR

dξ

∫

IR

dk
(
iξ + d

dx

)β
ãχ(x, ξ, ξ − k)f̂(k)

(
− i∂

∂ξ

)α
eiξx

= 1
(2π)2

∫

IR

dξ

∫

IR

dk eiξx
(
i∂
∂ξ

)α(
iξ + d

dx

)β
ãχ(x, ξ, ξ − k)f̂(k)
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Hence, by part (a) and Lemma 2.3.4 (Peetre’s inequality),

∣∣xα dβ

dxβ Paf(x)
∣∣ ≤ const

∫

IR

dξ

∫

IR

dk
(1+|ξ|)m+β

(1+|ξ−k|)γ′ |f̂(k)|

= const

∫

IR

dξ

∫

IR

dk
(1+|ξ+k|)m+β

(1+|ξ|)γ′ |f̂(k)|

≤ const

∫

IR

dξ 1
(1+|ξ|)γ′−|m+β|

∫

IR

dk (1 + k2)
m+β

2 |f̂(k)|

≤ const

∫

IR

dk 1

(1+k2)
γ−m−β

2

(1 + k2)
γ
2 |f̂(k)|

if we choose γ′ > |m+β|+1. The desired bound now follows by Cauchy–Schwarz, provided

that γ −m− β > 1 so that (1 + k2)−(γ−m−β)/2 ∈ L2(IR).

Problem 2.A.8 Let m, s ∈ IR and b ∈ C∞(IR3). Assume that, for each β, β′ ∈ IN0, there

is a constant Dβ,β′ such that

∫ ∣∣∂β

∂xβ
∂β′

∂x′β
′ b(x, ξ, x′)

∣∣ dxdx′ ≤ Dβ,β′(1 + |ξ|)m

Prove that there is a constant C such that if f ∈ C∞
0 (IR), then

‖Pbf‖Hs−m(IR) ≤ C‖f‖Hs(IR)

Proof: The Fourier transform

b̂(p, ξ, k) =

∫∫
dxdx′ e−ipxe−ikx′b(x, ξ, x′)

obeys, for all P, K ∈ IN0,

(S2A.1)
∣∣b̂(p, ξ, k)

∣∣ ≤ CP,K
(1+|ξ|)m

(1+|p|)P (1+|k|)K

We may express the Fourier transform of Pbf(x) in terms of b̂(p, ξ, k) by

P̂bf(p) = 1
(2π)2

∫∫
dξdk b̂(p− ξ, ξ, ξ− k)f̂(k) = 1

(2π)2

∫
dk B(p, k)f̂(k)

where

B(p, k) =

∫
dξ b̂(p− ξ, ξ, ξ− k)
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Since

‖Pbf‖
2
Hs−m(IR) = 1

2π

∫
dp (1 + p2)

s−m∣∣P̂af(p)
∣∣2 ‖f‖2Hs(IR) = 1

2π

∫
dk (1 + k2)

s∣∣f̂(k)
∣∣2

it suffices, by Proposition 2.3.12, with α = β = 1, p = q = 2 and µ = ν being Lebesgue

measure on X = Y = IR, to prove that

sup
p

∫
dk (1 + p2)

s−m
2 |B(p, k)|(1 + k2)

− s
2 , sup

k

∫
dp (1 + p2)

s−m
2 |B(p, k)|(1 + k2)

− s
2 < ∞

These bounds follow from

(1 + p2)
s−m

2 |b̂(p− ξ, ξ, ξ− k)|(1 + k2)
− s

2 ≤ const
(1+|p−ξ|)2(1+|ξ−k|)2

which, in turn, follows easily from (S2A.1), with P = |s − m| + 2, K = |s| + 2, and the

consequences

(1 + p2)
s−m

2 ≤ 2
|s−m|

2 (1 + |p− ξ|2)
|s−m|

2 (1 + ξ2)
s−m

2

(1 + k2)
− s

2 ≤ 2
|s|
2 (1 + |ξ − k|2)

|s|
2 (1 + ξ2)

− s
2

of Lemma 2.3.4 (Peetre’s inequality).

Problem 2.A.9 Prove Lemma 2.A.14.

Proof: Since

(S2A.2)

Paf(x) = 1
2π

∫

IR

dξ

∫

IR

dx′ eiξ(x−x′)(x− x′)m′

b(x, ξ, x′)f(x′)

= im′

2π

∫

IR

dξ

∫

IR

dx′ eiξ(x−x′) ∂m′

∂ξm′ b(x, ξ, x′)f(x′)

and ∂m′

∂ξm′ b(x, ξ, x′) ∈ Am−m′

(IR), parts (a) and (b) follow from parts (a) and (b) of Propo-

sition 2.A.13, respectively.

Problem 2.A.10 Prove Proposition 2.A.15.

Proof: Taylor expanding in the third argument about x′ = x,

a(x, ξ, x′) =
∑̀

k=0

1
k!

∂k

∂x′k
a(x, ξ, x′)

∣∣
x′=x

(
x′ − x

)k
+ 1

`!

∫ x′

x

(
x′ − t

)` ∂`+1a
∂x′`+1 (x, ξ, t) dt

=
∑̀

k=0

1
k!

∂k

∂x′k
a(x, ξ, x′)

∣∣
x′=x

(
x′ − x

)k

+ 1
`! (x

′ − x)`+1

∫ 1

0

(
1− u

)` ∂`+1a
∂x′`+1

(
x, ξ, ux′ + (1− u)x

)
du

10



By (S2A.2), the pseudodifferential operator associated with the kth term is exactly Pak
.

The bounds on R` are provided by Lemma 2.A.14.

Problem 2.A.11 Let Φ be a diffeomorphism of IR and J(x, x′) =
∫ 1

0
Φ−1′

(
tx+(1−t)x′

)
dt.

Prove that, for each k ∈ IN0,

∂k

∂x′k
J(x, x′)

∣∣
x′=x

= 1
k+1

∂k+1

∂xk+1 Φ−1(x)

Solution.

∂k

∂x′k
J(x, x′)

∣∣
x′=x

=

∫ 1

0

∂k

∂x′k
Φ−1′

(
tx + (1− t)x′

)
dt

∣∣∣
x′=x

=

∫ 1

0

∂k+1

∂xk+1 Φ−1(x) (1− t)k dt

= −∂k+1

∂xk+1 Φ−1(x) (1−t)k+1

k+1

∣∣∣
t=1

t=0

= 1
k+1

∂k+1

∂xk+1 Φ−1(x)

Problem 2.A.12 Let m ∈ IN0, q ∈ C∞(IR) and a(x, ξ) = q(x)ξm ∈ Sm(IR). Then

PΦ
a f(x) =

(
Pa(f ◦ Φ)

)(
Φ−1(x)

)
= (−i)mq

(
Φ−1(x)

)
dm

dym f
(
Φ(y)

)∣∣
y=Φ−1(x)

= (−i)mq
(
Φ−1(x)

)




f(x) if m = 0

Φ′
(
Φ−1(x)

)
f ′(x) if m = 1

Φ′
(
Φ−1(x)

)2
f ′′(x) + Φ′′

(
Φ−1(x)

)
f ′(x) if m = 2

by the chain and product rules. Verify that Proposition 2.A.17 and Proposition 2.A.15

give the same formulae for m = 0, 1, 2, up to an error R that is a smoothing map. That “R

is smoothing” means that for each compact K ⊂ IR and each s, s′ ∈ IR there is a constant

C such that

‖Rf‖Hs′ (IR) ≤ C‖f‖Hs(IR)

for all f ∈ C∞
0 (K).

Solution. By Proposition 2.A.17, PΦ
a = Pb where

b(x, ξ, x′) = Φ−1′(x′)
J(x,x′) a

(
Φ−1(x), ξ

J(x,x′) , Φ
−1(x′)

)

= Φ−1′(x′)
J(x,x′)m+1 q

(
Φ−1(x)

)
ξm

11



By Proposition 2.A.15, for all ` ≥ m,

Pb =
∑̀

k=0

Pbk
+ R`

where

bk(x, ξ) = ik

k!
∂k

∂ξk
∂k

∂x′k
b(x, ξ, x′)

∣∣
x′=x

= ik
(
m
k

)
q
(
Φ−1(x)

)
ξm−k ∂k

∂x′k
Φ−1′(x′)

J(x,x′)m+1

∣∣∣
x′=x

if k ≤ m and bk ≡ 0 if k > m. Thus R` is independent of ` for ` > m and is smoothing.

For 0 ≤ k ≤ m

Pbk
= (−i)m−k(−i)k

(
m
k

)
q
(
Φ−1(x)

)
∂k

∂x′k
Φ−1′(x′)

J(x,x′)m+1

∣∣∣
x′=x

dm−k

dxm−k

Denote J (x) = Φ−1′(x). Then

k = 0 =⇒ ∂k

∂x′k
Φ−1′(x′)

J(x,x′)m+1 = J (x′)
J(x,x′)m+1

k = 1 =⇒ ∂k

∂x′k
Φ−1′(x′)

J(x,x′)m+1 = J ′(x′)
J(x,x′)m+1 − (m + 1)J (x′)J2(x,x′)

J(x,x′)m+2

k = 2 =⇒ ∂k

∂x′k
Φ−1′(x′)

J(x,x′)m+1 = J ′′(x′)
J(x,x′)m+1 − 2(m + 1)J

′(x′)J2(x,x′)
J(x,x′)m+2 − (m + 1)J (x′)J22(x,x′)

J(x,x′)m+2

+ (m + 1)(m + 2)
J (x′)J2

2 (x,x′)
J(x,x′)m+3

By Problem 2.A.11,

k = 0 =⇒ ∂k

∂x′k
Φ−1′(x′)

J(x,x′)m+1

∣∣∣
x′=x

= 1
J (x)m

k = 1 =⇒ ∂k

∂x′k
Φ−1′(x′)

J(x,x′)m+1

∣∣∣
x′=x

= J ′(x)
J (x)m+1 −

1
2
(m + 1)J (x)J ′(x)

J (x)m+2 = 1−m
2

J ′(x)
J (x)m+1

k = 2 =⇒ ∂k

∂x′k
Φ−1′(x′)

J(x,x′)m+1

∣∣∣
x′=x

= J ′′(x)
J (x)m+1 − (m + 1) J ′(x)2

J (x)m+2 −
m+1

3
J (x)J ′′(x)
J (x)m+2

+ 1
4 (m + 1)(m + 2)J (x)J ′(x)2

J (x)m+3

For m = 0,
m∑

k=0

Pbk
= Pb0 = q

(
Φ−1(x)

)

For m = 1,

1∑

k=0

Pbk
= (−i) q

(
Φ−1(x)

)
1

J (x)
d
dx + (−i)q

(
Φ−1(x)

)[
1−m

2
J ′(x)

J (x)m+1

]

= (−i) q
(
Φ−1(x)

)
Φ′

(
Φ−1(x)

)
d
dx
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For m = 2,

2∑

k=0

Pbk
= (−i)2q

(
Φ−1(x)

)
1

J (x)2
d2

dx2 + (−i)22q
(
Φ−1(x)

)[
1−2
2

J ′(x)
J (x)3

]
d
dx

+ (−i)2q
(
Φ−1(x)

)[J ′′(x)
J (x)3 − 3J

′(x)2

J (x)4 −
J (x)J ′′(x)
J (x)4 + 3J (x)J ′(x)2

J (x)5

]

= (−i)2 q
(
Φ−1(x)

)
Φ′

(
Φ−1(x)

)2 d2

dx2 − (−i)2q
(
Φ−1(x)

) J ′(x)
J (x)3

d
dx

Since J (x) = Φ′
(
Φ−1(x)

)−1

J ′(x)
J (x)3

= Φ′
(
Φ−1(x)

)3
(−1)Φ′

(
Φ−1(x)

)−2
Φ′′

(
Φ−1(x)

)
Φ−1′(x) = −Φ′′

(
Φ−1(x)

)

as desired.
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