
Appendix 2.A: Pseudodifferential Operators

Pseudodifferential operators (ΨDO’s) are generalizations of differential operators

f(x) 7→
∑

α

aα(x)∂αf
∂xα (x) =

∑

α

∫
eiξ·xaα(x)

(
iξ

)α
f̂(ξ) dnξ

(2π)n

=
∑

α

∫
dnξ

(2π)n

∫
dnx′ eiξ·(x−x′)aα(x)

(
iξ

)α
f(x′)

in which the “symbol”
∑

α aα(x)
(
iξ

)α
is allowed to be a much more general function of x

and ξ – not just a polynomial in ξ. In this appendix we provide a very basic introduction

to such operators. We consider only operators that act on functions whose argument runs

over the real line IR or over the unit circle

S1 = ∂ID =
{

eiθ
∣∣ θ ∈ IR

}
⊂ C

The general theory deals with operators acting on functions whose argument runs over

some manifold of dimension n ∈ IN including, for example, any connected open subset Ω

of IRn. For discussions of the general theory see [Ta,Tr2,SR] or [F2, Chapter 8].

Pseudodifferential Operators on S1

Definition 2.A.1 (Amplitudes and ΨDO’s on S1)

Let m ∈ IR. The space Am(∂ID) of amplitudes on ∂ID of order m is the set of all functions

a ∈ C∞(∂ID×ZZ× ∂ID) with the property that, for each α, β, β ′ ∈ IN0, there is a constant

Cα,β,β′ such that

(2.A.1)
∣∣Dα

n
∂β

∂θβ
∂β′

∂θ′β
′ a

(
eiθ, n, eiθ′

)∣∣ ≤ Cα,β,β′(1 + |n|)m−α

for all θ, θ′ ∈ IR and n ∈ ZZ. Here Dn is the difference operator

(Dng)(n) = g(n + 1)− g(n)

We associate to the amplitude a the operator Ψa : C∞(∂ID) → C∞(∂ID) defined by

(2.A.2) Ψaf(eiθ) = 1
2π

∑

n∈ZZ

∫ 2π

0

ein(θ−θ′)a
(
eiθ, n, eiθ′

)
f
(
eiθ′

)
dθ′

We denote Ψm(∂ID) =
{

Ψa

∣∣ a ∈ Am(∂ID)
}
.
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Problem 2.A.1 Let m ∈ IR and a ∈ Am(∂ID).

(a) Prove that, for each K, L ∈ IN0, there is a constant DK,L such that the Fourier

coefficients

â(k, n, `) = 1
(2π)2

∫ 2π

0

dθ

∫ 2π

0

dθ′ e−ikθe−i`θ′ a
(
eiθ, n, eiθ′

)

obey ∣∣â(k, n, `)
∣∣ ≤ DK,L

1
(1+|k|)K (1 + |n|)m 1

(1+|`|)L

for all k, `, n ∈ ZZ.

(b) Let, for each k, ` ∈ ZZ,

Â(k, `) =
∑

n∈ZZ

1
(2π)2

∫ 2π

0

dθ e−ikθ

∫ 2π

0

dθ′ ein(θ−θ′) a
(
eiθ, n, eiθ′

)
ei`θ′

be the kth Fourier coefficient of Ψa applied to e`(θ) = ei`θ. Prove that for each K ∈ IN0,

there is a constant DK such that

∣∣Â(k, `)
∣∣ ≤ DK

(1+|`|)m

(1+|k−`|)K

(c) Prove that if f ∈ C∞(∂ID), then Ψaf ∈ C∞(∂ID).

Remark 2.A.2 The formula (2.A.2) is nonstandard in that it uses a discrete sum
∑

n∈ZZ
.

Under the standard formalism, viewing S1 as just another manifold, one works in local

coordinates and defines, for f supported in the coordinate patch,

Ψaf(x) =

∫
dnξ

(2π)n

∫
dnx′ eiξ·(x−x′)a(x, ξ, x′)f(x′)

Remark 2.A.3 Let m ∈ IR and a ∈ C∞(∂ID × IR × ∂ID). Assume that, for each

α, β, β′ ∈ IN0, there is a constant C̃α,β,β′ such that

(2.A.3)
∣∣∂α

∂ξα
∂β

∂θβ
∂β′

∂θ′β
′ a

(
eiθ, ξ, eiθ′

)∣∣ ≤ C̃α,β,β′(1 + |ξ|)m−α

for all θ, ξ, θ′ ∈ IR. We claim that the restriction of a to ξ ∈ ZZ obeys the condition (2.A.1).

Proof: Define (Dng)(ξ) = g(ξ + 1)− g(ξ) =
∫ ξ+1

ξ
g′(t) dt for all ξ ∈ IR. Then

sup
ξ

(
1 + |ξ|)m

∣∣(Dng)(ξ)
∣∣ ≤ constm sup

ξ

(
1 + |ξ|)m|g′(ξ)|
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and, by induction,

sup
ξ

(
1 + |ξ|)m

∣∣(Dα
ng)(ξ)

∣∣ ≤ constm sup
ξ

(
1 + |ξ|)m

∣∣ d
dξ (Dα−1

n g)(ξ)
∣∣

≤ constm,α sup
ξ

(
1 + |ξ|)m|g(α)(ξ)|

since Dξ and d
dξ commute. Thus

sup
θ,θ′,n

∣∣∣(1 + |n|)−m+αDα
n

∂β

∂θβ
∂β′

∂θ′β
′ a

(
eiθ, n, eiθ′

)∣∣∣

≤ constm−α,α sup
θ,θ′,ξ

∣∣∣(1 + |ξ|)−m+α ∂α

∂ξα
∂β

∂θβ
∂β′

∂θ′β
′ a

(
eiθ, ξ, eiθ′

)∣∣∣

≤ constm−α,α C̃α,β,β′

Remark 2.A.4 Any linear combination of amplitudes, that is functions satisfying (2.A.1),

is again an amplitude. Furthermore if, for each β, β′ ∈ IN0 and n ∈ ZZ,

(2.A.4) sup
θ,θ′

∣∣∂β

∂θβ
∂β′

∂θ′β
′ a

(
eiθ, n, eiθ′

)∣∣ < ∞

and if a
(
eiθ, n, eiθ′

)
vanishes for all |n| sufficiently large, then a ∈ Am(∂ID) for all m ∈ IR.

Thus to verify (2.A.1), it suffices to verify (2.A.4) and to find an extension a
(
eiθ, ξ, eiθ′

)

that satisfies (2.A.3) for |ξ| sufficiently large.

Example 2.A.5 If a
(
eiθ, n, eiθ′

)
= b

(
eiθ

)
nmc

(
eiθ′

)
for some m ∈ IN0 and b, c ∈ C∞(∂ID),

then a ∈ Am(∂ID) and

Ψaf(eiθ) = 1
2π

∑

n∈ZZ

∫ 2π

0

ein(θ−θ′)b
(
eiθ

)
nmc

(
eiθ′

)
f
(
eiθ′

)
dθ′

= b
(
eiθ

)
(−i)m dm

dθm
1
2π

∑

n∈ZZ

∫ 2π

0

ein(θ−θ′)c
(
eiθ′

)
f
(
eiθ′

)
dθ′

= b
(
eiθ

)
(−i)m dm

dθm c
(
eiθ

)
f
(
eiθ

)

So, in this case, Ψa is the differential operator b
(
eiθ

)
(−i)m dm

dθm c
(
eiθ

)
. Because we are

allowing, for pedagogical purposes, the amplitude a
(
eiθ, n, eiθ′

)
to depend on both θ and

θ′, any pseudodifferential operator Ψa has many different amplitudes. In the example

under consideration,

Ψaf(eiθ) = b
(
eiθ

)
(−i)m d

dθm c
(
eiθ

)
f
(
eiθ

)
= (−i)mb

(
eiθ

) m∑

`=0

(
m
`

)
dm−`c
dθm−`

(
eiθ

)
d`f
dθ`

(
eiθ

)

= Ψãf(eiθ)
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where

ã
(
eiθ, n, eiθ′

)
= b

(
eiθ

) m∑

`=0

(
m
`

)
(−i)m−` dm−`

dθm−` c
(
eiθ

)
n`

happens to be independent of θ′.

Remark 2.A.6 Amplitudes that are independent of θ′ are called symbols and are usually

denoted a
(
eiθ, n

)
. For a symbol

(2.A.5) Ψaf(eiθ) = 1
2π

∑

n∈ZZ

∫ 2π

0

ein(θ−θ′)a
(
eiθ, n

)
f
(
eiθ′

)
dθ′ =

∑

n∈ZZ

einθa
(
eiθ, n

)
f̂n

where

f̂(n) = 1
2π

∫ 2π

0

e−inθ′f
(
eiθ′

)
dθ′

is the nth Fourier coefficient of f . In particular, if f
(
eiθ

)
= en

(
eiθ

)
≡ einθ

Ψaen(eiθ) = einθa
(
eiθ, n

)
=⇒ a

(
eiθ, n

)
= e−inθΨaen(eiθ)

so the symbol of a pseudodifferential operator is uniquely determined. The space of symbols

of order m on ∂ID is denoted Sm(∂ID).

Example 2.A.7 Suppose that the symbol a
(
eiθ, n

)
is “positive homogeneous” of degree

m, in the sense that

a
(
eiθ, tn

)
= tma

(
eiθ, n

)

for all t > 0. Then
n ∈ IN =⇒ a

(
eiθ, n

)
= nma

(
eiθ, 1

)

−n ∈ IN =⇒ a
(
eiθ, n

)
= |n|ma

(
eiθ,−1

)

a
(
eiθ, 0

)
= 0 if m 6= 0

If we define the projection operators

P+einθ =

{
einθ if n > 0
0 if n ≤ 0

P−einθ =

{
einθ if n < 0
0 if n ≥ 0

P0e
inθ =

{
einθ if n = 0
0 if n 6= 0

then, if a
(
eiθ, n

)
is positive homogeneous of degree m ∈ IN0,

Ψa = a
(
eiθ, 1

)
P+

dm

dθm + (−1)ma
(
eiθ,−1

)
P−

dm

dθm +

{
a
(
eiθ, 0

)
P0 if m = 0

0 otherwise

While (linear combinations) of positive homogeneous symbols are very common, there are

lots of other possibilities. For example,

(1 + n2)
s/2

(1 + |n|)s (1 + |n|)s logp
(
1 + |n|

)
sin log

(
1 + |n|

)

with s, p ∈ IR.
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Problem 2.A.2 Let s, p ∈ IR. Prove that each of

(1 + n2)
s/2

(1 + |n|)s (1 + |n|)s logp
(
2 + |n|

)
sin log

(
2 + |n|

)

satisfy (2.A.1) for any m ≥ s, in the first two cases, any m > s in the third and any m ≥ 0

in the last.

Problem 2.A.3 Prove that the linear operator f ∈ C∞(∂ID) 7→ f(0), where f(0) is

viewed as a constant function on ∂ID, is not in Ψm(∂ID) for any m ∈ IR.

Problem 2.A.4 Let a ∈ Sm(∂ID) and b ∈ Sm′

(∂ID) and set

c
(
eiθ, n, eiθ′

)
=

∑

`∈ZZ

a
(
eiθ, n

)
b̂(`, n− `)ei`θ′ where b̂(`, n) = 1

2π

∫ 2π

0

dθ e−i`θ b
(
eiθ, n

)

Prove that c ∈ Am+m′

(∂ID) and

ΨaΨb = Ψc

Proposition 2.A.8 Let m ∈ IR and a ∈ Am(∂ID).

(a) For every s ∈ IR, the operator Ψa defined by (2.A.2) has a unique extension to a

bounded linear operator from Hs(∂ID) to Hs−m(∂ID).

(b) Suppose further that a has a zero of order m′ ∈ IN at θ = θ′, in the sense that

a
(
eiθ, n, eiθ′

)
=

[
eiθ − eiθ′

]m′

b
(
eiθ, n, eiθ′

)
with b ∈ Am(∂ID). Then, for every s ∈ IR, the

operator Ψa defined by (2.A.2) has a unique extension to a bounded linear operator from

Hs(∂ID) to Hs−m+m′

(∂ID).

Proof: (a) In the notation of Problem 2.A.1, the kth Fourier coefficient of Ψaf(eiθ) is

given by

Ψ̂af(k) =
∑

`∈ZZ

A(k, `)f̂(`)

where f̂(`) is the `th Fourier coefficient of f . Since

‖Ψaf‖2Hs−m(∂ID) =
∑

k∈ZZ

(1 + k2)
s−m∣∣Ψ̂af(k)

∣∣2 ‖f‖2Hs(∂ID) =
∑

`∈ZZ

(1 + `2)
s∣∣f̂(`)

∣∣2

it suffices, by Proposition 2.3.12, with α = β = 1, p = q = 2 and µ = ν being the counting

measure on X = Y = ZZ, to prove that

sup
k

∑

`

(1 + k2)
s−m

2 |Â(k, `)|(1 + `2)
− s

2 , sup
`

∑

k

(1 + k2)
s−m

2 |Â(k, `)|(1 + `2)
− s

2 < ∞
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Since
∑

`∈ZZ

1
(1+|k−`|)2 =

∑
k∈ZZ

1
(1+|k−`|)2 =

∑
n∈ZZ

1
(1+|n|)2 < ∞ these two bounds will

follow easily if we can prove that

(1 + k2)
s−m

2
∣∣Â(k, `)

∣∣(1 + `2)
− s

2 ≤ const
(1+|k−`|)2

But this bound, in turn, follows easily from part (b) of Problem 2.A.1, with K = |s−m|+2

and the consequence

(1 + k2)
s−m

2 ≤ 2
|s−m|

2 (1 + |k − `|2)
|s−m|

2 (1 + `2)
s−m

2

of Lemma 2.3.4 (Peetre’s inequality).

(b) Multiplication by (−1)m′

e−im′θ preserves the bounds (2.A.1), so we may equally well

assume that

a
(
eiθ, n, eiθ′

)
=

[
e−i(θ−θ′) − 1

]m′

b
(
eiθ, n, eiθ′

)

Since
∑

n∈ZZ

ein(θ−θ′)
[
e−i(θ−θ′) − 1

]
c
(
eiθ, n, eiθ′

)
=

∑

n∈ZZ

[
ei(n−1)(θ−θ′) − ein(θ−θ′)

]
c
(
eiθ, n, eiθ′

)

=
∑

n∈ZZ

ein(θ−θ′)
[
c
(
eiθ, n + 1, eiθ′

)
− c

(
eiθ, n, eiθ′

)]

=
∑

n∈ZZ

ein(θ−θ′)(Dnc)
(
eiθ, n, eiθ′

)

we have that

(2.A.6) Ψaf(eiθ) = 1
2π

∑

n∈ZZ

∫ 2π

0

ein(θ−θ′)(Dm′

n b)
(
eiθ, n, eiθ′

)
f
(
eiθ′

)
dθ′

It now suffices to apply the result of part (a) with the amplitude a ∈ Am(∂ID) replaced by

Dm′

n b ∈ Am−m′

(∂ID) and m replaced by m−m′.

Problem 2.A.5 Let m, s, s′ ∈ IR and p ∈ IN0 obey p ≥ |s − m| and s′ > s − m. Let

Σ =
{
{σn}n∈ZZ

∣∣ σn ∈ C for all n ∈ ZZ
}

denote the set of two–sided sequences and

Σm =
{
{σn}n∈ZZ ∈ Σ

∣∣∣ sup
n∈ZZ

|σn|

(1+n2)m/2 < ∞
}

Given any σ = {σn}n∈ZZ ∈ Σm,

f 7→
∑

n∈ZZ

σnf̂(n) einθ
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where f̂(n) is the nth Fourier coefficient of f , is a bounded operator from Hs(∂ID) to

Hs−m(∂ID). If ϕ ∈ Cp(∂ID), the space of functions on ∂ID whose derivatives of order up

to p are continuous, then

Ψϕσf = ϕ(eiθ)
∑

n∈ZZ

σnf̂(n) einθ

is also a bounded operator from Hs(∂ID) to Hs−m(∂ID).

Let σ(1), · · ·σ(l) ∈ Σm be asymptotically independent in the sense that, given any

α1, · · · , αl ∈ C, not all zero, there is a sequence {nj}j∈IN obeying limj→∞ |nj| = ∞ for

which

lim
j→∞

|nj|
s′−s

∣∣α1σ
(1)
nj

+ · · ·+ αlσ
(l)
nj

∣∣ = ∞

Prove that if ϕ1 · · · , ϕl ∈ Cp(∂ID) and if

l∑
k=1

Ψϕkσ(k) : Hs(∂ID) → Hs′(∂ID)

is a bounded operator, then ϕ1 · · · , ϕl are all identically zero.

Problem 2.A.6 Let m ∈ IR and a ∈ Am(∂ID). Set

p(eiθ, n) = e−inθΨa(en)

where en(θ) = einθ. Prove that p ∈ Sm(∂ID) and Ψa = Ψp.

Problem 2.A.6 shows that every amplitude a ∈ Am(∂ID) has a corresponding (θ′

independent) symbol in Sm(∂ID). We next provide an algorithm for explicitly computing

that symbol, at least approximately to arbitrary degree of accuracy, in a certain sense. By

way of preparation, we develop an expansion for g(eiθ) about θ = 0 that is similar to a

Taylor expansion, but preserves the periodicity of every term. If g were analytic at z = 1,

we could simply substitute z = eiθ into

g(z) =
∞∑

k=0

1
k!

g(k)(1)
(
z − 1

)k

to obtain

g(eiθ) =

∞∑

k=0

1
k!g

(k)(1)
(
eiθ − 1

)k

Even if g is only defined on ∂ID, we can get a similar expansion. Define

∂zg(eiθ) = −ie−iθ d
dθ g(eiθ)
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Starting with

g(eiθ) = g(1) +

∫ θ

0

∂zg(eit) ieitdt

and repeadly applying

1
`!

(
eiθ − eit

)`
∂`+1

z g(eit) ieit = −d
dt

[
1

(`+1)!

(
eiθ − eit

)`+1
∂`+1

z g(eit)
]

+ 1
(`+1)!

(
eiθ − eit

)`+1
∂`+2

z g(eit) ieit

gives

g(eiθ) =
∑̀

k=0

1
k!∂

k
z g(1)

(
eiθ − 1

)k
+ 1

`!

∫ θ

0

(
eiθ − eit

)`
∂`+1

z g(eit) ieitdt

Similarly, for any expansion point eiθ̃,

(2.A.7) g(eiθ) =
∑̀

k=0

1
k!∂

k
z g(eiθ̃)

(
eiθ − eiθ̃

)k
+ 1

`!

∫ θ

θ̃

(
eiθ − eit

)`
∂`+1

z g(eit) ieitdt

Proposition 2.A.9 Let m ∈ IR and a ∈ Am(∂ID). Define, for each k ∈ IN0

ak(eiθ, n) = 1
k!e

ikθ∂k
z′D

k
na(eiθ, n, eiθ′)

∣∣
eiθ′=eiθ

where ∂z′ = −ie−iθ′ ∂
∂θ′

. Then, for all s ∈ IR and ` ∈ IN0

Ψa =
∑̀

k=0

Ψak
+ R`

where R` is a bounded linear operator from Hs(∂ID) to Hs−m+`+1(∂ID).

Proof: By (2.A.7), with θ → θ′ and θ̃ → θ,

a(eiθ, n, eiθ′) =
∑̀

k=0

1
k!e

ikθ∂k
z′a(eiθ, n, eiθ′)

∣∣
eiθ′=eiθ

(
ei(θ′−θ) − 1

)k

+ 1
`!

∫ θ′

θ

(
eiθ′ − eit

)`
∂`+1

z′ a(eiθ, n, eit) ieitdt

By (2.A.6), the pseudodifferential operator associated with the kth term is exactly Ψak
. By

part (b) of Proposition 2.A.8, the pseudodifferential operator associated with the remainder

term is a bounded operator from Hs(∂ID) to Hs−m+`+1(∂ID).
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Remark 2.A.10 The conclusion of Proposition 2.A.9 is generally written

Ψa =
∞∑

k=0

Ψak

where the infinite sum is to be interpretted “asymptotically”. The definition of “asymp-

totically” here is precisely the statement of Proposition 2.A.9. That is, for each ` ∈ IN0,

Ψa −
∑`

k=0 Ψak
is a bounded linear operator from Hs(∂ID) to Hs−m+`+1(∂ID) for all s.

Pseudodifferential Operators on IR1

Definition 2.A.11 (Amplitudes and ΨDO’s on IR1)

Let m ∈ IR. The space Am(IR) of amplitudes on IR of order m is the set of all a ∈ C∞(IR3)

with the property that, for each α, β, β′ ∈ IN0, there is a constant Cα,β,β′ such that

(2.A.8)
∣∣∂α

∂ξα
∂β

∂xβ
∂β′

∂x′β
′ a(x, ξ, x′)

∣∣ ≤ Cα,β,β′(1 + |ξ|)m−α

for all x, ξ, x′ ∈ IR. We associate to the amplitude a the pseudodifferential operator

Pa : C∞
0 (IR) → S(IR) defined by

(2.A.9) Paf(x) = 1
2π

∫

IR

dξ

∫

IR

dx′ eiξ(x−x′)a(x, ξ, x′)f(x′)

We denote Ψm(IR) =
{

Pa

∣∣ a ∈ Am(IR)
}
. The space Sm(IR) of symbols on IR of order

m is the set of all a ∈ C∞(IR2) for which a(x, ξ) ∈ Am(IR).

Problem 2.A.7 Let a(x, ξ, x′) obey (2.A.8). Let K be any compact subset of IR and

χ ∈ C∞
0 (IR) be identically one on K.

(a) Prove that, for each α, β, γ, γ ′ ∈ IN0, there is a constant Cα,β,γ,γ′ such that the partial

Fourier transform

ãχ(x, ξ, k) =

∫

IR

dx′ e−ikx′a(x, ξ, x′)χ(x′)

obeys ∣∣∂α

∂ξα
∂β

∂xβ
∂γ

∂kγ ãχ(x, ξ, k)
∣∣ ≤ Cα,β,γ,γ′

(1+|ξ|)m−α

(1+|k|)γ′

(b) Let α, β ∈ IN0 and γ ∈ IR obey γ > m + β + 1. Prove that if f ∈ C0(K), then

sup
x∈IR

∣∣xα dβ

dxβ Paf(x)
∣∣ ≤ const ‖f‖Hγ(IR)
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Remark 2.A.12 The hypothesis (2.A.8) is stronger than the standard one. Normally

one assumes that, for each α, β, β′ ∈ IN0 and each compact K ⊂ IR2, there is a constant

Cα,β,β′,K such that

∣∣∂α

∂ξα
∂β

∂xβ
∂β′

∂x′β
′ a(x, ξ, x′)

∣∣ ≤ Cα,β,β′,K(1 + |ξ|)m−α

for all ξ ∈ IR and (x, x′) ∈ K.

Proposition 2.A.13 Let m ∈ IR and a ∈ Am(IR). Let K be any compact subset of IR.

(a) Let s ∈ IR. There is a constant C, depending on m, s,K and a, but independent of f

such that, if f ∈ C∞
0 (K), then

‖Paf‖Hs−m(IR) ≤ C‖f‖Hs(IR)

(b) Let α, β ∈ IN0 and γ ∈ IR obey γ > m + β + 1. There is a constant C, depending on

m, α, β, γ,K and a, but independent of f such that, if f ∈ C0(K), then

sup
x∈IR

∣∣xα dβ

dxβ Paf(x)
∣∣ ≤ C‖f‖Hγ(IR)

Proof: The proof of part (b) is Problem 2.A.7. For part (a), let χ(x′) ∈ C∞
0 (IR) be

identically one on K. Then if f ∈ C∞
0 (K),

Paf(x) = 1
2π

∫

IR

dξ

∫

IR

dx′ eiξ(x−x′)a(x, ξ, x′)χ(x′)f(x′)

= 1
2π

∫

IR

dξ

∫

IR

dx′
a(x,ξ,x′)

1+|x−x′|2 χ(x′)f(x′)
(
1− ∂2

∂ξ2

)
eiξ(x−x′)

= 1
2π

∫

IR

dξ

∫

IR

dx′ eiξ(x−x′)
(
1− ∂2

∂ξ2

) a(x,ξ,x′)
1+|x−x′|2 χ(x′)f(x′)

= 1
2π

∫

IR

dξ

∫

IR

dx′ eiξ(x−x′)b(x, ξ, x′)f(x′)

= Pbf(x)

where

b(x, ξ, x′) =
(
1− ∂2

∂ξ2

) a(x,ξ,x′)
1+|x−x′|2

χ(x′)

has compact support in x′ and obeys

∣∣ ∂α

∂ξα
∂β

∂xβ
∂β′

∂x′β
′ b(x, ξ, x′)

∣∣ ≤ Dα,β,β′
(1+|ξ|)m−α

1+x2

Part (a) now follows by Problem 2.A.8.
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Problem 2.A.8 Let m, s ∈ IR and b ∈ C∞(IR3). Assume that, for each β, β′ ∈ IN0, there

is a constant Dβ,β′ such that
∫ ∣∣∂β

∂xβ
∂β′

∂x′β
′ b(x, ξ, x′)

∣∣ dxdx′ ≤ Dβ,β′(1 + |ξ|)m

Prove that there is a constant C such that if f ∈ C∞
0 (IR), then

‖Pbf‖Hs−m(IR) ≤ C‖f‖Hs(IR)

Lemma 2.A.14 Let m ∈ IR and a ∈ Am(IR). Suppose further that a has a zero of order

m′ ∈ IN at x = x′, in the sense that a(x, ξ, x′) = [x− x′]m
′

b(x, ξ, x′) with b ∈ Am(IR). Let

K be any compact subset of IR.

(a) Let s ∈ IR. There is a constant C such that, if f ∈ C∞
0 (K), then

‖Paf‖Hs−m+m′
(IR) ≤ C‖f‖Hs(IR)

(b) For each α, β ∈ IN0 and γ ∈ IR obeying γ > m−m′ +β +1, there is a constant C such

that, if f ∈ C0(K), then

sup
x∈IR

∣∣xα dβ

dxβ Paf(x)
∣∣ ≤ C‖f‖Hγ(IR)

Proof: The proof is Problem 2.A.9.

Problem 2.A.9 Prove Lemma 2.A.14.

Proposition 2.A.15 Let m ∈ IR and a ∈ Am(IR). Define, for each k ∈ IN0

ak(x, ξ) = (−i)k 1
k!

∂k

∂ξk
∂k

∂x′k
a(x, ξ, x′)

∣∣
x′=x

Then, for all ` ∈ IN0,

Pa =
∑̀

k=0

Pak
+ R`

where R` obeys the following bounds. Let K be any compact subset of IR. If s ∈ IR, then

there is a constant C such that

‖R`f‖Hs−m+`+1(IR) ≤ C‖f‖Hs(IR)

for all f ∈ C∞
0 (K). If α, β ∈ IN0 and γ ∈ IR obey γ > m− ` + β, then there is a constant

C such that

sup
x∈IR

∣∣xα dβ

dxβ R`f(x)
∣∣ ≤ C‖f‖Hγ(IR)

for all f ∈ C0(K).
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Proof: The proof is Problem 2.A.10.

Problem 2.A.10 Prove Proposition 2.A.15.

We now use the Poisson summation formula to write a ΨDO on S1 as the “periodiza-

tion” of a ΨDO on IR1. Let m ∈ IR and a ∈ C∞(∂ID×IR×∂ID) satisfy the bounds (2.A.3).

Let χ ∈ C∞
0 (IR) obey ∑

`∈ZZ

χ(θ − 2π`) = 1 for all θ ∈ IR

Lemma 2.A.16 Let a ∈ Am(∂ID) be the restriction to ξ ∈ ZZ of a C∞ function

a
(
eiθ, ξ, eiθ′

)
that obeys (2.A.3). For all f ∈ C∞(∂ID)

(Ψaf)(eiθ) =
∑

n∈ZZ

(
Pã χf̃

)
(θ + 2πn)

where

f̃(x) = f(eix) ã(x, ξ, x′) = a
(
eix, ξ, eix′

)

Proof: Since ein(θ−θ′)a
(
eiθ, n, eiθ′

)
f
(
eiθ′

)
has period 2π in θ′

∫ 2π

0

ein(θ−θ′)a
(
eiθ, n, eiθ′

)
f
(
eiθ′

)
dθ′ =

∑

`∈ZZ

∫ 2π

0

ein(θ−θ′)a
(
eiθ, n, eiθ′

)
f
(
eiθ′

)
χ(θ′ − 2π`) dθ′

=
∑

`∈ZZ

∫ −2π(`−1)

−2π`

ein(θ−θ′)a
(
eiθ, n, eiθ′

)
f
(
eiθ′

)
χ(θ′) dθ′

=

∫

IR

ein(θ−θ′)a
(
eiθ, n, eiθ′

)
f
(
eiθ′

)
χ(θ′) dθ′

so that

Ψaf = 1
2π

∑

n∈ZZ

∫

IR

ein(θ−θ′)a
(
eiθ, n, eiθ′

)
χ(θ′)f

(
eiθ′

)
dθ′

Then by the Poisson summation formula [DM]

∑

n∈ZZ

H(n) =
∑

n∈ZZ

∫
e2πinξH(ξ) dξ

for all H ∈ S(IR). For any fixed θ ∈ IR, applying this with

H(ξ) = 1
2π

∫
eiξ(θ−θ′)a

(
eiθ, ξ, eiθ′

)
χ(θ′)f

(
eiθ′

)
dθ′

12



gives

(Ψaf)(eiθ) = 1
2π

∑

n∈ZZ

∫
ein(θ−θ′)a

(
eiθ, n, eiθ′

)
χ(θ′)f

(
eiθ′

)
dθ′

= 1
2π

∑

n∈ZZ

∫∫
eiξ(θ+2πn−θ′)a

(
eiθ, ξ, eiθ′

)
χ(θ′)f

(
eiθ′

)
dθ′ dξ

=
∑

n∈ZZ

(
Pã χf̃

)
(θ + 2πn)

Changes of Coordinates

We now explore the effect of changes of coordinates on ΨDO’s. Think of IR as a

manifold having a single coordinate patch with the coordinate named y. Suppose that we

are given a ΨDO Pa that maps functions of y to functions of y. Let Φ be a diffeomorphism

of IR and view Φ as giving a change of coordinates x = Φ(y). If f is a function of x, the

corresponding function of y is f
(
Φ(y)

)
, which is mapped by Pa to

(
Pa(f ◦ Φ)

)
(y) = 1

2π

∫
dξ

∫
dy′ eiξ(y−y′)a(y, ξ, y′) f

(
Φ(y′)

)

In x–coordinates this image is

PΦ
a f(x) =

(
Pa(f ◦ Φ)

)(
Φ−1(x)

)

= 1
2π

∫
dξ

∫
dy′ eiξ(Φ−1(x)−y′)a

(
Φ−1(x), ξ, y′

)
f
(
Φ(y′)

)

= 1
2π

∫
dξ

∫
dx′ Φ−1′(x′) eiξ(Φ−1(x)−Φ−1(x′))a

(
Φ−1(x), ξ, Φ−1(x′)

)
f(x′)

after the substitution y′ = Φ−1(x′). Since

Φ−1(x)− Φ−1(x′) =

∫ 1

0

d
dt

Φ−1
(
tx + (1− t)x′

)
dt = (x− x′)J(x, x′)

where

J(x, x′) =

∫ 1

0

Φ−1′
(
tx + (1− t)x′

)
dt

we have, making the second substitution ξ → ξ
J(x,x′)

,

PΦ
a f(x) = 1

2π

∫
dξ

∫
dx′ Φ−1′(x′) eiξJ(x,x′)(x−x′)a

(
Φ−1(x), ξ, Φ−1(x′)

)
f(x′)

= 1
2π

∫
dξ

∫
dx′

Φ−1′(x′)
J(x,x′) eiξ(x−x′)a

(
Φ−1(x), ξ

J(x,x′) , Φ
−1(x′)

)
f(x′)

= Pbf(x)
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where

b(x, ξ, x′) = Φ−1′(x′)
J(x,x′) a

(
Φ−1(x), ξ

J(x,x′) , Φ
−1(x′)

)

Conditions on Φ that are sufficient to ensure that b ∈ Am(IR) are provided in

Proposition 2.A.17 Let m ∈ IR, a ∈ Am(IR) and Φ be a diffeomorphism of IR with

infy∈IR |Φ
′(y)| > 0 and, for each α ∈ IN, supy∈IR |Φ

(α)(y)| < ∞. Set

b(x, ξ, x′) = Φ−1′(x′)
J(x,x′) a

(
Φ−1(x), ξ

J(x,x′) , Φ
−1(x′)

)

where J(x, x′) =
∫ 1

0
Φ−1′

(
tx + (1− t)x′

)
dt. Then b ∈ Am(IR) and

PΦ
a f ≡

(
Pa(f ◦ Φ)

)
◦ Φ−1 = Pbf

Furthermore

σ(x, ξ) = a
(
Φ−1(x) , Φ′

(
Φ−1(x)

)
ξ , Φ−1(x)

)
∈ Sm(IR)

and, if K is a compact subset of IR and s ∈ IR, then there is a constant C such that

‖PΦ
a f −Pσf‖Hs−m+1(IR) ≤ C‖f‖Hs(IR)

for all f ∈ C∞
0 (K).

Proof: The hypotheses on Φ are sufficient to ensure that Φ−1′(x) = 1
Φ′(Φ−1(x))

is bounded

away from zero and that all derivatives of Φ−1 (of order at least one) are bounded. As Φ

is a diffeomorphism, Φ′(y) and Φ−1′(x) have the same sign, say(−1)ε, for all x, y ∈ IR. If

(−1)εΦ−1′(x) ≥ µ > 0 for all x ∈ IR, then

(−1)εJ(x, x′) =

∫ 1

0

(−1)εΦ−1′
(
tx + (1− t)x′

)
dt ≥

∫ 1

0

µ dt = µ

for all x, x′ ∈ IR. Thus J(x, x′) is also bounded away from zero. Similarly, J(x, x′) has

bounded derivatives. The product, quotient and chain rules now give that b ∈ Am(IR) and

σ ∈ Sm(IR). The only aspect of the bounds that requires any care is the tracking of the ξ

dependence of x and x′ derivatives. The basic argument that deals with this is illustrated

in ∣∣ ∂
∂x

a
(
y, ξ

J(x,x′)
, y′

)∣∣ =
∣∣∂a

∂ξ

(
y, ξ

J(x,x′)
, y′

)
ξ

Jx(x,x′)
J(x,x′)2

∣∣

≤ C1,0,0

(
1 +

∣∣ ξ
J(x,x′)

∣∣)m−1∣∣ξ Jx(x,x′)
J(x,x′)2

∣∣

≤ const
(
1 + |ξ|

)m−1
|ξ|

≤ const
(
1 + |ξ|

)m

The bound on PΦ
a f − Pσf follows immediately from Proposition 2.A.15 with ` = 0

and the observation that

J(x, x) = Φ−1′(x) = 1
Φ′(Φ−1(x))
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Problem 2.A.11 Let Φ be a diffeomorphism of IR and J(x, x′) =
∫ 1

0
Φ−1′

(
tx+(1−t)x′

)
dt.

Prove that, for each k ∈ IN0,

∂k

∂x′k
J(x, x′)

∣∣
x′=x

= 1
k+1

∂k+1

∂xk+1 Φ−1(x)

Problem 2.A.12 Let m ∈ IN0, q ∈ C∞(IR) and a(x, ξ) = q(x)ξm ∈ Sm(IR). Then

PΦ
a f(x) =

(
Pa(f ◦ Φ)

)(
Φ−1(x)

)
= (−i)mq

(
Φ−1(x)

)
dm

dym f
(
Φ(y)

)∣∣
y=Φ−1(x)

= (−i)mq
(
Φ−1(x)

)




f(x) if m = 0

Φ′
(
Φ−1(x)

)
f ′(x) if m = 1

Φ′
(
Φ−1(x)

)2
f ′′(x) + Φ′′

(
Φ−1(x)

)
f ′(x) if m = 2

by the chain and product rules. Verify that Proposition 2.A.17 and Proposition 2.A.15

give the same formulae for m = 0, 1, 2, up to an error R that is a smoothing map. That “R

is smoothing” means that for each compact K ⊂ IR and each s, s′ ∈ IR there is a constant

C such that

‖Rf‖Hs′ (IR) ≤ C‖f‖Hs(IR)

for all f ∈ C∞
0 (K).

Here is an analog of Proposition 2.A.17 for ∂ID.

Proposition 2.A.18 Let m ∈ IR and a ∈ Am(∂ID) be the restriction to ξ ∈ ZZ of a C∞

function a
(
eiθ, ξ, eiθ′

)
that obeys (2.A.3). Let φ be any C∞ diffeomorphism of ∂ID. Define,

for each k ∈ IN0, σk(eiθ, n) ∈ Sm−k(∂ID) by (2.A.10) below. In particular,

σ0(e
iθ, n) = a

(
φ−1(eiθ) , Φ′

(
Φ−1(θ)

)
n , φ−1(eiθ)

)

where Φ is the C∞ diffeomorphism of IR (unique up to translations by integer multiples of

2π) such that φ(eiθ) = eiΦ(θ) for all θ ∈ IR. Then, for all ` ∈ IN0,

Ψφ
af ≡

(
Ψa(f ◦ φ)

)
◦ φ−1 =

∑̀

k=0

Ψσk
f + R`f

where R` is a bounded map from Hs(∂ID) to Hs−m+`+1(∂ID) for each s ∈ IR.

Proof: Observe that Φ(θ + 2πn) = Φ(θ) + sgn Φ′ 2πn for all n ∈ ZZ so that Φ′ is

periodic of period 2π and Φ automatically satisfies the hypotheses of Proposition 2.A.17.

Let f ∈ C∞(∂ID) and set, as in Lemma 2.A.16,

f̃(x) = f(eix) ã(x, ξ, x′) = a
(
eix, ξ, eix′

)
∈ Am(IR)
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Since φ−1(eiθ) = eiΦ−1(θ) and f̃ ◦ Φ(x) = f̃
(
Φ(x)

)
= f

(
eiΦ(x)

)
= f ◦ φ

(
eix

)

(
Ψa

(
f ◦ φ)

)
◦ φ−1(eiθ) = Ψa

(
f ◦ φ)

(
eiΦ−1(θ)

)

=
∑

n∈ZZ

(
Pã χ(f̃ ◦ Φ)

)
(Φ−1(θ) + 2πn) by Lemma 2.A.16

=
∑

n∈ZZ

(
Pã χ(f̃ ◦ Φ)

)(
Φ−1(θ + 2πn)

)

In the last step, we made a change of summation index n → sgnΦ′ n. Defining χ̃ = χ◦Φ−1,

we have, by Proposition 2.A.17,

(
Ψa

(
f ◦ φ)

)
◦ φ−1(eiθ) =

∑

n∈ZZ

(
PΦ

ã χ̃f̃
)
(θ + 2πn) =

∑

n∈ZZ

(
Pb̃ χ̃f̃

)
(θ + 2πn)

where
b̃(x, ξ, x′) = J (x′)

J(x,x′)
ã
(
Φ−1(x), ξ

J(x,x′)
, Φ−1(x′)

)
∈ Am(IR)

J (x′) = Φ−1′(x′)

J(x, x′) =

∫ 1

0

Φ−1′
(
tx + (1− t)x′

)
dt

Set, for each k ∈ IN0,

b̃k(x, ξ) = (−i)k 1
k!

∂k

∂ξk
∂k

∂x′k
b̃(x, ξ, x′)

∣∣
x′=x

∈ Sm−k(IR)

= (−i)k 1
k!

∂k

∂ξk
∂k

∂x′k
J (x′)

J(x,x′)
ã
(
Φ−1(x), ξ

J(x,x′)
, Φ−1(x′)

)∣∣∣
x′=x

While J(x, x′) is not periodic in x and x′, J(x, x) and, for all k ∈ IN, ∂k

∂x′k
J(x, x′)

∣∣
x′=x

=
1

k+1
J (k)(x) (see Problem 2.A.11) are periodic of period 2π. So there is, for each k ∈ IN0,

a σk ∈ C∞(∂ID, IR) such that

(2.A.10) σk

(
eiθ, ξ

)
= b̃k(θ, ξ)

By Proposition 2.A.15, for each `′ ∈ IN0,

(
Ψφ

af
)
(eiθ) =

∑

n∈ZZ

`′∑

k=0

(
Pb̃k

χ̃f̃
)
(θ + 2πn) +

∑

n∈ZZ

(
R̃`′ χ̃f̃

)
(θ + 2πn)

where R̃`′ obeys the bounds specified in Proposition 2.A.15. Since

∑

j∈ZZ

χ̃(θ − 2πj) =
∑

j∈ZZ

χ
(
Φ−1(θ − 2πj)

)
=

∑

j∈ZZ

χ
(
Φ−1(θ)− sgnΦ′ 2πj

)
= 1
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Lemma 2.A.16 gives, for each k ∈ IN0,

∑

n∈ZZ

(
Pb̃k

χ̃f̃
)
(θ + 2πn) =

(
Ψσk

f
)
(eiθ)

so that
(
Ψφ

af
)
(eiθ) =

∑̀

k=0

(
Ψσk

f
)
(eiθ) +

(
R`f

)
(eiθ)

where
(
R`f

)
(eiθ) =

`′∑

k=`+1

(
Ψσk

f
)
(eiθ) +

∑

n∈ZZ

(
R̃`′ χ̃f̃

)
(θ + 2πn)

Since σk ∈ Sm−k(∂ID), Ψσk
is a bounded linear operator from Hs(∂ID) to Hs−m+k(∂ID)

for all s ∈ IR and k ∈ IN0. Thus each Ψσk
with k ≥ `+1 obeys the bound prescribed for R`

and it suffices to find, for each s ∈ IR, a finite `′ ≥ `+1 such that
∑

n∈ZZ

(
R̃`′ χ̃f̃

)
(θ+2πn)

is also a bounded operator from from Hs(∂ID) to Hs−m+`+1(∂ID).

By the second bound of Proposition 2.A.15,

sup
x∈IR

∣∣xα dβ

dxβ

(
R̃`′ χ̃f̃

)
(x)

∣∣ ≤ C‖χ̃f̃‖Hγ(IR)

if γ > m− `′ + β. In particular,

sup
x∈IR

∣∣dβ

dθβ

(
R̃`′ χ̃f̃

)
(θ + 2πn)

∣∣ ≤ const 1
1+n2 ‖χ̃f̃‖Hs(IR)

for all 0 ≤ θ ≤ 2π and n ∈ ZZ, provided s > m− `′ + β. Consequently

∥∥∥
∑

n∈ZZ

(
R̃`′ χ̃f̃

)
(θ + 2πn)

∥∥∥
Hs−m+`+1(∂ID)

≤ const ‖χ̃f̃‖Hs(IR)

provided β ≥ s−m+`+1 and s > m−`′+β. Both of these inequalities may be satisfied by

first picking a β ∈ IN0 obeying β ≥ s−m+`+1 and then picking `′ > max{`+1, m+β−s}.

Hence it remains only to prove that ‖χ̃f̃‖Hs(IR) ≤ const ‖f‖Hs(∂ID).

Recall that we defined

f̃(θ) = f
(
eiθ

)
=

∑

n∈ZZ

f̂(n)einθ

so that the Fourier tansform

̂̃
χf̃(k) =

∫

IR

dθ e−ikθχ̃(θ)f̃(θ) =
∑

n∈ZZ

∫

IR

dθ e−ikθχ̃(θ) einθ f̂(n) =
∑

n∈ZZ

ˆ̃χ(k − n)f̂(n)
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Since

‖χ̃f̃‖2Hs(IR) =

∫

IR

dk
2π (1 + k2)

s∣∣̂̃χf̃(k)
∣∣2 ‖f‖2Hs(∂ID) =

∑

n∈ZZ

(1 + n2)
s∣∣f̂(n)

∣∣2

it suffices, by Proposition 2.3.12, with α = β = 1, p = q = 2, µ being the counting measure

on X = ZZ and ν being Lebesgue measure on Y = IR, to prove that

sup
k

∑

n

(1 + k2)
s
2 |ˆ̃χ(k − n)|(1 + n2)

− s
2 , sup

n

∫

IR

dk (1 + k2)
s
2 |ˆ̃χ(k − n)|(1 + n2)

− s
2 < ∞

Since

sup
k∈IR

∑

n∈ZZ

1
(1+|k−n|)2

= sup
0≤k≤1

∑

n∈ZZ

1
(1+|k−n|)2

< ∞ and

∫
dk 1

(1+|k−n|)2
=

∫
dk 1

(1+|k|)2
< ∞

these two bounds will follow easily if we can prove that

(1 + k2)
s
2 |ˆ̃χ(k − n)|(1 + n2)

− s
2 ≤ const

(1+|k−n|)2

As χ̃ ∈ C∞
0 (IR) there is, for each K ∈ IN, a constant such that

∣∣ˆ̃χ(k − n)
∣∣ ≤ DK

(1+|k−n|2)K/2

for all k ∈ IR and n ∈ IN. Choosing K = |s − m| + 2 and using Lemma 2.3.4 (Peetre’s

inequality) to prove

(1 + k2)
s
2 ≤ 2

|s|
2 (1 + |k − n|2)

|s−m|
2 (1 + n2)

s
2

does the job.

Example 2.A.19 Let φ be any C∞ diffeomorphism of ∂ID and Φ be a C∞ diffeomorphism

of IR (unique up to translations by integer multiples of 2π) such that φ(eiθ) = eiΦ(θ) for

all θ ∈ IR. Denote by ςφ the sign of Φ′. If ςφ = +1, then φ is orientation preserving. If

ςφ = −1, then φ is orientation reversing. Let σ(x) ∈ C∞(IR) take the value +1 for all

x ≥ 1, take the value −1 for all x ≤ −1 and take the value 0 at x = 0. The restriction of

σ to integer arguments is

sgn(n) =

{
1 if n > 0
0 if n = 0
−1 if n < 0

In the notation of Example 2.A.7

Ψσ = P+ − P−
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To apply Proposition 2.A.18, with a
(
eiθ, ξ, eiθ′

)
= σ(ξ), we first compute

ã(x, ξ, x′) = a
(
eix, ξ, eix′

)
= σ(ξ)

b̃(x, ξ, x′) = J (x′)
J(x,x′)

ã
(
Φ−1(x), ξ

J(x,x′)
, Φ−1(x′)

)
= J (x′)

J(x,x′)
σ
(

ξ
J(x,x′)

)

b̃k(x, ξ) = (−i)k 1
k!

∂k

∂ξk
∂k

∂x′k
b̃(x, ξ, x′)

∣∣
x′=x

where

J (x′) = Φ−1′(x′) J(x, x′) =

∫ 1

0

Φ−1′
(
tx + (1− t)x′

)
dt

In particular

σ0

(
eiθ, ξ

)
= b̃0(θ, ξ) = b̃(θ, ξ, θ′)

∣∣
θ′=θ

= σ
(

ξ
J (θ)

)

Since J (θ) is bounded away from zero and has sign ςφ, σ0

(
eiθ, ξ

)
− ςφσ(ξ) has compact

support in ξ. So, by Remark 2.A.4,

σ0

(
eiθ, ξ

)
− ςφσ(ξ) ∈ A∞(∂ID) ≡

⋂

m′∈IR

Am′

(∂ID)

and Ψσ0
− ςφΨσ = Ψσ0−ςφσ is a bounded map from Hs(∂ID) to Hs′(∂ID) for all s, s′ ∈ IR.

Since dk

dξk σ(ξ) = 0 for all k ∈ IN and |ξ| ≥ 1 and since J(x, x′) is bounded away from zero,

b̃k(x, ξ) has compact support in ξ for all k ∈ IN. Again, by Remark 2.A.4, for all k ∈ IN,

σk

(
eiθ, ξ

)
= b̃k(θ, ξ) ∈ A∞(∂ID)

So, by Proposition 2.A.18,

Ψφ
σ = ςφΨσ + R

where R is a bounded map from Hs(∂ID) to Hs′(∂ID) for all s, s′ ∈ IR.

Example 2.A.20 In the notation of Example 2.A.19, for odd m ∈ IN,

Ψ|n|mf = ΨnmΨσf = (−i)m dm

dθm

(
P+ − P−

)
f

For any m ∈ IN,

Ψφ
nmf(eiθ) =

(
Ψnm(f ◦ φ)

)(
φ−1(eiθ)

)
= (−i)m dm

dϑm f
(
φ(eiϑ)

)∣∣
eiϑ=φ−1(eiθ)

= (−i)m dm

dϑm f
(
eiΦ(ϑ)

)∣∣
ϑ=Φ−1(θ)

In particular, for m = 1,

Ψφ
nmf(eiθ) = (−i)Φ′

(
Φ−1(θ)

)
d
dθ f

(
eiθ

)

by the chain and product rules and

Ψφ
|n|f(eiθ) = Ψφ

nΨφ
σf(eiθ) = (−i)Φ′

(
Φ−1(θ)

)
d
dθ

Ψφ
σf(eiθ)

= (−i)ςφΦ′
(
Φ−1(θ)

)
d
dθ

Ψσf(eiθ) + R̃f

= (−i)ςφΦ′
(
Φ−1(θ)

)
d
dθ

(
P+ − P−

)
f(eiθ) + R̃f

where R̃ is a bounded map from Hs(∂ID) to Hs′(∂ID) for all s, s′ ∈ IR.
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