Appendix 2.A: Pseudodifferential Operators

Pseudodifferential operators (PDO’s) are generalizations of differential operators

gICCLCRDY / “aa () (1€) ()

in which the “symbol” Y aq(z)(ié )a is allowed to be a much more general function of x
and £ — not just a polynomial in £. In this appendix we provide a very basic introduction
to such operators. We consider only operators that act on functions whose argument runs
over the real line IR or over the unit circle

St=0D={e’|gecR}CC

The general theory deals with operators acting on functions whose argument runs over
some manifold of dimension n € IN including, for example, any connected open subset ()
of IR™. For discussions of the general theory see [Ta,Tr2,SR] or [F2, Chapter §].

Pseudodifferential Operators on S*

Definition 2.A.1 (Amplitudes and YDO’s on S!)

Let m € IR. The space A™(0ID) of amplitudes on JID of order m is the set of all functions
a € C*(0ID x Z x JID) with the property that, for each «, 3, 3" € INg, there is a constant
Ca, 3,5 such that

(2.A.1) | DS ggg SZ'B’ a(e? n, ew/)} <Capp(l+]|n)"

for all 8,0" € IR and n € Z. Here D, is the difference operator

(Dng)(n) = g(n+1) = g(n)

We associate to the amplitude a the operator ¥, : C*°(9ID) — C'°°(9ID) defined by

(2.A.2) U, f(e) = 2WZ/ Lin(0=0"),, 7Y (e def

nez

We denote (D) = { ¥, | a € A™(OD) }.
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Problem 2.A.1 Let m € R and a € A™(0D).

(a) Prove that, for each K,L € INg, there is a constant Dy ; such that the Fourier
coefficients

27 27
a(k,n, l) = ﬁ/g d9/0 o’ e~ 0 =itV a(e?,n, eiel)

obey
|a(k,n, 0)| < DK,LW(l + |n|)m(1+|12|)L

for all k,4,n € Z.
(b) Let, for each k,¢ € Z,
. 27 ) 27 ) , ) . .
A(k,g) _ Z ﬁ/ do e—zke/ do’ ezn(0—0 ) a(6197n7 629 )6189
neZ 0 0

be the k' Fourier coefficient of ¥, applied to e;(8) = e*?. Prove that for each K € INy,
there is a constant Dg such that

~ Z m
}A(k» f)‘ < DK%

(c) Prove that if f € C°°(0ID), then ¥, f € C*(0D).
Remark 2.A.2 The formula (2.A.2) is nonstandard in that it uses a discrete sum ) 5.

Under the standard formalism, viewing S' as just another manifold, one works in local
coordinates and defines, for f supported in the coordinate patch,

W, f(x) = / ok / "z’ ¢ a(z, ¢, 2) f(a!)

Remark 2.A.3 Let m € R and a € C*(9D x IR x 0ID). Assume that, for each
a, 3,3 € INg, there is a constant éa’gﬁ/ such that

@ B ,6" . -n/ ~ _
(2.4.3) 6= g ograle” ,¢”)| < Capp(1+1E)" "

for all 0,¢, 6" € IR. We claim that the restriction of a to £ € Z obeys the condition (2.A.1).
Proof: Define (D,,g)(&) =g(£+1) —g(§) = ;H g'(t) dt for all £ € IR. Then
Sup (1 +1€D™[(Dng)(€)] < const,, Sup (1+1eD™]g ()]
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and, by induction,
Sup (1+[€)™|(Dyg)(€)] < const,, Sup (1+ )™ & (DR~ 9)(©))]

< const,, , Sup (1+1€)™g (&)
since D¢ and 3—5 commute. Thus

5 o8 : ”
sup (L+|n)~" D2 gg,ﬁ, a(e,n,e)
K ’n

« B 6 . . !
< const,, , , Sup ‘(1 + |€]) Tt gga ggg ge,ﬁla( e, ¢, e ))

0,0",¢

S ConStm—a,a éohﬁaﬁl

Remark 2.A.4 Any linear combination of amplitudes, that is functions satisfying (2.A.1),
is again an amplitude. Furthermore if, for each 3,3 € INg and n € Z,

(2.A.4) sup } il
6,0

El

6/

507 80,6,a(ei9,n,ei9,)‘ < 00

and if a(e”, n, e’ ) vanishes for all |n| sufficiently large, then a € A™(9ID) for all m € IR.
Thus to verify (2.A.1), it suffices to verify (2.A.4) and to find an extension a(e',¢, ew/)
that satisfies (2.A.3) for || sufficiently large.

Example 2.A.5 If a(e”, n, ew/) =b(e?)n™mc(e? ) for some m € INg and b, c € C*°(9D),
then a € A™(9ID) and

] f 19 _ 27TZ/ zn(e Q)b z@)n C( 6’ )f(eie/) do’

neZ

:b( 29 ngm QWZ/ zn(e 9) 19 )f( )dgl

nezZ
=b(e") (=)™ Ggme(e”) £ (")

So, in this case, ¥, is the differential operator b(ew)( z)mggmc(eig). Because we are
allowing, for pedagogical purposes, the amplitude a(ew, n, e’ ) to depend on both 6 and
0’, any pseudodifferential operator ¥, has many different amplitudes. In the example

under consideration,

Waf (") = b(e") (=) gme(e”) £ () = ) D7 () gt () Gt ()

£=0

= W f(e")
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where

m
d(ew,n, _ Z m eg;ﬂmfec(eie)ne

£=0

happens to be independent of 6’.

Remark 2.A.6 Amplitudes that are independent of 8" are called symbols and are usually
denoted a( 0 ) For a symbol

(2A5)  Wuf(e?) = L Z/ GnO-0)0(0 n) F(e7) 48’ = 3 ™a (e, n) ]

neZ nez

where 9
f(n) = %/ e~ £ () df’
0
is the n'® Fourier coefficient of f. In particular, if f (ew) =e, (eie) = ¢in?
Tae,(e) = e (ew,n) = a(e’e n) = e~ W e, (')

so the symbol of a pseudodifferential operator is uniquely determined. The space of symbols
of order m on 0ID is denoted S™(9DD).

Example 2.A.7 Suppose that the symbol a(ew, n) is “positive homogeneous” of degree

m, in the sense that
a(ew, tn) = tma(eie, n)

for all t > 0. Then , ,
nelN — a(ew,n) = nma(ew, 1)

—n €N = a(e?,n) = |n|"a(e”, —1)
a(e®,0)=0  ifm#0
If we define the projection operators
; mb ifn >0 ; e ifn <0 ind e ifn =0
P ing _ J € 1In P inf _ Poetnf —
= {o ifn<o ° 0 ifn>0 ' °° 0  ifn#£0
then, if a(ew, n) is positive homogeneous of degree m € INg,
. m . - i0 : _
U, = a(e® )P i + (=1)"a (e, 1 P_d_m+{a(e ,0)770 ifm=20
( ) ML (=1) ( ) do 0 otherwise

While (linear combinations) of positive homogeneous symbols are very common, there are
lots of other possibilities. For example,

s/2

(14 n?) (1+ |n|)® (1+ |n])®log” (1 + |n|) sinlog (1 + |n|)

with s,p € IR.



Problem 2.A.2 Let s,p € IR. Prove that each of

s/2

(14 n?) (1+ |n|)® (1+ |n[)*log? (2 + |n|) sinlog (2 + |n|)

satisfy (2.A.1) for any m > s, in the first two cases, any m > s in the third and any m > 0
in the last.

Problem 2.A.3 Prove that the linear operator f € C*°(0ID) — f(0), where f(0) is
viewed as a constant function on 01D, is not in U™ (9DD) for any m € IR.

Problem 2.A.4 Let a € S™(9ID) and b € S™ (9ID) and set

2m
c(eie, n, ew/) = Z a(eie, n)l;(é,n — E)eiw/ where I;(ﬁ, n) = %/ dg e—0 b(ew, n)
leZ 0

Prove that ¢ € A™T™ (9ID) and
U, U, =V,

Proposition 2.A.8 Let m € R and a € A™(0D).

(a) For every s € IR, the operator V, defined by (2.A.2) has a unique extension to a
bounded linear operator from H*®(0ID) to H*~"(JD).

(b) Suppose further that a has a zero of order m’ € IN at 8§ = 0, in the sense that
a(eie, n, ew/) = [eie — ew/]m/b(ew,n, ew/) with b € A™(0ID). Then, for every s € R, the
operator ¥, defined by (2.A.2) has a unique extension to a bounded linear operator from
H*(dD) to H*~™+™ (§ID).

Proof: (a) In the notation of Problem 2.A.1, the k'™ Fourier coefficient of W, f(e?) is
given by
Vo f(k) =D Alk,Of(0)

lez

where f(¢) is the ¢ Fourier coefficient of f. Since

Caf 1 2emmiomy = > A+ K" Of B N f3eomy = D (1 + )| £(0)

keZ lez

‘ 2

it suffices, by Proposition 2.3.12, with a = 3 =1, p = ¢ = 2 and u = v being the counting
measure on X =Y = Z, to prove that

s

sup S (1+K) T AR OI(1+ )72 sup S (1+8) 7 AR, O](1+6)F <o
k ) V4 L
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Since ) ycz m = D kez m = D ez W < oo these two bounds will
follow easily if we can prove that

(1+ k%) 7 Ak O|(1+62) 77 < pomsts

But this bound, in turn, follows easily from part (b) of Problem 2.A.1, with K = |s—m|+2
and the consequence

m

L+ 1) T < - ) T )
of Lemma 2.3.4 (Peetre’s inequality).

(b) Multiplication by (—1)™ e~""'¢ preserves the bounds (2.A.1), so we may equally well
assume that

a(eie,m eie’) _ [e—i(e—e’) _ 1}m'b(eie,n, eie’)

Since
Z ein(e—e’) [e—i(e—e’) i 1}c(ei n 619/) Z [ei(n—n(e—e’) i ein(e—e’)}c(ew,n’ eie’)
neZ neZ
_Zezn(e 9) n+1 et )—c(eie,n,ew/)}
neZ
_ Z ein(é—e')(Dnc) (ew’ n, ei@')
neZ

we have that

(2.A.6) ) = = Z/ ein(6—0") (D" b)( )f(ew/) a0’

nez

It now suffices to apply the result of part (a) with the amplitude a € A™(9ID) replaced by
D™ b e A= (§ID) and m replaced by m — m'. |

Problem 2.A.5 Let m,s,s’ € R and p € INy obey p > |s — m| and s’ > s — m. Let
Y= { {on}nez ‘ o, €CforallneZ } denote the set of two—sided sequences and

5|

Given any 0 = {0 tnez € Xm,

Supﬁ<oo}

fe=d onf(n)em

nez



where f(n) is the n'™ Fourier coefficient of f, is a bounded operator from H*(dID) to
Hs=™(0D). If ¢ € CP(0ID), the space of functions on 91D whose derivatives of order up
to p are continuous, then

Voo f = @(e) Y onf(n) e
neZ

is also a bounded operator from H?®(0ID) to H*~"(0ID).

Let oW, ...0 ¢ ¥,, be asymptotically independent in the sense that, given any
aq,---,a; € C, not all zero, there is a sequence {n;};ew obeying lim;_ ., [n;| = oo for
which

- - 1 n| _
Jlirglo |n;]° S}ala,(lj) +---+ala,(%?‘ = 00

Prove that if ¢1 - -+, ¢ € CP(ODD) and if
l ’
> VY, ot t H(OID) — H* (0DD)
k=1
is a bounded operator, then ¢; - - -, ¢; are all identically zero.

Problem 2.A.6 Let m € IR and a € A™(9DD). Set
p<ei0,n) — 6—in0q]a(en)

where e, (0) = ¢™?. Prove that p € S™(9ID) and ¥, = U,,.

Problem 2.A.6 shows that every amplitude a € A™(0ID) has a corresponding (6’
independent) symbol in S™(9JID). We next provide an algorithm for explicitly computing
that symbol, at least approximately to arbitrary degree of accuracy, in a certain sense. By
way of preparation, we develop an expansion for g(e?®) about § = 0 that is similar to a
Taylor expansion, but preserves the periodicity of every term. If g were analytic at z = 1,
we could simply substitute z = e’ into

to obtain

Even if ¢ is only defined on 0ID, we can get a similar expansion. Define
0:9(e"’) = —ie™" zg(e")
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Starting with
0
g(e) = g(1) + / d.g(e™) ietdt
0

and repeadly applying

%(eie _ eit)faﬁﬂg(eit) jeit — _% [ﬁ(eié _ eit)eﬂafﬂg(eit)]
+ i (€ = ) ol g () e
gives e
Z Lokg(1 — 1)k g /09 (¢ — eit)faﬁﬂg(eit) iett di
k=0

Similarly, for any expansion point eié,

e ~ 0 . . . .
(2.A.7) g(e Z L0Fg(e) (e — eie)k + %/~ (e — e”)gﬁﬁ“g(e”) ie'dt
g

k=0

Proposition 2.A.9 Let m € R and a € A™(0ID). Define, for each k € INg

ap(e?,n) = Le*09k DEa (e n,e?)

ei6/ —¢if

where 8,1 = —ie~ 1’ 0. Then, for all s € IR and ¢ € N

¢
= Z U, + Ry
k=0
where Ry is a bounded linear operator from H*(0D) to H*~™T*+1(9D).

Proof: By (2.A.7), with § — ¢’ and § — 6,

)
. -/ . . -n/
a(ele,n,ele ) = E %elkeﬁf,a(ew,n, etf )
k=0

oi(0'=0) _ 1)k

ew/:eie (

9/
ht Ny . . s
—i—%/ (e’e —e") 3ﬁ7r1a(e’9,n, et) ietdt
“Je

By (2.A.6), the pseudodifferential operator associated with the k*® term is exactly Vo,

. By

part (b) of Proposition 2.A.8, the pseudodifferential operator associated with the remainder

term is a bounded operator from H*(9ID) to H*~™++1(9DD).
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Remark 2.A.10 The conclusion of Proposition 2.A.9 is generally written
U, =) U,
k=0

where the infinite sum is to be interpretted “asymptotically”. The definition of “asymp-
totically” here is precisely the statement of Proposition 2.A.9. That is, for each ¢ € INg,
U, — St _, W, is a bounded linear operator from H*(9ID) to H*~™*+1(9D) for all s.

Pseudodifferential Operators on IR'

Definition 2.A.11 (Amplitudes and YDO’s on R')
Let m € IR. The space A™(IR) of amplitudes on IR of order m is the set of all a € C*(IR?)
with the property that, for each «, 3, 3’ € INy, there is a constant Cy 3 g such that

o B B’ m—ao
(2.A.8) bew 327 g (,€,2')| < Ca g (1+[€])

for all z,£,2" € IR. We associate to the amplitude a the pseudodifferential operator
PBao: C°(R) — S(IR) defined by
(2.0.9) Bolw) = 2 [ de [ aa o ate 0 )

R R

We denote U™(IR) = { B, | a € A™(R) }. The space S™(IR) of symbols on IR of order
m is the set of all @ € C°°(IR?) for which a(z, &) € A™(IR).

Problem 2.A.7 Let a(zx,§,2’) obey (2.A.8). Let K be any compact subset of IR and
X € C§°(IR) be identically one on K.

(a) Prove that, for each «, 3,7," € INy, there is a constant C,, g~ such that the partial
Fourier transform

(&) = [ o’ e o g0 ()

obeys
o 38 ~ 1+ m—a
96w 907 g ax (2, &, k)| < Ca,ﬁmw’%
(b) Let o, 5 € INg and v € R obey v > m + 4 1. Prove that if f € Cy(K), then

s
sm{;L ‘a:o‘gx—ﬁﬂiiaf(m)‘ < const || f|| g (w)
A4S



Remark 2.A.12 The hypothesis (2.A.8) is stronger than the standard one. Normally
one assumes that, for each «, 3,3 € INy and each compact K C IR?, there is a constant
Ca,3,8 .k such that

° B —B/ m—o
O 0 a(2,6,2')] < Cappric(1+[€])

for all £ € IR and (z,2') € K.

Proposition 2.A.13 Let m € R and a € A™(IR). Let K be any compact subset of IR.

(a) Let s € R. There is a constant C, depending on m, s, K and a, but independent of f
such that, if f € C3°(K), then

IBafllzs—mmy < Cllfllas )

(b) Let a, 3 € Ny and v € R obey v > m + 4+ 1. There is a constant C, depending on
m, o, 8,7, K and a, but independent of f such that, if f € Co(K), then

sgﬁ%%%ﬂﬂﬁcwmmn

Proof: The proof of part (b) is Problem 2.A.7. For part (a), let x(z’) € C§°(IR) be
identically one on K. Then if f € C§°(K),

mﬁww=%/1%/ddé““”aaafmmumw
R R
a\x, 7I/ 2 Z m—m/
=& [ e [ S @)1 - et
i —CL’/ 2 alx, 7I/
— % dé-/ dx/ el§($ )( _ 2_52) 1_’E|m€m/|)2X(aj/)f(x/)
R R
= = d§/ dz’ 4= p(z, & ') f (o)
R R

= Puf(2)
where
b(a, &, a') = (1— L) 2E2) 0 (o)

has compact support in 2’ and obeys

a* a8 97 / (14+]ghm
Gex 5 S (@, €,@')| < Dap o R —

Part (a) now follows by Problem 2.A.8. [ |
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Problem 2.A.8 Let m,s€ IRand b € C* (IF{3). Assume that, for each 3,3 € INg, there
is a constant Dg g such that

B g8 m
[ 155 2t ') doda’ < D1+ €]
Prove that there is a constant C' such that if f € C5°(IR), then
1Bo f | 1r2-mmy < Cllf 1= w)

Lemma 2.A.14 Let m € IR and a € A™(IR). Suppose further that a has a zero of order
m' € N at z = 2, in the sense that a(z, €, x') = [x — 2']™ b(x, €, 2") with b € A™(R). Let
IC be any compact subset of R.

(a) Let s € R. There is a constant C' such that, if f € C5°(K), then
1Baf [l rs—msm’ )y < Cllfll e am)

(b) For each o, B € Ng and v € R obeying v > m—m/ + [+ 1, there is a constant C' such
that, if f € Co(K), then

adP
SEIIF){\CB s PBaf (@)] < CI Sl (m)

Proof: The proof is Problem 2.A.9. [ |

Problem 2.A.9 Prove Lemma 2.A.14.

Proposition 2.A.15 Let m € R and a € A™(IR). Define, for each k € INg

. k k
ar(x,€) = (—0)" 3 §ge Sowa(x, &, ')

r’'=x

Then, for all ¢ € Ny,
¢
PBa = Pa, + Re
k=0
where Ry obeys the following bounds. Let IC be any compact subset of R. If s € IR, then
there is a constant C' such that

| Refll gs—merimy < Cllf s (wr)

forall f € C§°(K). If a, € Ny and v € IR obey v > m — £ + (3, then there is a constant
C such that

o df
e 2% s Ref ()| < Ol fllm~my

for all f € Cy(K).
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Proof: The proof is Problem 2.A.10. [ |

Problem 2.A.10 Prove Proposition 2.A.15.

We now use the Poisson summation formula to write a ¥DO on S! as the “periodiza-
tion” of a DO on R'. Let m € R and a € C*°(9ID x IR x 9ID) satisfy the bounds (2.A.3).
Let x € C3°(IR) obey

d x(0-2rt)=1 forallf € R
leZ

Lemma 2.A.16 Let a € A™(0D) be the restriction to & € Z of a C* function
a(e, g, ew/) that obeys (2.A.3). For all f € C*°(0D)

(‘I/af)<€i9) — Z (ipaxf)(e—f—Zﬂ'n)

nez

where

f(.’l?) - f(em) d(x7£7x/) = a(eix,g,eix/)
Proof: Since ei”(e_e/)a(ew, n, eie/)f(eie/) has period 27 in ¢’

27 27
/ ein(@—@')a(ew,n’ ez‘@’)f(eie’) do’ = Z/ ein(G—G')a(eiO’ n, ew’)f(ew’)x(gl _ 27%) do’
0 0

leZ
—2m(£-1) , ) » »
_ Z/ ezn(@—@ )a(6207n7610 )f(ew )X(9/> do’
tez / —2mt

:/ ein(G—@’)a(eiO,n,eie’)f(eie’)x(el) do’
R

so that
\I/af _ % Z/ ein(@—e’)a(eie,n,eiel)x(el)f(eie/) do’
R

nez

Then by the Poisson summation formula [DM]

St =Y [ e i

nez nez

for all H € S(IR). For any fixed 0 € IR, applying this with
H(g) — % /eiE(G—GI)a(eie’g, ei@')X(el)f(eiel) do’

12



gives

(\If f 20 _ ZWZ/ in(6— 9) )X(el)f(ew/) do’

nez

=L Z// i€(0+2mn—0") (19757 ) ( )f(eie/) o’ d¢

nez

= (Baxf)(O+2mn)

nez

Changes of Coordinates

We now explore the effect of changes of coordinates on WDQ’s. Think of IR as a
manifold having a single coordinate patch with the coordinate named y. Suppose that we
are given a YDO P, that maps functions of y to functions of y. Let ® be a diffeomorphism
of R and view @ as giving a change of coordinates z = ®(y). If f is a function of z, the
corresponding function of y is f (@(y)), which is mapped by B, to

(a0 ) ) = 3 [ de [ dy <0ty 6y 1(00)
In z—coordinates this image is
PE () = (fna(f 0 @) (27 ()
dé/dy OO (07 (), €, y) F(O(y)
s / da! &V (') 4O @ @ (571 (2), €, 87 (2')) f()
after the substitution 3’ = ®~!(2’). Since
o (z) — o (a') = /01 Lotz + (1 - t)a') dt = (v — 2')J (z,2')

where

J(z,2") = /01 <I>_1,(t:)3 + (1 —t)z') dt

we have, making the second substitution & — W,

;Bff(x) _ % d£/da:’ (I)_ll(x/) el’&J(m,x/)(m—x’)a(q}—l(x),éy’(I)—l(x/)) f(x’)

Yz i&(x—a’ — -
de / da’ 2 i) o (0 (@), s, 071 (0)) f(2)

—‘Bbf(
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where

(! — _
b, &) = Ll a(@7 (2), 7555, 271 (@)

Conditions on ® that are sufficient to ensure that b € A™(IR) are provided in

Proposition 2.A.17 Let m € R, a € A™(IR) and ® be a diffeomorphism of IR with
infyer |®'(y)| > 0 and, for each a € IN, sup, g 1B (y)| < 00. Set
—17 = o o
b, a) = Sy a(@7 (@), 755, @7 (@)
(ID_ll(tJ: + (1 —1t)a’) dt. Thenbe A™(R) and
Prf=(Palfo®)) 0 @™ = Pof

where J(x,x') = fol

Furthermore
o(2.6) =a(@ () , ¥(37 ()¢, & () € S™(R)
and, if IC is a compact subset of IR and s € IR, then there is a constant C' such that

1e f — Bo f|

Hs—m—‘rl(]f{) S C”fHHS(IR)
for all f € C§°(K).

Proof: The hypotheses on ® are sufficient to ensure that <I>_1’(aj) = ) is bounded

1
(3

away from zero and that all derivatives of ®~! (of order at least one) are bounded. As ®
is a diffeomorphism, ®'(y) and ®~'(x) have the same sign, say(—1)¢, for all z,y € IR. If

(=1)=®Y'(2) > 1> 0 for all € R, then

1 1
(=1)°J(z,2") = /0 (—1)E(I>_1/(tx +(1—t)a') dt > /0 pdt = p

for all z,2’ € R. Thus J(x,2) is also bounded away from zero. Similarly, J(x,z’) has
bounded derivatives. The product, quotient and chain rules now give that b € A™(IR) and
o € S™(IR). The only aspect of the bounds that requires any care is the tracking of the &£
dependence of x and z’ derivatives. The basic argument that deals with this is illustrated
in
155005, 7279 = 15 v 7y V) ET5

< Croo(l+ ‘ﬁ )m_l‘fj?fﬁ)lz)

< const (1 + |£|)m_1|§|

< const (1 + \§|)m

The bound on B2 f — P, f follows immediately from Proposition 2.A.15 with £ = 0
and the observation that

_1/
J(z,z) =2 1(x>:m
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Problem 2.A.11 Let ® be a diffeomorphism of IR and J(z, z’) = fl

5 @V (tr+(1-t)") dt.
Prove that, for each k € Ny,

_ 1 9t -1
' =x - k+1 8mk+1® (:1:)

Problem 2.A.12 Let m € Ny, ¢ € C*°(IR) and a(z,§) = q(x)§™ € S™(IR). Then
B () = (BalF09)) (07 (@) = ()" a(07 (@) Lo @),y 10

f(x) itm=0
= (—i)™q(®"}(x)) (@Y (x)) f'(z) if m=1
O (0 1(2)) 2 f"(x) + " (®(2)) f'(x) ifm=2
by the chain and product rules. Verify that Proposition 2.A.17 and Proposition 2.A.15

give the same formulae for m = 0,1, 2, up to an error R that is a smoothing map. That “R

is smoothing” means that for each compact K C IR and each s, s’ € IR there is a constant
C such that

IR

Hs'(R) < C|lfl Hs(IR)

for all f € C5°(K).
Here is an analog of Proposition 2.A.17 for 0DD.

Proposition 2.A.18 Let m € IR and a € A™(9ID) be the restriction to & € Z of a C*
function a(eie, &, ew/) that obeys (2.A.3). Let ¢ be any C* diffeomorphism of OID. Define,
for each k € Ny, o1,(e?,n) € S™F(0D) by (2.A.10) below. In particular,

oo(e?,n) = a (671 (), @ (@71 B)n , 7 (7))

where ® is the C*° diffeomorphism of R (unique up to translations by integer multiples of
21 ) such that ¢(e'?) = e®©) for all & € R. Then, for all £ € Ny,

¢
0ef= (Valfod))os™ =D W f + Ref
k=0
where Ry is a bounded map from H*(0D) to H*~™H+1(9ID) for each s € IR.

Proof:  Observe that ®(0 + 27n) = ®(0) + sgn®’ 27n for all n € Z so that @' is
periodic of period 27 and ® automatically satisfies the hypotheses of Proposition 2.A.17.
Let f € C*°(0DD) and set, as in Lemma 2.A.16,

flz) = f(e™)  ala,&a') = a(e™, € e™) € A™(R)

15



Since ¢~ (e'?) = e and fo O(z) = f(@(x)) = f(eiq’(m)) = fo¢(e™)

(Wa(f o)) 007 () = Ta(f o) ()
= (PBa x(f o 2)) (27" (0) + 27n) by Lemma 2.A.16

= (Ba x(fo @) (270 + 27n))

In the last step, we made a change of summation index n — sgn®’ n. Defining ¥ = yo® !,
we have, by Proposition 2.A.17,

(\Ila(fo@) 0 (e?) =" (BT XF)(0+2mn) = (PBy ¥f) (O + 27mn)

neZ nez

where .
bz, €.0') = L a(@7 (), yeiey @) € A™(R)
J(x') =2 V(")
1
J(z,2") = / <I>_1,(ta: + (1 —t)2') dt
0

Set, for each k € INg,

bi(,€) = (—)* L &r Trb(x, €, 27)],_, € S"TH(R)
k

k A _
5(7) a((p l(l‘),ﬁ,@ 1(33/))

r'=x

While J(z, ') is not periodic in 2 and 2, J(z,z) and, for all k € IN, 2 TE J(x,a:’) Y
%ﬂj(k)(x) (see Problem 2.A.11) are periodic of period 27. So there is, for each k € INg,
a o € C° (0D, R) such that

m/

(2.A.10) o (e, &) = bi(0,€)
By Proposition 2.A.15, for each ¢/ € INg,
(T2f)(e ZZ (s, Xf) (0 + 2mn) —I—Z Ry xf)(0+ 27mn)
neZ k=0 nez

where Ry obeys the bounds specified in Proposition 2.A.15. Since

X0 —2mj) = x(®HO—2m))) =D x(®71(6) — sgnd’ 2mj) =1

jez jez jez
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Lemma 2.A.16 gives, for each k& € IN,

Z (%k X]F)(Q +27mn) = (Vo f) ()

neZ

so that
)

(O) () =D (o, () + (Ref) (")

k=0

where
e/

(Ref)(€”) = D (Yo f)(€”)+ ) (Re XF)(0+2mn)
k=(+1 nez
Since o € S™*(9ID), ¥,, is a bounded linear operator from H*(0ID) to H*~™*+*(9ID)
for all s € IR and k € INg. Thus each ¥,, with k¥ > £41 obeys the bound prescribed for R,
and it suffices to find, for each s € IR, a finite £’ > /41 such that ) 5 (Rg/ )Zf)(9+27m)
is also a bounded operator from from H*(9ID) to H3~™++1(9ID).
By the second bound of Proposition 2.A.15,

sup |2 (Ro % f) ()] < CIF i my

if v >m — ¢ + 3. In particular,

g~ = .
sun% ‘—395 (R@Xf)(@ + 27‘('77,)‘ < const ﬁHXﬂ Ho(IR)
x€

for all 0 < 0 < 27 and n € Z, provided s > m — ¢’ + (3. Consequently

< const ||¥f
st oy < CONSt XS]

H Z (Rg/ )N(f)(9+27m)‘

neZ

He(R)

provided 3 > s—m+£+1 and s > m—/{'+ 3. Both of these inequalities may be satisfied by
first picking a 3 € INg obeying 8 > s—m+/{+1 and then picking ¢’ > max{{+1, m+[3—s}.
Hence it remains only to prove that |’>~CJE||HS(IR) < const || f|| g (om)-

Recall that we defined

f0)=f(’) =) f(n)e™

nez

so that the Fourier tansform

;C;?(k) /IRdge 2k9 Z/ do e~ 2k9 znef ZX _n

neZ nez
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Since

I8 ey = [ 4 QR RTOF 1 Fomy = X @+ 2|

nez

it suffices, by Proposition 2.3.12, with « = 8 = 1, p = ¢ = 2,  being the counting measure
on X = Z and v being Lebesgue measure on Y = IR, to prove that

sup 3 (14 8 Rk~ w1+ 0%) 7 sup [k (1 BB w14 0?) 7 <o
ko n IR

Since

su 7z = Su 7<ooand/dk+:/dk < 00
keﬁ;;§;<1+m )’ 0<k21§£:<1+w n))? (+k—n])? T

these two bounds will follow easily if we can prove that

(1+ 827 [X(k = n)|(1+n2) 7 < oty

As x € C§°(R) there is, for each K € IN, a constant such that ‘)%(k’ —n)| < W)W

for all £ € IR and n € IN. Choosing K = |s — m| + 2 and using Lemma 2.3.4 (Peetre’s
inequality) to prove

(14 k%)% <25 u+m—nm 2(1+n)

Nlo

does the job. [ |

Example 2.A.19 Let ¢ be any C* diffeomorphism of 91D and ® be a C'*° diffeomorphism
of IR (unique up to translations by integer multiples of 27) such that ¢(e??) = e'®®) for
all # € IR. Denote by ¢4 the sign of ®'. If ¢, = +1, then ¢ is orientation preserving. If
Sy = —1, then ¢ is orientation reversing. Let o(x) € C*°(IR) take the value +1 for all
x > 1, take the value —1 for all x < —1 and take the value 0 at x = 0. The restriction of

o to integer arguments is
1 ifn>0
sgn(n)Z{O ifn=20

-1 ifn<0
In the notation of Example 2.A.7

U, =P, — P_
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To apply Proposition 2.A.18, with a( 0 ¢ eiel) = o(£), we first compute

i(z, &, 2') = a(e” &, e) = o(¢)
l;(a:,f,x) - J{( ac)) a((p_l(x)’ ﬁ,@_l(gg’)) - J{a(ci;’)) O-(J(mg,m’))
bi(,€) = (—)* £ % Srb(x, €, 2')],_,

where .
J@) =) Ja) = / &V (te 4+ (1 — t)2') dt
0

In particular

g0 (619’ 5) = b0(97€) = b(ev 57 9/) 0'=0 U(%)
Since J(6) is bounded away from zero and has sign ¢4, o9 (e, &) — ¢50(£) has compact
support in €. So, by Remark 2.A .4,

oo(e”,€) — po(§) € A(OD) = (] A™ (9D)

m’€R
and ¥, — ¢4 Vy = ¥y, is a bounded map from H*(9ID) to H*' (8D) for all s,5" € R.
Since %0(5) =0 for all k € IN and |£| > 1 and since J(z,z’) is bounded away from zero,
I;k(aj, ¢) has compact support in £ for all £ € IN. Again, by Remark 2.A.4, for all k£ € IN,

o (e, €) = b (0,£) € A~(9D)

So, by Proposition 2.A.18,
\IJ? - §¢\PU + R

where R is a bounded map from H*(dID) to H* (dID) for all s, s’ € IR.

Example 2.A.20 In the notation of Example 2.A.19, for odd m € IN,
Ui f = Wm W f = (=)™ G (Py —P_) f
For any m € IN,
U5 f(e) = (W (09)) (671 (7)) = (=) f ()

(_Z)m Z:;m (ei<l>(19))

ei?=¢—1(eif)

‘19:@—1(9)
In particular, for m =1,

Vin f(e) = (=)@ (@71(0)) 5./ (")
by the chain and product rules and
W0 F(e?) = WO F(e?) = (—i) @' (071(0)) 4 WE ()
= (—i)sp® (271 (0)) G Vo f (") + RS
= (—i)ss® (®71(0)) 55 (P+ — P-) f(e”) + Rf
where R is a bounded map from H*(9ID) to H* (dID) for all s, s’ € IR.
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