Appendix S4: Problem Solutions for §4

Ay? Avy? "
Problem 4.1 Set ¢ = ——%, @2 = ——% and v = log(%). Show that
Y1 gt

2

V- (m72)2 Vo) = 2(1172) (g2 — 1)

Solution. Write puy = 711/2 and po = 721/2. In terms of the u;’s, ¢1 = —Alf;l, q2 = —%,
v = 210g(%) and we are to show that V - (ul,uQVv) = 2u1p2(q2 — q1). Subtracting
V- (peViog(p)) = V- (12Vu) = Vs - Vi + pap
V- (pap2Vilog(pz)) = V- (11Vupg) = Vi - Vg + p1Aps
gives
sV (12 Vo) = poApn — prAps = papo (—q1 + ¢2)
as desired. [ ]

Problem 4.1.1 Let p € 9Q. Let 2/(¢’) be a C° parametrization of a neighbourhood of p

in 02 with 2/(0) = p. Denote by n(z’) the unit outward normal to 92 at 2’ € 9€). Define

z(&',&n) = 2'(¢) — fnﬁ(x/(£/>)

(a) Prove that x(&',&,) is a C*° diffeomorphism from a neighbourhood of 0 € IR" to a
neighbourhood of p € IR".

(b) Prove that, for all sufficiently small (£,&,), /(') is the point of 9 that is nearest
x(&', &), so that the distance from x(¢',&,) to 0Q is |£,]-

Solution. (a) That x(¢',&,) is C is obvious, because both n(z’) and 2/(¢") are. Hence
it suffices to prove that the Jacobian of the map (£/,&,) — z(¢',&,) does not vanish at
the origin. The Jacobian is the determinant of the Hessian matrix. The columns of the
Hessian matrix are the n vectors %x(O) = g—ga:’(O), 1<j<n-—1and %x(O) = —n(p).
The first n — 1 of these vectors are Jindepende;fc and tangential to 99 at p, since z'(£’) is
assumed to be a parametrization of 02 near p. Hence the first n — 1 of these vectors are
also orthogonal to the n'". So the n vectors are independent and the Jacobian does not

vanish.

(b) Fix any sufficiently small (¢,&,) € R" and any ¢ € 09, different from z'(¢") and
sufficiently near p. We must show that the distance from x(¢’,&,) to x/(£’) is strictly less
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than the distance from z({’,&,) to ¢. By rotating and translating, in the original x space,
we may assume that x’(¢’) is at the origin, that z(£’,&,,) lies on the positive z,, axis, € is
tangential to the hyperplane x,, = 0 at 2’ (£’) and that the components numbered 2 through
n — 1, inclusive, of ¢ vanish. Then the equation of the intersection of 02 with the z;—=z,

T
TGN} N
q BQ, T = ¢(x1)
(S 1

plane (which contains ¢) near the origin is of the form z,, = ¥ (x1) with ¢(0) = ¢’(0) = 0.
If the z,—coordinate of x(¢’,&,,) is y and the x;—coordinate of ¢ is z, then the distance
from z(¢,&,) to 2/ (¢') is y and the distance from (&', &,) to ¢ is /22 + (y — ¥ (z))2. Note
that

L (22 + (y — 9(2))?) = 20 = 2y — v(@)¥' (@) = 2|1 = (y — $(2) L2 o

Since ¥’(0) = 0, @ is bounded. So for all y and x sufficiently small ‘(y—l/z(:ﬁ))%‘ < 3.
Thus the derivative of the distance function /22 + (y — ¢ (x))? vanishes at 2 = 0 and has
the same sign as z. So the distance is minimized at x = 0 and the distance from x(¢’, &)
to 2/ (&) is strictly less than the distance from z(¢’,&,) to g. [ |

Problem 4.1.2 Let 2 be a bounded open subset of IR" with smooth boundary. Suppose

that
Lou=F in

“}afz =f

Let U and U’ be open neighbourhoods in IR™ of some p € 9Q with & C U’. Prove that,
given any m € IN there exists a C', independent of p, such that

fullnrte < O{1Fln—z0mte + 1l onrse + Vil paarue) |

Solution. We first consider the case m = 1. Let x,x € C§°(U’) denote smooth cutoff
functions with x identically one on &/ and x identically one on the support of x. Let w be

the solution to
Low=xF in Q

w}an =x/f
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From the standard energy estimate of Theorem 3.3.5, we get

lwlizze) < lwlie < CIXFl-1.0 + 11Xfl 1 00)

(S4.1)
< C(I|1F[|-1,0me + |I£]

%,8901/{')

by part (a) of Lemma 2.1.16 and Problem 2.3.5. We have used that y vanishes outside of
U’'. The constant C' and those that will follow depend on v, € and the particular choices
of x and ¥, but are independent of p. Since x(z) = 1 on the support of ¥,

/ YV (u—w)V(x*v) d"z = —/ L (u—w)(x*v) d"z
Q Q

(54.2)
_ _/QF(1—>~<)(X%) &' =0

for any v € H'(Q) with x?v = 0 on 9. Similarly, the function u — w satisfies
Y:(u—-—w)=x*1-x)f=0 on 0f)
By inserting v = u — w into (S4.2) and expanding V(x?v) = x®*Vv + 2xyvVx we get
[ V=P @ = = [ 59— w2y (=) d'a

By the Cauchy-Schwarz inequality, followed by AB = (aA)(1B) < 1(aA)? + 1(1B)?

with o? = J2noy
2 maxqo v’

1/2
[ 19— w) v < 2mxy ( V- wp d“w) ( [19xPlu—? d%)
Q Q Q

minv/ X2V (u —w)|? d”x—l—C’/\Vx|2|u—w\2 d"z
Q Q Q

1/2

<

N[

<

N[

: 2 2 m 2
miny [ V=0 o+ Clu =l g )

<4 [T 0P da ok Cluwl, g

Subtracting the first term on the right hand side from the left hand side, we get

[V e < Clu=ul, g,

which, since x =1 on Q2 NU and v is bounded away from zero, immediately yields

lu— wlf? grag = / V(u—w) d'e + / u— wf? dre
QNU Q

nU
1 n n
< s [PV 0P et [ ju-wf v
Q QMU
< Cllu =0l a0
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or

(54.3) |lu —w

|1,QﬂZ/{ S C”U - w||L2(QﬂL{’)

A combination of (S4.1) and (5S4.3) yields

ull1,0mu < (lw]l1,e + (lu—wll1,0nu
< C{IF|-1.0mu + |If]
< C{||F||=1,00u + || f]
< C{IF|-1.0mu + |If]

Z,09nu’ + ”'lL - w||L2(QﬂL{’)}
(S4.4)

1 o0nur T [wllz@) + ”“Hm(mw)}

Z,00nu’ + ”uHLZ(QﬂL{’) }

which is exactly the desired inequality for the case m = 1.
We now turn to the case m > 2. Let

U=UCU C---ClU,_1CU,=U

be open subsets of IR"™ with U;_y C U; for all 1 < ¢ < m and with the support of x
contained in ;. As in (3.3.4), the function yu satisfies

Ly(xu) = xF +29Vx - Vu +ulL,x

S4.5
(1) Xty = xf

As the right-hand side of (S4.5) vanishes outside U, the standard elliptic estimate of
Proposition 3.3.10 gives

[ullm.eru < [xullm.e < CLXFlIm-2.0m04 + 17VX - Vtllm—2.00u

+ ulyXllm—2.000 + 1XFllm- 1 000 }
< C{NFllm—2,0006 + £l 00004 + lullm—1.000 }

by part (a) of Lemma 2.1.16 and Problem 2.3.5. Similarly, for each j =1,---,m — 1

[ellm—j+1.000 -, < C{HF”m—j—l,Qﬂuj + Hme—jJr%,anuj + ||U||m—j,ﬂmuj}
< C{lIFllm-2.002 + 1fllm—1 00mu + l[ullm—j.anu, |

Iterating,

[ullm,arte < CUNElm-2.000 + 1 fllm-1 000 + lullionu, . }
Applying (S4.4) with U replaced by U,,,—1 gives the desired bound. [ ]
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Problem 4.1.3 In this problem we construct harmonic functions on R’} that are concen-
trated near the origin. We denote 2’ = (21, -+, 2,_1) € R"™* = {z,, = 0}. Let

Py, (2') = 25 s

n/2 (m%+|xll2)n/2

be the Poisson kernel.

(a) Prove that AP, (z') =0 for all z,, > 0. Here A is the Laplacian on IR".
(b) Prove that [p._1 Py, (') d"" 'z’ =1 for all z,, > 0.

(c) Let ¢(2') be a bounded continuous function on IR"~*. Prove that

B(z) = / P (@ — )oly) &y
IR"71

obeys A®(z) =0 in R) and

lim  ®(z) = ¢(2)
sy

(d) Now suppose that ¢(z') = 0%)(z’) with ¥ € Cl*/(IR"™1) supported in the ball of

radius 1 centred on the origin. Prove that there is a constant, which depends only on

|| and n, such that

C
|(I)($)| < T ja[laln—1T

Solution. (a) For any 1 < j <n

(A S—— S E—
0z} (@3 +[='P)" 2 @2+l
2
d? 1 1 zj
Sm s aas = N ooaras TN+ 2) ———5sms
aI? (m%+|m/|2)n/2 (m%+|w/|2)1+n/2 + ( + )(m%+|w/|2)2+n/2
so that
n 2 | /|2
o 1 _ 2 1 z, +|x
o @ " e Tt D
Jj=1
_ 1
=
and
n
Ty __ 90 1 o 1
(@2 +[a’[2)"/2 23% (x2+[a’|2)"/? +on Ly OzF (22 +[a'[2)"/?
J:
— Ty 1
= T TN Gy

=0



(b) Making the scaling =’ = z,,y/’

/ n—1,_./ __ F(%) Tn n—1_./
/IRH_1 chn(l') d T = =3 Rn—1 CEErADRE d X
_ '3 1 n—1,/
— gn/2 /IRn—l (1+|y/|2)n/2 d y
0 () - rn 2
= dn-1_m72 . A2z dr

27_‘_(”71)/2

where Q,_1 = Tzo1y is the surface area of the unit sphere in IR™ . Substituting

r = tané,

/2
/ n—1_.1 __ 2 (%) tan” 20 2
/IRn—l P, (') d" 2 = ﬁr(g—% /0 Trianzgy7e S€C 0 do

/2
_ 21_‘(%) L on—2
= AT /0 sin 6 do

In the solution to Problem 1.2.2, we saw that

|3
ho|—
—

=

/2 r
/O sin" 20 do = TG

~
~—|

%
which gives the desired result.

(c) Since

b)) = [ Pl =) — )] @y

=/ P, () [y +2) — ()] 4"y

R~

_ I'(3) Tn [ ( /—l—.’lfl)— (Z/)} dn_l /
an/2 Rn-1 (I%+|y/|2)n/2 (p y (P y

_ F(ﬁ) 1 / / / n—1 1
= 5 /Rnl W[Qp(xny + ') — (2 )} d" "y

The integrand is bounded, for all z, by the integrable function (li‘l(qj"% and converges,

pointwise in y/’, to zero as x — (2’,0). So the right hand side converges to zero as x — (2/,0)
by the Lebesgue dominated convergence theorem. This proves

lim  ®(x) = ¢(2)
iy



The only technicality to be dealt with in the argument

Ad(z) = A / P — y)oly) "y
IRnfl

= / AuPy, (z' =y )ply') d" 'y’
R—1
=0
is the interchange of order of A and [. It is justified since P, (2") and all of its derivatives
are all L' in 2/, uniformly for z,, in any compact subset of (0, c0).
(d) By part (b)
Bl < [ Pl =) el @y

< ol e rnry / Py (2 —y) &y
Rn—l

= ”‘PHLOO(IR"*:L)

By induction

(0°P)a, (') = sy

= @Al )T

with Qu(2', z,,) a polynomial in 2’ and z,, that is homogeneous of degree |«|. The coef-
ficient of each term in Q(2’, z,) depends only n, o and the exponents of that term. So,
for |z| > 2 and |y'| <1,

n+|o|— o n+|o|—1 o
[+l =Y (0 P),, (2 — )] < 2l — o) (@0 P),, (o —y)| < ©
and, by integration by parts,

" @ (2)| = [

/ 3 Pacn(x, _y/) 8517,[1(?/) dn—ly/

— ‘m|n—|—|a|—1

/ (0°P)a, (2 — o) () A"y
IRnfl

<c / )| 1y
Rn—l

= Cl|¥|l g2 1)

Considering |z| < 2 and |z| > 2 separately, we see that
[1+ |21 | @(2)] < [1 4 277t el o @rn-1y + CllY [l prrn-1)]

as desired. m



Problem 4.2.1 Let w € L? be any weak solution to Aw + 2¢ - Vw = 0. Let

x € C*([0,00)) with supp x C [0,1) and / x (k%) (g;)n =1

and

we(z) = flexyu(z) where () = / (k)

(a) Prove that if the Fourier transform of ¢ € S(IR™) vanishes in N.(M(s)) =
{ k| dist (k, M(s)) <& }, then there is a ¥ € S(IR") such that

Blex)p(r) = Ay — 2 - Vi

(b) Prove that . (k) is supported in N.(M(s)).

Solution. (a) The Fourier transform of (ex) is E%B(f) = E%X(‘S‘Q) and vanishes unless
|k| < €’ for some ¢’ < e. Hence the Fourier transform of ¢.(x) = [B(ex)e(x), which
is the convolution of the Fourier transform of G(ez) with the Fourier transform of ¢, is
supported within a distance &’ of the support of the Fourier transform of . In particular
(e (k) vanishes on an open neighbourhood of M (s), which is the zero set of —|k|? — 2i( - k.
Furthermore, since | — |k|? — 2i( - k} — 00 as |k| — oo, —|k|?> — 2i¢ - k is bounded away
from zero on the support of ¢ (k). Consequently,

b(k) = e € S(R™)

and B(ex)p(x) = Arp — 2( - Vi) as desired.

(b) If the Fourier transform of ¢ € S(IR") vanishes in N.(M(s)), then, using the notation
of part (a),

<(P, wE) — (Pz?? - <A¢ - 2C v¢7 w> =0
since w is a weak solution of Aw + 2(¢ - Vw = 0. As the Fourier transforms of such ¢’s are
dense in L? (]R” \ N (M(s))), e (k) is supported in N.(M(s)). u

Problem 4.2.2 Let s € IR. Let O and O’ be open subsets of IR™ and C be a compact
subset of @’. Let ¥ be a smooth diffeomorphism from O to O’. Prove that there is a
constant C, depending only on ¥, s, O and C, such that

luo @™, , < Clul,,
for all u € C§°(C).



Solution. For s € INy, this follows from part (b) of Lemma 2.1.23, with ¢ € C§°(O)
chosen to be identically one on C. Next consider s € Z with s < 0. Again let ¢ € C5°(O’)
be identically one on ¥(C). Then, making the change of variables =z = ¥(y),

<U, W(u o \Ij_l)>L2(O/) = ((D\If)(wv © \IJ)? u>L2((’))

for all v € C§°(O’). By Problem 2.1.16.b and part (b) of Lemma 2.1.23, again,

‘ (v, 0o T™N)) 2oy | S NPV (v 0 V)||—sm [lulls,n < const [[v]|—s,n l|ullsn

which implies ||uo W5, < const |lul|s,, by Problem 2.1.16.b again. Finally, for general

s € R", just use interpolation (Lemma 2.3.2). [ |

Problem 4.2.3

(a) Prove that

et 4o 24 " —i|k|Rcos® __
/IlSR —$2+i$1 d T = —kg-i—ikl /0 de |:e 1]
(b) Prove that

e*ik)».’r d2x
2| <R —x2+1iT1
m _—

for all k # 0.

< F,ﬁgl% and lim = A’y = —=2x

Solution. (a) Let k = (|k| cos ¢, |k|sinp). Then k-2 = |k|(x1 cos ¢ + z2 sin¢). Make the
change of variables

Y1 = X1 COS P + ToSin T1 = Y1 COS Y — Y2 Sin @

Yo = —T1SIN P+ T2C08@Y To = Y1 SIN Y + Y2 COSP

Then
k-z=|klyy and — xo+iz; = ie"?(yy + iys)

L e ML g2y
5| <R —x2+iT] lyl<R Yy1+1iy2

9

so that




Scaling, v = |k|y, and then going to polar coordinates,

. ) 27 R|E| ) 0

—ik-x L —iuq —ircos

/||<R et 4@ = e - R U= ﬁ/o de/O dr re—gm—
x| < u| <

T

. 1 e*i|k:|Rcose_1

T —ko+ik; / do —i cos fet?
-7

_ m/ d8 [e=HR<s0 _ 1111 — i tan 6]

—Tr

Since [e_“k'Rcose - 1} tan @ is odd under 8 — —6 and [e_“k'RCOSQ — 1} is even under

0 — —0
| ' " K|
e g2 24 —i|k|R cos 6
/ —xzo+izy d°r = —ko+iks / do [6 - 1}
[z|<R 0

—i|k|R cos 6

(b) The inequality is obvious, since ‘e — 1‘ < 2. To complete the proof, it suffices

to prove that

s
lim [ df e /IFFesf —
R—oo [

Todoso,let5>0andset15:{OSQSW‘OSOSE, 7r—5§9§7r}and
Jo={0|e<§<m—¢c}. Then
‘/ do e—i|k:|Rcos9 < 2
I,

and

. . . —i|k|Rcos 6 & i 0 d 1

lim do e ilk|Rcos® _ im |&~— _ do e i|k| R cos d _ 1

R—oo J 5 R—oo | —HK[Rsing|_ .. df —i[k|Rsin0

since sin # is bounded away from 0 on .J.. This shows that

™
/ do e—i|k|Rcos@
0

for all € > 0 so that the limit is zero. [ ]

lim sup < 2

R—o0

Problem 4.3.1 Prove that if the spaces C,; are both graphs of the corresponding Dirichlet—
to Neumann-data maps A,;, then one has the estimates

Ay, — Ay |l 2
o, ~ Aaelly - < dist (Cgy» Cg) < [[Agy — Ayl

VIRl g T I8l v
207 2 27 2

1
272
10




Solution. If the space C, is the graph of the Dirichlet— to Neumann-data map A,, then
Co = {(f.9) € HV2(09) x H2(09) | g = A,f }
FOI' any (f7 g) = (f7 A‘hf) S Crn

1D = @ meene - 1A f) = (A )l 2pm—re
(f,9)€Cqs H(fag)HHW@H—l/? N 1(f, Aq1f)||H1/2@H_1/2

@y~ AWl y00
VI 20+ 1A FI2 o0

(Ath - AQ2)f||—1/2,8Q

1fll1/2.0
< ||AQ1 - AQ2 || 1-1

_

2

Similarly, for any (f,g) = (f,Ag, f) € Cy,

inf ||(fag) - (f,g)HHl/Z@Hfl/Z < ”Aql _Aq2||%7_

1
(f.9)€Cq, H(f:g)HHl/Q@H—1/2

2

so that

2

dist (qu,qu) < HAq1 - qu“%,—l

which is the desired right hand inequality.
We now prove the left hand inequality. For any (f,g) = (f, A4 f) € Cy, We express

CCIz 2 (f» f]) = (fa ACsz) - (fa ACIlf) + (¢7AQ2¢) + (07 [AQ2 - ACh]f)
with ¢ = f — f. Then
1(£:9) = (F, )7 2gm-1r2 = 1913 2,00 + 0@ + (Mg, = Ag) fII21 2,00

_ loll1/2,00 .
Set & = o5 R, I 1eon 204 L= [[Aglly, 3. Then

[Ag, @+ (Agy — Agy) fll—1/2,00 > [[(Ag, — Ag,y)
> [[(Agy = Mgu) fll=1/2,00 = Mgzl 1 — 1 9]l1/2,00
= (1 —al)[[(Ag — Ag) fll-1/2,00

I | (Agy — Agy)fI|_1/200 # 0 and a < L, then

1(f,9) = (F, D)3 2e 172 = 19113 2,00 + [1Aq2® + (Rgy = Agy) 1124 2.00

Ag ) fll=1/2,00 = Mg @l -1/2,00
A

(S4.6) > {a? + (1 —al)?}(Ag — Mgy FlI21)2.00
||(AQ2 - Al]l)f”Q_l/g’aQ
>
- 1+ L2

11



since a? + (1 — aL)? achieves its minimum value when 2o — 2(1 — aL)L =0 or o = #

and that minimum value is

r-anp= L o () =
« — = g
(14 L2)? 1+ L2 1+ L2

The bound (S4.6) is trivially satisfied when [|(Ag, —Ag, ) fll=1/2,00 = 0 and is also satisfied
when a > %, since then

1(Ag, = Mg ) f112 1,00

||(f» 9) - (f, §)||§{1/2@H—1/2 > ||¢||%/2,8Q > 7.2
10 = A 121200
- 1+ L2

Thus (S4.6) is satisfied for all (f,§) € C,, and, also using

1 )3 2gm-12 = 113 2,00 + 180 FI12 1 /2,00
< ||f||%/2,aﬂ +1Ag 113 1 ||f||%/2,aﬂ

1
29 2
we have

sup ~iIlf H(f7g)_(f7g)HH1/QEBH—1/2
(f,9)€Cq; (F,5)€Ca, N(fs 9 rrrr2qp—112

> sup 1(Age = Ag)fll 172,00
sem/2@9) | fllizo0\/1+ 18l 3 /1+ 180l
[Ag, _Aq1||1/2,—1/2

N AT RV e TN
2 27 2

1
2

Exchanging ¢; and ¢o gives the same bound on

inf ||(fag)_(fag)HHl/zEBH*l/z
sup _in
(f,9)€Cq, (F.3)ECq, 1(fs D 2172

Problem 4.4.1 Let f : IR? — C and g : R?* — € have continuous first partial derivatives.

(a) Recall that f is analytic if and only if it satisfies the Cauchy—Riemann equations
GzRef=gImf  GRef=-GImf
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Prove that f satisfies the Cauchy-Riemann equations if and only if 9f = 0.

(b) Suppose that f(z,y) = F(xz + iy) with F' : C — C analytic and g(z,y) = G(xz — iy)
with G : € — C analytic. Prove that

of (x,y) = F'(x +1iy) Of(x,y) =0
dg(z,y) =0 dg(z,y) = G'(x — iy)

Prove conversely that, if f = 0, then there is an analytic function F(z) such that f(x,y) =
F(z+iy) and if g = 0, then there is an analytic function G(z) such that g(z,y) = G(z—iy).

(c) Prove that
df0g+0f0g=1iVf-Vyg

Prove that, if f is C2, then
03f = dof = 1A

Prove that, if f is C2, then Af = 0 if and only if there are analytic functions F and G
such that f(z,y) = F(z +iy) + G(z — iy).

(d) Prove that

(e) Prove that

d(fg) = fog+gdf O(fog)=(0f)ogdg+ (df)og dg
d(fg) = fOg+gdf O(fog)

Il
>
=

o
Q

Qi
Q
+
S
=

o
Na

Qi
QI

Solution. (a) This is obvious from
Of = 3(5; +i9;) (Re f +ilm f) = §(§;Re f — §.Im f) + 5(§;Re f + 5;Im f)
(b) If f(x,y) = F(x + iy) with F': C — C analytic, then
L(w,y)=Flz+iy)  Ghlx,y)=iF(z+iy)
so that 5 5 / /
of =1(4L —ia—i) =1 (F'(z+1iy) + F'(z + iy)) = F'(z + iy)
> 3 (F'(z +iy) = F'(z +iy)) =0

13



If g(z,y) = G(z —iy) with G : € — C analytic, then
(wy) =G —iy)  ghloy)=—iG'(z—1iy)

so that

99 = 3(5¢ —i5})

99 = 3(5 +i5})

WG (@ —iy) = G'(x —iy)) = 0
(G (o —iy) + G —iy) = ' (e — iy)

If Of = 0, then, by part (a), f satisfies the Cauchy-Riemann equations and F(x+iy) =
f(z,y) is an analytic function. If dg = 0, set f(x,y) = g(x, —y). By the first formula of
part (d), below, 3f = 0 and there is an analytic function G(z) such that f(z,y) = G(z+iy).
Then g(z,y) = G(x — iy) as required.

(¢) Multiplying out

I\ 3 _1(9f -0f\ (9 -0 1(0f -0f\ (90 -0
0fdg+0f0g =3 (55 —igy) (58 +igy) + 3 (5 +i5;) (58 —i5y)
_ 10009 | 1079
T 20z oz 2 Jy Oy
=1Vf-Vyg

Similarly,

a . . 2 2
00f = 3 (5 —i5y) (5 +igg) f = 1(5= + 52) f = 3Af
00f =3 (5 +i5) (5 —i%)f = 1(5m + 52)f = 3A]

Assume that f is C? and that there are analytic functions F' and G such that f(x,y) =
F(x +iy) + G(z — iy). By part (b), f = OF is again analytic. By part (b) again, 9G = 0
and 5f = 0. Thus

Af=90f =df =0

Conversely, assume that f is C? and that Af = 0. Since 9(9f) = 0, there is, by part
(b), an analytic function F such that 0f(x,y) = F(z +iy). Let F be an analytic function
such that F’(z) = F(z). For example, if F(z) = >.00 jan2™, then F(z) = 300 an%
will do the job. Set f(z,y) = F(z 4 iy). Then 0f(z,y) = F'(x + iy) = F(xr + iy) and
a(f — f) = 0. So, by part (b), there an analytic function G such that f(z,y) — f(x,y) =
G(z —iy). Then

f@,y) = f(z,y) + Gz —iy) = F(z +iy) — G(z — iy)
as required.

(d) By the chain rule

%(f(xv _y)) = %(CL‘, _y) g_y(f(xv _y)) = _g_i(% _y)



Adding +i times the second to the first gives

which proves the two identities in the first column. The identities of the second column

are

(52 £i55) (f(2,)) = (55 Fi5;) (f(2.y))

are immediate consequences of the obvious

() =gy  §G(fy) =35y

The third column is a composition of the first two.
(e) We prove the first line. The second is similar. For the product rule, we have
. ) ) 20 .9 Gl ) d %)
20(fg) = 5:(f9) —i5:(f9) = [52 + 5L —if 52 —ig3t = F (52 —i52) +9(5E —i%%)
=2f0g+2g0f
For the chain rule, let g; and g, denote the real and imaginary parts of g. Then

. 0 0 0 0 -0 o) -0 o)
20(f09) = G (Fog) — i (fog) = Ghog G+ 3 og 2 —iffog G il og G

On the other hand, adding together
40f) o909 = (5L og—iflog) (52— i52)
40f) 09 99 = (55 09 +ig;09) (5% —iy)
gives

4(0f) 0 g dg+4(df)og dg =22 0 g %L 4 (i 2@')3—509 S

gives twice the right hand side of 20(f o g) as desired. |

Problem 4.4.2 Let Q be a bounded open subset of IR? with smooth boundary. Denote
by (v1,1v2) the unit outer normal to 0€2. Give 0f) the standard orientation. That is, when
you walk along 02 in the positive direction, v is on your right hand side.

(a) Let each component of the vector field (f1, f2) be in C1(Q). Prove that

/ [g_:{.i g—g] dsz’ = / [Vlfl + V2f2:| ds
Q oN

15



where s is arc length.

(b) Let f € CY(Q). Prove that

/Qé?fdzxz/myfds /Qafdzx:/myfds

where v = 3(vq — ivp) and 7 = (11 + iva).

Solution. (a) By Stokes’ Theorem

M dzq + N das :/ (9% — SM] &P
Q

oN
As (v1, v2) is the outward pointing unit normal, the forward pointing unit tangent vector is
(—vo,11). Hence Mdxy + Ndxy = —voM ds + vy N ds. Substituting M = —fy and N = f
gives the desired “divergence theorem”.

(b) Applying the result of part (a) with f1 = 5 f and fo = —1if gives

/8f d2x—/ (agg1 zgi;) d2x:/ [%I/lf—%iVQfg] ds:/ vf ds
oN

of)
Similarly, applying the result of part (a) with f; = % fand fo = %z f gives

/8fd2x—/ (aml"Hamz) dza:—/m[ vif + Yivafo] ds—/mz?fds

Problem 4.4.3 Let Q be a bounded, open, simply connected subset of IR? with smooth
boundary. Let each component of the vector field (fi, f2) be in C*(€2). Recall that if
g—iz = g—ﬁ, then there is a function g € C%(Q2) such that f; = 8—51 and fo = 8—. Prove
that if 0f; = Of2, then there is a function g € C?(Q) such that f; = dg and f2 )

Solution. The compatibility condition

3 %) p) )

6f1 = 8f2 < 89{1 “+ 1 85:; = 8—9{3 — 28—3{2 < g—xl(fl fg) 812( Zfl —ng)
Setting F1 = —if; —ifs and Fy, = f1 — fo, we have that 8F; = 2% 4nd thus that there

Ox1
exists a function G € C?(Q) such that F; = T and Fy = gi. That is
—’ifl—’if2=a—fl Jel—chzg—f2
Solving for f; and f5 gives
10G |, 190G _ 1(9d ERY; _:10G 139G _ 1(d CERY
fr=risge + 350 = 3(5e —195,)iIG  fa=i355 — 355 = 3(5a; Ti55;)iG
Setting g = iG does it. [ |
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Problem 4.4.4 Let Q be an open subset of IR? and let f € L'(IR?) vanish in Q. Prove

that 9! f(z) and 91 f(z) are well-defined and analytic for z € €.

Solution. Since -1f(z) = 071f(z), it suffices to consider O~'f(z). Let, for ¢ > 0,
Q. ={ zec Q] dist (z,IR*\ Q) > ¢ }. It suffices to prove that, for any € > 0, 97! f(2) is
well-defined and analytic for z € €., so let € > 0. Then, for z € €.,

[ IEesolan = [ ol ano <t [ 150140 < ey

and the integral defining 0~ f(z) converges absolutely. For z € Q, |h| < 5 and ¢ € R?\ Q2

|22 FO s 13 = — 22O = [ emzha=a F (O] < 21/ € LY (IR?)

/113\2 |52 (22 F(Q)] du(¢) :/

R2\Q

|2 Q)] dulQ) < & / O] din(€) < 21y

So, by the Lebesgue dominated convergence theorem, the complex derivative

lim [ (o — 25 £(Q) dulQ) = /]R i () du(©)

h—0

exists, for z € Q, and 0! f(2) is analytic there. |

Problem 4.4.5 Prove that if f € C}(IR?), then
o 'of=f and O7'Of=f

Solution. It suffices to prove 0 10f = f since taking the complex conjugate of 9 10f = f
and replacing f by f gives 9710f = f. So we must show that f(z) is

0710 =L [ 070 au(@) = ~+ [ 307(z+) duta) wherew = ¢~

5 e [mlg—i(z—i—x) +acgg—£2(z+m)] dp(z)
R

7 o 0
+ﬁ/]1%2#[x18—52(2+m)—x28—£(z+x)} dp(z)
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since

. 5 __ 1 . 0 el _ 1 0 0 i el el
(w1 — iw2)0 = 5(z1 —im2) (G5 +i55;) = 3(w155; +2255;) — (0155, — 72557)

Setting wy = (cosf,sinf) and switching to polar coordinates
o 0 2m
O0f(2) = — 5= /0 dr/o df | cos 92—3{1(2 + rwp) + sin@?—gg;(z + rwp)]
0 2m
+ #/0 dr/o de [COSH?—JZ(z-l—ng) —sineg—;(z-l-rwg)}

27 [e'e) (%) 27

:—% d@/ dr %f(z—i—rwg)—l—%/ dr/ db %%f(z—i—rwg)
0 0 0 0
2

T . r= ; o =27
= —5 ; de ]%@Oof(z—l—rwg)‘?ﬁ:?—i—ﬁ/o dr Lf(z+ rwy) 0:(2)
= f(2)
since f € C3(IR?) and f(z + rwg) has period 27 in 6. [ |

Problem 4.4.6 Let 0 < € < 1. Prove that it f,g € C*(IR"), then fg € C¢(R") and

£

cerny < flleemmllglleemmy

Solution. First observe that || fg| e < | f|lz=]g| L and

| fgloe = sup If(Z)g(izg:l{)?zv)g(w)l < sup [|f(z)| l92)=a ] 1 |g(4p)| |f(|Z)—f(w)|]

ot |z—w]|¢ z—w|¢
< | fllze<lgloe + llgllne=|flce
Hence
I fallce = [ fgllLe + |fglce < flleellglle + | fllzelgloe + [lgllLe=|f|ce
< (Ifllzes + Iflee) (lgllzes + lglee) = [ flle<llgllo-

Problem 4.4.7 Let 0 < € < 1. Prove that it f € C'(IR™) is bounded with bounded first
partial derivatives, then f € C¢(IR") and

Ifllosarmy < IFIES (112 + 20V Fllz)
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Solution. By the fundamental theorem of calculus

f(z)—f(w):/o %f(w—i—t(z—w))dt:/o (z—w) - Vf(w+t(z—w))dt

Thus
|f(2) = f(w)] < |V fllL|z — w]

Multiplying the ¢'® power of this by the (1 — €)*® power of |f(2) — f(w)| < 2||f||z~ gives

[ (2) = fw)] < 2 FILENVF Il |2 = wlf

and hence

| flosarny < 2l IV £l

which implies the desired bound. [ |

Problem 4.4.8 Let 0 < e < 1.

(a) Let the Fourier transform f of f € L*(IR") obey (1+ |kr|6)f(k) € L'(IR™). Prove that
f has a representative in C*(IR") with

1/1

ooy < |1+ [E[) F(R)| 0

(b) Let f(z) € C¢(IR™) vanish for |z| > R. Prove that there is a constant C(R,n),
depending only on R and n such that

[F0)| < S

l

Ce

(c) Let f(x) € C¢(IR™) vanish for |x| > R. Prove that if 0 < s < ¢, then f € H*(IR") and
that there is a constant C', depending only on R, n and € — s such that

|fl; < CIIf]

Ce

Solution. (a) We use the representative




It clearly obeys || f||L~ < WH]EHU Multiplying the (1 — €)™ power of |¢** — 1| < 2

ik-w

by the €™ power of e — 1| < |k - w| gives

}eilvw _ 1‘ < 21_6|]€ . w|e < 2|k‘|6|w|6

} }_ )/ 1km_ 1ky (271- /‘elk(m y) _ 1“f | (27T)n

g2|x—y|6/|k|f|f<k>| L < o=yl KA (R 0

Hence

Thus ‘f‘c < ||I%]¢ f(k HLl and

= 11l <+ 1R

Bl

(b) For any w € R",

‘ [1 —zk w ‘ . ‘ / —itk-z —Zk: (:L‘—l—w)

The integrand is bounded pointwise by |f
|z —w| < R. Thus

o =| [t - sa- o ave

ce|w|® and vanishes unless either |z| < R or

[[1=em™] )] <If

ol [ Txllel < B+ x(o — w| < B)] " = 2Vilfloeul

where Vg is the volume of the ball |z| < Rin IR". Now choose w to have the same direction
as k and length (7;. Then }1 — e_““”} = }1 — e_i”} = 2 so that

2| f (k)| < 2Vg|f

o1

(L+ B[ f(B)| < VR|fllze + VRS
which is the desired bound.

oo = KIf (k)] <

Adding

/ @) & < Vel fll

gives

Ce >

(c) Recall from Definition 2.1.4 that

= [ k) P ke < [ JFF i+ [ kil

20

3



Since

N 2 n n
| 1f0IP ke = [ 1@ @ < Vi

where Vg is the volume of the ball |z| < R in IR", it suffices to bound the second term.
Furthermore, since

7 = (£ K)" < 3 kel

‘ 2 dr

it suffices to bound [j. |kg|23}f( (%fn foreach £ =1,--- n.

Fix any such index ¢ and denote by e, the standard unit vector in the ¢! direction.
Then, for any t € IR,

/}1 _””t‘ )2 dn /}f x—teg)} d"x

< 17elt [ Txllel < B+ x(lo = wl < B)] d

Ce
t|2€

For any real 6 with [0] < 7,
|1—e 7| > |sin6| > 2|0

In particular, for |kgt| < %, we have |kgt|* < %2}1 — e—iket}Q. So

|t|2/|k CIRHCTES < [ |1 e R ek < oVl
el<3fq

t|2€

Cé
When kel > o, [kl = [ke[? b < [l (22)* 7% < 202725 kg]? s that

ke LF(R)® 5w < 211772 [ ke IF(R)? (8o <
2r) f (2r)

<Ikel <5l <37

4|t\ 2t

Applying this with t = 2}n ,m=20,1,2,--- and adding gives

oo
2 Z 1 _ 4
Ce 22m(e—s) —  1_92—2(e—s)
m=0

/lk | IO ke < avils
1A el

s
4

Since

e |F(R)? ke < (3)° [ I (R)? ok < V| I3
|kel< e &)

INE]

we now have

/ K25 | F ()2 Lk <
-

= /< (14 =2%—)
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Problem 4.4.9 Let 0 < € < 1 and K be any compact subset of IR%.

(a) Prove that there is a constant C(K,€) such that if f € L>°(IR?) is supported in K,
then 01 f, 071 f € C¢(R?) and

lo=* /|

cer2y |10 f]

cer2y < O(K, o) flle

(b) Let n € IN. Prove that there is a constant C'(K,n,€) such that if f € C™(IR?) is
supported in K, then 9~ f, 0~ ' f € C"*¢(IR?),

0 () = [ 0O du0) 00 ) =4 [ 0 Q) du(©
for all o € IN3 with |a| < n, and

107" fllen+emzy > 107 fllantemey < C(EK,n,€)|| fllonme)

(c) Let f € C¢(IR?) be supported in K and let x € C5°(IR?) be identically one on K.
Prove that, for each o € ]N(Q) with |a| = 1, the first order partial derivatives 9“0~ f and
0%0~ ! f exist and

0" () = — =0 /}R =X O[O = ()] du(Q) + £(2) 0707 "x(2)
0072 =~ [ GO0 - F)] aulc) + () 007 x(2)
Prove furthermore that

007 f(z) = f(z) and  007'f(z) = f(2)

(d) Let n € INg and 0 < €’ < e. Prove that there is a constant C(K,n,¢€,€’) such that if
f e C"¢(IR?) is supported in K, then 8~ 1f, 8~ f € C"1+<'(IR?) and

107 fllgnsrter 2y » 107 fllansate ey < O,y €, )| fllonteme)

Solution. (a) We give the proof for =1 f. The proof for 9~ f is virtually identical. First
observe that

071 f(2)] =

L[ 2 H 00| < 1t [ gd©) < el
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with ¢; = sup,cR2 %fK ﬁdu(() < o0o. Multiplying the € power of

2
=~ ol = le=6e—gl < lw- |[|zi<;|+|w1—<|]

by the (1 — €)™ power of

1 1 1
e~ weel S kgt eg

gives
1 1|« el 1 1 1t < 9lte e 1 1
w2l g g <27 -2 g e
Hence
071 (z) — 0 flw)| < 2 /K =L — 2| 1F(Oldu(Q)
< _ 2tte 1 1 d
‘w Z| HfHLOO X [z—C[1Fe + [w—C[iTe N(C)
< 2co|lw — 2| fll
with g = 2 SUP.eRr? = Jx Wdu({“) < oo since 0 < 14 € < 2. This gives the desired

bound with C’(K €) = c1 + 2ca.

(b) We prove that 9*9~! =1 =[R2 3 L 80‘ f(¢) du(¢). The proof of the corresponding
formula for 9“0~ f is smular Once these formulae are proven, the bounds follow from
those of part (a). By induction, it suffices to consider |a| = 1. For any h € IR?,

[y

O f(z+h) -0 f(2) =L /IR 2
/ 2 f(C+h) du(¢) — £ / =L Q) du(C)
IR2 IR2

FQ dnO) =+ [ | 210 aut)

>
Py

N}

_|_

3|

s

1 / S [FC+R) = £(O)] du(€)
IR2

The existence of the limit defining 9“0~! f, as well as the desired formula, now follow by
the Lebesgue dominated convergence theorem.

(c) We prove the formula for 071 f, evaluated at any w € IR2. For any z € R?,

071 (2) = LP () + f()0 x(2) with Plevw) = | (O[O = Fw)] dut)
By part (b), 971y is C*°, so it suffices to prove that

i 4P+ w.0) = Pl )] = = [ | 2 O[£(0) = Fw)] du0)

h—o P
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In the limit, h tends to zero in C. To get the first partial derivative, just restrict h to the
real axis. To get the second partial derivative, set h = i1y with y real. Then you have to
multiply by ¢ to convert % to % So we have to prove that

/IR2 {% [h—l—i}—( N wl—C] + (w—1()2 }X(C) [f(C) - f(w)} dﬂ(()
- /IRz { N (h—i-w—é)(w—C) + (w_lg)2 }X(C) [f(C) - f(w)] du(Q)
B /]RQ Sz X(Q[F(Q) = f(w)] du(Q)

converges to zero as h tends to zero. Since f € Ce(le), this integral is bounded in
magnitude by

f

Ce /IF{z |h—|—w—C||h|1'|w_C|2—e du(¢) = [flce /IR2 W du(¢’)  where ¢ = ¢’ +w

=|f

€ 1 I _ / — h
celh| /Rz Tl e du(§) where ¢" = |hlE, h ]

The integral fmz W du(€) is convergent (there are two singularities separated by

distance one, each of degree strictly less than the dimension of IR?, and the integrand
decays like Iﬂ% at infinity) and, by rotation invariance, is independent of the unit vector

h. So

hle =0

lim
h—0

Ce

/IR A e — we) + e POLFO — )] du(Q)]| < lim € f

We now prove 901 f(z) = f(z). The proof that 901 f(z) = f(z) is similar. The
coefﬁc‘ien't of [2 ﬁx(o [f(Q) = f(2)] du(¢) in DO~ f(z) = %(% —ig—y)a_lf(x-i-iy) is
—%I_ZT(_” = 0, so it suffices to prove that 30~ 1x(z) = x(z). But by part (b), 90~ 1x(2) =
07 19x(z) and, by Problem 4.4.5, 07 10x(2) = x(2).

(d) It suffices to consider n = 0 by the formulae of part (b). Again, we only consider 0! f.
We show that, for each o € IN? with |a| = 1,
0°07 f(w) — 907 f(2)| < C(K. €,€)]|f]

/
05(32)‘11) — Z|6

The required bounds on [|071 f||~ and ||0%0~! f||~ are much easier. Observe that

007 f(w) — 9°9 71 f(z) = —12 /IR [t - FEES Q) dul©)
+ f(w) 9707 x(w) — f(2) 0°9~'x(2)
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Since 0~ 'y is C* and f € C¢, it is easy to bound
|f(w) 0*0™ x(w) — f(2) 9*0™ x(2)]

< |f(w) = f(2)][0°07 x(w)| + [ f(2)] |07 x(w) — 9707 x(2)]|

< C(K) | floehw — 21 + CK)w — 2| | £l =

so we concentrate on the first part.

Cé

FO—f(w FO-f(z) _ f(zx)—f(w)
((TU—C)(2 ) - ((z—()(z - [f(C) - f(w)] |:(w—1()2 - (Z_lc)2] + (2—¢)2
2—1[}2— z w zZ)— w
= [f(C) - f(w)} (w_c)22(zc_—22)2 ¢ + f((z)_cf)(z )
= (2 —w) [f(Q) — f(w)] Zbs e + L1
i 1 1 f(Z)—f(w)
= (= = 0)[f(Q) ~ ()] | m=gr=g + w=ote=or | + O
This is bounded by
FO=Fw) _ F(O=F() 1 1 |z—w|®
=07~ G-or | < lz—wllf Ce[lw—CIQ—élz—Cl + |w—<;|1—e|z—<;|2} +fle =g
3—e 6
< 2|z — wl | f]ce max {—|w1_<| : —|ziC|} +|f CE.||2_1£||2
= I + 17
and also by
2—e
FO=Fw) _ F(O-f() 1 1 1 1 _
(w=0)” oo | < fles =g + p=gpee] < 2fle max{m—cw |z—<|} =

We split the domain of integration for

FO-F(w) _ f(O-F()
/m[ (w=0)? =) }X(C) du(¢)

into two subdomains. In the first subdomain I > I1 and then we bound

— f(w —f(z ¢ ¢ ¢ 2+€ —e

f((fg—g)(z L f((cz)—gg;g ) < <2I) IIIl < 4|Z - w’ |f Ce maX{ml_q, |zi<|}
In the second subdomain /7 > I and then we bound

— f(w —f(x e /e — ¢ Jveps ¢! 2+€ —e

Al KR < oy <l e k)
Since 2 +€ —e < 2
fFO—fw)  fFO—-f(2)
[ [ - 10050 auco)
¢ 1 1 2+4-€ —e
<dz—ulfle [ max{pla g} (O du(©
IR2

<4z —w||

< Clz—wl| |f

Ce

as desired.
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Problem 4.4.10 Let 1 < p < ¢ < o0 and 4,0" € R with §' < § — m % (when ¢ = oo,
o' <0 —2). Prove that if f € L{(IR"), then f € Lf, (IR") and Ifllze, < Cl[fllLg for some
constant C' that depends only on ¢, 0, p, ¢ and n.

Solution. First suppose that ¢ < co. Let r = % > 1 and r’ = ﬁ. For any s > 5%,
pd’ /2
11, = [ (1 )" PUs ) de

= [@rlaP) (@ o) @ v

< @+ 12P) ) 1+ 1) P @)
= |+ 2 ) 7 o (1 12?) 2 @)
= ([ [ 2) | 112

with 6 = 0" + %‘9 >0 + n%. The first factor is finite since s > 5. The same argument

works when ¢ = co. Just use / = 1 and skip the middle inequality. [ |

Problem 4.4.11 Let o € INj with |a] = 1 and let 9% refer to the o' weak derivative.
Let f,u,v € L}(IR™) for some § € RR.

(a) Prove that if 0%f = u and 0“f = v, then u = v.

(b) Prove that if f is continuously differentiable and the o' classical derivative equals u,
then 0%f = u.

Solution. (a) If 0%f = w and 0%f = v, then, by definition, (p,u) = (p,v) for all ¢ €
S(IR™). That is, {(p,u —v) =0 for all p € S(R™).

Now let E be any bounded measurable subset of IR"™. Its characteristic function
xe € L*(IR"™). So there is a sequence of C§° functions that converge in L!(IR") to xg.
Since x g is bounded in magnitude by one and is of bounded support, we can always choose
the approximating functions to be bounded in magnitude by two and supported in some
bounded set E’. But every convergent sequence in L!'(IR™) has an almost everywhere
pointwise convergent subsequence. So there is a sequence of functions in C§° that is
bounded in magnitude by two, supported in E’ and converges pointwise almost everywhere
to xg. By the Lebesgue dominated convergence theorem | p(u—v) d"x = 0 for all bounded
measurable sets. But this forces u = v almost everywhere.

(b) By integration by parts u is also a weak a'® derivative of f. Now just apply part (a).
|
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Problem 4.4.12 Let o € INj with || = 1 and let 9% refer to the o' weak derivative.
Let § € R and f,u € Li(IR™). Suppose that {f;};en is a sequence in L}(IR") such that
f; converges to f in L}(IR") and 0% f; converges to u in L}(IR"). Prove that 0 f = u.

Solution. By hypothesis
— (0%, f5) = (@, 0°[;)
for all ¢ € S(IR™). But if ¢ € S(IR™), then ¢, 0% € L>=(IR"™). As

[ (W, )| < [l llgll e

for all ¢» € L>%(IR") and g € L{(IR™), we have

lim (0%, f;) = (0%, f) and  lim {p,0%f;) = {p,u)

J—00

so that — (0%, f) = (@, u) as desired. |

Problem 4.4.13 Let o € INj with |a] = 1 and let 9% refer to the o' weak derivative.
Let f € L{(IR™) for some § € IR.

(a) Let ¥ be once continuously differentiable with polynomially bounded derivatives. Prove
that 92 f) = $O°f + (9°0) .

(b) Let ¢ € C§°(IR™). Prove that 0%*(¢p  f) = ¢ = (0* f).

(c) Let v : R — IR be once continuously differentiable. Suppose that f is continuous.

Suppose further that there are monotone increasing functions ¥, F' : [0,00) such that
W), [ ()] < ¥(|t]), |f(x)] < F(|z|) and ¥ o F is polynomially bounded. Prove that

9% (Yo f) = (¥ o f)o*f.

Solution. (a) First suppose that ¢ is C'°° with polynomially bounded derivatives. Then,
for any ¢ € S(IR"), we have 1 € S(IR") and

— (0%, 0 f) = = (0%, ) = — (8% (V) — 8%, f) = = (9% (W), f) + (@d*, f)
= (P, 0°f) + (i, fO)
= (p, YO f + fO“Y)

Now consider general 1. By convolving with C§° mollifiers, we can construct a sequence

Un

e consisting of C'"*° functions with polynomially bounded derivatives
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e with v, 0%, bounded by a common polynomial for all n and all @ € INy with
la] =1
e with 1,, converging pointwise to ) and 9“1, converging pointwise to 0%t all a € INy
with |a| = 1.
Then
— (0%, Un f) = (0, Y0 f + fO"n)

for all n and, by the Lebesgue dominated convergence theorem,
Bim (07, f) = (070, 0f)  lim (60 f + FOUn) = (0, 0O f + fO°U)

giving
- <aa§07 ¢f> = <90a 1/}805.]0 + f8a¢>

as desired.

(b) Let ¢(z) = t(—x). Since 1 d%p, P* o € S and ¢ * f, b O*f € L},
— (00 x f) = = (D070, ) = = ("W @), f) = (b % 0,0°F ) = (9§ x0°f )

(c) Let ¢ € C§° be nonnegative and obey [((z) d"z = 1. Set (n(z) = m"((mz). Then
fm = Cm o f is C°°, so the classical derivative 0%(¢ o f,,,) = (¥’ © f1n)0% frn. Furthermore
| fm(x)] < F(C+]z]) so that [¢o fr,(z)] and [¢)" o fr(z)| < Yo F(C +|z|) are polynomially
bounded. So

—(0%p, b 0 fin) = (@, (¥ 0 f)O% fim)

for all p € S(IR™) and all m € IN. Now o f,,, converges pointwise to 1o f and is uniformly
bounded by ¥ o F (C’ + |x|) So, by the Lebesgue dominated convergence theorem,

lim — (0%, 0 fr) = — (0%, o f)

m—00

Write
(@, (¥ Fm)O° Fin) = (01 (0 © fin)om 0 0%F) = (G o (70 Fon) ), 0°F )

where (o (2) = Cm(—2). As fr, converges uniformly on compact sets to f, fmo( (V' 0 fm)®)
converges pointwise to (¢’ o f) ¢. Again by the Lebesgue dominated convergence theorem,

Jm (0, (4 0 f)0 fn) = (70 F) 0,0°) = (0, (¥ 0 ))O°F)
as desired. u
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Problem 4.4.14 The purpose of this problem is to start providing some intuition con-
cerning the behaviour of 97! f(z). Define

L = { @ =2

0 otherwise

it <1

0 otherwise

D(z,¢) = 2o + X&) sxo:{

Observe that S, € LP(IR?) if and only if o < 2 and that Ly € LP(IR?) if and only if A > 2.
Assume that 0 < ¢ < 2 and that A > 0. Prove that there are constants C, and C) such
that, if |z| < 1, then

e ifl1<o<2
| IPGOISHC) (@) < Cr Sty it =1
1 if0<o<1

|, IPEOILAC) duc) < Gl

and if |z| > 2, then

|21~ ifo< A< 1
/’uxaowmodmogca Wl ifA—1
R2

1 ifA>1

Solution. Observe that

2, () ]Sy ( s
A¥|<<ﬂ ‘LKNZQM w(©)
/IR2| (2, Q[LA(C /|C|>2 [z— g||§|1+A du(C)

Hence, if 2| <1,

c|>2 W dp(¢) < Cy|z|

[ PG dn(©) <
R?2

and, if |z| > 2,




For the remaining cases, we make the change of variables ( = z£ giving

(S4.7) | IDGQ1S:(0) du(©) = 4 [ i dute)
R? €< 1

(54.8) [ DGO (@) = 1o [ s due
R? €12 13

Since 0 < 2, w is locally integrable so that, for |z|] <1,

L du(€) < Cy + / ()
/Slﬁﬁ TEITe (e 1<l 1 TR —eTTe

<C, +2/ |§|11+o d#(f)
1<|§|< 1

27
=C, +2/ d@/ dr r—¢

1= g)| A=)z T=7 ifo<1

<C,+4r lné ifo=1

- ifo>1

o—1

Substituting this into (S4.7) gives the desired bound on [ |D(2,()|S5(¢) du(¢) when
|z| < 1. Since A > 0, W is integrable both at infinity and at £ = 1 so that, for
2| > 2,

1 1
., et SC”/ <lgmingy, P A
= =] | z| 20

<Cy+2 / e du(©)
2 <|§|<1

27r
—C’,\—i—2/ d@/ dr r~

1_ ifA<1

<Oy 447 Ikl i A =1
.

Substituting this into (S4.8) gives the desired bound on [p. |D(z,¢)|LA(¢) du(¢) when
|z| > 2.
|
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Problem 4.4.15 Let (X, u) and (Y, v) be measure spaces and let k(x,y) = k1 (z, y)ko(x,y)
be a measurable function on X x Y. Set

) /2
= sup /\klxy\ dv( )}

reX

= sup /Ikzxylzdu( )} .

yey

Prove that, if L < co and R < oo, then the map
(K1) (@) = [ k) i) o)
Y

is a bounded linear operator from L?(Y,v) to L?(X, ) with operator norm ||K|| < LR.

Solution. Applying Cauchy Schwarz in L?*(X x Y, u ® v) gives that, for all f € L?(Y,v)
and g € L?(X, p),

(oKD =] [ la@hs@) [katen) f)] dute)aviy)

{/| Y\g<x>k1<x,y>\2 anivt)} " { [ ale )P duta)av)}

The desired bound now follows from

| @l du@ant) = [ lo@P{ [ k)P av)} due)
<12 /X 9(@)[? du(x)

| el f)F au@avt) = [ 11@P] [ @R diw)} a)

< R? /X )2 du(y)

Problem 4.4.16 Let

D(Z,C): zi(‘i_%o

and set 1/2
a10
Lo = sup { [ (0 B IDG 0P dun(o)
z€IR? R?2
5 1/2
Ruy 50 = sup { | 1) i o du(Z)}
¢CeR? R2
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Prove that L, g, and R,, 3, are finite if% < B <1, P2 <1, a;(—0) > 1— (3 and
042(—5) > 1.

Solution. For any a, b, a >0, (a+ b)® < (2max{a,b})" < 2%(a® + b*). Combining

23
sup /|<| [D(z, Q) du(¢) < 27 sup /|<| — Lo dp(Q)+2%7 / X du(¢) < oo
<2 <2

z z I¢I<2
for all 203, < 2 and

El

=epeper H(C)

sup (1 + |z|2)a15/
z

I¢1=>2

D QP du(€) = sup (1+ [#*) /

I¢1=>2

o160 2—-2081
=sup (1 +|z[*)™ / HJQMW dp(§)
: 1>

14a16—p08
S Sup (1 + |Z|2) ' ' / |1_£|2L}1|€|251 d#(g)
z IR2

< 00

(where we substituted ¢ = 2§) for all 1 < 231 <2, 14+ a5 — 31 < 0 gives that L,, g, < o0
provided % < (1 < 1and ay(—9) > 1 — B;. Similarly,

OL25
B = s [ (L4 2) 1D OF™ dutz)

asd @20 2p
< 926> S%p/(1+|z|2) 2 m du(z) + 2292 slép/(l‘i‘\z\z) 2 xﬁ%%? dp(z)

< 2202 Sup/(l + |z|2)a25 du(z) + 22P2 sup/ |z — ¢|72%2 du(z)
¢ J]z—(¢|>1 ¢ J]z—(¢I<1

+ 2252/(1 + |z|2)a2(s dp(z)

< o0

provided —2aod > 2 and 235 < 2. [ |

Problem 4.4.17 Let 2 < p < 00, e < 1 — % and let K be any compact subset of IR%.
Prove that there is a constant C(K, ¢, p) such that if f € LP(IR?) is supported in K, then
O~1f, 071 f € C°(IR?) and

107" f]

C<(RR2) » [0~ f]

cer2y < C(K, )| fllLrr2)

32



Solution. Since 97! f = 0~1f, it suffices to consider df. The required bound on the L>
part of the |01 f|

ce is provided by Holder’s inequality.

o pa)| = 4| [ o) < | [ @dmo]wnfum

The integral converges since p’ < 2.

Since f € LP is of compact support, it is also in L? with ||f| 2 < C(K)| f|lz» and
971 f differs from 07! f(2) by the finite constant (with respect to z) = [, @f({“) du(C).
Hence, by Lemma 4.4.4.b,

07 2+ h) =07 f(2)] = P71 flz + 1) =07 f(2)]
< ORI [Ifll2mey + 1 £l Lo (m2)]
< ClAFIf e r2)

for all z € € and |h| < 1, as we wish. [ |

Problem 4.4.18 Let 5
0
p=[v 3]
and let Ej be the map on 2 x 2 matrix valued functions A = A(z) defined by

B a; ay| ar e—izk—iikaz
k as ay ezzk—i—zzkas ay

Prove that Dy = E, ' DE}.

Proof: Since o
E—l a; ay| ‘ al'i_ ezzk—l—zzkaz
k as ay e—zzk—zzkas ay

we have

3 —izk—izk
Ek_lDEk [&1 Zi] Ek_l [3 0} l a1 € ag}

as 0 o eiZk+i2ECL3 ay
. E,_1 ~ 50,1 e—izl;—iék (5&2 — ’ikag)
T Tk | ek iR (9ag + ikas) Oay
. 5&1 5&2 — ikag
| Oaz + ikas Oay
as desired. m
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Problem 4.4.19 Define the operator

J|M 2% 43 or equivalently ~ JA=JAJ with J= v
as Qg4 Gz ai 1o

Prove that

ExJA=JEA E'JA=JE'A DJA=JDA JQ=Q DyJA=JD;A

Solution. For the first, we just explicitly compute the right and left hand sides.

k ezzk—l—zzkag a4 e—zzk‘—zzkag a4
—izk—izk
ay e " as as as ~
R —E — F,JA
|iezzk+zzka2 a k as aj k

Also for the third.

das Oay 5&3 5&4 das Oaq asy aq

-

The second follows from the first, since E 1 — E_,. Finally, for the fifth, we just combine
the first three.

jDA:j[ﬁal Bag} :j {8&1 8@} _ {604 6&3} - D {a4 ag} :DjA

And the fourth.

~_~Oq
sa-a[0 1

DvJA=E;'DE,JA=E;'DIEA=E; ' JDEA=JE.'DEA= JD; A

Problem 4.4.20 Prove that

D'JA=JD'A D;'JA=JD;'A
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Proof: For the first, we just explicitly compute the right and left hand sides.

B I e S

z —

AR RO

Sl 3= = = J |

For the second, we just combine the first with the corresponding properties of Fj and E} 1
from Problem 4.4.19.

D'\TA=E'D'E JA=E;'D'JEA=E,'\JD'E A= JE_'D-1E;A
=JD;'A

Problem 4.4.21 Let 9,, denote the space of all n x n matrices with complex entries.

Define the norm

’ [am‘} 1<i,j<n ‘

4,j=

=4/ 2 lail?
1
on M,,. Prove that |AB| < |A||B| for all A, B € 9,,.

Solution. If A = [a; ;] and B = [b; ;] then

1<i,5<n 1<i,j<n’

:

|AB|2 = Z ‘Zai,kbk,j

ij=1 k=1

< Z [ > laik } [Z |be,j] ] by Cauchy—Schwarz
i,jzl k=1 =1

= |A]?|B|?



Problem 4.4.22 Prove that, for any p and r with p < 2 < r,

ID7 fllz= < Clo, ) (I f e + 1 fll2r).

where D~ is the operator of (4.4.9).

Proof: It suffices to add

l z—C 0 - -t ’ l [ . :|1/1“' T
7T/|z—<|§1 [ 0 Z—C] J(Q) du(©) < T /|z—<;|§1 |z—¢|™’ dp(C) (i

(by Hélder with r' = (1 — 1)™" < 2) and

Lp ¢ o ] ]
7T/|z—¢|21[ 0 E—C} Q) dul)| < 2 /|Z_C|21 e WO e

. : _ 1\ -1
(by Hélder with p' = (1 — 5) > 2). |

Problem 4.4.23 Suppose that Diyh—Qh = 0 or that h—Dk_lQh = 0 where () was defined

in (4.4.5), Dy was defined following (4.4.8) and D; ' was defined following (4.4.10). Prove

that each of u4 () = hq1(2)£e ™ #F % hy (2) and v (2) = e #*F =k b1y (2) £hoy(2) satisfies
|

= |q|.

an equation of the form du = ru where |

Solution. We have, in the two cases,
E.'DEth=Qh ot h=D_'Qh=E_'D 'E.Qh
Applying E} and, in the second case D, to both sides gives
DEyh = EQh

Write

ep = pizk+izk

Then

. 5 0 hll 6_h12
DEkh_ |:O 8} |:6+h21 h22 }

qh21  qhaa
E.Qh=FE; | z
k@ g [qhu qhm}

|: 5h11 6(6_h12>}
a(€+h21) 8h22

qho1 e_qhao
e+qh11  qhia
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Taking the complex conjugate of the lower row of

{ Oh11 a(e—hlz)} _ { qgha1 e—qhzz}
J(ethar) Ohaa erqhii  qhio

and using that df = Of gives

|i 5}121 5(6_}112)} _ |i qhgl e_qh22:|
0(é4h21)  Oha erqhii  qhia

Thus ~ - ~ -
8(h11 + é+h21) = q(h21 + é+h11) = :|:é+q( h11 + é+h21 )

5(6_}112 + Egg) = q(e_h22 + Elg) = :I:e_q( €_h12 + 77/22 )

Since e and e_ both have modulus one, these are the desired differential equations. ®

Problem 4.4.24 Let, for each sufficiently small h € C, A;, be a bounded linear operator
on the Banach space B. Suppose that

e 1 — Ay has a bounded inverse on B

[ ] lithO ||Ah - A()H =0

e for each f € B, the map h — A f is differentiable at h = 0 in B.
Prove that 1— Aj, has a bounded inverse on B for all sufficiently small A and that for each
f € B, the map h — (11— A;,)~1f is differentiable at h = 0 in B, with the derivative being
—(1— Ag) 1AL (1 — Ag)~ LS.

Solution. If i is small enough that [|A, — Ao|| < |[(1— Ag) ||, the geometric series

Bh:i(]l—Ao)‘1<(A0—Ah)(]l Ao)” ) i(n Ao)™ AO—Ah)>n(]1—AO)‘1

converges in norm and obeys

(]1 — Ah)Bh = (]1 — Ao)Bh + (Ah — Ao)Bh

oo oo

Z (40— A= A)™)" = 3 (A0 — A1 - A0>—1)”+1 —1

= n=0

Similarly By, (1 — Ap) = 1 so that By, is a bounded inverse for 1 — Ay,.
We now prove that the map h — (1 — Ap)~1f is differentiable at h = 0 in B. By
hypothesis, the map h — A, (1 — Ag)~1f is differentiable at A = 0 in B. This means that
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there there is a V' € B such that (A, — Ag)(1 — Ag)~'f = hV + o(h). The o(h) signifies
that the norm in B divided by h goes to zero as h goes to zero. Thus

(= An) 7 = (1= A9) 7S = fj (=407 (40 = 4)) (1 - 40)7'f
- i (1= 40)7H (Ao — 4)) (1= A0)~H(Ap — An)(1 - 40) 7S
— h iﬂ (1= 40)7 (Ao — A1) " (1= 40) ™1V + ()
Since || A, — Ao converges to zero as h — 0
h il ((]1 ~ )" Y(Ag — Ah))n(]l — Ag)"'V = o(h)

so that
(I—Ap)"tf— (1= Ag) 7 f = —h(1l — Ag) "'V + o(h)

which is what we had to show. [ ]

Problem 4.4.25 Let r > 2 and A(z) € L'(IR?, M) N L"(IR?,90,). Denote by A the
multiplication operator

f(z) € L=(R?, My) = A(2)f(2) € L'(IR?, M) N L"(IR?, M)
Prove that if S € My is purely off-diagonal, then

(D PAE ' S)(2) = (D " A) (2)(EL 1S)(2)

Solution. Both sides depend linearly on A, so it suffices to consider separately the cases
that A is purely diagonal and that A is purely off-diagonal.

The diagonal case: If A(C) is a diagonal matrix for all ¢ € IR?, then S, (Ek_IS)(C) and
(AE;'S)(¢) are all off-diagonal for all ¢ € R® and

(ErAE'S)(0) = A (OAAR(OS = A(Q)S
since all diagonal matrices commute with each other. Thus the left hand side
(D "AE1S)(2) = A(2)(DTHAS)(2) = A(2)(D71A)(2)S
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since S is constant. Since A is diagonal and S is off-diagonal, the right hand side

(D7 A)(2)(B;18)(2) = (DT A)(2) Ag(2)S
The right and left hand sides agree, because the diagonal matrices (D~1A4)(z) and A(2)
commute.

The off-diagonal case: If A(C) is an off-diagonal matrix for all ¢ € IR?, then (AEk_ls) () =
A(CQ)AR(C)S is a diagonal matrix for all ¢ € IR? and

(BLAE; ' S)(Q) = A(QAK(C)S = AL HOA(QS = (EgA)(Q)S
Thus the left hand side
(D 'AE;'S)(2) = (B, "D ELAE, 'S)(2) = (D' ExAE; ' S)(2) = (D7'E;A)(2) S
since S is constant. Since A and S are both off-diagonal, the right hand side
(D' A)(2) (B 'S)(2) = (B 'DTERA)(2) Ai(2)S = (DTHERA)(2)AL ' (2) Aw(2)S

The right and left hand sides again agree. [ |

Problem 4.4.26 Let J be the row/column exchange operator of Problem 4.4.19. Prove
that Jm(z, k) = m(z, k).

Solution. By definition, suppressing the z’s, m(k) — Dk_lQm(k) = 1. So, by Problems
4.4.19 and 4.4.20,

1= J1=Jm(k)~ID; ' Qm(k) = Im(k)~D;' T Qm(k) = Tm(k)~D; (T Q)(Tm(k))

Taking the complex conjugate of both sides and using the facts that JQ=Qand JA =
jA7

1=Jm(k) — D;'QJTm(k)

Thus Jm(k) obeys the defining equation of m(k). By the uniqueness provision of Propo-
sition 4.4.6

Im(k) = m(k)
Taking the complex conjugate of both sides gives the desired result. [ |
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Problem 4.4.27 Let f € L'(IR"™). Prove that

lim sup /
T‘—>0+ CeIRn BT(C)

where B, (c) is the ball of radius 7 centred on c.

[f(x)] d"z =0

Solution. It suffices to prove that, for every € > 0,

(54.9) limsup sup / |f(z)] d"x < e
r—0+ ceR"JB, ()

Fix any ¢ > 0. Since f € L'(IR"),

lim |f(x)| d"z =0

R=o00 Jiz|>R

In particular, there is an R > 0 such that

/ @) d < e
|2|>R

So it suffices to consider ¢ with |¢| < R+ 1. If (S4.9) fails, there is a sequence {c; };en C
Bpr+1(0) and a sequence {r; };ewv C (0,1) such that lim r; = 0 and fBr-(Ci) |f(x)] d"x > e.

Since Br11(0) is compact, we may assume that the ¢;’s converge to some ¢ € Br,(0).
But then
lim xp, (c;)(z) =0 for all x # ¢

and, by the Lebesgue dominated convergence theorem

lim |f(z)] d"x =0

1—00 B., (cs)

This provides a contradiction to the assumption that (S4.9) fails. ]

Problem 4.4.28 Let u € H'(Q) where ) is a convex, bounded, open subset of R? with
smooth boundary. Let S; and S5 be two measurable subsets of 2. Prove that

()5, — (w)ss] < V7 (diam Q)2 ( s + 1) [Vl 2oy

Solution. Think of (u)s, — (u)g, as a constant function, defined on 2. Then
1

‘(u)51 - (u)sz‘ = Q172 H(U’)S1 - (U)SQ HL2(Q) = |Q|+/2 H(u)s1 —u+u-— (u)s2 HLz(Q)
< a7z e = s || gy + v = Wsa| 2]
By Poincaré’s inequality, Proposition 2.3.10,
|(u)s, — (u)s,| < V7 [Vl g2y [L2m2S 4 diam )]

as desired. m
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Problem 4.4.29 Let 6 € IR. Let x € C°(IR?), u € L? NL}and g € L}. Assume further
that u has a weak derivative Ju € L} and that g is continuous and has a weak derivative

dg € L? . Prove that

loc*

5(Xue_9) = ue 90y + xe 90u — xue 90g

Solution. Let y € C’(‘)X’(]Rz) be identically one on the support of y. By replacing u by
xu and g by Xg, we may assume that v € L2 N L', Ou € L' and that g is bounded and
continuous with dg € L?.
Let ¢ € C§°(IR?) be nonnegative and obey [ ((x) d"z = 1. Set (m(z) = m"((mz).
Then g, = (, 0 g is C*° and furthermore
e ¢,, converges pointwise to g and is uniformly bounded by sup, |g(z)| and
e 0g,, = Cm * Og converges in L? to dg. This is easily seen by applying the Lebesgue
dominated convergence theorem to the L? norm of the Fourier transform, §(k) —
C(k/m)g(k), of g(x) = gm ().
By the classical product and chain rules

g(xe_g'm) — e_g'm 5X _ Xe_g'm ggm
and, by part (a) of Problem 4.4.13,
5(Xue_9m) = ue 9Oy + xe I Ou — xue 9" 0gm

To complete the proof, we apply Problem 4.4.12. To verify the hypotheses of Problem
4.4.12, namely that yue 9 and 5(Xue_9m) converge in L}, for some ¢’ € IR, we observe
that, by the Lebesgue dominated convergence theorem

e yue 9™ converges in L' to yue 9 as m — oo,

e ue 9y converges in L' to ue 99y,

e ye 9mJu converges in L' to ye 90u and

e since u € L?, yue 9™ converges in L? to yue 9. Since Og,, converges in L? to g,

the product yue 97 dg,, converges in L' to yue 90g. [ |

Problem 4.4.30 Let ¢(z) be a smooth nonnegative function that vanishes for |x| > 1 and
that is normalized by [ ¢(x)du(x) = 1. Let f € C¢(IR®) and set, for 0 <t < 1, f; = o * f
where ¢ (z) = t72p(%). Prove that

If = felloe < |f
|felce < [flce

|55l e < Calf

cet’

oot ol if |a| > 1
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Solution. Since [ ¢¢(z)du(z) =

— fi(z)| = '/t‘ (24 [f(z) = f(y)] duly)
< /t 20(2=2Y | fl el — y|° dp(y)

Making the change of variables y = z — ty/’,
5@) = fia)| < €V lo [ o)1 duw)
<tlfler [ el dutw)

=t flce

To prove the second bound, note that

/[ p(HEL) — %0 (5Y)] F(y) du(y)'
= '/t_zw(ﬂ;y) [fly+2) = f(y)] du(y)‘

< / 1720 (278) | floe |2 dp(y)

= [flce |2|°
For every a € 1N(2) and t > 0,

|5z —y) f(y)] = |21 (22) f )| < 271N Flloe [l e x (|2 — ] < 2)
Consequently, f; (a:) is C*° in = and

@) (z) = / £210100) (220) £ dpu(y)

If o] > 1, t= 27 lolp(@) (222) = (—1)le gya oi(x — y) is a perfect derivative and

/t‘Q"“'w(“)(%)f(x) dp(y) =0

[fele +2) = fulo)| =

so that

F(a \ [ (=) 50) - 1) duty)
/ 172710 | (@) (220 || fl ey — 2] dpa(y)
= |flcet™ '“'/\w(o‘) |1y'|° du(y) withy =z —ty’

< |f|oet6"“'/\so(°‘) y)| du(y)
which is the desired bound with C,, = [ ‘go(a)(y’)‘ du(y)
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Problem 4.4.31 Let 0 < e < % and suppose that @ is in C¢, compactly supported and
Q% = 0. Prove that, for each k € C, m( - ,k) € C¢ for all € < e. Let n € IN. Prove
that if, in addition, @Q € C™, then for each k € C, m( - , k) € Cte for all € < 1.

Solution. Set, for each m € INg and 0 <n <1
Dm7n:{f:IR2—>9ﬁg‘f60”+€fora110§e<17}

Then, for each fixed k € R? (the bounds will not be uniform in k, but that’s allowed in
this problem)

f €D, = Qf € Dy if Q e C™t
= EQf € Dy, since Ax(z) € C™
(54.10) ’ lf " «)
= D EyQf € Dy by part (d) of Problem 4.4.9
= D 'Qf € Dit1. since Ay (z)"! € C*

Since m = 1 + Dk_lQm and m € C€, by Corollary 4.4.13, the first claim by applying
(S4.10) with m = 0, n = €. The second claim follows by applying (S4.10) with n = 1 and
m=20,1,---,n—1. [ |
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