
x4. Iden ti�abilit y of Isotropic Conductivities

Throughout this chapter we assumethat 
 is a bounded open subset of IRn with
smooth boundary, as in De�nition 2.1.17, and that, except where stated otherwise, our
conductivities obey

Hyp othesis 4.1 There is a function1 
 2 C1 ( 
 ) such that the conductivity at x 2 
 is

 (x)1l where 1l is the n � n identity matrix. We also use the notation 
 (x) to representthe
matrix valued function 
 (x)1l.

In this chapter, we prove Theorem 3.4.8, which states that if two isotropic conductivities

 1 and 
 2 in 
 give rise to the sameboundary measurements (i.e., � 
 1 = � 
 2 ) on the entire
boundary, then 
 1 = 
 2. We start, in x4.1, by just proving that the conductivities and
their normal derivatives of all orders agreeon @
. The critical observation, explained in
more detail at the beginning of x4.1, is that by choosing the Dirichlet boundary data � to
be highly oscillatory and supported near a point p 2 @
, we can arrange that the solution
to L 
 u = 0, u

�
�
@
 = � be concentrated near p. SeeProblem 4.1.3.

In x4.2, we construct some exponentially growing solutions, that are used in x4.3,
together with the results of x4.2, to prove that if two isotropic conductivities 
 1 and 
 2

in 
 give rise to the sameboundary measurements, then 
 1 = 
 2 throughout 
, at least
for dimensions n � 3. Here is a very rough outline of the argument. We �rst prove
the corresponding identi�abilit y result for Schr•odinger operators. If � u1 + q1u1 = 0 and
� u2 + q2u2 = 0 in 
, then, by the divergencetheorem,

Z



(q1 � q2)u1u2 dn x = �

Z

@


�
u2

@u1
@� � u1

@u2
@�

�
d�

Here @
@� is the outward normal derivative to @
. That is, if n̂(x) is the outward unit normal

to @
 at x 2 @
, then @f
@� (x) =

nP

j =1
n̂ j (x) @f

@x j
(x). Assuming that q1 and q2 have the same

Dirichlet{ to Neumann{data maps, there is a solution v to � v + q1v = 0, v
�
�
@
 = u2

�
�
@
 ,

@v
@�

�
�
@
 = @u2

@�

�
�
@
 so that

Z



(q1 � q2)u1u2 dn x = �

Z

@


�
u2

@u1
@� � u1

@u2
@�

�
d� = �

Z

@


�
v @u1

@� � u1
@v
@�

�
d�

=
Z



(q1 � q1)u1v dn x = 0

1 As in x3.3, we have made this assumption stronger than necessary for simplicit y of notation. It is
easy to generalize the results of this section to 
 2 C ` ( 
 ) for suitable ` .
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This is true for all solutions u1 and u2. When u1 and u2 are appropriate exponential
solutions from x4.2,

R

 (q1 � q2)u1u2 dn x is a perturbation of

R

 (q1 � q2)eik �x dn x. In

dimensionsn � 3, we can even take a limit in which the perturbation tends to zero and
concludethat

R

 (q1 � q2)eik �x dn x = 0 for all k 2 IRn , so that q1 and q2 must coincide in


. To exploit this to prove that 
 1 = 
 2, we set q1 = � � 
 1= 2
1


 1= 2
1

and q2 = � � 
 1= 2
2


 1= 2
2

. By part

(b) of Theorem 3.5.9,which relates � 
 to � q, and boundary identi�abilit y, Theorem 4.1.2,
q1 and q2 have the sameDirichlet{ to Neumann{data maps. Consequently , by Problem
4.1, the function v = log

� 
 1

 2

�
satis�es

r �
�
(
 1
 2)

1
2 r v

�
= 2(
 1
 2)

1
2 (q2 � q1) = 0

v
�
�
@
 = 0

which ensuresthat v � 0 in 
 and 
 1 = 
 2 in 
.

Problem 4.1 Set q1 = � � 
 1= 2
1


 1= 2
1

, q2 = � � 
 1= 2
2


 1= 2
2

and v = log
� 
 1


 2

�
. Show that

r �
�
(
 1
 2)

1
2 r v

�
= 2(
 1
 2)

1
2 (q2 � q1)

In x4.4 we prove that, in dimension n = 2 too, if two isotropic conductivities 
 1 and

 2 in 
 give rise to the sameboundary measurements, then 
 1 = 
 2 throughout 
. The
strategy employed is di�eren t than that used in x4.3. Since IR2 can be identi�ed with
C, we are able to use analyticit y techniques. An outline of the argument is given at the
beginning of x4.4.

x4.1. Iden ti�cation of Boundary Values of Isotropic Conductivities

The goal of this section is to show that if two conductivities 
 1 and 
 2 are in C1 (
 )
and give rise to the sameboundary measurements (i.e., � 
 1 = � 
 2 ) on the entire boundary,
then the conductivities and their normal derivatives of all orders agreeon @
. This was
the �rst identi�abilit y theorem proved for the conductivit y equation [KV] and it seemsto
remain a necessaryingredient in any proof of identi�abilit y in the interior.

We begin our discussionwith a simple inequality involving Dirichlet's principle. For
any 
 1 and 
 2,

(4:1:1) Q
 1 (� ) � Q
 2 (� ) =
Z




 1jr u1j2 dn x �

Z




 2jr u2j2 dn x

where

(4:1:2)
L 
 1 u1 = 0 L 
 2 u2 = 0

u1j@
 = � u2j@
 = �

2



Recall that Q
 is the quadratic form associated to the Dirichlet to Neumann map � 
 and
is computable from boundary measurements (i.e. from � 
 ), without any direct knowledge
of 
 itself (seeProposition 3.4.10). By Theorem 3.3.9, u2 minimizes the secondintegral of
(4.1.1) in the set

�
u 2 H 1(
)

�
� uj@
 = �

	
so that

Q
 1 (� ) � Q
 2 (� ) �
Z



(
 1 � 
 2)jr u1j2 dn x

Let Ur (p) = 
 \ B r (p) denote the intersection of 
 with the ball of radius r about a point
p 2 @
. Then

(4:1:3) Q
 1 (� ) � Q
 2 (� ) �
Z

Ur (p)
(
 1 � 
 2)jr u1j2 dn x +

Z


 nUr (p)
(
 1 � 
 2)jr u1j2 dn x

The following proposition states that, for any p 2 @
 and r > 0, we may choose the
boundary data � in such a way that the solutions to (4.1.2) have most of their energy
concentrated in the neighborhood Ur (p) and the �rst term of (4.1.3) dominatesthe second.
Then, unless
 1 � 
 2, and all of its normal derivatives,vanish at p, Q
 1 (� ) 6= Q
 2 (� ) and
� 
 1 6= � 
 2 .

Prop osition 4.1.1 Let � (x) denote the distance from x to @
 . For any integer ` � 0,
for any p 2 @
 , any r > 0 and any C, there exists a � 2 C1 (@
) such that the solution
u1 to L 
 1 u1 = 0, u1j@
 = � obeys

(4:1:4)
Z

Ur (p)
� ` jr u1j2 dn x > C

Z


 nUr (p)
jr u1j2 dn x

As a corollary of Proposition 4.1.1 we have our main result about boundary identi�-
abilit y.

Theorem 4.1.2 Let 
 be a bounded domain in IRn with smooth boundary and suppose
that 
 1 and 
 2 are isotropic conductivities in 
 obeying Hypothesis4.1. If

� 
 1 = � 
 2

then, for any integer ` � 0,

(4:1:5)
�

@
@�

� `

 1 =

�
@
@�

� `

 2 on @
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Remark 4.1.3 A brief discussionabout the precisemeaningof \
�

@
@�

� `
f " is in order. Let

f be any C1 function that is de�ned in a neighbourhood of @
. For each point x, which
is su�cien tly close to @
, there is a unique point � (x) 2 @
 that is nearest to x. The
vector from x to � (x) is normal to @
 at � (x). SeeProblem 4.1.1. Let n̂(x) be a unit
vector that is parallel to the vector from x to � (x) and points from inside 
 to outside 
.
In the event that x 2 @
, so that � (x) = x, choosen̂(x) to be the unit outward normal
to @
 at x. The vector n̂(x) = n̂

�
� (x)

�
is a C1 function of x in a neighbourhood of @
.

Again, seeProblem 4.1.1. We de�ne @
@� f (x) = n̂(x) � r f (x), for all x in a neighbourhood

of @
. Then we may de�ne
�

@
@�

� `
f by ` applications of @

@� .

Problem 4.1.1 Let p 2 @
. Let x0(� 0) be a C1 parametrization of a neighbourhood of p
in @
 with x0(0) = p. Denote by n̂(x0) the unit outward normal to @
 at x0 2 @
. De�ne
x(� 0; � n ) = x0(� 0) � � n n̂

�
x0(� 0)

�
.

(a) Prove that x(� 0; � n ) is a C1 di�eomorphism from a neighbourhood of 0 2 IRn to a
neighbourhood of p 2 IRn .

(b) Prove that, for all su�cien tly small (� 0; � n ), x0(� 0) is the point of @
 that is nearest
x(� 0; � n ), so that the distance from x(� 0; � n ) to @
 is j� n j.

Pro of of Theorem 4.1.2: Supposethat (4.1.5) is false. Then, after possibly relabeling

 1 and 
 2, there exists a point p 2 @
 and an ` � 0 such that

(4:1:6)
�

@
@�

� ` 0


 1(p0) =
�

@
@�

� ` 0


 2(p0)
�
� @

@�

� `

 1(p0) >

�
� @

@�

� `

 2(p0)

for all 0 � `0 < ` and all p0 2 @
 su�cien tly near p. By Problem 4.1.1, there is a
di�eomorphism x(� ), from neighbourhood of the origin to a neighbourhood of p, such that
x(0) = p, � (x(� )) = j� n j and � @f

@�

�
x(� )

�
= @

@� n
f

�
x(� )

�
. By (4.1.6), there is a c1 > 0 such

that the function �( � ) = 
 1
�
x(� )

�
� 
 2

�
x(� )

�
obeys

(4:1:7)
�

@
@� n

� ` 0

�
�
� 0; 0

�
= 0

�
@
@� n

� `
�( � 0; 0) � `! c1

for all 0 � `0 < ` and all su�cien tly small � 0 2 IRn � 1. Hence,by Taylor expanding in � n

(for each �xed � 0)

�
�
� 0; � n

�
� c1� `

n

for all su�cien tly small � 0 and all su�cien tly small � n � 0. Back in the original coordinates,
this says that there is an r > 0 such that


 1 � 
 2 � c1� ` in Ur (p)
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It follows from (4.1.3) that, for all � 2 C1 (@
),

Q
 1 (� ) � Q
 2 (� ) � c1

Z

Ur (p)
� ` jr u1j2 dn x � sup


 nUr (p)
j
 1 � 
 2j �

Z


 nUr (p)
jr u1j2 dn x

� c1

� Z

Ur (p)
� ` jr u1j2 dn x � c2

Z


 nUr (p)
jr u1j2 dn x

�

If we choose� as in Proposition 4.1.1 (with C = c2) then we have

Q
 1 (� ) � Q
 2 (� ) > 0

which contradicts the hypothesis that � 
 1 = � 
 2 .

The assertion of Theorem 4.1.2 immediately guarantees that if � 
 1 = � 
 2 , then all
derivativesof 
 1 and 
 2 agreeon @
. As a consequence,� 
 uniquely determines
 within
the classof real{analytic 
 . There is alsoa local versionof Theorem 4.1.2which guarantees
the coincidenceof all the derivatives of 
 1 and 
 2 near a point p solely based on the
coincidenceof � 
 1 (f ) and � 
 2 (f ) near p for any f with support near p [KV].

We now turn to the proof of Proposition 4.1.1. Our strategy is to estimate the right-
hand side of (4.1.4) from above (Lemma 4.1.5) and the left-hand side from below (Lemma
4.1.6), all in terms of the Dirichlet boundary data � . Then we construct, in Lemma 4.1.7,
a particular � that yields the inequality (4.1.4).

Webeginwith a local versionof elliptic regularity that is similar in spirit to Proposition
3.3.11but that includesthe boundary @
. We show that the regularity of u in someregion
U � 
 is really just determined by the regularity of F and f in a slightly larger region.
For the current application we are interested in U = 
 n Ur (p) and we will also needsome
information on how quickly the constant of the bound blows up as r ! 0. This is the
subject of Lemma 4.1.4. More generalregionsare dealt with in Problem 4.1.2. We assume
throughout that 
 2 C1 (
).

Lemma 4.1.4 Supposethat
L 
 u = F

u
�
�
@
 = f

and let Ur (p) = 
 \ B r (p) be the intersection of 
 with the ball of radius r about p 2 @
 .
Given any 0 < d < 1 and any integer m � 1 there exists C, independent of p and r , such
that

(4:1:8) kukm; 
 nUr (p) � Cr � m � 1
�

kF km � 2;
 nUdr (p) + kf km � 1
2 ;@
 nB dr (p) + kukL 2 ( 
 nUdr (p))

�
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Pro of: Let 0 < � < 1 and let e� denote a smooth cuto� function with

e� (x) =
�

1 in IRn n B1(0)

0 in B � (0)

jxj

y = ~� (x)1

� 1For any s > 0, de�ne
� s(x) = e�

� x � p
s

�

where the dependenceon � and p is not explicitly indicated. Observe that � s(x) vanishes
for jx � pj � �s and is identically one for jx � pj � s.

We �rst consider the estimate (4.1.8) in the casem = 1. Choose � , in the above
de�nition of e� , such that d < � 2 < 1 and let w be the solution to

(4:1:9)
L 
 w = � �r F

w
�
�
@
 = � �r f

We may, without loss of generality, assumethroughout this proof that r < R0, since the
left hand side of the inequality (4.1.8) vanishesfor r su�cien tly large. From the standard
energy estimate of Theorem 3.3.5, we get

(4:1:10)
kwk1;
 � C

�
k� �r F k� 1;
 + k� �r f k 1

2 ;@


�

� Cr � 1�
kF k� 1;
 nUdr (p) + kf k 1

2 ;@
 nB dr (p)

�

by part (a) of Lemma 2.1.16,Problem 2.3.5 and the fact that k� �r kC 1 � Cr � 1. We have
used that � �r vanisheson

�
x 2 IRn

�
� jx � pj � � 2r

	
and henceon a neighborhood of

Udr (p), sinced < � 2. In particular,

(4:1:11) kwkL 2 (
) � Cr � 1�
kF k� 1;
 nUdr (p) + kf k 1

2 ;@
 nB dr (p)

�

The constants C and those that will follow depend on 
 , 
, d and the particular choice of
e� , but are independent of p and r . Since the boundary value problem (4.1.9) de�ning w
was rigged to depend only on the parts of F and f outside of Udr (p), it is no surprise that
the bound (4.1.11) is of the desired form.

We still have to bound ku � wk1;
 nUr (p) . Note that the bound we are aiming for is
allowed to contain kukL 2 (
 nUdr (p)) on the right hand sideand that we already have a bound
on kwkL 2 (
) . Henceit su�ces to derive a bound on

R

 nUr (p) jr (u � w)j2 dn x in terms of

ku � wkL 2 (
 nUdr (p)) . Since
R


 
 � 2
r jr (u � w)j2 dn x � min 
 


R

 nUr (p) jr (u � w)j2 dn x, it

also su�ces to bound
R


 
 � 2
r jr (u � w)j2 dn x, in terms of ku � wkL 2 (
 nUdr (p)) . We do so

now, using integration by parts to move the r o� of one of the u � w's and using the
di�eren tial equation L 
 (u � w) = F (1 � � �r ) to eliminate the term with two derivatives
acting on u � w.
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Since� �r (x) = 1 for jx � pj � �r , which contains the support of � r ,

(4:1:12)

Z




 r (u � w)r (� 2

r v) dn x = �
Z



L 
 (u � w)( � 2

r v) dn x

= �
Z



F (1 � � �r )( � 2

r v) dn x = 0

for any v 2 H 1(
) with � 2
r v = 0 on @
. Similarly, the function u � w satis�es

� 2
r (u � w) = � 2

r (1 � � �r )f = 0 on @


since � r (x) vanishesfor jx � pj � �r and � �r (x) is identically one for jx � pj � �r . By
inserting v = u � w into (4.1.12) and expanding r (� 2

r v) = � 2
r r v + 2� r vr � r we get

Z




 � 2

r jr (u � w)j2 dn x = �
Z




 r (u � w)2� r r � r ( u � w ) dn x

By the Cauchy{Schwarz inequality, followed by AB = (�A )( 1
� B ) � 1

2 (�A )2 + 1
2 ( 1

� B )2 with
� 2 = min 
 


2 max 
 
 ,

Z




 � 2

r jr (u � w)j2 dn x � 2max





� Z



� 2

r jr (u � w)j2 dn x
� 1=2� Z



jr � r j2ju � wj2 dn x

� 1=2

� 1
2 min






Z



� 2

r jr (u � w)j2 dn x + Cr � 2ku � wk2
L 2 ( 
 nU�r (p))

� 1
2

Z




 � 2

r jr (u � w)j2 dn x + Cr � 2ku � wk2
L 2 ( 
 nU�r (p))

For the secondinequality, we also usedthat kr � r kL 1 � const 1
r and that � r vanisheson

B �r (p). Subtracting the �rst term on the right hand side from the left hand sideand using
the fact that Udr (p) � U�r (p), we get

Z




 � 2

r jr (u � w)j2 dn x � Cr � 2ku � wk2
L 2 ( 
 nUdr (p))

which, since� r = 1 on 
 n Ur (p), immediately yields

ku � wk2
1;
 nUr (p) =

Z


 nUr (p)
jr (u � w)j2 dn x +

Z


 nUr (p)
ju � wj2 dn x

� 1
min 
 


Z




 � 2

r jr (u � w)j2 dn x +
Z


 nUr (p)
ju � wj2 dn x

� Cr � 2ku � wk2
L 2 (
 nUdr (p))
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or

(4:1:13) ku � wk1;
 nUr (p) � Cr � 1ku � wk
L 2 (
 nUdr (p))

A combination of (4.1.10), (4.1.13) and (4.1.11) yields

kuk1;
 nUr (p) � kwk1;
 + ku � wk1;
 nUr (p)

� Cr � 1�
kF k� 1;
 nUdr (p) + kf k 1

2 ;@
 nB dr (p) + ku � wkL 2 ( 
 nUdr (p))
	

� Cr � 1�
kF k� 1;
 nUdr (p) + kf k 1

2 ;@
 nB dr (p) + kwkL 2 (
) + kuk
L 2 (
 nUdr (p))

	

� Cr � 2�
kF k� 1;
 nUdr (p) + kf k 1

2 ;@
 nB dr (p) + kuk
L 2 (
 nUdr (p))

	

which is exactly the desired inequality for the casem = 1.
Wenow turn to the casem � 2. Wewill usethe samestrategy aswedid in Proposition

3.3.11. We shall �nd a G such that L 
 (� r u) = G. This G will contain only 0th and 1st

derivatives of u. The desired bound will then follow from conventional elliptic regularity
by an induction argument. As in (3.3.4), the function � r u satis�es

(4:1:14)
L 
 (� r u) = � r F + 2
 r � r � r u + uL 
 � r

� r u
�
�
@
 = � r f

As the right-hand side of (4.1.14) vanishesinside B �r (p), the standard elliptic estimate of
Proposition 3.3.10gives

(4:1:15)
k� r ukm; 
 � C

�
k� r F km � 2;
 nU�r (p) + kr � r � r ukm � 2;
 nU�r (p)

+ kuL 
 � r km � 2;
 nU�r (p) + k� r f km � 1
2 ;@
 nB �r (p)

	

where the constant C depends on m, 
 and 
, but is independent of r . By part (a) of
Problem 2.1.3,

k�v k`; 
 0 � C
X̀

k=0

k� kC k (
 0) kvk` � k ;
 0

for all v 2 H ` (
 0) and � 2 C` (
 0) with k� kC ` (
 0) < 1 . Applying this observation, with
` = m � 2, to the secondand third terms in (4.1.15), we get

kr � r � r ukm � 2;
 nU�r (p) + kuL 
 � r km � 2;
 nU�r (p) � C
m � 1X

k=0

k� r kC m � k (IRn ) kukk ;
 nU�r (p)

On the left hand side, the total number of derivativesacting on � r and u, together, is at
most m, with at most m � 2 of thesecoming from the norm and two coming from the L 


in L 
 � r or the two r 's in r � r � r u. At least one of the latter two derivativesnecessarily
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act on the � r , rather than the u. That is why the sum on the right hand side terminates
at k = m � 1. We note that

k� r kC m � k (IR n ) � Cr k � m

so that (4.1.15) gives

kukm; 
 nUr (p) � k� r ukm; 


� Cr � m
�

kF km � 2;
 nU�r (p) + kf km � 1=2;@
 nB �r (p) +
m � 1X

k=0

r k kukk ;
 nU�r (p)

�

or

r m kukm; 
 nUr (p) � C
�

kF km � 2;
 nU�r (p) + kf km � 1=2;@
 nB �r (p) +
m � 1X

k=0

r k kukk ;
 nU�r (p)

�

Applying this estimate, with m replaced by m � 1 and r replaced by �r , to the term
r m � 1kukm � 1;
 nU�r (p) on the right hand sidegives,after renaming C

�
1+ C

� m � 1

�
back to C,

r m kukm; 
 nUr (p) � C
�

kF km � 2;
 nU� 2 r (p) + kf km � 1=2;@
 nB � 2 r (p) +
m � 2X

k=0

r k kukk ;
 nU� 2 r (p)

�

Repeat an additional m � 3 times to estimate the terms r k kukk ;
 nU� 2 r (p) ; k = m � 2; ::: ; 2
that appear at the end of the right hand side. This yields

(4:1:16)

kukm; 
 nUr (p) � Cr � m
�

kF km � 2;
 nU� m � 1 r (p) + kf km � 1=2;@
 nB � m � 1 r (p)

+
1X

k=0

r k kukk ;
 nU� m � 1 r (p)

�

Using the estimate (4.1.8) corresponding to m = 1 (but with d replacedby � and r replaced
by � m � 1r ), which we have already proven, we may estimate

(4:1:17)

1X

k=0

r k kukk ;
 nU� m � 1 r (p)

� Cr � 1�
kF k� 1;
 nU� m r (p) + kf k 1

2 ;@
 nB � m r (p) + kuk
L 2 (
 nU� m r (p))

	

A combination of (4.1.16) and (4.1.17) yields the desire estimate for m � 2, provided we
select � so that d < � m < 1.
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Problem 4.1.2 Let 
 be a boundedopen subsetof IRn with smooth boundary. Suppose
that

L 
 u = F in 


u
�
�
@
 = f

Let U and U0 be open neighbourhoods in IRn of somep 2 @
 with U � U0. Prove that,
given any m 2 IN there exists a C, independent of p, such that

kukm; 
 \U � C
�

kF km � 2;
 \U 0 + kf km � 1
2 ;@
 \U 0 + kuk

L 2 ( 
 \U 0)

�

We next establish the upper bound on the right hand side of (4.1.4), followed by the
lower bound on the left hand side of (4.1.4).

Lemma 4.1.5 Supposethat
L 
 u = 0

u
�
�
@
 = � 2 C1 (@
)

and that
supp� � B r =2(p) \ @


then for every integer m � 1, there exists a constant C, independent of � , p and r , such
that Z


 nUr (p)
jr uj2 dn x � Cr � m � 4k� k 1

2 ;@
 k� k� m + 1
2 ;@


Pro of: Clearly Z


 nUr (p)
jr uj2 dn x � kuk2

1;
 nUr (p)

In the following let 1=2 < � < � 0 < 1. Invoking the square of the estimate (4.1.8) with
m = 1, F identically zero and d = � 0 and noting that supp� � B r =2(p) \ @
 we get

(4:1:18)
Z


 nUr (p)
jr uj2 dn x � Cr � 4kuk2

L 2 ( 
 nU� 0r (p)) � Cr � 4
Z



� juj2 dn x

where � is a smooth positive cuto� that is equal to one on IRn n B � 0r (p), is equal to zero
on B �r (p) and obeys k� kC k (IRn ) � C

r k for 0 � k � m. We denote by w the solution to

L 
 w = �u

w
�
�
@
 = 0

10



and continue from (4.1.18) with
Z


 nUr (p)
jr uj2 dn x � Cr � 4

Z



(L 
 w) �u dn x

= Cr � 4
Z

@


 @w

@�
�� dn � 1� by the divergencetheorem, twice

� Cr � 4



 
 @w

@�






m � 1
2 ;@
 k� k� m + 1

2 ;@
 by Problem 2.1.23

� Cr � 4k
 r wkm; 
 k� k� m + 1
2 ;@
 by part (ii) of Theorem 2.2.2

� Cr � 4kwkm +1 ;
 k� k� m + 1
2 ;@
 by Lemma 2.1.16

� Cr � 4k�u km � 1;
 k� k� m + 1
2 ;@
 by Proposition 3.3.10

Applying the bound of part (a) of Problem 2.1.3,

Z


 nUr (p)
jr uj2 dn x � Cr � 4

� m � 1X

k=0

k� kC k (IRn ) kukm � 1� k ;
 nU�r (p)

�
k� k� m + 1

2 ;@


� C
� m � 1X

k=0

r � k � 4kukm � 1� k ;
 nU�r (p)

�
k� k� m + 1

2 ;@


� C
� m � 1X

k=0

r � k � 4r � m +1+ k � 1kuk
L 2 ( 
 nUr = 2 (p))

�
k� k� m + 1

2 ;@


� Cr � m � 4kuk1;
 k� k� m + 1
2 ;@


Lemma 4.1.4, with f = � and F identically zero, was used in deriving the penultimate
inequality. There we also usedthat � vanisheson @
 n B r =2(p). Finally , by the bound of
Theorem 3.3.5,

Z


 nUr (p)
jr uj2 dn x � Cr � m � 4k� k 1

2 ;@
 k� k� m + 1
2 ;@


as desired.

Lemma 4.1.6 Let u and � be as in the previous lemma and let � (x) denote the distance
from x to @
 . For any integers ` � 0, m � 1, s > n=2 and any real number q > ` + 1,
there exist positive constants c and C, independentof p and r , and a constant r 0 depending
only on 
 such that

� Z

Ur (p)
� ` jr uj2 dn x

� 1=q

�
ck� k1=2;@


�
k� k1=2;@
 � Cr � m � 4k� k� m +1 =2;@


�

k� k2� 2=q
s+1 =2;@


for all r < r 0. If ` = 0, then the estimate also holds for q = ` + 1 = 1.
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Pro of: We start by consideringthe case` = 0. We divide the boundary @
 into any two
nontrivial parts @
 1 and @
 2. Let r 0 be su�cien tly small that we may choosenonempty
open subsets� 1 � @
 1 and � 2 � @
 2 that are at least a distance r 0 from @
 2 and @
 1,
respectively. If p 2 @
 1 there exists a constant, independent of p and r , such that

(4:1:19) k� k 1
2 ;@
 � Ckuk1;
 � Ckr ukL 2 (
)

The �rst estimate is a consequenceof part (ii) of Theorem 2.2.2. The secondfollows from
Poincar�e's inequality, Proposition 2.3.7, since uj@
 = � vanisheson � 2, independently of
p and r < r 0. A similar estimate holds for p 2 @
 2. By taking the larger of the two
constants C we get that (4.1.19) holds for all p 2 @
 and r < r 0. Therefore

Z

Ur (p)
jr uj2 dn x =

Z



jr uj2 dn x �

Z


 nUr (p)
jr uj2 dn x � 1

C 2 k� k2
1
2 ;@
 �

Z


 nUr (p)
jr uj2 dn x

Employing Lemma 4.1.5, we now get

(4:1:20)
Z

Ur (p)
jr uj2 dn x � ck� k 1

2 ;@


�
k� k 1

2 ;@
 � Cr � m � 4k� k� m + 1
2 ;@


�

as desired, for ` = 0, q = 1. To prove the prescribed bound for ` = 0, q > 1, it su�ces to
observe that

� Z

Ur (p)
jr uj2 dn x

� 1=q

=

R
Ur (p) jr uj2 dn x

� R
Ur (p) jr uj2 dn x

� 1� 1=q
�

R
Ur (p) jr uj2 dn x

kuk2� 2=q
1;


� C0

R
Ur (p) jr uj2 dn x

k� k2� 2=q
1
2 ;@


� C0

R
Ur (p) jr uj2 dn x

k� k2� 2=q
s+1 =2;@


sincekuk1;
 � c0k� k 1
2 ;@
 by elliptic regularity (Proposition 3.3.10).

For ` � 1, let a and q0 be positive real numbers with 1
q + 1

q0 = 1 and aq0 < 1. We then
have Z

Ur (p)
jr uj2 dn x =

Z

Ur (p)
� � a � � a jr uj2 dn x

�
� Z

Ur (p)
� � aq0

dn x
� 1=q0� Z

Ur (p)
� aq jr uj2q dn x

� 1=q

� C
�

sup
Ur (p)

jr uj
� 2� 2=q

� Z

Ur (p)
� aq jr uj2 dn x

� 1=q

� Ckuk2� 2=q
s+1 ;


� Z

Ur (p)
� aq jr uj2 dn x

� 1=q

12



For the last inequality we have used the assumption that s > n=2 together with the
imbedding result, Problem 2.2.10, for Sobolev spaces.By rearranging the above estimate
we get

(4:1:21)

� Z

Ur (p)
� aq jr uj2 dn x

� 1=q

� c

R
Ur (p) jr uj2 dn x

kuk2� 2=q
s+1 ;


� c

R
Ur (p) jr uj2 dn x

k� k2� 2=q
s+1 =2;@


We needed aq0 = aq
q� 1 < 1 in the previous calculation to ensure that the integral

R
Ur (p) � � aq0

dn x converged. Since q > ` + 1, this requirement is satis�ed if we choose

a = `
q . With that choice, we also have aq = `. Insertion of (4.1.20) into (4.1.21) now gives

� Z

Ur (p)
� ` jr uj2 dn x

� 1=q

�
ck� k 1

2 ;@
 (k� k 1
2 ;@
 � Cr � m � 4k� k� m +1 =2;@
 )

k� k2� 2=q
s+1 =2;@


as desired.

The next proposition describesthe choice of boundary data we will make to establish
Proposition 4.1.1.

Lemma 4.1.7 For any integer K > 0 and any point p 2 @
 , there exists a sequence
f � N gN 2 IN � C1 (@
) such that
(i) supp� N & f pg

(ii) k� N k 1
2 ;@
 = 1

(iii) k� N ks+ 1
2 ;@
 � CsN s 8s � � K

(iv) k� N ks+ 1
2 ;@
 � csN s 8s 2 IR.

The constants Cs and cs may be taken independent of p.

Pro of: We �rst usethe logarithmic convexity of the H s(@
){norms to verify that prop-
erty (iv) is a direct consequenceof (ii) and (iii). As 1

2 = 1
2

�
� s + 1

2

�
+ 1

2

�
s + 1

2

�
, Problem

2.1.26assertsthat
k� k 1

2 ;@
 � C(
) k� k1=2
� s+ 1

2 ;@

k� k1=2

s+ 1
2 ;@


It therefore follows by useof (ii) and (iii) that

1 � C(
) C� sN � s=2k� N k1=2
s+ 1

2 ;@


for any � s � � K . That is,

k� N ks+ 1
2 ;@
 � csN s for any s � K

13



For s > K we may, for instance, usethe identit y 1
2 = 2s

2s+1 � 0+ 1
2s+1

�
s + 1

2

�
, together with

(ii) and (iii) to derive the estimate

1 = k� N k 1
2 ;@
 � C(
) k� N k2s=(2s+1)

L 2 (@
) k� N k1=(2s+1)
s+ 1

2 ;@


� C(
) C2s=(2s+1)
� 1=2 N � s=(2s+1) k� N k1=(2s+1)

s+ 1
2 ;@


which immediately provesthat

k� N ks+ 1
2 ;@
 � csN s for any s > K

We now produce a sequenceof � N 's de�ned on IRn � 1 with support shrinking to zero,
which satis�es
(ii') jjj� N jjj 1

2 ;n � 1 = 1
(iii') jjj� N jjjs+ 1

2 ;n � 1 � CsN s 8s � � K
Once this is done we will complete the proof by transporting the constructed � N 's to
functions � N on @
.

Let e� (x) 2 C1
0 (IRn � 1) be nontrivial and de�ne

e� N (x) = e� (N x)

(we will eventually choose� N = e� N =jjj e� N jjj 1
2 ;n � 1). The functions e� N satisfy

k@� e� N k2
L 2 (IRn � 1 ) = N 2j � j

Z

IRn � 1
j@� e� j2(N x) dn � 1x = N 2j � j� n +1 k@� e� k2

L 2 (IRn � 1 )

so that
k@� e� N kL 2 (IRn � 1 ) � C� N j � j� n � 1

2

From this last estimate it follows (using Problem 2.1.12, the logarithmic convexity of the
Sobolev norms) that

jjj e� N jjjs;n � 1 � CsN s� n � 1
2 for s � 0

To obtain a similar estimate for s negative we will use dualit y. To do so, we choose e� of
the form e� = @�  (x) for some 2 C1

0 (IRn � 1) and some� 2 INn � 1
0 with j� j = K . With

this choice we may, for any C1
0 test function � , integrate by parts to obtain

Z

IRn � 1

e� N (x) � (x) dn � 1x =
Z

IRn � 1
(@�  )(N x) � (x) dn � 1x

= N � K
Z

IRn � 1
@� [ (N x)] � (x) dn � 1x

= (� N ) � K
Z

IRn � 1
 (N x) @� � (x) dn � 1x

14



For any t � 0 we therefore get
�
�
�
�

Z

IRn � 1

e� N (x) � (x) dn x

�
�
�
� � N � K jjj (N x)jjjt;n � 1jjj@� � jjj� t;n � 1

� Ct N � K N t � n � 1
2 jjj� jjjK � t;n � 1

so that, by part (a) of Problem 2.1.16,

jjj e� N jjj t � K ;n � 1 � Ct N t � K � n � 1
2

In terms of s = t � K , this gives

(4:1:22) jjj e� N jjjs;n � 1 � CsN s� n � 1
2 for any s � � K

We also needa lower bound on jjj e� N jjj 1
2 ;n � 1. We already know that

ke� N kL 2 (IRn � 1 ) = N � n � 1
2 ke� kL 2 (IRn � 1 ) � cN � n � 1

2

so that, by using logarithmic convexity of the H s(IRn � 1){norms and the estimate (4.1.22),
we get

cN � n � 1
2 � ke� N kL 2 (IR n � 1 ) � jjj e� N jjj1=2

� 1
2 ;n � 1

jjj e� N jjj1=2
1
2 ;n � 1

� CN
1
2 ( � 1

2 � n � 1
2 ) jjj e� N jjj1=2

1
2 ;n � 1

i.e.,

(4:1:23) jjj e� N jjj 1
2 ;n � 1 � cN

1
2 � n � 1

2

The estimates(4.1.22) and (4.1.23) ensurethat � N =
e� N

jjj e� N jjj1=2;n � 1

satis�es (ii'), and (iii').

We are now ready to complete the proof by deforming the � N 's, which are de�ned on
IRn � 1, to functions on @
. Let

�
U(p);  p

�
be a coordinate system as in Notation 2.1.18

and let � i 2 C1
0

�
U(pi )

�
, 1 � i � N 0 be a partition of unit y as in De�nition 2.1.20. By

Proposition 2.1.22,we are free to choosethe coordinate systemsand partition of unit y so
that

� the p 2 @
 in the statement of this lemma is in U(p1),
�  p1 (p) = 0 and
� � 1 is identically one on a neighbourhood, U0, of p

We may also choosethe  that is used in the construction of the � N 's to be supported
in  p1 (U0). Then, for every N � 1, � N is supported in  p1 (U0) and � N = � N �  p1 is
supported in U0. Thus � 1 is identically one on the support of every � N and � 2; � � � ; � N 0

all vanish on the support of every � N so that




 � N




 2

s;@
 =
N 0
X

i =1

�
�
�
�
�
� (� i � N ) �  � 1

pi

�
�
�
�
�
�2
s;n � 1 =

�
�
�
�
�
�(� 1� N ) �  � 1

p1

�
�
�
�
�
�2
s;n � 1 =

�
�
�
�
�
� � N �  � 1

p1

�
�
�
�
�
�2
s;n � 1

=
�
�
�
�
�
� � N

�
�
�
�
�
�2
s;n � 1

and the sequencef � N gN 2 IN obeys (i), (ii) and (iii).
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Problem 4.1.3 In this problem we construct harmonic functions on IRn
+ that are con-

centrated near the origin. We denote x0 = (x1; � � � ; xn � 1) 2 IRn � 1 = f xn = 0g. Let

Px n (x0) = �( n
2 )

� n= 2
x n

(x 2
n + jx 0j 2 )n= 2

be the Poissonkernel.
(a) Prove that � Px n (x0) = 0 for all xn > 0. Here � is the Laplacian on IRn .
(b) Prove that

R
IRn � 1 Px n (x0) dn � 1x0 = 1 for all xn > 0.

(c) Let ' (x0) be a bounded continuous function on IRn � 1. Prove that

�( x) =
Z

IRn � 1
Px n (x0 � y0)' (y0) dn � 1y0

obeys ��( x) = 0 in IRn
+ and

lim
x ! ( z 0; 0)

x n > 0

�( x) = ' (z0)

(d) Now suppose that ' (x0) = @�  (x0) with  2 C j � j (IRn � 1) supported in the ball of
radius 1 centred on the origin. Prove that there is a constant, which dependsonly on
j� j and n, such that

j�( x)j � C
1+ jx j j � j + n � 1

We are now in a position to prove Proposition 4.1.1, which will complete the proof of
Theorem 4.1.2.

Pro of of Prop osition 4.1.1: We chooseuN
1 satisfying

L 
 1 uN
1 = 0

uN
1

�
�
@
 = � N

and apply Lemmas4.1.5and 4.1.7 with r �xed and N su�cien tly large to seethat for any
m � K Z


 nUr (p)
jr uN

1 j
2

dn x � ~CN � m

The constant ~C depends on r and m. Next, we apply Lemmas 4.1.6 and 4.1.7, with
q = ` + 1 + ", for some" > 0, and with s the smallest integer greater than n

2 , to conclude
that, for any su�cien tly large N ,

� Z

Ur (p)
� ` jr uN

1 j
2

dn x
� 1=q

�
c(1 � Cr � m � 4N � m )

N s(2 � 2=q)
� cN � 2s(1 � 1=q)
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or

(4:1:24)
Z

Ur (p)
� ` jr uN

1 j
2

dn x � cN � 2s(q� 1) � cN � (n +2)( ` + " )

since s � n
2 + 1. The lemma now follows by �rst selecting m > (n + 2)(` + ") and then

taking N su�cien tly large that cN � (n +2)( ` + " ) > C ~CN � m , whereC is the constant in the
statement of Proposition 4.1.1. In order to be able to selectsuch an m, we have to choose
the integer K in the de�nition of the sequencef � N g strictly larger than (n + 2)(` + ").

A slightly more careful argument can be used to prove a stabilit y estimate for the
inverse problem at the boundary. For that purpose we de�ne, for any bounded linear
operator A : H 1=2(@
) ! H � 1=2(@
), the operator norm

kAk 1
2 ;� 1

2
= sup

n 


 L Af






H 1= 2 (@
) �

�
�
� f 2 H 1=2(@
) ; kf k 1

2 ;@
 = 1
o

= sup
n �

�L Af (g)
�
�

�
�
� f ; g 2 H 1=2(@
) ; kf k 1

2 ;@
 = kgk 1
2 ;@
 = 1

o

Here f 7! L f is the natural isomorphismfrom H � 1=2(@
) to H 1=2(@
) � that is determined
by L f (g) = hf ; �gi L 2 (@
) . It was de�ned in Problem 2.1.24. We showed, in Problem 3.4.2,
that if A is self{adjoint, in the sensethat L Af (g) = L Ag (f ) for all f ; g 2 H 1=2(@
), then

kAk 1
2 ;� 1

2
= sup

� �
�QA (f )

�
�

�
� f 2 H 1=2(@
) ; kf k 1

2 ;@
 = 1
	

where QA (f ) = L Af ( �f ) denotesthe quadratic form associated to A. We also showed in
Problem 3.4.2 that � 
 is self{adjoint.

Theorem 4.1.8 Supposethat 
 0 and 
 1 are isotropic conductivities on 
 � IRn satisfying
Hypothesis4.1 and

(i) 1=E � 
 i � E
(ii) k
 i kC 2 ( 
) � E ,

Given any 0 < � < 1
n +3 there exists C = C(
 ; E ; n; � ) such that

(4:1:25)



 
 1 � 
 2






L 1 (@
) � C



 � 
 1 � � 
 2






1
2 ;� 1

2

and

(4:1:26)



 @
 1

@� � @
 2
@�






L 1 (@
) � C



 � 
 1 � � 
 2




 �

1
2 ;� 1

2
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Pro of: Let p be an arbitrary point on @
. In order to verify (4.1.25) it su�ces to prove
that

j
 1(p) � 
 2(p)j � C



 � 
 1 � � 
 2






1
2 ;� 1

2

with C independent of p. If 
 1(p) � 
 2(p) = 0 this estimate is trivial. We may assume,
without lossof generality, that 
 1(p) � 
 2(p) > 0 | if not, we just interchangeindices. We
start from the estimate (4.1.3) choosing � N as in Lemma 4.1.7.

k� 
 1 � � 
 2 k 1
2 ;� 1

2
� jQ
 1 (� N ) � Q
 2 (� N )j

�
Z

Ur (p)
(
 1 � 
 2)

�
�r uN

1

�
�2

dn x +
Z


 nUr (p)
(
 1 � 
 2)

�
�r uN

1

�
�2

dn x

for any r > 0. Reorganizingthis estimate we get

(4:1:27)

Z

Ur (p)
(
 1� 
 2)

�
�r uN

1

�
�2

dn x

� k� 
 1 � � 
 2 k 1
2 ;� 1

2
+ sup



j
 1 � 
 2j

Z


 nUr (p)

�
�r uN

1

�
�2

dn x

� k� 
 1 � � 
 2 k 1
2 ;� 1

2
+ 2E � Cr � m � 4N � m for all 1 � m � K

where the constant C and all thoseconstants that appear in the following are independent
of p. To derive the last inequality we have used Lemma 4.1.5 and parts (ii) and (iii) of
Lemma 4.1.7.

If we chooser su�cien tly small, depending on p, then we have


 1(x) � 
 2(x) � 
 1 (p) � 
 2 (p)
2 for all x 2 Ur (p)

The estimate (4.1.27) therefore yields


 1 (p) � 
 2 (p)
2

Z

Ur (p)

�
� r uN

1

�
�2

dn x �
Z

Ur (p)
(
 1 � 
 2)

�
�r uN

1

�
�2

dn x

� k� 
 1 � � 
 2 k 1
2 ;� 1

2
+ Cr � m � 4N � m for all 1 � m � K

and use of Lemma 4.1.6 (with ` = 0 and q = 1) and parts (ii) and (iii) of Lemma 4.1.7
now gives


 1 (p) � 
 2 (p)
2 c(1 � C0r � m � 4N � m ) � 
 1 (p) � 
 2 (p)

2

Z

Ur (p)

�
�r uN

1

�
�2

dn x

� k� 
 1 � � 
 2 k 1
2 ;� 1

2
+ Cr � m � 4N � m

for all 1 � m � K . Taking the limit N ! 1 , we obtain

c
 1 (p) � 
 2 (p)
2 � k� 
 1 � � 
 2 k 1

2 ;� 1
2
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with a constant c > 0, that is independent of p. This completesthe proof of (4.1.25).
We proceedwith the proof of (4.1.26). We may assumethat




 @
 1

@� � @
 2
@�






L 1 (@
) > 0,

becauseotherwise (4.1.26) is trivial. We may also assumethat



 � 
 1 � � 
 2






1
2 ;� 1

2
> 0,

becauseif this norm is zero, then Theorem 4.1.2 assertsthat



 @
 1

@� � @
 2
@�






L 1 (@
) is also
zero.

We may arrange that � @
@� (
 1 � 
 2)(p) > 0, by interchanging the roles of 
 1 and 
 2

if necessary. Remembering that � is the outward normal to @
, this meansthat 
 1 � 
 2

increasesas onemovesdeeper into 
 near p. Let x 2 Ur (p) and denote by q(x) the closest
point to x on @
. By the fundamental theorem of calculus,

(
 1 � 
 2)(x) = (
 1 � 
 2)(q) +
Z 1

0

d
d� (
 1 � 
 2)

�
(1 � � )q + � x

�
d�

= (
 1 � 
 2)(q) +
Z 1

0
(x � q) � r (
 1 � 
 2)

�
(1 � � )q+ � x

�
d�

= (
 1 � 
 2)(q) � (q � x) � r (
 1 � 
 2)(q) + O
�
jx � qj2

�


 p

�

q
x

Sincejx � qj = � (x) and the angle betweenq � x and the outward normal to @
 at q is 0
(seeProblem 4.1.1),

(
 1 � 
 2)(x) = (
 1 � 
 2)(q) � @
@� (
 1 � 
 2)(q)� (x) + O(� (x)2)

Sincejq � pj; � (x) = O(r ),

(
 1 � 
 2)(x) = (
 1 � 
 2)(q) � @
@� (
 1 � 
 2)(p)� (x) + R(x)� (x)

where R � C1r . Choosing r = � 1
2C1

@
@� (
 1 � 
 2)(p), we now get

Z

Ur (p)
(
 1 � 
 2)jr uN

1 j
2

dn x

�
Z

Ur (p)
(
 1 � 
 2)(q)jr uN

1 j
2

dn x � @
@� (
 1 � 
 2)(p)

Z

Ur (p)
� jr uN

1 j
2

dn x

� C1r
Z

Ur (p)
� jr uN

1 j
2

dn x

� � sup
@


j
 1 � 
 2j
Z

Ur (p)
jr uN

1 j
2

dn x � 1
2

@
@� (
 1 � 
 2)(p)

Z

Ur (p)
� jr uN

1 j
2

dn x

� � sup
@


j
 1 � 
 2j



 uN

1




 2

1;
 � 1
2

@
@� (
 1 � 
 2)(p)

Z

Ur (p)
� jr uN

1 j
2

dn x

� � C sup
@


j
 1 � 
 2j



 � N




 2

1
2 ;@
 � 1

2
@
@� (
 1 � 
 2)(p)

Z

Ur (p)
� jr uN

1 j
2

dn x

� � Ck� 
 1 � � 
 2 k 1
2 ;� 1

2
� 1

2
@
@� (
 1 � 
 2)(p)cN � (n +2)(1+ " ) for all 0 < m � K
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by (4.1.25), part (ii) of Lemma 4.1.7 and (4.1.24), with ` = 1. Combining the above
estimate with (4.1.27) and reorganizing we get

� 1
2

@
@� (
 1 � 
 2)(p) � CN (n +2)(1+ " ) � k� 
 1 � � 
 2 k 1

2 ;� 1
2

+ r � m � 4N � m �
for all 1 � m � K

To save writing, denote

� = � @
@� (
 1 � 
 2)(p) � = k� 
 1 � � 
 2 k 1

2 ;� 1
2

� = (n + 2)(1 + ")

In this notation

1
2 � � CN � �

� + r � m � 4N � m �
for all 1 � m � K

and r = 1
2C1

�. We now choose,for any �xed m > � , N to be the smallest natural number
such that

CN � r � m � 4N � m � 1
4 � ( ) N m � � � 4Cr � m � 4� � 1 = 4C(2C1)m +4 � � m � 5

Then 1
4 � � CN � � . If N is smaller than any �xed constant, � � C0� and we are �nished.

So it su�ces to considerN bigger than any �xed constant. Then N m � � � c1� � m � 5 and

1
4 � � CN � � � c2� � � m +5

m � � � =) � 1+ � m +5
m � � � 4c2� =) � � c3� (1+ � m +5

m � � ) � 1

By choosing m (and K ) su�cien tly large and " su�cien tly small, we may make � m +5
m � �

arbitrarily closeto n + 2. This givesthe desiredbound.

x4.2. Exp onentially Gro wing Solutions

The \plane wave" exponential function

u = ex � � � 2 Cn

is a solution to Laplace's equation,
� u = 0

if and only if
� � � = 0

If � = p + ik with p;k 2 IRn , then

(4:2:1) 0 = � � � = jpj2 � jkj2 + 2ip � k ( ) jpj = jkj and p ? k
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So any non{zero � obeying � � � = 0 will have non{zero real part and the corresponding
solution, ex � � , will grow exponentially in half the directions in IRn . The main subject of
this section will be the search for solutions to the Schr•odinger equation (� + q)u = 0
that are perturbations of ex � � . The utilit y of exponentially growing solutions in solving the
inverseconductivit y problem was�rst observed by Calder�on in [C]. We begin by exhibiting
Calder�on's proof of injectivit y of the linearized inverseboundary value problem.

Recall, from Problem 3.4.3, that the mapping � de�ned by


 �7! � 


is an analytic map from2 L 1 (
) to BL 1
2 ;� 1

2
; the vector spaceof boundedlinear maps from

H 1=2(@
) to H � 1=2(@
) endowed with the operator norm. By part (b) of Problem 3.3.3,
the Fr�echet derivative

D � 
 [� 
 ] = lim
t ! 0

1
t

�
� 
 + t� 
 � � 


�

of � at 
 acting on the perturbation � 
 exists. Calder�on proved the following result.

Theorem 4.2.1 The Fr�echetderivative of � at 
 = 1, � 
 7! D � 1[� 
 ], is injective. That
is, if

D � 1[� 
 ] = 0

for some� 
 2 L 1 (
) , then
� 
 = 0

Pro of: Let 
 = 
 (t) be a di�eren tiable curve in L 1 (
) with 
 (0) obeying Hypothesis
4.1 and let u(t) = u(t; x) and v(t) = v(t; x) satisfy, for each t

(4:2:2)

L 
 ( t ) u(t) = 0 L 
 ( t ) v(t) = 0

u(t)
�
�
@
 = f v(t)

�
�
@
 = g


 (t) @u(t )
@�

�
�
@
 = � (t) 
 (t) @v(t )

@�

�
�
@
 = � (t)

with f and g independent of t. Then application of the divergencetheorem gives the
identit y

Z

@


�
f � (t) � g� (0)

	
d� (x) =

Z

@


�
n̂ � u(0)
 (t)r v(t) � n̂ � v(t)
 (0)r u(0)

	
d� (x)

=
Z




�
r �

�
u(0)
 (t)r v(t)

�
� r �

�
v(t)
 (0)r u(0)

� 	
dn x

=
Z




�
[r u(0)] � 
 (t)[r v(t)] � [r v(t)] � 
 (0)[r u(0)]

	
dn x

2 Actually , from an open neighbourhood in L 1 (
) of the set of all 
 's obeying Hyp othesis 4.1.
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Di�eren tiation with respect to t and then setting t = 0 gives
Z

@

f

�
� (0) d� (x) =

Z



r u(0) �

�

 (0)r v(0) dn x

where � denotes d
dt . Since � (t) = � 
 ( t ) g,

�
� (0) = D � 
 (0) [

�

 (0)]g and this identit y may also

be written D
f ; D � 
 (0) [

�

 (0)]g

E
=

Z



r u(0) �

�

 (0)r v(0) dn x

for every f and g 2 H 1=2(@
). By taking
�

 (0) = � 
 it now follows that the equation

D � 
 (0) [� 
 ] = 0

is equivalent to

(4:2:3)
Z



r u � � 
 r v dn x = 0 for all u; v 2 H 1(
) obeying L 
 (0) u = L 
 (0) v = 0

If we further restrict to 
 (0) = 1 then (4.2.3) must hold for every pair of harmonic functions
u and v. A natural setof choicesfor u and v areexponentials ex � � with � �� = 0. Substituting

u = ex � � 1 ; v = ex � � 2

with � j � � j = 0, into (4.2.3) gives

� 1 � � 2

Z



ex �( � 1 + � 2 ) � 
 dn x = 0

By (4.2.1), we may choose� 1 = 1
2 (k? + ik ) and � 2 = 1

2 (� k? + ik ) with any k; k? 2 IRn

for which jkj = jk? j and k ? k? . Then

� 1 + � 2 = ik and � 1 � � 2 = � 1
2 jkj2

so that D � 1[� 
 ] = 0 implies that

jkj2
Z



eix �k � 
 dn x = 0

which, in turn, implies that d(� 
 � 
 )(k) vanishesfor every nonzerok. Here � 
 denotesthe
characteristic function of the set 
. However, � 
 � 
 is an element of L 2(IRn ), so that d� 
 � 

is in L 2(IRn ) and therefore cannot be supported at a single point. As a consequence

� 
 � 
 = 0

which provesthat D � 1[ � ] is injective.
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The approach that we will use to prove identi�abilit y in x4.3 is basedon exponential
solutions that are perturbations of thosefor the Laplacian. To construct thesesolutions we
shall make useof the following norms, de�ned for any u 2 C1

0 (IRn ) and any �1 < � < 1 :

kukL 2
�

=
� Z

IRn

�
1 + jxj2

� �
juj2 dn x

� 1=2

The spaceL 2
� is de�ned as the completion of C1

0 (IRn ) with respect to the norm k � kL 2
�
.

When we say that u = ex � �
�
1 +  (x; � )

�
, with � � � = 0 and  2 L 2

� , solves � u + qu = 0,
we mean that  is a weak solution of �  + 2� � r  = � q � q . The latter meansthat

h(� � 2� � r )';  i L 2 (IR n ) = � h'; q + q i L 2 (IRn )

for all ' 2 S(IRn ). We have encountered weakderivativesbefore,in part (b) of Proposition
2.2.15. The main theorem in this section is:

Theorem 4.2.2 Let � 1 < � < 0. There exists � = � (� ) and C = C(� ) such that, for
every q 2 L 2

� +1 with
�
1 + jxj2

� 1=2
q 2 L 1 and every � 2 Cn satisfying

� � � = 0 and
k(1 + jxj2)1=2qkL 1 + 1

j� j
� �

there exists a unique solution to

� u + qu = 0 in IRn

of the form
u = ex � � �

1 +  (x; � )
�

with  (x; � ) 2 L 2
� . Furthermore,

k kL 2
�

� C
j � j kqkL 2

� +1

This theorem has a counterpart for the conductivit y problem, which is obtained by
invoking the correspondenceof Theorem 3.5.9 between the Schr•odinger equation and the
conductivit y equation. The statement is

Theorem 4.2.3 Let � 1 < � < 0. There exists � = � (� ) and C = C(� ) such that, for
every positive 
 with � 
 1= 2


 1= 2 2 L 2
� +1 ,

�
1 + jxj2

� 1=2 � 
 1= 2


 1= 2 2 L 1 and every � 2 Cn satisfying

� � � = 0 and




 �

1 + jxj2
� 1=2 � 
 1= 2


 1= 2






L 1 + 1

j� j
� �
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there exists a unique solution to
L 
 u = 0

of the form
u = 
 � 1=2ex � � �

1 +  (x; � )
�

with  (x; � ) 2 L 2
� . Furthermore,

k (x; � )kL 2
�

� C
j � j




 � 
 1= 2


 1= 2






L 2
� +1

Most of the work necessaryfor the proof of Theorem 4.2.2 is associated with estab-
lishing the following proposition.

Prop osition 4.2.4 Suppose that � 2 Cn with � � � = 0; j� j � c > 0 and f 2 L 2
� +1 with

� 1 < � < 0. Then there exists a unique ' 2 L 2
� such that

(4:2:4) (� + 2� � r )' = f

weakly. Moreover,
k' kL 2

�
� C (� ;c)

j � j kf kL 2
� +1

We postpone the proof of this proposition to the end of this section, instead we �rst
show how it may be applied for the

Pro of of Theorem 4.2.2: We seeku of the form

u = ex � � (1 +  )

satisfying
(� + q)f ex � � (1 +  )g = 0

or

(4:2:5) �  + 2� � r  = � q � q 

To solve (4.2.5), we de�ne
 � 1 = 1

and we recursively de�ne  j by

(4:2:6) (� + 2� � r ) j = � q j � 1 for j � 0
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Then, formally,

(4:2:7)  :=
1X

j =0

 j

obeys

�  + 2� � r  =
1X

j =0

(� + 2� � r ) j = �
1X

j =0

q j � 1 = � q � 1 �
1X

j =0

q j = � q � q 

and so is the desired solution. It needsto be proved that the functions  j , j � 0, are
well de�ned, and that the series(4.2.7) convergesappropriately. We may without loss of
generality restrict our attention to � < 1, so that we only consider � for which j� j � 1.
Since q 2 L 2

� +1 and  � 1 = 1 it follows from Proposition 4.2.4 that there exists a unique
 0 2 L 2

� that solves(4.2.6) with j = 0. This  0 satis�es

(4:2:8) k 0kL 2
�

� C (� )
j � j kqkL 2

� +1

If v is an element in L 2
� , then the fact that

�
1 + jxj2

� 1=2
q is in L 1 immediately implies

that qv is in L 2
� +1 with the estimate

(4:2:9) kqvkL 2
� +1

�



 �

1 + jxj2
� 1=2

q





L 1 kvkL 2
�

Using this observation in conjunction with Proposition 4.2.4we concludethat if  j � 1 is in
L 2

� then there exists a unique solution,  j , to (4.2.6) in L 2
� and this solution satis�es

(4:2:10) k j kL 2
�

�
C(� )
j� j

kq j � 1kL 2
� +1

�
�

C(� )k(1 + jxj2)1=2qkL 1

j� j

�
k j � 1kL 2

�

An induction argument based on the estimates (4.2.8) and (4.2.10) now gives that  j ,
j � 0, are all elements of L 2

� and satisfy the estimates

k j kL 2
�

�
C(� )
j� j

� j kqkL 2
� +1

with � =
C(� )k(1 + jxj2)1=2qkL 1

j� j

By selecting � su�cien tly small that � < 1=2, we now obtain that the series (4.2.7) is
convergent, in L 2

� , with the bound

k kL 2
�

� 2C (� )
j � j kqkL 2

� +1

For any ' 2 S(IRn ), (� � 2� � r )' 2 L 2
� � so that

P 1
j =0 h(� � 2� � r )';  j i converges

to h(� � 2� � r )';  i . By (4.2.9), the series
P 1

j =0 q j convergesin L 2
1+ � to q . For any
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' 2 S(IRn ), ' 2 L 2
� 1� � so that

P 1
j =0 h'; q j i convergesto h'; q i . This completes the

proof of the existencepart of Theorem 4.2.2.
To verify the uniquenessof the solution  (and therefore of u), supposethat

�  + 2� � r  = � q � q 

and
� ~ + 2� � r ~ = � q � q~ 

with  and ~ 2 L 2
� . Then

�( ~ �  ) + 2� � r ( ~ �  ) = q( � ~ )

so that, according to Proposition 4.2.4 and (4.2.9)

k ~ �  kL 2
�

�
Ck(1 + jxj2)1=2qkL 1

j� j
k ~ �  kL 2

�
�

1
2

k ~ �  kL 2
�

which can only occur if
k ~ �  kL 2

�
= 0

It is not exactly Theorem 4.2.2we uselater on in our proof of identi�abilit y, rather it
is the following version for a bounded domain.

Corollary 4.2.5 Let 
 be a bounded open subsetof IRn with smooth boundary. There
exist constants � and C such that for every q 2 L 1 (
) and every � 2 Cn satisfying

� � � = 0 and
kqkL 1 + 1

j� j
� �

there exists a solution u 2 H 2(
) to

� u + qu = 0 in 


of the form
u = ex � � �

1 +  (x; � )
�

with
k kL 2 (
) � C

j � j kqkL 2 (
) and k k1;
 � CkqkL 2 (
)
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Pro of: De�ne

~q =
�

q in 

0 in IRn n 


We may apply Theorem 4.2.2 to ~q, say with � = � 1
2 . In this way we obtain the existence

of a solution to � u + ~qu = 0 in IRn (and therefore a solution to � u + qu = 0 in 
) of the
form u = ex � �

�
1 +  (x; � )

�
with

(4:2:11) k kL 2 (
) � c1k kL 2
� (IRn ) � c2

j � j k~qkL 2
� +1 (IRn ) � C

j � j kqkL 2 (
)

Similarly, for any � 2 C1
0 (IRn ), �  2 L 2(IRn ) and obeys

�( �  ) = � �
�
2� � r  + ~q + q 

�
+ 2r � � r  + (� � ) 2 H � 1(IRn )

Hence �  2 H 1(IRn ) and  2 H 1(
). That u 2 H 2(
) follows from Proposition 3.3.11,
since � u = � ~qu 2 L 2(
 0) for all bounded open subsets
 0 � IRn . So it only remains to
prove the estimate concerningthe H 1 norm of  .

From equation (4.2.5), we get that

�  = � 2� � r  � ~q � ~q in IRn

and the interior estimate of Proposition 3.3.11thus gives

(4:2:12) k k1;
 � C
�
k2� � r  + ~q + ~q k� 1;
 0 + k kL 2 (
 0)

�

for 
 �� 
 0. On the other hand, we also have

(4:2:13)
k2� � r  + ~q + ~q k� 1;
 0 � 2nj� jk kL 2 (
 0) + k~qkL 2 (
 0) + k~q kL 2 (
 0)

� 2nj� jk kL 2 (
 0) + kqkL 2 (
) + kqkL 1 (
) k kL 2 (
 0)

and

(4:2:14) k kL 2 (
 0) � C
j � j k~qkL 2 (
 0) = C

j � j kqkL 2 (
)

The estimate(4.2.14) is obtained by replacing 
 by 
 0 in the estimate(4.2.11)(the constant
C changes). A combination of (4.2.12)-(4.2.14)yields

k k1;
 � C
�

kqkL 2 (
) +
kqkL 1 (
) kqkL 2 (
)

j� j
+

kqkL 2 (
)

j� j

�

and sincethe assumption on j� j implies that 1
j � j � 1 and 1

j � j kqkL 1 (
) � 1, we immediately
get

k k1;
 � CkqkL 2 (
)

as desired.
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We now return to the

Pro of of Prop osition 4.2.4: We �rst prove uniqueness.If w 2 S(IRn ) and

� w + 2� � r w = 0

Fourier transformation gives

(4:2:15) (�j kj2 + 2� � ik ) ŵ(k) = 0

As this equation is invariant under rotations, we may assume,without loss of generality,
that the real part of � is in the positive e1 direction and the imaginary part of � is in the
span of e1 and e2 with negative e2 component. By (4.2.1), the real and imaginary parts
of � must be mutually perpendicular and of the samelength, so that

� = se1 � ise2 with s = j � jp
2

in which case(4.2.15) is equivalent to

(4:2:16)
�
�

�
k2

1 + (k2 � s)2 + k2
3 : : : + k2

n � s2�
+ 2isk1

�
ŵ = 0

Let
M (s) =

�
k 2 IRn

�
� k1 = 0; k2

1 + (k2 � s)2 + k2
3 : : : + k2

n = s2 	

denote the codimension 2 spherewhich arisesas the intersection of the plane k1 = 0 and
the n-1 dimensional spherewith center se2 and radius s. The content of (4.2.16) is that ŵ
is supported on M (s) and so must vanish.

Now let w 2 L 2
� be any weak solution to � w + 2� � r w = 0. To show that w = 0,

it su�ces to show that hw; ' i = 0 for all ' 2 S(IRn ). To do so, we approximate w by
w" 2 L 2(IRn ). Let

� 2 C1 ([0; 1 )) with supp� � [0; 1) and
Z

IRn
� (jkj2) dn k

(2 � )n = 1

and
� (x) =

Z

IRn
eik �x � (jkj2) dn k

(2 � )n

Then
w" (x) = � ("x )w(x) 2 L 2(IRn )

As ' 2 S(IRn ), ' " (x) = � ("x )' (x) 2 S(IRn ) and

lim
" & 0

�
1 + jxj2

� � � =2
' " (x) =

�
1 + jxj2

� � � =2
' (x) in L 2(IRn )
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by the Lebesguedominated convergencetheorem. Consequently

hw; ' i = lim
" & 0

hw; ' " i = lim
" & 0

hw" ; ' i = lim
" & 0

Z

IRn
ŵ" (k)'̂ (k) dn k

(2 � )n

Observe that
�

1
" n �̂

�
k
"

�� _
(x) = � ("x ). By Problem 4.2.1, below,

suppŵ" � N "
�
M (s)

�
=

�
k

�
� dist (k; M (s)) � "

	

so that

j hw; ' i j � lim sup
" & 0

"
� Z

N "

jŵ" (k)j2 dn k
(2 � )n

� 1=2�
1
" 2

Z

N �

j '̂ (k)j2 dn k
(2 � )n

� 1=2

As '̂ is smooth and 1
" 2 (volume of N � ) convergesto a constant times the surface area of

M (s),

(4:2:17) j hw; ' i j � C
�

lim sup
" & 0

"kŵ" kL 2

� � Z

M (s)
j '̂ (k)j2dn � 2� (k)

� 1=2

Moreover,

1
(2 � )n kŵ� k2

L 2 = kw� k2
L 2 =

Z

IRn
j� ("x )j2 jw(x)j2 dn x � kwk2

L 2
�

sup
x

� ("x )2�
1 + jxj2

� � �

As � 2 S(IRn ) and � < 0

kŵ� k2
L 2 � C kwk2

L 2
�

sup
x

�
1 + "2jxj2

� � �
1 + jxj2

� � �
= C kwk2

L 2
�

sup
x

h
1+ jx j 2

1+ " 2 j x j 2

i j � j

� C "2� kwk2
L 2

�

Returning to (4.2.17)

j hw; ' i j � C lim sup
� & 0

(" � " � ) kwkL 2
�

� Z

M (s)
j '̂ (k)j2dn � 1� (k)

� 1=2

Since� > � 1, it therefore follows that

hw; ' i = 0

for every ' 2 S, so that w = 0.
We turn to proving existenceof a solution to (4.2.4). Supposefor now that f 2 S(IRn )

and de�ne
ŵ(k) =

^f (k )
�j k j 2 +2 i� �k
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We shall prove that w is well de�ned and satis�es the estimate

kwkL 2
�

� C
j � j kf kL 2

� +1

Once this estimate is establishedwe can dispensewith the assumption that f 2 S(IRn ) by
continuit y. As we did in the uniquenessproof, we may assumethat

� = s(e1 � ie2) with s = j � jp
2

and therefore

�j kj2 + 2i� � k = �
�
k2

1 + (k2 � s)2 + k2
3 : : : + k2

n � s2�
+ 2isk1 = P(k; s)

Sincethe polynomial P(k; s) is homogeneousof degreetwo,

P(k; s) = s2P(k=s;1)

As beforewe denote

N r
�
M (s)

�
=

�
k 2 IRn

�
� dist (k; M (s)) � r

	

Every point p 2 M (s) obeysp1 = 0 and jp� se2j = s. Hencefor all k 2 IRn and p 2 M (s)
we have that jk � pj � jk1j and jk � pj �

�
� jk � se2j � jp � se2j

�
� =

�
� jk � se2j � s

�
� which

implies that dist (k; M (s)) � jk1j and dist (k; M (s)) �
�
� jk � se2j � s

�
�. As a result, if

k 2 Ns=2n
�
M (s)

�
, then jk1j � s

2n and jk � se2j � s � s
2n so that at least one component

of k � se2 must be at least 1p
n

�
s � s

2n

�
> s

2n . Consequently ,

O1(s) = IRn n Ns=2n
�
M (s)

�

O2(s) =
�

jk2 � sj > s
2n

	
\ Ns

�
M (s)

��

Oj (s) =
�

jkj j > s
2n

	
\ Ns

�
M (s)

� �
for j > 2

is an open cover of IRn . The singularity of f̂ ( k )
P (k ;s) on M (s) has beenexcludedfrom O1(s).

The remaining setsO2(s); � � � ; On (s) cover Ns=2n
�
M (s)

�
� Ns

�
M (s)

� �
with the j th com-

ponent of jk � se2j being relatively large on Oj . It is useful to note that M (s) = sM (1)
and that Oj (s) = sOj (1). Let � j (k) be a partition of unit y subordinate to this open cover,
so that

ŵ(k) =
nX

j =1

� j (k)f̂ (k)
P(k; s)

=
nX

j =1

ŵj (k)

SinceO1(1) is bounded away from M (1) and sinceP(k; 1) ! 1 as jkj ! 1 there exists
a constant c such that

jP(k; 1)j � c > 0 8k 2 O1(1)
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For k 2 O1(s) this leadsto the estimate

jP(k; s)j = s2jP(k=s;1)j � cs2

so that

(4:2:18) kw1kL 2
�

� kw1kL 2 � 1
cs2 kf kL 2 � 1

cs2 kf kL 2
� +1

Here we have used the assumptions that � < 0 and � + 1 > 0. Since our hypothesis
guarantees that j� j =

p
2s is greater than somec > 0, (4.2.18) gives the desired estimate

for w1.
To estimate each wj , with j = 2; � � � ; n, we �rst intro duce new coordinates in Oj (s)

by

(4:2:19)

� 1 = 2k1

� ` = k` for ` 6= 1; j

� j = k 2
1 +( k2 � s)2 + k 2

3 + ��� + k 2
n � s2

s

In terms of thesenew coordinates

ŵj (� ) = � j (k ) ^f (k )
s( � � j + i� 1 )

Since

@� `
@km

=

8
>>>><

>>>>:

2 if ` = m = 1
1 if ` = m, ` 6= 1; j
0 if ` 6= m, ` 6= j
2km

s if ` = j , m 6= 2
2(k2 � s)

s if ` = j , m = 2

the Jacobian of this coordinate transformation on Oj (s) is

�
�det

� @�
@k

� �� =

(
4jk j j

s if j 6= 2
4jk2 � sj

s if j = 2

which is bounded above by 8 and below by 2
n on Oj (s), j = 2; :::; n for all s. At this point

we shall make useof the following three results, the proofs of which will be given later.

Lemma 4.2.6 For each j = 2; � � � ; n, the map Z j de�ned by

(Z j f )(x) =
� f̂

� k j + ik 1

�_
(x) f 2 S(IRn )

hasa unique continuous extensionto a bounded linear operator from L 2
� +1 to L 2

� . For each
f 2 L 2

� +1 , Z j f is a weak solution to (@x 1 + i@x j )w = f . That is,

�

� @x 1 + i@x j

�
'; Z j f

�
= h'; f i

for all ' 2 S(IRn ) and f 2 L 2
� +1 .
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Lemma 4.2.7 For any � 2 C1
0 (IRn ) and any f 2 S(IRn )




 �

� (k)f̂ (k)
�_ 




L 2

� +1
� Ckf kL 2

� +1

where the constant C dependson � , but is independent of f .

Lemma 4.2.8 Let O and O0 be open subsetsof IRn and C be a compact subsetof O0. Let
f̂ 2 C1

0 (C) and let 	 be a smooth di�e omorphism from O to O0. Then,




 �

f̂ � 	 � 1�_ 




L 2
�

� Ckf kL 2
�




 �

f̂ � 	
�_ 




L 2

� +1
� Ckf kL 2

� +1

The constant C dependson 	 and C, but is independent of f .

The proof of Proposition 4.2.4 now proceedsas follows. If 	( � ) is the inversemap of
the changeof coordinates (4.2.19), then

ŵj (k) = � j (k ) f̂ (k )
P (k ;s) = 1

s
( � j ^f ) � 	
� � j + i� 1

� 	 � 1(k)

Set
gj (x) =

� �
� j f̂

�
� 	

�_
(x) hj =

�
� j f̂

� _
(x)

In this notation
ŵj = 1

s
dZ j gj � 	 � 1

Using, in order, Lemma 4.2.8, Lemma 4.2.6, Lemma 4.2.8 and Lemma 4.2.7, we obtain
that

kwj kL 2
�

� c1
s kZ j gj kL 2

�
� c2

s kgj kL 2
� +1

� c3
s khj kL 2

� +1
� c4

s kf j kL 2
� +1

Recalling that s = j � jp
2

and invoking the formula w =
P n

j =1 wj completes the proof of
Proposition 4.2.4.

Problem 4.2.1 Let w 2 L 2
� be any weak solution to � w + 2� � r w = 0. Let

� 2 C1 ([0; 1 )) with supp� � [0; 1) and
Z

IRn
� (jkj2) dn k

(2 � )n = 1

and
w" (x) = � ("x )w(x) where � (x) =

Z

IRn
eik �x � (jkj2) dn k

(2 � )n

(a) Prove that if the Fourier transform of ' 2 S(IRn ) vanishes in N "
�
M (s)

�
=

�
k

�
� dist (k; M (s)) � "

	
, then there is a  2 S(IRn ) such that

� ("x )' (x) = �  � 2�� � r  
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(b) Prove that ŵ" (k) is supported in N "
�
M (s)

�
.

It still remains to prove the three auxiliary Lemmas 4.2.6{4.2.8. If we note that jjjf jjjs;n =
1

(2 � )n= 2 kf̂ kL 2
s (IRn ) , then Lemmas 4.2.7 and 4.2.8 merely state the well{known facts that

multiplication by smooth, compactly supported functions and composition with smooth
di�eomorphisms are bounded operators on H s(IRn ). The former is Lemma 2.3.5. The
latter is

Problem 4.2.2 Let s 2 IR. Let O and O0 be open subsetsof IRn and C be a compact
subset of O0. Let 	 be a smooth di�eomorphism from O to O0. Prove that there is a
constant C, depending only on 	, s, O and C, such that

jjju � 	 � 1jjjs;n � Cjjjujjjs;n

for all u 2 C1
0 (C).

It thus only remains to give the

Pro of of Lemma 4.2.6: To prove Lemma 4.2.6, it clearly su�ces to consider a single
value of the index j , like j = 2. We furthermore claim that it su�ces to prove the estimate
kZ2f kL 2

�
� Ckf kL 2

� +1
in IR2. To seethis we note that

kuk2
L 2

� (IRn ) =
Z

IRn
(1 + jxj2)

�
ju(x)j2 dn x

�
Z

IRn
(1 + x2

1 + x2
2)

�
ju(x)j2 dn x

since� < 0. Therefore

(4:2:20) kZ2f k2
L 2

� (IRn ) �
Z

dx3 � � � dxn kZ2f ( � ; � ; x3; � � � ; xn )k2
L 2

� (IR2 )

Here we use the fact that (Z2f )(x1; x2; : : : xn ) = [Z2f (�; ~x)](x1; x2), i.e., we use that ~x =
(x3; � � � ; xn ) may be treated as parametersuntouched by Z2. At the sametime

kf k2
L 2

1+ � (IRn ) =
Z

IRn
(1 + jxj2)1+ � jf (x)j2 dn x

�
Z

IRn
(1 + x2

1 + x2
2)1+ � jf (x)j2 dn x

since1 + � > 0. Therefore

(4:2:21) kf k2
L 2

� +1 (IRn ) �
Z

dx3 : : : dxn kf ( � ; � ; x3; � � � ; xn )k2
L 2

� (IR2 )
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The estimates(4.2.20) and (4.2.21) immediately imply that it su�ces to prove the estimate
kZ2f kL 2

�
� Ckf kL 2

� +1
in two dimensions. This latter estimate is a consequenceof the

following lemma with p = 2.
We now prove


�
� @x 1 + i@x j

�
'; Z j f

�
= h'; f i

for all ' 2 S(IRn ) and f 2 L 2
� +1 , assumingthe boundednessof the map Z j : L 2

� +1 ! L 2
� .

For any ' 2 S(IRn ), we have
�

� @x 1 + i@x j

�
' 2 L 2

� � and ' 2 L 2
� � � 1. So, by continuit y, it

su�ces to consider f 2 S(IRn ). For '; f 2 S(IRn )

h'; f i = 1
(2 � )n



'̂ (k); f̂ (k)

�
= 1

(2 � )n

D
(� kj � ik 1)'̂ (k);

^f (k )
� k j + ik 1

E

= 1
(2 � )n

D�
(� @x 1 + i@x j )'

�b(k);
^f (k )

� k j + ik 1

E

=


(� @x 1 + i@x j )'; Z j f

�

The formula 1
(2 � )n



 ̂ (k); ĝ(k)

�
= h ; gi is usually �rst proven for  ; g 2 S(IRn ). But, by

the Lebesguedominated convergencetheorem, it extends to ĝ 2 L 1(IRn ), since S(IRn ) is
densein L 1(IRn ) and ĝ 2 L 1(IRn ) implies g 2 L 1 (IRn ).

Lemma 4.2.9 De�ne Z by

(Z f )(u1; u2) :=
Z

IR2

1
� (u2 � v2 )+ i (u 1 � v1 ) f (v1; v2) d2v for f 2 S(IR2)

(a) Then Z f is bounded from L p
� +1 (IR2) to L p

� (IR2) provided p > 1 and � 2
p < � < 1 � 2

p .
The space L p

� consists of the functions

�
u

�
� (1 + jxj2) � =2u 2 L p(IRn )

	

equipped with the norm kukL p
�

= k(1 + jxj2) � =2ukL p (IRn ) .
(b) Furthermore

(Z f )(u1; u2) = � 2� i
� f̂

� k2 + ik 1

�_
(u1; u2) for all f 2 S(IR2)

Pro of: (a) Since the spacesL q(IRn ) and L p(IRn ) are dual, provided 1
p + 1

q = 1 and
1 < p < 1 , the sameis true for L q

� � and L p
� . As a result, it su�ces to verify the estimate

j hZ f ; gi j � Ckf kL p
� +1

kgkL q
� �

for all g 2 L q
� � . We have

j hZ f ; gi j =

�
�
�
�

Z

IR2

Z

IR2

g(u)f (v )
� (u2 � v2 )+ i (u 1 � v1 ) dudv

�
�
�
�

�
Z

IR2

Z

IR2

�
j g(u) j (1+ ju j 2 ) � = 2 (1+ jv j 2 ) � �= 2

�
�
�

j f (v ) j (1+ ju j 2 ) � � = 2 (1+ jv j 2 ) �= 2
�

j u � v j 1=p � j u � v j 1=q dudv
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where � > 0 and � > 0 will be chosenlater. Employing H•older's inequality,

j hZ f ; gi j �
� Z

IR2

n Z

IR2

(1+ ju j 2 ) � p� = 2 (1+ jv j 2 )p ( � � � � 1) = 2

j u � v j du
o

(1 + jvj2)
p( � +1) =2

jf (v)jpdv
� 1=p

�
� Z

IR2

n Z

IR2

(1+ ju j 2 )q ( � + � ) = 2 (1+ jv j 2 ) � q �= 2

j u � v j dv
o

(1 + juj2)
� q� =2

jg(u)jqdu
� 1=q

� Ckf kL p
� +1

� kgkL q
� �

provided the constant

C =
�

sup
v

Z

IR2

(1+ ju j 2 ) � p� = 2 (1+ jv j 2 )p ( � � � � 1) = 2

j u � v j du
� 1=p

�
�

sup
u

Z

IR2

(1+ ju j 2 )q ( � + � ) = 2 (1+ jv j 2 ) � q �= 2

j u � v j dv
� 1=q

is �nite.
Since1 + jxj2 � (1 + jxj)2 � 2(1 + jxj2) it su�ces to check that

sup
v

Z

IR2

(1+ ju j ) � p� (1+ jv j )p ( � � � � 1)

j u � v j du and sup
u

Z

IR2

(1+ ju j )q ( � + � ) (1+ jv j ) � q �

j u � v j dv

are �nite, for appropriate choicesof � , � , p, q and � , which we now do. We imposethe
constraint that � = � � � � 1

q , which implies that

p(� � � � 1) = p
�
� + 1

q � 1
�

= p
�
� � 1

p

�
= p� � 1

q(� + � ) = q
�
� � 1

q

�
= q� � 1

For each �xed v with jvj � 1, let R be a rotation chosenso that v = jvjRe1. Making the
changeof variables u = jvjRw, we seethat the integral

Z

IR2

(1+ ju j ) � p� (1+ jv j )p ( � � � � 1)

j u � v j d2u = (1 + jvj)p( � � � � 1) jvj
Z

IR2

(1+ jv jj w j ) � p�

jw � e1 j dw

� (1 + jvj)p( � � � � 1) jvj
Z

IR2

( j v jj w j ) � p�

jw � e1 j dw

= (1 + jvj)p� � 1jvj1� p�
Z

IR2

1
jw � e1 j jw j p� d2w

convergesand is boundeduniformly for jvj � 1 if 1 < p� < 2. For each �xed v with jvj < 1,
we make the changeof variables u = w + v and usethe bound 1 + jw + vj � c(1 + jwj) to
seethat the integral

Z

IR2

(1+ ju j ) � p� (1+ jv j )p ( � � � � 1)

j u � v j du = (1 + jvj)p( � � � � 1)
Z

IR2

(1+ jw+ v j ) � p�

jw j dw

� c� p� (1 + jvj)p( � � � � 1)
Z

IR2

1
jw j (1+ jw j )p� dw
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again convergesand is bounded uniformly for jvj � 1 if p� > 1. Similarly, for each �xed u
with juj � 1, let R be a rotation chosensothat u = jujRe1. Making the changeof variables
v = jujRw, we seethat the integral

Z

IR2

(1+ ju j )q ( � + � ) (1+ jv j ) � q �

j u � v j d2v = (1 + juj)q( � + � ) juj
Z

IR2

(1+ ju jj w j ) � q �

jw � e1 j dw

� (1 + juj)q( � + � ) juj
Z

IR2

( ju jj w j ) � q �

jw � e1 j dw

= (1 + juj)q� � 1juj1� q�
Z

IR2

1
jw � e1 j jw j q � dw

convergesand is boundeduniformly for juj � 1 if 1 < q� < 2. For each �xed u with juj < 1,
we make the changeof variables v = w + u and usethe bound 1 + jw + uj � c(1 + jwj) to
seethat the integral

Z

IR2

(1+ ju j )q ( � + � ) (1+ jv j ) � q �

j u � v j dv = (1 + juj)q( � + � )
Z

IR2

(1+ jw+ uj ) � q �

jw j dw

� c� q� (1 + juj)q( � + � )
Z

IR2

1
jw j (1+ jw j )q � dw

again convergesand is bounded uniformly for juj � 1 if q� > 1.
Thus, in order to guarantee that C is �nite, it su�ces to require that

(4:2:22) 1
p < � < 2

p and 1
q < � < 2

q

with

(4:2:23) � = � � � � 1
q

As � and � run over the region (4.2.22), � � runs over � 2
p < � � < � 1

p and � � � � 1
q runs

over
� 2

p = 1
q � 2

p � 1
q < � � � � 1

q < 2
q � 1

p � 1
q = 1 � 2

p

Thus, if p > 1 and � satis�es
� 2

p < � < 1 � 2
p

then it is always possible to select � and � such that (4.2.22) and (4.2.23) are satis�ed.
This completesthe proof of Lemma 4.2.9 and consequently the proof of Lemma 4.2.6.

(b) For f 2 S(IRn ), both

(4:2:24)
Z

IR2

1
� (u2 � v2 )+ i (u 1 � v1 ) f (v1; v2) d2v and � 2� i

� f̂
� k2 + ik 1

�_
(u1; u2)

are bounded continuous functions. To show that they are equal, it su�ces to show that
they have the sameinner products with all g 2 S(IRn ). This follows from Problem 4.2.3,
below.
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Problem 4.2.3

(a) Prove that

Z

j x j� R

e� ik � x

� x 2 + ix 1
d2x = 2i

� k2 + ik 1

Z �

0
d�

�
e� i j k jR cos � � 1

�

(b) Prove that

�
�
�
�

Z

j x j� R

e� ik � x

� x 2 + ix 1
d2x

�
�
�
� � 4�

j� k2 + ik 1 j and lim
R!1

Z

j x j� R

e� ik � x

� x 2 + ix 1
d2x = � 2� i

� k2 + ik 1

for all k 6= 0.

x4.3. Global Iden ti�cation of Isotropic Conductivities, n � 3

In the �rst part of this section,weusethe special solutions constructed in x4.2 together
with the boundary identi�abilit y result of x4.1 to prove a global identi�abilit y result for
dimension n � 3. This result is originally due to Sylvester and Uhlmann ([S-U I I]). The
casen = 2 will be consideredin x4.4. In the secondpart of this section, we extend the
main ideasof the proof of the identi�abilit y result in order to establisha result concerning
the stable dependenceof the conductivit y on the boundary measurements. The main
identi�abilit y result is

Theorem 4.3.1 Let 
 be a bounded domain in IRn (n � 3) with smooth boundary and
supposethat 
 1 and 
 2 are isotropic conductivities in 
 obeying Hypothesis4.1. If the two
conductivities have the sameDirichlet{ to Neumann{data map, i.e., if

� 
 1 = � 
 2

then


 1 = 
 2

We will obtain Theorem 4.3.1asa corollary of the analogoustheorem for Schr•odinger
operators (Theorem 4.3.4below). Sincethe Dirichlet problem for the Schr•odinger equation
neednot always have a (unique) solution, the Dirichlet{ to Neumann{data map may not
exist. SeeExample 3.5.3. It is quite natural to use the Cauchy data, de�ned below, in
place of the map.
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De�nition 4.3.2 (Cauc hy Data) The Cauchy data associated to the potential q 2
L 1 (IRn ) is

Cq =
n

(f ; g) 2 H 1=2(@
) � H � 1=2(@
)
�
�
� � v + qv = 0 in 
 ; vj@
 = f ; @v

@� j@
 = g

for somev 2 H 1(
)
o

Remark 4.3.3 If v 2 H 2(
), the restriction of v to @
, heredenotedv
�
�
@
 , is in H 3=2(@
)

by Theorem 2.2.2. Also by Theorem 2.2.2 (and Problem 2.3.5) @v
@�

�
�
@
 2 H 1=2(@
), since

r v 2 H 1(
). If, in addition, (� + q)v = 0 then, by part (c) of Problem 3.4.1(thedivergence
theorem)

(4:3:1)
Z

@

h(x) @v

@� (x) d� (x) =
Z




�
r wh (x) � r v(x) � q(x)wh (x)v(x)

�
dn x

for all h 2 H 1=2(@
) and wh 2 H 1(
) obeying wh
�
�
@
 = h. Seealso part (c) of Theorem

3.5.8.
But if v 2 H 1(
) is not also in H 2(
), the condition @v

@�

�
�
@
 2 H � 1=2(@
) in De�nition

4.3.2 requires someadditional explanation, since r v 2 L 2(
) and, in general, it doesnot
make senseto restrict an element of L 2(
) to @
. Fortunately, if v obeys (� + q)v = 0,
Problem 3.5.8 givesthat the map
(4:3:2)

h 2 H 1=2(@
) 7!
Z




�
r wh (x) �r v(x) � q(x)wh (x)v(x)

�
dn x with wh 2 H 1(
) ; wh

�
�
@
 = h

is a well{de�ned (i.e. the right hand side is independent of the choice of wh 2 H 1(
)
obeyingwh

�
�
@
 = h), boundedlinear functional on H 1=2(
). By Problem 2.1.24,H 1=2(@
) �

is isomorphic to H � 1=2(@
). When v 2 H 1(
) obeys (� + q)v = 0, we de�ne @v
@�

�
�
@
 to be

the element of H � 1=2(@
) corresponding to the linear functional (4.3.2). For notational
convenience,we now rede�ne H � 1=2(@
) to be H 1=2(@
) � and write

R
@
 h(x)H (x) d� (x)

for the value assignedby H 2 H � 1=2(@
) = H 1=2(@
) � to h 2 H 1=2(@
). With this
notation and the de�nition (4.3.2) of @v

@�

�
�
@
 , (4.3.1) applies to all v 2 H 1(
) obeying

(� + q)v = 0.

Theorem 4.3.4 Let 
 be a bounded domain in IRn (n � 3) with smooth boundary and
supposethat q1 and q2 are L 1 (
) potentials such that

Cq1 = Cq2

Then
q1 = q2

Before giving the proof of Theorem 4.3.4,we show that Theorem 4.3.1 is its corollary.
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Pro of of Theorem 4.3.1: According to Theorem 4.1.2, 
 1 and 
 2 as well as @
 1
@� and

@
 2
@� agreeon @
. Part (b) of Theorem 3.5.9 now guaranteesthat

Cq1 = Cq2

where q1 and q2 are de�ned by

qj = �
� 
 1= 2

j


 1= 2
j

Thus Theorem 4.3.4 implies that q1 = q2. Consequently , the function

v = log
� 
 1


 2

�
= 2

�
log 


1
2
1 � log 


1
2
2

�

satis�es
r �

�
(
 1
 2)

1
2 r v

�
= 2r �

�



1
2
2 r 


1
2
1 � 


1
2
1 r 


1
2
2

�

= 2(
 1
 2)
1
2 (q2 � q1) = 0

v
�
�
@
 = 0

and hence
v � 0 in 


i.e., 
 1 = 
 2 in 
.

We now turn to the proof of Theorem 4.3.4.

Pro of of Theorem 4.3.4: Let uj 2 H 1(
), j = 1; 2 be any pair of solutions to

� uj + qj uj = 0 in 


By (4.3.1), twice,
Z

@

u2

@u1
@� d� =

Z




�
r u2 � r u1 � q1u1u2

�
dn x

Z

@

u1

@u2
@� d� =

Z




�
r u1 � r u2 � q2u1u2

�
dn x

Subtracting gives

(4:3:3)
Z



(q1 � q2)u1u2 dn x = �

Z

@


�
u2

@u1
@� � u1

@u2
@�

�
d�

By assumption Cq1 = Cq2 . So there exists a function v 2 H 1(
) obeying

� v + q1v = 0 in 
 ; v = u2 and @v
@� = @u2

@� on @
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Setting q2 = q1 and u2 = v in (4.3.3) now gives

(4:3:4) 0 =
Z



(q1 � q1)u1v dn x = �

Z

@


�
u2

@u1
@� � u1

@u2
@�

�
d�

A combination of (4.3.3) and (4.3.4) immediately yields that

(4:3:5)
Z



(q1 � q2)u1u2 dn x = 0

for any pair of solutions to � uj + qj uj = 0 in H 1(
).
At this point we shall choose u1 and u2 to be the type of solutions constructed in

Corollary 4.2.5. Given any k 2 IRn , we choose

� 1 = l + i
�

k
2 + m

�

� 2 = � l + i
�

k
2 � m

�

and require l and m to satisfy

(4:3:6) l � k = l � m = k � m = 0 jmj2 = jl j2 � j k j 2

4 > 0 jl j > 1
� max

j =1 ;2




 (1 + jxj2)

1
2 qj






L 1

The constant � is the same as that appearing in Corollary 4.2.5. By (4.2.1), � 1 � � 1 =
� 2 � � 2 = 0. It also follows immediately that the � j satisfy

k(1 + jxj2)
1
2 qj kL 1

j� j j
< �

We alsohave that j� j j ! 1 asjl j ! 1 . It is clear that the orthogonality relations required
of l and m can be satis�ed if and only if the dimension, n is three or higher. The solutions
corresponding to the vectors � j constructed in Corollary 4.2.5 have the form

uj = ex � � j
�
1 +  j (x; � j )

�

where  j satis�es

(4:3:7) k j kL 2 (
) � C
j � j j kqj kL 2 (
) and k j k1;
 � Ckqj kL 2 (
)

The identit y (4.3.5) therefore becomes

0 =
Z



(q1 � q2)ex �( � 1 + � 2 ) � 1 +  1(x; � 1)

��
1 +  2(x; � 2)

�
dn x

=
Z



(q1 � q2)eix �k �

1 +  1(x; � 1)
� �

1 +  2(x; � 2)
�

dn x

40



which leadsto
Z



eix �k (q1 � q2) dn x = �

Z



eix �k (q1 � q2)(  1 +  2 +  1 2) dn x

and hence,via Cauchy{Schwarz and (4.3.7), to
�
�
�
�

Z



eix �k (q1 � q2) dn x

�
�
�
� � kq1 � q2kL 2 (
)

�
k 1kL 2 (
) + k 2kL 2 (
)

�

+ kq1 � q2kL 1 (
) k 1kL 2 (
) k 2kL 2 (
)

� C
�
1 + kq1 � q2kL 1 (
)

��
kq1kL 2 (
) + kq2kL 2 (
)

� 2�
1

j � 1 j + 1
j � 2 j

�

The right hand side depends on l and m while the left hand side does not. Taking the
limit jl j; jmj ! 1 gives

(4:3:8)
Z



eix �k (q1 � q2) dn x = 0

Let ~qi denote the function on all of IRn obtained by extending qi to zero outside 
. As k
is arbitrary , and since the functions ~qi vanish outside 
, (4.3.8) implies that the Fourier
transform of (~q1 � ~q2) vanishesidentically . Therefore ~q1 equals ~q2. As a consequenceq1

equalsq2 in 
 and we are done.

A somewhat more carefully crafted version of the uniquenessproof can be used to
prove the stable dependenceof 
 on � 
 . By stabilit y, or stable dependence,as opposed
to continuous dependence,we mean that, under the hypothesis of an �a priori bound for

 1 and 
 2 (or q1 and q2) in a high norm, we can estimate the di�erence, 
 1 � 
 2 (or
q1 � q2), in a lower norm in terms of the di�erence of the Dirichlet{ to Neumann{data
maps (or the Cauchy data). The stable dependenceresults presented here are, except
for minor modi�cations, due to Allessandrini ([Al2]). To measurethe distance between
the Dirichlet{ to Neumann{data maps we use the operator norm for bounded operators
betweenH 1=2 and H � 1=2. To measurethe distancebetweenthe spacesof Cauchy data we
use

dist (Cq1 ; Cq2 ) = max

(

sup
( f ;g)2Cq1

inf
( ~f ;~g)2Cq2

k(f ; g) � ( ~f ; ~g)kH 1= 2 � H � 1= 2

k(f ; g)kH 1= 2 � H � 1= 2

;

sup
( f ;g)2Cq2

inf
( ~f ;~g)2Cq1

k(f ; g) � ( ~f ; ~g)kH 1= 2 � H � 1= 2

k(f ; g)kH 1= 2 � H � 1= 2

)

The norm on the spaceH 1=2(
) � H � 1=2(
) is de�ned by the expression

k(f ; g)kH 1= 2 � H � 1= 2 =
�
kf k2

1
2 ;
 + kgk2

� 1
2 ;


� 1=2
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It is not di�cult to seethat if the spacesCqj are both graphs of corresponding Dirichlet{
to Neumann{data maps � qj , then one has the estimates

(4:3:9)
k� q1 � � q2 k 1

2 ;� 1
2q

1 + k� q1 k2
1
2 ;� 1

2

q
1 + k� q2 k2

1
2 ;� 1

2

� dist (Cq1 ; Cq2 ) � k� q1 � � q2 k 1
2 ;� 1

2

Problem 4.3.1 Prove (4.3.9).

We �rst show

Prop osition 4.3.5 Suppose that n
2 < s 2 IN, n � 3 and

(4:3:10) kqj ks; 
 � M

then there exists C = C(M ) and 0 < � = � (n) < 1 such that

(4:3:11) kq1 � q2k� 1;
 � C
� �

� log
�

dist (Cq1 ; Cq2 )
	 �

� � �
+ dist (Cq1 ; Cq2 )

�

Pro of: Our point of departure is the identit y (4.3.3), which states that
Z



(q1 � q2)u1u2 dn x = �

Z

@


�
u2

@u1
@� � u1

@u2
@�

�
d�

for all u1; u2 2 H 1(
) obeying (� + q1)u1 = 0 and (� + q2)u2 = 0. If (f ; g) is an arbitrary
element of Cq1 then there exists a function v 2 H 1(
) obeying

� v + q1v = 0 in 


v = f and @v
@� = g on @


so that

0 =
Z



(q1 � q1)u1v dn x = �

Z

@


�
v @u1

@� � u1
@v
@�

�
d�

= �
Z

@


�
f @u1

@� � u1g
�

d�

and Z



(q1 � q2)u1u2 dn x = �

Z

@


h
@u1
@� (u2 � f ) �

� @u2
@� � g

�
u1

i
dn x

We continue with
�
�
�
�

Z



(q1 � q2)u1u2 dn x

�
�
�
� �




 @u1

@�






� 1
2 ;@
 ku2 � f k 1

2 ;@
 + ku1k 1
2 ;@





 @u2

@� � g





� 1
2 ;@


�



 �

u1; @u1
@�

� 




H
1
2 � H � 1

2




 �

u2 � f ; @u2
@� � g

� 




H
1
2 � H � 1

2

42



As this is true for all (f ; g) 2 Cq1 ,
(4:3:12)�

�
�
�

Z



(q1 � q2)u1u2 dn x

�
�
�
� �




 �

u1; @u1
@�

� 




H
1
2 � H � 1

2
inf

( f ;g)2Cq1




 �

u2 � f ; @u2
@� � g

� 




H
1
2 � H � 1

2

�



 �

u1; @u1
@�

� 




H
1
2 � H � 1

2
� dist (Cq1 ; Cq2 ) �




 �

u2; @u2
@�

� 




H
1
2 � H � 1

2

Weremark in passingthat, if Cq1 and Cq2 areactually the graphsof Dirichlet{ to Neumann{
data maps � q1 and � q2 , then (4.3.12) implies

�
�
�
�

Z



(q1 � q2)u1u2 dn x

�
�
�
�

� ku1k 1
2 ;@
 �

�
1 + k� q1 k2

1
2 ;� 1

2

� 1
2

� k� q1 � � q2 k 1
2 ;� 1

2
� ku2k 1

2 ;@


�
1 + k� q2 k2

1
2 ;� 1

2

� 1
2

Our next step is to chooseu1 and u2 to be the solutions produced in Corollary 4.2.5. That
is

(4:3:13) uj = ex � � j
�
1 +  j (x; � j )

�

with
� 1 = l + i

�
k
2 + m

�

� 2 = � l + i
�

k
2 � m

�

wherek is arbitrary and l and m satisfy the requirements (4.3.6). The functions  j satisfy
the estimates(4.3.7). Sinceuj 2 H 1(
) are solutions to � uj + qj uj = 0 (with qj bounded
in L 1 ) it follows, by Remark 4.3.3 and Problem 3.5.8, that




 @u j

@�






� 1
2 ;@
 � Ckuj k1;


Using Theorem 2.2.2.ii, Lemma 2.1.16.aand (4.3.7) we now get




 �

u1; @u1
@�

� 




H
1
2 � H � 1

2
� Cku1k1;
 � Ckex � � 1 kC 1 (
) k1 +  1k1;
 � Cj� 1jej � 1 jD

where D denotes the constant D = supx 2 
 jxj and we have increasedthe value of the
constant C a few times. Thus, for any �xed D � > D

(4:3:14)



 �

u1; @u1
@�

� 




H
1
2 � H � 1

2
� CeD � j � 1 j

and similarly

(4:3:15)



 �

u2; @u2
@�

� 




H
1
2 � H � 1

2
� CeD � j � 2 j
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Let r denote the parameter r =
� j k j 2

4 + jmj2 + jl j2
� 1

2 � jkj. In terms of r we have that
j� 1j = j� 2j = jkj + r . The parameter r must be su�cien tly large, i.e.,

r � C � 1

but is otherwise free. A combination of (4.3.12){(4.3.15) now yields
�
�
�
�

Z



(q1� q2)eix �k dn x

�
�
�
�

� Ce2D � ( j k j+ r ) dist (Cq1 ; Cq2 ) +
Z




�
�q1 � q2

�
�

�
�  1 +  2 +  1 2

�
� dn x

� Ce2D � ( j k j+ r ) dist (Cq1 ; Cq2 ) + kq1 � q2kL 2 (
)
�
k 1kL 2 (
) + k 2kL 2 (
)

�

+ kq1 � q2kL 1 (
) k 1kL 2 (
) k 2kL 2 (
)

or, by useof (4.3.7), (4.3.10) and the Sobolev imbedding result, Problem 2.2.10,

�
�(~q1 � ~q2)b(k)

�
� � C

�
e2D � ( j k j+ r ) dist (Cq1 ; Cq2 ) + (M + 1)3 1

jk j+ r

�

where, as before, ~qj denotesthe extension of qj by zero outside 
. We therefore have

(4:3:16)

jjj ~q1 � ~q2jjj2� 1;n

=
Z

IRn

�
�(~q1 � ~q2)b(k)

�
�2

(1 + jkj2)
� 1

dn k

�
Z

j k j<�
j(~q1 � ~q2)b(k)j2(1 + jkj2)

� 1
dn k +

Z

j k j>�

�
�(~q1 � ~q2)b(k)

�
�2

(1 + � 2)
� 1

dn k

� C� n
�

e4D � ( � + r ) dist (Cq1 ; Cq2 )2 + 1
r 2

�
+ 1

1+ � 2 k~q1 � ~q2k2
L 2 (
)

� C� n e4D � ( � + r ) dist (Cq1 ; Cq2 )2 + C � n

r 2 + C
� 2

In order to make the last two terms in the �nal expressionof (4.3.16) small and of the
samemagnitude ( 1

� 2 ), we choose

r = �
n +2

2 ; for � � 1

With this choice we also have r > � . For the �rst term in the last line of (4.3.16) we get

(4:3:17) � n e4D � ( � + r ) dist (Cq1 ; Cq2 )2 � CeK r dist (Cq1 ; Cq2 )2

uniformly in � , for any �xed constant K > 8D � . If we now choose

� =
�

1
K

�
� log

�
dist (Cq1 ; Cq2 )

	 �
�
� 2

n +2
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then
r = 1

K

�
� log

�
dist (Cq1 ; Cq2 )

	 �
�

and therefore

(4:3:18) eK r = dist (Cq1 ; Cq2 ) � 1 for dist (Cq1 ; Cq2 ) < 1

A combination of the estimates(4.3.17) and (4.3.18) gives

(4:3:19) � n e4D � ( � + r ) dist (Cq1 ; Cq2 )2 � C dist (Cq1 ; Cq2 )

provided dist (Cq1 ; Cq2 ) < 1. Insertion of (4.3.19) and the de�nition of � (and r ) into the
last line of (4.3.16) yields the estimate

(4:3:20)
kq1 � q2k2

� 1;
 � jjj ~q1 � ~q2jjj2� 1;n � C
� �

� log
�

dist (Cq1 ; Cq2 )
	 �

� � 4
n +2 + dist (Cq1 ; Cq2 )

�

� C
�
� log

�
dist (Cq1 ; Cq2 )

	 �
� � 4

n +2

for dist (Cq1 ; Cq2 ) < 1
2 . This gives (4.3.11) with � = 2

n +2 when dist (Cq1 ; Cq2 ) < 1
2 . The

estimate (4.3.11) is trivially satis�ed for dist (Cq1 ; Cq2 ) � 1
2 becauseof the assumption

(4.3.10). This completesthe proof of Proposition 4.3.5.

We now proceedto transform Proposition 4.3.5 into an analogousresult for the con-
ductivit y problem. As we saw in the proof of the interior identi�abilit y theorem, the proof
of the interior stable dependenceresult makes use of the continuous dependenceresult
(Theorem 4.1.8) for the boundary values. Among other things the proof depends on the
following lemma.

Lemma 4.3.6 Suppose that n
2 < s 2 IN and that 
 1 and 
 2 are isotropic conductivities

on 
 � IRn satisfying Hypothesis4.1 and
(i) 1

E � 
 j � E
(ii) k
 j ks+2 ;
 � E .
Let q1 and q2 denote the potentials de�ned by

(4:3:21) qj = �
� 
 1= 2

j


 1= 2
j

There exists C = C(
 ; E ; n; s) and 0 < � = � (s) < 1 such that

(4:3:22) dist (Cq1 ; Cq2 ) � k� q1 � � q2 k 1
2 ;� 1

2
� C

�
k� 
 1 � � 
 2 k�

1
2 ;� 1

2
+ k� 
 1 � � 
 2 k 1

2 ;� 1
2

�

45



Pro of: The �rst inequality of (4.3.22) comesdirectly from (4.3.9). Sinceqj are related
to the conductivities 
 j by meansof (4.3.21) it follows from Theorem 3.5.9 that the Cqj

are graphs of the corresponding Dirichlet{ to Neumann{data maps and that, by Problem
2.3.5,

� qj � = 1

 1= 2

j

�
� 
 j

�



� 1
2

j �
�

+
@
 1= 2

j

@� �
�
�
@


�
8� 2 H

1
2 (@
)

so that 


 (� q1 � � q2 )�






� 1
2 ;@


� C





 


� 1
2

1 � 

� 1

2
2








C 1 (@
)






 � 
 1 (


� 1
2

1 � ) + @
 1= 2
1

@� �







� 1
2 ;@


+ C





 


� 1
2

2








C 1 (@
)

� 




 � 
 1 (


� 1
2

1 � ) � � 
 2 (

� 1

2
2 � )








� 1
2 ;@


+







@
 1= 2
1

@� � @
 1= 2
2

@�








C 0 (@
)
k� kL 2 (@
)

�

Assumptions (i) and (ii) provide, via the Sobolev imbedding bound of Problem 2.2.10,
bounds on sup


1

 1= 2

1

, sup

1


 1= 2
2

, sup
 
 1, sup
 
 2, sup
 jr 
 1j and sup
 jr 
 2j that depend

only on 
 and E . Since
 1; 
 2 2 C1 (
), thesebounds continue to @
. As



 � 
 1






1
2 ;� 1

2
and




 � 
 2






1
2 ;� 1

2
are boundedby Theorem 3.4.1 (with constants depending only on E and 
 by

Remark 3.4.2) and multiplication by 
 � 1=2
1 or 
 � 1=2

2 is a bounded map on H 1=2(@
), by
Problem 2.3.5,

(4:3:23)
k(� q1 � � q2 )� k� 1

2 ;@


� C
�

k
 1 � 
 2kC 1 (@
) k� k 1
2 ;@
 +




 � 
 1 (


� 1
2

1 � ) � � 
 2 (

� 1

2
2 � )






� 1
2 ;@


�

In a similar fashion we may also bound



 � 
 1 (


� 1
2

1 � )� � 
 2 (

� 1

2
2 � )






� 1
2 ;@


�



 � 
 1 (


� 1
2

1 � � 

� 1

2
2 � )






� 1
2 ;@
 +




 (� 
 1 � � 
 2 )( 


� 1
2

2 � )





� 1
2 ;@


� C
�

k
 1 � 
 2kC 1 (@
) +



 � 
 1 � � 
 2






1
2 ;� 1

2

�
k� k 1

2 ;@


Insertion of this into (4.3.23) yields

(4:3:24)



 (� q1 � � q2 )�






� 1
2 ;@
 � C

�
k
 1 � 
 2kC 1 (@
) + k� 
 1 � � 
 2 k 1

2 ;� 1
2

�
k� k 1

2 ;@


Sinces� 1
2 > n

2 � 1
2 = n � 1

2 we may useSobolev's imbedding theorem, Problem 2.1.25,and
the logarithmic convexity of the Sobolev norms, Problem 2.1.26,to obtain

k
 1 � 
 2kC 1 (@
) � Ck
 1 � 
 2ks+ 1
2 ;@


� C



 
 1 � 
 2






2
2s +3

L 2 (@
)




 
 1 � 
 2






2s +1
2s +3

s+ 3
2 ;@


� C



 
 1 � 
 2






2
2s +3

L 2 (@
)
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To obtain the last inequality we have also usedthe trace estimate (Theorem 2.2.2)

k
 1 � 
 2ks+ 3
2 ;@
 � Ck
 1 � 
 2ks+2 ;


It now follows from the �rst part, (4.1.25), of the continuous dependenceresult on the
boundary that

(4:3:25) k
 1 � 
 2kC 1 (@
) � Ck� 
 1 � � 
 2 k
2

2s +3
1
2 ;� 1

2

After insertion of (4.3.25) into (4.3.24) we obtain the desiredestimate with � = 2
2s+3

The stable dependenceresult for the conductivit y problem is

Theorem 4.3.7 Suppose that n
2 < s 2 IN, n � 3, and that 
 1 and 
 2 are isotropic

conductivities on 
 � IRn satisfying Hypothesis4.1 and
(i) 1=E � 
 j � E

(ii) k
 j ks+2 ;
 � E .
Then there exist C = C(
 ; E ; n; s) and 0 < � = � (n; s) < 1 such that

(4:3:26) k
 1 � 
 2kL 1 (
) � C
n �

� logk� 
 1 � � 
 2 k 1
2 ;� 1

2

�
� � �

+ k� 
 1 � � 
 2 k 1
2 ;� 1

2

o

Pro of: In light of the hypothesis (i) it clearly su�ces to prove the estimate (4.3.26) for
k� 
 1 � � 
 2 k 1

2 ;� 1
2

smaller than any strictly positive constant. The last term in right hand
sideof (4.3.26) is there to render the estimate trivially satis�ed for k� 
 1 � � 
 2 k 1

2 ;� 1
2

larger
than the constant. By (4.3.22), wecan choosethe constant small enoughthat dist (Cq1 ; Cq2 )
is also smaller than any desiredstrictly positive constant.

Consider the function

v = log
� 
 1


 2

�
= log(
 1) � log(
 2)

This function obeys the boundary value problem

r �
�
(
 1
 2)

1
2 r v

�
= 2(
 1
 2)

1
2 (q2 � q1) in 


v
�
�
@
 = log 
 1 � log 
 2

with the q1 and q2 de�ned in (4.3.21), and hence,by Theorem 3.3.5 (and Remark 3.3.6),

(4:3:27) k log
 1 � log 
 2k1;
 = kvk1;
 � C
�
kq1 � q2k� 1;
 + k log 
 1 � log 
 2k 1

2 ;@


�
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Now

log 
 1 � log 
 2 =
� Z 1

0

dt
t
 1 +(1 � t ) 
 2

�
� (
 1 � 
 2)

r log 
 1 � r log 
 2 = 1

 1

r 
 1 � 1

 2

r 
 2 = 1

 1

�
r 
 1 � r 
 2

�
+ 
 2 � 
 1


 1 
 2
r 
 2

and


 1 � 
 2 =
� Z 1

0
et log 
 1 +(1 � t ) log 
 2 dt

�
� (log 
 1 � log 
 2)

r 
 1 � r 
 2 = 
 1r log 
 1 � 
 2r log 
 2 = 
 1
�
r log 
 1 � r log 
 2

�
+ 
 1 � 
 2


 2
r 
 2

By hypothesis (i), 1
E � 
 j � E . By hypothesis (ii) and the Sobolev imbedding theorem,

Problem 2.2.10,jr 
 j j � CE . It follows that there is a constant c, depending only on n, 

and E , such that

k
 1 � 
 2k1;
 � ck log 
 1 � log 
 2k1;


k log 
 1 � log 
 2k1;@
 � ck
 1 � 
 2k1;@


Sincek log 
 1 � log 
 2k 1
2 ;@
 � k log 
 1 � log 
 2k1;@
 , (4.3.27) translates into

(4:3:28) k
 1 � 
 2k1;
 � C
�
kq1 � q2k� 1;
 + k
 1 � 
 2k1;@


�

A combination of the estimates(4.3.11) and (4.3.22)givesthat for some0 < � 1; � 2 < 1

(4:3:29)

kq1 � q2k� 1;
 � C
�
� logf dist (Cq1 ; Cq2 )g

�
� � � 1

� C
�
�
� log

n


 � 
 1 � � 
 2




 � 2

1
2 ;� 1

2

o�
�
�
� � 1

� C
�
�
� logk� 
 1 � � 
 2 k 1

2 ;� 1
2

�
�
�
� � 1

for k� 
 1 � � 
 2 k 1
2 ;� 1

2
su�cien tly small. In view of Sobolev's imbedding theorem and the

logarithmic convexity of the Sobolev norms, we have

k
 1 � 
 2kL 1 (
) � Ck
 1 � 
 2ks; 


� C
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 2k

s � 1
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Together with (4.3.28) and (4.3.29) these two estimatesgive

(4:3:30)
k
 1 � 
 2kL 1 (
) � C

�
kq1 � q2k� 1;
 + k
 1 � 
 2k1;@


� 2
s +1

� C
� �

� logk� 
 1 � � 
 2 k 1
2 ;� 1

2

�
� � � 1 +




 
 1 � 
 2






2s +1
2s +3

L 1 (@
)

� 2
s +1

for k� 
 1 � � 
 2 k 1
2 ;� 1

2
su�cien tly small. By combination with the boundary continuous

dependenceresult (Theorem 4.1.8) the estimate (4.3.30) becomes

k
 1 � 
 2kL 1 (
) � C
�
� logk� 
 1 � � 
 2 k 1

2 ;� 1
2

�
� � 2 � 1

s +1

for k� 
 1 � � 
 2 k 1
2 ;� 1

2
su�cien tly small. This completesthe proof of the theorem.

x4.4. Global Iden ti�cation of Isotropic Conductivities, n = 2

We now move on to the analog of Theorem 4.3.1 in dimension n = 2. Our method
of attack will be somewhat di�eren t than that used in the proof of Theorem 4.3.1. For
the latter, we used Theorem 3.5.9 to convert the conductivit y equation r � 
 r u = 0 into
the Schr•odinger equation � w + qw = 0 with q = � � 
 1= 2


 1= 2 and w = 
 1=2u. Now we are

interestedin IR2, which we can identify with C. To get accessto results concerninganalytic
functions, we instead convert, in (4.4.5){(4.4.6), r � 
 r u = 0 into the �rst order system

(4:4:1)
� �@ 0

0 @

� �
v
w

�
�

�
0 q
�q 0

� �
v
w

�
= 0

where
�@= 1

2

�
@
@x 1

+ i @
@x 2

�
and @= 1

2

�
@
@x 1

� i @
@x 2

�

are the standard complex derivatives, q = � @
 1= 2


 1= 2 , v = 
 1=2@u and w = 
 1=2 �@u. An
intro duction, mostly through problems, to @and �@is provided following this intro duction.
For example,part (a) of Problem 4.4.1 is to show that �@f = 0 is equivalent to the Cauchy{
Riemann equations.

Our proof is basedon the trivial observation that q is completely determined by any
single nonzero solution to (4.4.1). For example if, for somex 2 IR2, we have w(x) 6= 0,
then q(x) = 1

w(x )
�@v(x). For any k 2 C, both

�
eiz k

0

�
and

�
0

e� i �zk

�

(where z = x1 + ix 2) solve (4.4.1) when q � 0. We combine them into the matrix family
of free solutions �

eiz k 0
0 e� i �zk

�
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and �nd, in Proposition 4.4.6, solutions of the system (4.4.1) of the form

(4:4:2)  (z; k) = m(z; k)
�

eiz k 0
0 e� i �zk

�

where m(z; k) is a matrix valued function which, for the q's of interest, convergesto 1l as
k ! 1 , uniformly in z. Thus k is a parameter that speci�es the large jzj behaviour of
the solution  (z; k). We shall show, in Corollary 4.4.8, that m also obeys a di�eren tial
equation in k. For each �xed z,

(4:4:3) �@k m(z; k) � m(z; �k)� k (z)S(k) = 0

Here � k (z) is an explicit and, for the current discussionunimportant, function and S(k),
called the scattering data, is independent of z. If the scattering data S(k) � 0, we would
conclude that, for each �xed z, m(z; k) is an analytic function of k that convergesto the
identit y matrix as k tends to in�nit y. Liouville's theorem would then force m(z; k) to be
the identit y matrix for all z and k. For our q's, S(k) will of coursenot be identically zero.
But it will tend to zero su�cien tly quickly for large k that we will be able to apply a
generalization of Liouville's theorem to \pseudo{analytic functions".

The logic 
o w for our proof that in n = 2 dimensions,� 
 1 = � 
 2 implies 
 1 = 
 2 will
be the following. Supposethat 
 is a bounded open subsetof IR2 with smooth boundary
and that � 
 1 = � 
 2 . By the boundary identi�abilit y Theorem 4.1.2, 
 1 and 
 2 and their
corresponding normal derivativescoincideon @
. Sowe may extend 
 1 and 
 2 to all of IR2

such that 
 1 = 
 2 = 1 outside of somelarge ball and 
 1 = 
 2 in IR2 n
. We then prove, in
Theorem 4.4.18,that the associated scattering data S1(k) and S2(k) are equal. Using the
generalization, Corollary 4.4.10,of Liouville's theorem, we concludethat m1 = m2. From
this it follows, as above, that q1 = q2 (Theorem 4.4.20) and 
 1 = 
 2 (Corollary 4.4.21).

Our boundary identi�abilit y Theorem 4.1.2wasonly proven for C1 conductivities, so
our global identi�abilit y theorem is alsorestricted to C1 conductivities. But the technique
doesnot require anywherenear this much regularity. A global uniquenessresult wasproven
in [BU] for conductivities in W 1;p (
) ; p > 2. Earlier, A. Nachman [N2] was able to prove
uniquenessfor conductivities with two derivatives using the �@-method. The proof given
here parallels Nachman's two{dimensional result in that we use the �@{method. However,
we follow more closely work of Beals and Coifman [BC1, BC2] who studied scattering for
the �rst order system(4.4.1). We give much of the intermediate development for potentials
which are in C � (IR2) and compactly supported, as an intro duction to techniques used for
dealing with fractional derivatives.

x4.4.1. The Op erators @, �@, @� 1 and �@� 1.

The following problems provide an intro duction to the complex derivative operators

�@= 1
2

�
@
@x 1

+ i @
@x 2

�
and @= 1

2

�
@
@x 1

� i @
@x 2

�
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Problem 4.4.1 Let f : IR2 ! C and g : IR2 ! C have continuous �rst partial derivatives.

(a) Recall that f is analytic if and only if it satis�es the Cauchy{Riemann equations

@
@x Ref = @

@y Im f @
@y Ref = � @

@x Im f

Prove that f satis�es the Cauchy{Riemann equations if and only if �@f = 0.

(b) Supposethat f (x; y) = F (x + iy ) with F : C ! C analytic and g(x; y) = G(x � iy )
with G : C ! C analytic. Prove that

@f (x; y) = F 0(x + iy ) �@f (x; y) = 0

@g(x; y) = 0 �@g(x; y) = G0(x � iy )

Proveconverselythat, if �@f = 0, then there is an analytic function F (z) such that f (x; y) =
F (x+ iy ) and if @g = 0, then there is an analytic function G(z) such that g(x; y) = G(x� iy ).

(c) Prove that
@f �@g + �@f @g = 1

2 r f � r g

Prove that, if f is C2, then
@�@f = �@@f = 1

4 � f

Prove that, if f is C2, then � f = 0 if and only if there are analytic functions F and G
such that f (x; y) = F (x + iy ) + G(x � iy ).

(d) Prove that

@
�
f ( �z)

�
= ( �@f )( �z) @

�
f (z)

�
= ( �@f )(z) @

�
f ( �z)

�
= (@f )( �z)

�@
�
f ( �z)

�
= (@f )( �z) �@

�
f (z)

�
= (@f )(z) �@

�
f ( �z)

�
= ( �@f )( �z)

(e) Prove that

@(f g) = f @g + g@f @(f � g) = (@f ) � g @g + ( �@f ) � g @�g

�@(f g) = f �@g + g�@f �@(f � g) = (@f ) � g �@g + ( �@f ) � g �@�g

Problem 4.4.2 Let 
 be a bounded open subsetof IR2 with smooth boundary. Denote
by (� 1; � 2) the unit outer normal to @
. Give @
 the standard orientation. That is, when
you walk along @
 in the positive direction, � is on your right hand side.

(a) Let each component of the vector �eld (f 1; f 2) be in C1(
). Prove that
Z




� @f 1
@x 1

+ @f 2
@x 2

�
d2x =

Z

@


�
� 1f 1 + � 2f 2

�
ds
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where s is arc length.

(b) Let f 2 C1(
). Prove that
Z



@f d2x =

Z

@

� f ds

Z




�@f d2x =
Z

@

�� f ds

where � = 1
2 (� 1 � i� 2) and �� = 1

2 (� 1 + i� 2).

Problem 4.4.3 Let 
 be a bounded, open, simply connectedsubsetof IR2 with smooth
boundary. Let each component of the vector �eld (f 1; f 2) be in C1(
 ). Recall that if
@f 1
@x 2

= @f 2
@x 1

, then there is a function g 2 C2(
) such that f 1 = @g
@x 1

and f 2 = @g
@x 2

. Prove
that if �@f 1 = @f 2, then there is a function g 2 C2(
 ) such that f 1 = @g and f 2 = �@g.

The di�eren tial operator �@= 1
2

�
@
@x 1

+ i @
@x 2

�
corresponds, upon Fourier transforming,

to multiplication by 1
2 (ik 1 � k2). By (4.2.24), convolution by 2 1

� 2� i
1

� x 2 + ix 1
= 1

�
1

x 1 + ix 2

providesan inverseto that di�eren tial operator. Similarly, convolution by 1
�

1
x 1 � ix 2

provides
an inverseto the di�eren tial operator @= 1

2

�
@
@x 1

� i @
@x 2

�
. So we de�ne, for various classes

of functions f , to be made precisebelow,

@� 1f (z) = 1
�

Z

IR2

1
�z� �� f (� )d� (� ) �@� 1f (z) = 1

�

Z

IR 2

1
z� � f (� )d� (� )

where d� is Lebesguemeasureon IR2.

Problem 4.4.4 Let 
 be an open subsetof IR2 and let f 2 L 1(IR2) vanish in 
. Prove
that �@� 1f (z) and @� 1f (z) are well{de�ned and analytic for z 2 
.

Problem 4.4.5 Prove that if f 2 C1
0 (IR2), then

@� 1@f = f and �@� 1 �@f = f

Many of the regularity properties of @� 1 and �@� 1 will be stated in terms of the norms

kf kC � = kf kL 1 + jf jC � where jf jC � = sup
z6= w

ju(z) � u (w ) j
j z� w j �

for the spaceC � (IR2), with 0 < � < 1. Then C1+ � (IR2) is the collection of functions for
which the norm kukL 1 (IR2 ) + kr ukC � (IR2 ) is �nite. More generally, if n 2 IN0, Cn + � (IR2) is
the collection of functions for which the norm

P
� 2 IN 2

0
j � j <n

k@� ukL 1 (IR2 ) +
P

� 2 IN 2
0

j � j = n

k@� ukC � (IR2 )

is �nite. The next few problems concernC � (IR2).

52



Problem 4.4.6 Let 0 < � < 1. Prove that it f ; g 2 C � (IRn ), then f g 2 C � (IRn ) and

kf gkC � (IRn ) � kf kC � (IRn ) kgkC � (IR n )

Problem 4.4.7 Let 0 < � < 1. Prove that it f 2 C1(IRn ) is bounded with bounded �rst
partial derivatives, then f 2 C � (IRn ) and

kf kC � (IRn ) � kf k1� �
L 1

�
kf k�

L 1 + 2kr f k�
L 1

�

Problem 4.4.8 Let 0 < � < 1.

(a) Let the Fourier transform f̂ of f 2 L 1(IRn ) obey
�
1 + jkj �

�
f̂ (k) 2 L 1(IRn ). Prove that

f has a representativ e in C � (IRn ) with

kf kC � (IRn ) �



 �

1 + jkj �
�
f̂ (k)






L 1

(b) Let f (x) 2 C � (IRn ) vanish for jxj > R. Prove that there is a constant C(R; n),
depending only on R and n such that

�
� f̂ (k)

�
� � C (R;n )

1+ jk j �




 f






C �

(c) Let f (x) 2 C � (IRn ) vanish for jxj > R. Prove that if 0 < s < � , then f 2 H s(IRn ) and
that there is a constant C, depending only on R, n and � � s such that

jjjf jjjs � Ckf kC �

Now here is a problem which collects together someregularity properties of @� 1 and
�@� 1. Part (c) also contains the result that @@� 1f = �@�@� 1f = f , at least for compactly
supported f 2 C � (IR2) with � > 0. Recall that we have already shown, in Problem 4.4.5,
that @� 1@f = �@� 1 �@f = f for f 2 C1

0 (IR2).

Problem 4.4.9 Let 0 < � < 1 and K be any compact subsetof IR2.

(a) Prove that there is a constant C(K ; � ) such that if f 2 L 1 (IR2) is supported in K ,
then @� 1f ; �@� 1f 2 C � (IR2) and

k@� 1f kC � (IR2 ) ; k �@� 1f kC � (IR2 ) � C(K ; � )kf kL 1
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(b) Let n 2 IN. Prove that there is a constant C(K ; n; � ) such that if f 2 Cn (IR2) is
supported in K , then @� 1f ; �@� 1f 2 Cn + � (IR2),

@� @� 1f (z) = 1
�

Z

IR2

1
�z� �� @� f (� ) d� (� ) @� �@� 1f (z) = 1

�

Z

IR2

1
z� � @� f (� ) d� (� )

for all � 2 IN2
0 with j� j � n, and

k@� 1f kC n + � (IR2 ) ; k �@� 1f kC n + � (IR 2 ) � C(K ; n; � )kf kC n (IR2 )

(c) Let f 2 C � (IR2) be supported in K and let � 2 C1
0 (IR2) be identically one on K .

Prove that, for each � 2 IN2
0 with j� j = 1, the �rst order partial derivatives@� @� 1f and

@� �@� 1f exist and

@� @� 1f (z) = � ( � i ) � 2

�

Z

IR2

1
( �z� �� )2 � (� )

�
f (� ) � f (z)

�
d� (� ) + f (z) @� @� 1� (z)

@� �@� 1f (z) = � i � 2

�

Z

IR2

1
(z� � )2 � (� )

�
f (� ) � f (z)

�
d� (� ) + f (z) @� �@� 1� (z)

Prove furthermore that

@@� 1f (z) = f (z) and �@�@� 1f (z) = f (z)

(d) Let n 2 IN0 and 0 < � 0 < � . Prove that there is a constant C(K ; n; �; � 0) such that if
f 2 Cn + � (IR2) is supported in K , then @� 1f ; �@� 1f 2 Cn +1+ � 0

(IR2) and

k@� 1f kC n +1+ � 0(IR 2 ) ; k �@� 1f kC n +1+ � 0(IR2 ) � C(K ; n; �; � 0)kf kC n + � (IR2 )

We have just seenthat if f 2 C �
0(IR2), then @� 1f and �@� 1f are di�eren tiable. If we

are willing to accept weak derivatives, we can relax the conditions on f . Recall that, for
any 1 � p � 1 and any �1 < � < 1 , the spaceL p

� (IRn ) is de�ned as the completion of
C1

0 (IRn ) with respect to the norm

kukL p
�

=



 �

1 + jxj2
� � =2

u





L p

and that

De�nition 4.4.1 Let � 2 INn
0 and let f ; g 2 L 1

� (IRn ) for some� 2 IR. Then g is said to
be the � th weak (or distributional) derivative of f if

(� 1)j � j h@� '; f i = h'; gi

for all ' 2 S(IRn ). We persist in writing g = @� f .
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Problem 4.4.10 Let 1 � p < q � 1 and � ; � 0 2 IR with � 0 < � � n
p

q� p
q (when q = 1 ,

� 0 < � � n
p ). Prove that if f 2 L q

� (IRn ), then f 2 L p
� 0(IRn ) and kf kL p

� 0
� Ckf kL q

�
for some

constant C that dependsonly on � , � 0, p, q and n.

Problem 4.4.11 Let � 2 INn
0 with j� j = 1 and let @� refer to the � th weak derivative.

Let f ; u; v 2 L 1
� (IRn ) for some� 2 IR.

(a) Prove that if @� f = u and @� f = v, then u = v.

(b) Prove that if f is continuously di�eren tiable and the � th classicalderivative equalsu,
then @� f = u.

Problem 4.4.12 Let � 2 INn
0 with j� j = 1 and let @� refer to the � th weak derivative.

Let � 2 IR and f ; u 2 L 1
� (IRn ). Supposethat f f j gj 2 IN is a sequencein L 1

� (IRn ) such that
f j convergesto f in L 1

� (IRn ) and @� f j convergesto u in L 1
� (IRn ). Prove that @� f = u.

Problem 4.4.13 Let � 2 INn
0 with j� j = 1 and let @� refer to the � th weak derivative.

Let f 2 L 1
� (IRn ) for some� 2 IR.

(a) Let  beoncecontinuously di�eren tiable with polynomially boundedderivatives. Prove
that @� ( f ) =  @� f + (@�  )f .

(b) Let  2 C1
0 (IRn ). Prove that @� ( � f ) =  � (@� f ).

(c) Let  : IR ! IR be once continuously di�eren tiable. Suppose that f is continuous.
Suppose further that there are monotone increasing functions 	 ; F : [0; 1 ) such that
j (t)j; j 0(t)j � 	( jt j), jf (x)j � F (jxj) and 	 � F is polynomially bounded. Prove that
@� ( � f ) = ( 0 � f )@� f .

Lemma 4.4.2 Let � 1 < � < 0 and f 2 L 2
� +1 (IR2). Then @� 1f , �@� 1f 2 L 2

� (IR2) and the
weak derivatives @@� 1f = f and �@�@� 1f = f .

Pro of: That f 7! @� 1f and f 7! �@� 1f = @� 1 �f are bounded linear maps from L 2
� +1 (IR2)

to L 2
� (IR2) are immediate consequencesof Lemma 4.2.9. For f 2 C1

0 (IR2), part (c) of Prob-
lem 4.4.9, gives that the classicalderivatives@@� 1f = f and �@�@� 1f = f . By integration
by parts,

(4:4:4) �

 �@'; @� 1f

�
= h'; f i and �



@'; �@� 1f

�
= h'; f i

for all ' 2 S(IR2) and all f 2 C1
0 (IR2). SinceC1

0 (IR2) is densein L 2
� +1 (IR2) and, for each

 2 S(IR2), the maps f 7! h ; f i , f 7!


 ; @� 1f

�
and f 7!



 ; �@� 1f

�
are continuous
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as linear transformations from L 2
� +1 (IR2) to C, (4.4.4) extends by continuit y to all f 2

L 2
� +1 (IR2).

Prop osition 4.4.3 Let � 2 IR and u 2 L 1
� (IR2) \ L 2

loc (IR2). Let 
 be an open subsetof
IR2. If the weak derivative �@u vanisheson 
 , then u is analytic on 
 .

Pro of: It su�ces to prove that u(z) is analytic in any bounded open set 
 0 � IR2 whose
closureis contained in 
. We shall expressu(z), in 
 0, as an almost everywherepointwise
limit of C1

0 approximations. The analyticit y of the latter will be veri�ed by checking
that they obey the Cauchy{Riemann equations. Then we shall apply somestandard limit
theoremsfrom complex analysis to verify that u is also analytic in 
 0.

If 
 = IR2, set " = 1. Otherwise, let " > 0 be the distance from 
 0 to IR2 n 
. Denote
by 
 0

� the interior of the set of all points within a distance � of 
 0. Let � 2 C1
0 (IR2) be

identically one on 
 0
"
2

and be supported in 
. By part (a) of Problem 4.4.13, the weak

derivative �@(u� ) = u �@� . Now let ' 2 C1
0 (IR2) be nonnegative, supported in jzj < 1 and

obey
R

' (z) d� (z) = 1. Set, for n 2 IN, ' n (z) = n2' (nz) and ~un = ' n � (u� ). By part (b)
of Problem 4.4.13,the weak derivative �@~un = ' n � u �@� . Since ~un 2 C1

0 (IR2), the classical
derivative �@~un = ' n � u �@� too, by part (b) of Problem 4.4.11. From now on, consideronly
n > 4

" . Then u �@� vanishesat all point within a distance "
2 of 
 0and ' n is supported in

jzj < 1
n < "

4 , so the classicalderivative �@~un (z) vanishesat all point within a distance "
4

of 
 0. That is, ~un (z) obeys the Cauchy{Riemann equations on 
 0
"
4

and henceis analytic
there. Furthermore, by Problem 4.4.5, ~un = �@� 1 �@~un = �@� 1(' n � u �@� ). In particular, for
z 2 
 0

"
8
,

�
� ~un (z)

�
� = 1

�

�
�
�
�

Z


 n
 0
"
4

1
z� � (' n � u �@� )( � ) d� (� )

�
�
�
� � 8

"




 ' n � u �@�






L 1 � 8
"




 ' n






L 1




 u �@�






L 1

� 8
"




 u �@�






L 1

The Fourier transform of ~un � u� is the product of the Fourier transform of u� and
'̂ (k=n)� 1. Sinceu 2 L 2

loc (IR2), u� 2 L 2(IR2) and, by the Lebesguedominated convergence
theorem, the sequence~un converges in L 2(IR2) to u� . So there is a subsequencethat
converges pointwise almost everywhere to u� . In 
 0

"
8
, the subsequenceis a uniformly

bounded sequenceof analytic functions. By the Arzel�a{Ascoli theorem [Ah1, Chapter 5,
Theorem 12] and Weierstrass'stheorem [Ah1, Chapter5, Theorem 1], there is a further
subsequencethat convergesuniformly on 
 0 to an analytic function. We already know
that the pointwise limit is u, almost everywhere.

We will, in Corollary 4.4.10, need to consider �@� 1f where f only decays su�cien tly
quickly at in�nit y to lie in L 2(IR2). As 1

z� � doesnot decay quickly enoughas � ! 1 to be
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in L 2, �@� 1f , as currently de�ned, will not converge. Fortunately, the inverseof �@is only
de�ned up to an additiv e constant. Replacing the kernel 1

z� � in the de�nition of �@� 1f
by 1

z� � + 1
� = z

(z� � ) � only adds a constant (i.e. a z{independent term) to �@� 1f but still
increasesthe decay rate at in�nit y from 1

� , which is not squareintegrable to z
� 2 , which is

square integrable. Unfortunately it also intro ducesa new singularity at � = 0. We can
eliminate the singularity by replacing 1

� by � ( � )
� where � is any C1 function that vanishes

for j� j < 1 and is identically one for j� j � 2. To distinguish the new inversefor �@from the
already de�ned �@� 1f , we denote it

�d� 1f (z) = 1
�

Z

IR2

�
1

z� � + � ( � )
�

�
f (� ) d� (� )

Problem 4.4.14 The purposeof this problem is to start providing someintuition con-
cerning the behaviour of d� 1f (z). De�ne

D(z; � ) = 1
z� � + � ( � )

� S� (� ) =
� 1

j � j � if j� j � 1

0 otherwise
L � (� ) =

� 1
j � j � if j� j � 2

0 otherwise

Observe that S� 2 L p(IR2) if and only if � < 2
p and that L � 2 L p(IR2) if and only if � > 2

p .
Assumethat 0 < � < 2 and that � > 0. Prove that there are constants C� and C� such
that, if jzj � 1, then

Z

IR2
jD (z; � )jS� (� ) d� (� ) � C�

8
><

>:

1
jzj � � 1 if 1 < � < 2

ln 1
jzj if � = 1

1 if 0 < � < 1

9
>=

>;
Z

IR2
jD (z; � )jL � (� ) d� (� ) � C� jzj

and if jzj � 2, then
Z

IR2
jD (z; � )jS� (� ) d� (� ) � C�

1
j zj

Z

IR2
jD (z; � )jL � (� ) d� (� ) � C�

8
><

>:

jzj1� � if 0 < � < 1

ln jzj if � = 1

1 if � > 1

9
>=

>;

Lemma 4.4.4

(a) If � < � 1, then d� 1 is a bounded linear transformation from L 2(IR2) to L 2
� (IR2). For

� 2 IN2
0 with j� j = 1, the weak derivative @� �d� 1f is the inverse Fourier transform of

2k �

k1 + ik 2
f̂ (k). In particular, the weak derivative �@�d� 1f = f .
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(b) Let 2 < p < 1 and " < 1 � 2
p . There is a constant C, depending on p and ", such that

if f 2 L p(IR2) \ L 2(IR2), then

�
��d� 1f (z + h) � �d� 1f (z)

�
� � Cjhj"

�
kf kL 2 (IR2 ) + kf kL p (IR2 )

�

�
� �d� 1f (z)

�
� � C

�
1 + jzj2

� p � 2
2p kf kL p (IR2 )

for all z 2 C and jhj � 1.

Pro of: (b) We �rst prove the secondbound of part (b). Remark that it is the bound
suggestedby Problem 4.4.14. All S� 's with � < p

2 and all L � 's with � > p
2 are in L p(IR2).

For these� 's and � 's, Problem 4.4.14givesboundednessfor small jzj and growth no worse
than jzj1� 2

p for large jzj.

Write

D(z; � ) = 1
z� � + � ( � )

�

We wish to prove that (1 + jzj2)� =2 R
D(z; � )f (� ) d� (� ), with � = � p� 2

p , is bounded by a
constant times kf kL p (IR2 ) for all z 2 C and all f 2 L p(IR2). By H•older's inequality

�
�
�
� (1 + jzj2)

� =2
Z

D(z; � )f (� ) d� (� )

�
�
�
� � L p0kf kL p (IR 2 )

where p0 = p
p� 1 is the dual index of p and

L � = sup
z2 IR2

� Z

IR2

�
1 + jzj2

� �� =2
jD (z; � )j � d� (� )

� 1=�

so it su�ces to prove that L � is �nite for all � = � p� 2
p , � = p

p� 1 with p > 2.

For any a; b; � > 0, (a + b) � �
�
2maxf a; bg

� �
� 2�

�
a� + b�

�
. Combining

sup
z

Z

j � j� 2
jD (z; � )j � d� (� ) � 2� sup

z

Z

j � j� 2

1
jz� � j � d� (� ) + 2�

Z

j � j� 2

� ( � ) �

j � j � d� (� ) < 1

for all 0 < � < 2 and

sup
z

�
1 + jzj2

� �� =2
Z

j � j� 2
jD (z; � )j � d� (� ) = sup

z

�
1 + jzj2

� �� =2
Z

j � j� 2

j zj �

j z� � j � j � j � d� (� )

= sup
z

�
1 + jzj2

� �� =2
Z

j � j� 2
j z j

j zj 2 � �

j 1� � j � j � j � d� (� )

< 1
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(where we substituted � = z� ) for all 1 < � < 2; � �� � 2� � givesthat L � < 1 provided
1 < � < 2 and � �� � 2 � � . To prove the bound on

�
��d� 1f (z)

�
�, we apply part (b) of

Lemma 2.3.12. We have already seenthat

L � = sup
z2 IR2

� Z

IR2

�
1 + jzj2

� �� =2
jD (z; � )j � d� (� )

� 1=�

< 1

provided 1 < � < 2 and � �� � 2 � � . We currently want � = � p� 2
p , � = p

p� 1 , so that
� �� = p� 2

p� 1 and 2 � � = p� 2
p� 1 are equal and both conditions are satis�ed. This completes

the proof of the secondbound of part (b) and we now move on to the �rst bound.
Let z0 2 C. We prove the bound on

�
��d� 1f (z + h) � �d� 1f (z)

�
� for jz � z0j � 1, jhj � 1,

with the constant C independent of z0. The part of the integral

�d� 1f (z + h) � �d� 1f (z) = 1
�

Z

IR2

�
1

z+ h� � � 1
z� �

�
f (� ) d� (� ) = � h

�

Z

IR2

f ( � )
(z+ h � � )( z� � ) d� (� )

with j� � z0j � 3 is bounded by

j h j
�

Z

j � � z0 j� 3

j f ( � ) j
j z+ h � � j j z� � j d� (� ) � j h j

�

Z

j z� � j� 2

j f ( � ) j
j z+ h � � j j z� � j d� (� ) � 2jh j

�

Z

j z� � j� 2

j f ( � ) j
j z� � j 2 d� (� )

� 2jh j
� kf kL 2

� Z

j z� � j� 2

1
jz� � j 4 d� (� )

� 1=2

� Cjhj kf kL 2

The part of the integral with j� � z0j � 3 is bounded by

1
�

Z

j � � z0 j� 3

�
� 1

z+ h� � � 1
z� �

�
� jf (� )j d� (� ) � kf kL p

� Z

j � � z0 j� 3

�
� 1

z+ h� � � 1
z� �

�
�p0

d� (� )
� 1=p0

where p0 is the dual index to p. Multiplying the " th power of

�
� 1

z+ h� � � 1
z� �

�
� =

�
� h

(z+ h� � )( z� � )

�
� � jhj

h
1

jz+ h� � j + 1
jz� � j

i 2

by the (1 � " ) th power of

�
� 1

z+ h� � � 1
z� �

�
� � 1

jz+ h� � j + 1
jz� � j

gives
�
� 1

z+ h� � � 1
z� �

�
� � jhj"

h
1

jz+ h� � j + 1
jz� � j

i 1+ "
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As
Z

j � � z0 j� 3

�
� 1

z+ h� � � 1
z� �

�
�p0

d� (� ) � jhj"p
0
Z

j � � z0 j� 3

h
1

jz+ h� � j + 1
jz� � j

i (1+ " )p0

d� (� )

� 2(1+ " )p0
jhj"p

0
Z

j � � z0 j� 3

h
1

jz+ h� � j (1+ " ) p 0 + 1
jz� � j (1+ " ) p 0

i
d� (� )

� Cjhj"p
0

provided (1 + ")p0 < 2, we have

1
�

Z

j � � z0 j� 3

�
� 1

z+ h� � � 1
z� �

�
� jf (� )j d� (� ) � Ckf kL p jhj"

provided 1 + " < 2
p0 = 2 � 2

p .

(a) Remark that the condition � < � 1 is what we would guessfrom part (b) and Problem
4.4.14. The latter suggest that if f 2 L 2(IR2), then d� 1f (z) has at worst logarithmic
local singularities and logarithmic growth at in�nit y and henceis in L 2

� (IR2) if and only if
� < � 1.

We wish to prove that

f 7!
Z

IR2
D(z; � )f (� ) d� (� )

is bounded as a map from L 2(IR2) to L 2
� (IR2). This is equivalent to proving that

f 7! (1 + jzj2)
� =2

Z

IR2
D(z; � )f (� ) d� (� )

is bounded as a map from L 2(IR2) to L 2(IR2). We shall do the latter by applying the
variant Problem 4.4.15of Lemma 2.3.12.awith

k(z; � ) = (1 + jzj2)
� =2

D(z; � )

and

jk1(z; � )j = (1 + jzj2)
� 1 � =2

jD (z; � )j � 1 jk2(z; � )j = (1 + jzj2)
� 2 � =2

jD (z; � )j � 2

where � 1; � 2; � 1; � 2 � 0 obeying � 1 + � 1 = 1 and � 2 + � 2 = 1 will be chosenshortly. Using
the techniques leading to the bound on L � in part (b), we have that

L � 1 ;� 1 = sup
z2 IR2

� Z

IR2

�
1 + jzj2

� � 1 �
jD (z; � )j2� 1 d� (� )

� 1=2

< 1

R� 2 ;� 2 = sup
� 2 IR2

� Z

IR2

�
1 + jzj2

� � 2 �
jD (z; � )j2� 2 d� (z)

� 1=2

< 1

60



provided that 1
2 < � 1 < 1, � 2 < 1, � 1(� � ) � 1 � � 1 and � 2(� � ) > 1. This is Problem

4.4.16. So, given any � < � 1, we may always choose0 < � 2 < 1 su�cien tly closeto one
that � 2(� � ) > 1. The corresponding � 2 = 1 � � 2 will obey � 2 < 1. Furthermore, since
� 1 + � 1 = 1, the condition � 1(� � ) � 1 � � 1 is equivalent to � � � 1 and is also satis�ed.
So all of the required conditions are satis�ed for any 1

2 < � 1 < 1 and, by Problem 4.4.15,
d� 1 is a bounded linear transformation from L 2(IR2) to L 2

� (IR2).
Temporarily, let f 2 S(IRd). Then �d� 1f is a constant plus i

� Z f , whereZ f wasde�ned
in Lemma 4.2.9. Clearly the weak derivative of a constant is zero, so

�


@� '; �d� 1f

�
= � i

� h@� '; Z f i

By part (b) of Lemma 4.2.9,

�


@� '; �d� 1f

�
= 2i 1

(2 � )2

D
d@� ' (k); f̂ ( k )

k1 + ik 2

E
= 2 1

(2 � )2

D
'̂ (k); k �

k1 + ik 2
f̂ (k)

E

as desired. We can now extend the result to general f 's by taking limits.

Problem 4.4.15 Let hX ; � i and hY; � i bemeasurespacesand let k(x; y) = k1(x; y)k2(x; y)
be a measurablefunction on X � Y . Set

L = sup
x 2 X

n Z

Y
jk1(x; y)j2 d� (y)

o1=2

R = sup
y2 Y

n Z

X
jk2(x; y)j2 d� (x)

o1=2

Prove that, if L < 1 and R < 1 , then the map

(K f )(x) =
Z

Y
k(x; y)f (y) d� (y)

is a bounded linear operator from L 2(Y; � ) to L 2(X ; � ) with operator norm kK k � LR :

Problem 4.4.16 Let
D(z; � ) = 1

z� � + � ( � )
�

and set

L � 1 ;� 1 = sup
z2 IR2

� Z

IR2

�
1 + jzj2

� � 1 �
jD (z; � )j2� 1 d� (� )

� 1=2

R� 2 ;� 2 = sup
� 2 IR2

� Z

IR2

�
1 + jzj2

� � 2 �
jD (z; � )j2� 2 d� (z)

� 1=2

Prove that L � 1 ;� 1 and R� 2 ;� 2 are �nite if 1
2 < � 1 < 1, � 2 < 1, � 1(� � ) � 1 � � 1 and

� 2(� � ) > 1.
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Problem 4.4.17 Let 2 < p < 1 , " < 1 � 2
p and let K be any compact subset of IR2.

Prove that there is a constant C(K ; �; p) such that if f 2 L p(IR2) is supported in K , then
@� 1f ; �@� 1f 2 C � (IR2) and

k@� 1f kC � (IR2 ) ; k �@� 1f kC � (IR2 ) � C(K ; � )kf kL p (IR2 )

x4.4.2. A �rst order system.

In this subsection,weintro ducea �rst order systemwhich is related to the conductivit y
equation L 
 u = 0. This will enable us to exploit pseudo-analyticity and, in particular,
Theorem 4.4.9. The scattering theory for this �rst-order system has been developed by
Bealsand Coifman [BC2]. For this subsection,we supposethat wehavean elliptic operator
r � 
 r whosecoe�cien t 
 2 C1(IR2) and satis�es � < 
 < � � 1 on all IR2 for some� > 0.
Additional hypotheseswill be imposedin later subsections.

In the notation of complex derivatives,

r � 
 r u = 
 � u + r 
 � r u = 4
 @�@u + 2@
 �@u + 2�@
 @u

= 4
 1=2�

 1=2@�@u + @
 1=2 �@u + �@
 1=2@u

�

We let q = � 1
2 @log
 = � 1


 1= 2 @
 1=2 and de�ne

(4:4:5) Q =
�

0 q
�q 0

�
D =

� �@ 0
0 @

� �
v
w

�
= 
 1=2

�
@u
�@u

�

Observe that, @f = �@f for any real valued function f . In particular, �q = � 1

 1= 2

�@
 1=2.
Since

D
�

v
w

�
� Q

�
v
w

�
=

� �@v
@w

�
�

�
qw
�qv

�
=

� �@(
 1=2@u)
@(
 1=2 �@u)

�
+

�
@
 1=2 �@u
�@
 1=2@u

�

=
�


 1=2 �@@u + �@
 1=2@u + @
 1=2 �@u

 1=2@�@u + @
 1=2 �@u + �@
 1=2@u

�

we have that

(4:4:6) r � 
 r u = 0 ( ) D
�

v
w

�
� Q

�
v
w

�
= 0

We will consider matrix solutions of this system as in the work of Beals and Coifman
[BC2]. We have already observed that, for any k 2 C, both

�
eiz k

0

�
and

�
0

e� i �zk

�
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solve the free system D = 0. We combine them into the matrix family of solutions
�

eiz k 0
0 e� i �zk

�

and look for solutions of the system

(4:4:7) (D � Q) = 0

of the form

 = m(z; k)
�

eiz k 0
0 e� i �zk

�

wherem is a matrix valued function of z and k and m(z; k) goesto 1l as k ! 1 in a sense
to be made precise. Since

� �@ 0
0 @

� �
m1 m2

m3 m4

� �
eiz k 0

0 e� i �zk

�
=

� �@ 0
0 @

� �
eiz k m1 e� i �zk m2

eiz k m3 e� i �zk m4

�

=
�

eiz k �@m1 e� i �zk �@m2 � ik e� i �zk m2

eiz k @m3 + ik eiz k m3 e� i �zk @m4

�

=
� �@m1

�@m2 � ik m2

@m3 + ik m3 @m4

� �
eiz k 0

0 e� i �zk

�

we observe that  satis�es the equation (4.4.7) if and only if m satis�es

(4:4:8) Dk m � Qm = 0

where Dk is the operator

Dk A = DA + kJ A with J
�

a1 a2

a3 a4

�
=

�
0 � ia2

ia3 0

�

One can also write J A as the commutator

J A = [J; A] with J =
1
2

�
� i 0
0 i

�

By Problem 4.4.18,below, we can also write

Dk = E � 1
k DEk

where Ek is the map on 2 � 2 matrix valued functions A = A(z) de�ned by

Ek

�
a1 a2

a3 a4

�
=

�
a1 e� iz �k � i �zk a2

eiz k+ i �z �k a3 a4

�

Problem 4.4.18 Verify that D k = E � 1
k DEk .
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Problem 4.4.19 De�ne the operator

~J
�

a1 a2

a3 a4

�
=

�
a4 a3

a2 a1

�
or equivalently ~J A = ~J A ~J with ~J =

�
0 1
1 0

�

Prove that

Ek ~J A = ~J E �k
�A E � 1

k
~J A = ~J E � 1

�k
�A D ~J A = ~J D �A ~J Q = �Q Dk ~J A = ~J D �k

�A

For z and k in C we let

�( z; k) = � k (z)

=
�

exp(iz �k + i �zk) 0

0 exp(� izk � i �z�k)

�

Then
Ek A = Ad + � � 1

k Aof f = Ad + Aof f � �k

E � 1
k A = Ad + � k Aof f = Ad + Aof f � � 1

�k

where

Ad
�

a1 a2

a3 a4

�
=

�
a1 0
0 a4

�
Aof f

�
a1 a2

a3 a4

�
=

�
0 a2

a3 0

�

We �x the inverseof D as

(4:4:9) D � 1f (z) =
1
�

Z

IR2

�
z � � 0

0 �z � ��

� � 1

f (� ) d� (� )

and then we look for solutions of (4.4.8) by studying the integral equation

(4:4:10) m � D � 1
k Qm = 1

where D � 1
k = E � 1

k D � 1Ek . Sections2 and 4 will be devoted to studying solutions of this
integral equation.

Problem 4.4.20 Prove that

D � 1 ~J A = ~J D � 1 �A D � 1
k

~J A = ~J D � 1
�k

�A
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x4.4.3. Construction of special solutions and the �@{equation.

In this subsection, we establish the existenceof solutions to the equation (4.4.10).
Let M 2 denote the spaceof 2 � 2 matrices with complex entries. Since M 2 is a �nite
dimensional vector space,all norms on M 2 are equivalent. For concreteness,we use the
norm �

�
�
�

�
a1 a2

a3 a4

� �
�
�
� =

p
ja1j2 + ja2j2 + ja3j2 + ja4j2

Problem 4.4.21 Let M n denote the spaceof all n � n matrices with complex entries.
De�ne the norm

�
�
�
�
ai;j

�
1� i;j � n

�
�
� =

s
nP

i;j =1
jai;j j2

on M n . Prove that jAB j � jAj jB j for all A; B 2 M n .

We will work in weighted Lebesguespaces

L p
� =

�
f : IR2 ! M 2; measurable

�
� (1 + jzj2) �= 2f (z) 2 L p(IR2; M 2)

	

where

L p(IR2; M 2) =
n

f : IR2 ! M 2; measurable
�
�
�

R
jf (z)jp d� (z) < 1

o

We alsoestablish that the solutions satisfy a di�eren tial equation in the parameter k. The
results here are not new except perhaps in the details. The �@{equation of Corollary 4.4.8
below is derived in [BC2] and other works.

Webeginwith a Lemmawhich givesthe �@{derivative,with respect to k, of the operator
D � 1

k . This Lemma will be used in Corollary 4.4.8 to show that the function m(z; k) of
(4.4.2) satis�es (4.4.3).

Lemma 4.4.5 Suppose that f 2 L 1(IR2; M 2) and ~p� > 2, then the map k 7! D � 1
k f is

strongly di�er entiable in L ~p
� � , the �@k derivative is

(4:4:11) �@k D � 1
k f (z) = � 1

� � k (z)J
Z

IR2
(Ek f )(s)d� (s)

Furthermore, we have the estimate

(4:4:12) kD � 1
k+ h f � D � 1

k f kL ~p
� �

� Cjhjkf kL 1
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Pro of: We �rst write out the di�erence D � 1
k+ h f (z) � D � 1

k f (z). Observe that
� Ek , E � 1

k , D and D � 1 all map diagonal matrices into diagonal matrices and o�{
diagonal matrices into o�{diagonal matrices.

� The action of Ek , E � 1
k and henceDk and D � 1

k on diagonal matrices is independent
of k.

� On o�{diagonal matrices

D � 1
k f (z) =

1
�

Z

IR2
� k (z)

�
z � � 0

0 �z � ��

� � 1

� � 1
k (� )f (� ) d� (� )

=
1
�

Z

IR2
� k (z � � )

�
z � � 0

0 �z � ��

� � 1

f (� ) d� (� )

Thus

D � 1
k+ h f (z) � D � 1

k f (z) =
1
�

Z

IR2
� k (z � � )

�
� h (z � � ) � 1l

�
�

z � � 0
0 �z � ��

� � 1

f of f (� )d� (� )

Since
�
�ei� � 1

�
� � j� j for every real number � , every matrix element of

� h (z � � ) � 1l =
� exp

�
i (z � � )�h + i ( �z � �� )h

	
� 1 0

0 exp
�

� i (z � � )h � i ( �z � �� )�h
	

� 1

�

is bounded in magnitude by 2jhjj z � � j and
�
�D � 1

k+ h f (z) � D � 1
k f (z)

�
� � 2

� jhjkf kL 1

The estimate (4.4.12) is clear from this and our hypothesis ~p� > 2, which guaranteesthat

kgk~p
L ~p

� �

=
Z

IR2

�
1 + jzj2

� � ~p� =2 �
�g(z)

�
� ~p

d� (z) � kgk~p
L 1

Z

IR2

�
1 + jzj2

� � ~p� =2
d� (z) = Ckgk~p

L 1

Similarly, every matrix element of

L h (z � � ) = 1
h

�
� h (z � � ) � 1l �

�
i (z � � )�h + i ( �z � �� )h 0

0 � i (z � � )h � i ( �z � �� )�h

� �

is boundedin magnitude by 4jz � � j and convergesto zero(pointwise in z and � ) ash ! 0.
Observe that

F (z; k; h) = i
�

Z

IR2
� k (z � � )

�
(z� � ) �h+( �z� �� )h 0

0 � (z� � )h � ( �z� �� ) �h

� �
z� � 0

0 �z� ��

� � 1

f of f (� )d� (� )

is (real) linear in h and



 1

h

�
D � 1

k+ h f (z) � D � 1
k f (z) � F (z; k; h)

� 

 ~p

L ~p
� �

�
Z

IR2

�
1 + jzj2

� � ~p� =2
�
�
�
�

Z

IR2
jL h (z � � )j jz � � j � 1 jf of f (� )j d� (� )

�
�
�
�

~p

d� (z)
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convergesto zero as h ! 0, by two applications of the Lebesguedominated convergence
theorem. In other words

D � 1
k+ h f (z) � D � 1

k f (z) � F (z; k; h) = o(h)

in the topology of L ~p
� � , which veri�es the de�nition that k 7! D � 1

k f is di�eren tiable in
L ~p

� � .
We �nally move on to the proof of (4.4.11). Recall that

�@k D � 1
k f (z) = 1

2

�
@
@k1

+ i @
@k2

�
D � 1

k f (z)

= 1
2 lim

h! 0

1
h

�
D � 1

k+ h f (z) � D � 1
k f (z) + i [D � 1

k+ ih f (z) � D � 1
k f (z)]

�

where the limit lim
h! 0

is through real h. We already know that the limit exists in L ~p
� � . We

just have to identify the answer. Since

lim
h! 0

1
2h

�
� h (z � � ) � 1l + i [� ih (z � � ) � 1l]

�
= @

@�h � h (z � � )
�
�
h=0 =

�
i (z � � ) 0

0 � i ( �z � �� )

�

and

� k (z � � )
�

i (z � � ) 0
0 � i ( �z � �� )

� �
z � � 0

0 �z � ��

� � 1

f of f (� )

= � k (z)
�

i 0
0 � i

�
� k (� ) � 1f of f (� ) = � � k (z)J Ek f (� )

the answer is (4.4.11). We have beenable to replace f of f (� ) by f (� ) sinceJ annihilates
both diagonal matrix elements.

In what follows, we needseveral well-known estimatesfor the operator

f ! D � 1f

Sincewe are in two dimensions,the Hardy{Littlew ood{Sobolev inequality [HL, St, p. 119]
gives

(4:4:13) kD � 1f kL ~p � C(p)kf kL p if 1 < p < 2 and 1
p � 1

~p = 1
2

We will not really need the Hardy{Littlew ood{Sobolev inequality. For our purposesthe
inequality

(4:4:14) kD � 1f kL ~p (
) � C(p; ~p; 
) kf kL p (
) if 1 � p � ~p � 1 and 1
p � 1

~p < 1
2

which applieswhen 
 is a boundedopen subsetof IR2 and which follows immediately from
Lemma 2.3.9 with n = 2 and � = 1

2 , will su�ce. At ~p = 1 , we have the simpler result
that for any p and r with p < 2 < r ,

(4:4:15) kD � 1f kL 1 � C(p; r )(kf kL p + kf kL r ):

The proof is
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Problem 4.4.22 Prove (4.4.15).

The hypothesesin the next theorem look a bit messy. To seethat the assumptions
are not vacuous,

� pick any p > 2 and
� then pick ~p su�cien tly large that 1

p + 1
~p < 1

2 . Any such ~p must obey 2 < ~p < 1 .
� Then pick � such that ~p� > 2. Any � � 1 will certainly work, but it is also possible

to pick � a bit smaller than 1.
� Finally pick � > 0 such that r 0(� � � ) > 2 and (p=2)0� > 1 (where 1

r = 1
p + 1

~p < 1
2

and, usual, q0 =
�
1 � 1

q

� � 1
is the index conjugate to q). Sincewe will be interested in

compactly supported Q, there is no harm in letting � be large.

Prop osition 4.4.6 Suppose p; ~p; � and � satisfy p > 2; ~p < 1 , 1
p + 1

~p = 1
r < 1

2 ,
~p� > 2; r 0(� � � ) > 2 and (p=2)0� > 1. If Q 2 L p

� , then the operator (1l � D � 1
k Q) is

invertible on L ~p
� � . Furthermore, the inverse on L ~p

� � is di�er entiable in the strong operator
topology. That is, for each �xed f 2 L ~p

� � , the map k 2 C 7! (1l� D � 1
k Q) � 1f is di�er entiable

in L ~p
� � .

Pro of: Weshall prove the invertibilit y of 1l � D � 1
k Q by applying the Fredholm alternativ e,

Proposition A.10, to the operator D � 1
k Q. To do sowe needto prove that D � 1

k Q is compact
on L ~p

� � and that 1l � D � 1
k Q is injective. Compactnesswill be Lemma 4.4.7. To prove

injectivit y, we shall apply a generalization,Corollary 4.4.10,of Liouville's Theorem (every
bounded entire function is a constant) to pseudo{analytic functions.

We start by proving that D � 1
k Q is a bounded linear operator on L ~p

� � . Observe that

(4:4:16)

kQmkL r
� � �

=



 �

1 + jzj2
� �= 2

Q(z)
�
1 + jzj2

� � � =2
m(z)






L r

�



 �

1 + jzj2
� �= 2

Q(z)kL p




 �

1 + jzj2
� � � =2

m(z)





L ~p

= kQkL p
�
kmkL ~p

� �

so that the map (Q; m) ! Qm maps L p
� � L ~p

� � into L r
� � � . Since� � � > 0, we have

kf kL r �



 �

1 + jzj2
� ( � � � )=2

f (z)





L r = kf kL r
� � �

so that L r
� � � � L r and sincer 0(� � � ) > 2, we have

(4:4:17)

kf kL 1 =



 �

1 + jzj2
� � ( � � � )=2�

1 + jzj2
� ( � � � )=2

f (z)





L 1

�






�
1 + jzj2

� � r 0( � � � )=2







1=r 0

L 1




 �

1 + jzj2
� ( � � � )=2

f (z)





L r

= Cr kf kL r
� � �
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so that L r
� � � � L 1. When Qm 2 L r \ L 1 with r > 2, (4.4.15) implies that D � 1

k Qm 2 L 1

and

(4:4:18) kD � 1
k QmkL 1 � CkQkL p

�
kmkL ~p

� �

Since ~p� > 2, we have

kf kL ~p
� �

=



 �

1 + jzj2
� � � =2

f (z)





L ~p �



 �

1 + jzj2
� � � =2




L ~p kf kL 1

so that L 1 � L ~p
� � and we also obtain the estimate

(4:4:19) kD � 1
k QmkL ~p

� �
� CkQkL p

�
kmkL ~p

� �

Next, we observe that when Q 2 L p
� , the map m 7! D � 1

k Qm is compact on L ~p
� � . This is

in Lemma 4.4.7 below. By the Fredholm alternativ e, Proposition A.10, 1l � D � 1
k Q has a

bounded inverseon L ~p
� � if and only if it is injective.

To establish the injectivit y, we useLiouville's theorem as in [BC2]. Precisely, suppose
that

h � D � 1
k Qh = 0; h 2 L ~p

� �

Since Qh 2 L 1 \ L r with r > 2, Problem 2.3.3 implies that Qh 2 L s for all 1 < s < 2.
Then the Hardy{Littlew ood{Sobolev inequality3 (4.4.13) givesthat h = D � 1

k Qh 2 L ~s, for
all ~s in (2; 1 ). Also, by Problem 4.4.23,below, each of u� (z) = h11(z) � e� iz k � i �z �k h21(z)
and v� (z) = e� iz �k � i �zk h12(z) � h22(z) satis�es an equation of the form �@u = r �u where
r 2 L p

� � L 2 (since we are assuming that � (p=2)0 > 1) and so is pseudo{analytic. By
Corollary 4.4.10,below, the only pseudo-analytic function in L ~s, ~s � 2, is zero, so that all
four components of h must vanish.

Next, we observe that since f ! Qf maps L ~p
� � into L 1, Lemma 4.4.5 implies that

k ! D � 1
k Qf is di�eren tiable in L ~p

� � . By (4.4.12)

kD � 1
k+ h Qf � D � 1

k Qf kL ~p
� �

� CjhjkQf kL 1 � CCr jhjkQf kL r
� � �

� CCr jhjkQkL p
�
kf kL ~p

� �

Thus k 7! D � 1
k Q is continuous in the operator norm topology. By Problem 4.4.24,below,

k 7! (1l � D � 1
k Q) � 1 is di�eren tiable in the strong operator topology on L ~p

� � .

3 In our applications of the current Prop osition Q will be compactly supported. Then (4.4.14) can be
used in place of (4.4.13).

69



Problem 4.4.23 Supposethat D k h� Qh = 0 or that h� D � 1
k Qh = 0 whereQ wasde�ned

in (4.4.5), Dk was de�ned following (4.4.8) and D � 1
k was de�ned following (4.4.10). Prove

that each of u� (z) = h11(z)� e� iz k � i �z �k h21(z) and v� (z) = e� iz �k � i �zk h12(z)� h22(z) satis�es
an equation of the form �@u = r �u where jr j = jqj.

Problem 4.4.24 Let, for each su�cien tly small h 2 C, Ah be a bounded linear operator
on the Banach spaceB. Supposethat

� 1l � A0 has a bounded inverseon B
� lim h! 0 kAh � A0k = 0
� for each f 2 B, the map h 7! Ah f is di�eren tiable at h = 0 in B.

Prove that 1l � Ah has a bounded inverseon B for all su�cien tly small h and that for each
f 2 B, the map h 7! (1l � Ah ) � 1f is di�eren tiable at h = 0 in B, with the derivative being
� (1l � A0) � 1A0

0(1l � A0) � 1f .

Lemma 4.4.7 With p; �; ~p; � as in the previous proposition and Q 2 L p
� , the map f !

D � 1
k Qf is compact on L ~p

� � .

Pro of: According to the estimate (4.4.19), the map Q ! D � 1
k Q is continuous from

L p
� into operators on L ~p

� � (with the operator norm topology). Since the set of compact
operators is closed,by part (c) of Proposition A.5, it su�ces to show that D � 1

k Q is compact
for Q compactly supported.

Let f f i gi 2 IN be a bounded sequencein L ~p
� � . Our strategy will be to �rst use the

Arzel�a{Ascoli theorem [F, Theorem 4.43] to construct a pointwise convergent uniformly
boundedsubsequenceof

�
(D � 1

k Qf i )(z)
	

i 2 IN and to then usethe Lebesguedominated con-

vergencetheorem to show that the subsequenceconvergesin L ~p
� � .

By (4.4.18),

kD � 1
k Qf i kL 1 � CkQkL p

�
kf i kL ~p

� �

sothat the functions (D � 1
k Qf i )(z) are boundeduniformly in z and i . SinceQ is of compact

support, f Ek Qf i gi 2 IN is a bounded sequencein L ~p \ L 2. Part (b) of Lemma 4.4.44 then
givesthat, for any " < 1 � 2

~p ,

�
� � D � 1Ek Qf i

�
(z + h) �

�
D � 1Ek Qf i

�
(z)

�
� � Cjhj"

�
kQf i kL ~p + kQf i kL 2

�

for all z 2 C and jhj � 1. Thus the functions (D � 1
k Qf i )(z) are equicontinuous on

all of C. By the Arzel�a{Ascoli theorem, there is, for each R 2 IN, a subsequenceof

4 Since �d� 1 f (z + h) � �d� 1 f (z) = �@� 1 f (z + h) � �@� 1 f (z) and (@f )( z) = �@( f (z) ) the C " conclusion of
part (b) of Lemma 4.4.4 also applies to �@� 1 f and @� 1 f .
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�
(D � 1

k Qf i )(z)
	

i 2 IN that convergesuniformly on jzj � R. By taking subsequencesof sub-
sequencesand using the diagonal tric k, we can �nd a subsequence

�
(D � 1

k Qf i ` )(z)
	

` 2 IN
that convergespointwise on all of C (and uniformly on compact subsetsof C, though we
won't usethat), say to F (z). Finally , by the Lebesguedominated convergencetheorem,

lim
` !1




 D � 1

k Qf i ` � F



 ~p

L ~p
� �

= lim
` !1

Z �
1 + jzj2

� � � ~p=2 �
�(D � 1

k Qf i ` )(z) � F (z)
�
� ~p

d� (z) = 0

since� ~p > 2.

Now we give the di�eren tial equation that the special solutions satisfy.

Corollary 4.4.8 Let m be the solution in L ~p
� � of the integral equation

m � D � 1
k Qm = 1

Then m satis�es the di�er ential equation

�@k m(z; k) � m(z; �k)� k (z)S(k) = 0

where the scattering data S is given by (4.4.20) below. The matrix S(k) is independent
of z, purely o�{diagonal. The o�{diagonal elementsare related by S2;1(k) = S1;2( �k). If
r 0(� � � � 1) > 2, then S(k) is di�er entiable.

Pro of: We have L 1 � L ~p
� � since ~p� > 2. Thus, if 1 represents the constant function in

L 1 (IR2; M 2) whosevalue at every z 2 IR2 is the 2 � 2 identit y matrix,

m = (1l � D � 1
k Q)

� 1
(1)

is a well{de�ned element of L ~p
� � . Using Proposition 4.4.6, Problem 4.4.24 and Lemma

4.4.5, we have that

�@k m(z; k) = � (1l � D � 1
k Q)

� 1� �@k D � 1
k Q

�
(1l � D � 1

k Q)
� 1

(1)

= � 1
� (1l � D � 1

k Q)
� 1

�
� k (z)J

Z

IR2
Ek Q(1l � D � 1

k Q)
� 1

(1) d�
�

= (1l � D � 1
k Q)

� 1
� k (z)S(k)

where S(k) is the scattering data and is de�ned by

(4:4:20)
S(k) = � 1

� J
Z

IR2
Ek Qm d�

= � 1
�

Z �
0 � i e� iz �k � i �zk q(z) m2;2(z; k)

i eiz k+ i �z �k q(z) m1;1(z; k) 0

�
d� (z)
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Obviously S(k) is independent of z and is purely o�{diagonal. Consequently , � k S = E � 1
k S

and, by Problem 4.4.25,below,

D � 1
k (AE � 1

k S) = (D � 1
�k A)E � 1

k S

for any \lo cal" operator A. By a \lo cal" operator, we mean an operator whose action
consistsof multiplication by a M 2 valued function:

f (z) 7! A(z)f (z)

For each �xed k, multiplication by m(z; �k) = (1l � D � 1
�k

Q)
� 1

(1) is a local operator so that
�
(1l � D � 1

k Q)m( � ; �k)� k S(k)
�
(z) = m(z; �k)� k (z)S(k) �

�
D � 1

k Qm( � ; �k)� k S(k)
�
(z)

= m(z; �k)� k (z)S(k) �
�
D � 1

�k Qm( � ; �k)
�
(z)� k (z)S(k)

= m(z; �k)� k (z)S(k) �
�
m(z; �k) � 1

�
� k (z)S(k)

= � k (z)S(k)

and
(1l � D � 1

k Q)
� 1

� k (z)S(k) = m(z; �k)� k (z)S(k)

which gives the proposition, except for di�eren tiabilit y and the relation S2;1(k) = S1;2( �k)
between the o�{diagonal elements of S. This relation follows from ~J m(z; k) = m(z; �k),
which is Problem 4.4.26,below, and which implies that m1;1(z; k) = m2;2(z; �k).

For the proof of di�eren tiabilit y, we start by �xing any k and observing that, since
k 7! m( � ; k) is di�eren tiable in L ~p

� � , we have that

m(z; k + h) = m(z; k) + M (z; k)h + E(z; h; k)h

with M ( � ; k) 2 L ~p
� � and lim h! 0 kE( � ; h; k)kL ~p

� �
= 0. Also substituting that, for any

0 � " � 1,

eiz (k+ h)+ i �z( �k+ �h) = eiz k+ i �z �k
�

1 + i (zh + �z�h) + O
�
jzhj1+ " � �

e� iz ( �k + �h) � i �z(k+ h) = e� iz �k � i �zk
�

1 � i (z�h + �zh) + O
�
jzhj1+ " � �

givesthat

S(k + h) = S(k) + hS1(k) + hS2(k) + �hS3(k) +
Z

IR2
E(z; h; k) d� (z)

where

S1(k) = � 1
�

Z �
0 � i e� iz �k � i �zk q(z) M 2;2(z; k)

i eiz k+ i �z �k q(z) M 1;1(z; k) 0

�
d� (z)

S2(k) = � 1
�

Z �
0 � e� iz �k � i �zk �z q(z) m2;2(z; k)

� eiz k+ i �z �k z q(z) m1;1(z; k) 0

�
d� (z)

S3(k) = � 1
�

Z �
0 � e� iz �k � i �zk z q(z) m2;2(z; k)

� eiz k+ i �z �k �z q(z) m1;1(z; k) 0

�
d� (z)
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and

jE(z; h; k)j � jq(z)j
�

jhj jE (z; h; k)j+ jhj2jzj
�
jM (z; k)+ E(z; h; k)j

�
+ O

�
jzhj1+ " �

jm(z; k+ h)j
�

That the integrals de�ning S1, S2 and S3 all converge and that the remainder term
R

IR2 E(z; h; k) = o(jhj) now follows from the hypothesis that q 2 L p
� and the fact that




 �

1 + jzj1+ " �
q(z)f (z)






L 1 � CkqkL p
�

kf kL ~p
� �

if r 0(� � � � 1 � " ) > 2, which is proven as in (4.4.16) and (4.4.17). The condition
r 0(� � � � 1 � " ) > 2 will follow from the hypothesis r 0(� � � � 1) > 2, if we choose"
su�cien tly small.

Problem 4.4.25 Let r > 2 and A(z) 2 L 1(IR2; M 2) \ L r (IR2; M 2). Denote by A the
multiplication operator

f (z) 2 L 1 (IR2; M 2) 7! A(z)f (z) 2 L 1(IR2; M 2) \ L r (IR2; M 2)

Prove that if S 2 M 2 is purely o�{diagonal, then

(D � 1
k AE � 1

k S)(z) = (D � 1
�k

A)(z)(E � 1
k S)(z)

Problem 4.4.26 Let ~J be the row/column exchangeoperator of Problem 4.4.19. Prove
that ~J m(z; k) = m(z; �k).

x4.4.4. Liouville's theorem for pseudo-analytic functions.

In this subsection,we establish uniquenessfor the pseudo-analyticequation �@u = f �u.
In the proof we needto consider �@� 1f where f only decays su�cien tly quickly at in�nit y
to lie in L 2(IR2). So we usethe inverse�d� 1 of Lemma 4.4.4.

The main result is the following theorem. G. U. thanks A. Nachman for telling him
of this result. The proof originally appearedin [BU].

Theorem 4.4.9 Suppose that f 2 L 2(IR2) and w 2 L p(IR2), for some 1 < p < 1 , and
that w � exp(� �d� 1f ) is holomorphic. Then w is zero.

Pro of: For convenience,we let u = � �d� 1f . We shall show, roughly speaking, that u(z)
is o(log jzj) and hence that eu w is o(jzj) as jzj ! 1 . By Liouville's theorem, it follows
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that eu w is constant. The requirement that w 2 L p
�
IR2�

will then force the constant to
be zero. The complete argument goesin four steps.
(1) In the �rst step we shall usea bound on kr ukL 2 to prove that we may chooser 0 > 0

so that

(4:4:21)
Z

D
ep0j u � (u )D j d� � CjD j

for all disks D of radius r 0. Here p0 the exponent dual to p and (u)D denotes the
averageof u over D .

(2) In the secondstep we shall prove that, for disks D of radius r 0,

(4:4:22) (u)D = o
�

log
�
dist (D ; 0)

� �

To do so we shall usePoincar�e's inequality, Problem 4.4.28,to give that

(4:4:23) j(u)D � (u)D 0j � C
� Z

~D
jr uj2d�

� 1=2

where D and D 0 are any two intersecting disks whoseradii di�er by at most a factor
of 2 and ~D is the smallest disk containing D and D 0.

(3) In the third step we prove that eu w is a constant. This is easy, sowe do it now. Since
eu w is analytic, the averagevalue (eu w)D z over the disk D z of radius r 0 centred at z
coincideswith the value of eu w at the centre z of D z . Hence

jeu w(z)j = j(eu w)D z j =

�
�
�
�e

(u )D z 1
jD z j

Z

D z

eu� (u)D z w d�

�
�
�
�

�
�
�e(u )D z

�
� 1

jD z j

� Z

D z

ep0j u � (u )D z j d�
� 1=p0� Z

D z

jwjpd�
� 1=p

= o(jzj); as jzj ! 1

where we have usedH•older's inequality and then (4.4.21) and (4.4.22). Thus eu w(z)
is itself o(jzj) and it follows from Liouville's theorem that eu w is constant. Thus
w = C0e� u .

(4) The fourth and �nal step is to use the requirement that w 2 L p
�
IR2�

to prove that
C0 = 0.

To complete the proof we must still executesteps1, 2 and 4. Step 1 uses

Theorem [GT, Theorem 7.21] Suppose that 
 � IRn is convex and that there exists a
constant K such that

Z


 \ B R

jr uj dn x � K Rn � 1 for all balls BR of radius R
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Then there exist positive constants � 0 and C depending only on n such that
Z



exp

�
�
K ju � (u) 
 j

�
dn x � C(diam 
) n

where � = � 0j
 j(diam 
) � n .

By Lemma 4.4.4, the Fourier transform of @u
@zj

is 2 k j

k1 + ik 2
f̂ (k), so that kr ukL 2 (IR2 ) =

2kf kL 2 (IR 2 ) < 1 and Z

B R

jr uj d2x � kr ukL 2 (B R )

p
� R2

By Problem 4.4.27,below, given any K > 0, we can chooseR = r 0 su�cien tly small that
R

B R
jr uj d2x � K R for all balls BR of radius R. Choosing K = � � 0

4p0 yields (4.4.21).
We now move on to the secondstep, which is to prove (4.4.22) for all disks D of radius

r 0, We have already observed that if D and D 0 are two intersecting disks whoseradii di�er
by at most a factor of 2, then Poincar�e's inequality, Problem 4.4.28,gives

j(u)D � (u)D 0j � C
� Z

~D
jr uj2d�

� 1=2

where ~D is the smallest disk containing D and D 0. Now given any disk D of radius r 0 we
construct a sequenceof disks D0; � � � ; DN , with D0 the disk of radius r 0 centred on 0, N
to be chosenshortly and DN = D. If D0 and D intersect, just set N = 1. Otherwise,
denoteby L the line segment from 0 to the centre of D . The centres of all disks will be on
L . First chooseD1 and DN � 1 to be disks of radius r 1 = 2r 0 with D1 intersecting D0, but
not containing the centre of D0, and DN � 1 intersecting DN , but not containing the centre
of DN . Then chooseD2 and DN � 2 to be disks of radius r 2 = 2r 1 with D2 intersecting
D1, but not containing the centre of D1, and DN � 2 intersecting DN � 1, but not containing
the centre of DN � 1. Repeat until the distance betweenD j and DN � j �rst drops strictly

D 0 D 1 D 2 D ND N � 1

~D 0

~D 1

below 8r j . At this point, D j and DN � j do not intersect so that the distance between
their centres is strictly greater than 2r j . Then chooseD j +1 , � � �, DN � j +1 to be disks of
radius r j such that each D ` , with j + 1 � ` � N � j + 1, intersects D ` � 1 and D ` +1 but
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doesnot contain the centre of either D ` � 1 or D ` +1 . This also determinesN . The disks so
constructed obey

i) D j \ D j 0 6= ; if and only if jj � j 0j � 1,

ii) the ratio of the radii of D j and D j +1 is between1/2 and 2 for j = 0: : : N � 1.
iii) N � const log

�
2 + dist (D ; 0)

�

iv) For each j = 0: : : N � 1, let ~D j be the smallest disk containing D j [ D j +1 . Then ~D j

intersects ~D ` only if jj � ` j � 2 and each point of IR2 is contained in at most three
distinct ~D j 's.

Now we apply (4.4.23) to each pair D j ; D j +1 and obtain

j(u)D 0 � (u)D N j � C
N � 1X

j =0

� Z

~D j

jr uj2 d�
� 1=2

� C
p

N
� N � 1X

j =0

Z

~D j

jr uj2 d�
� 1=2

� C
p

N
p

3kr ukL 2 by (iv)

Becauser u 2 L 2(IR2) it follows from (iii) that

j(u)D j � j(u)D 0 j + j(u)D 0 � (u)D N j = o(N ) = o
�

log
�
dist (D ; 0)

� �

It remainsonly to executethe fourth step, which is to prove that the constant C0 = 0.
Sincew is in L p(IR2), we have

R
Q jwj d� � kwkL p jQj1� 1=p for all squaresQ. We claim that

for each � > 0 there is a constant C and squaresQ with arbitrarily large side length for
which

(4:4:24)
Z

Q

�
�e� u

�
� d� � CjQj1� �

Combining these observations, we seethat the only choice for C0 is 0. Thus we turn to
the proof of the claim (4.4.24).

We begin our proof of (4.4.24) by using Jensen'sinequality to concludethat

(4:4:25)
Z

Q

�
�e� u

�
� d� = jQj (e� Re u )Q � jQj e� (Re u)Q � jQj e�j u j Q

Now suppose that Q is centered at 0 with side length R = 2N r 0 with N a positive in-
teger (and r 0 as above). We may write Q as the union of 22N congruent subsquares,
Q1; � � � ; Q22N , each of side length r 0. We have

juQ j = 2� 2N

�
�
�
�

22N
X

j =1

uQ j

�
�
�
�
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The argument leading to (4.4.22) works just as well for squaresas for disks. Just replace
the words \disk" and \radius" by \square" and \side length" everywhere. Thus, for each
� > 0, we may chooseN0 so that if N � N0 and R = 2N r 0 then

juQ j � 2� logR = � log jQj

For thesesquaresQ, we have, by Problem 2.3.10,with 
 = S = Q,

jujQ �
�
�u � uQ

�
�
Q + juQ j �

p
� kr ukL 2 (
) + � log jQj � 2

p
� kf kL 2 + � log jQj

and then

(4:4:26) e�j u j Q � CjQj � � :

Combining (4.4.25) and (4.4.26) givesour claim.

Problem 4.4.27 Let f 2 L 1(IRn ). Prove that

lim
r ! 0+

sup
c2 IRn

Z

B r (c)
jf (x)j dn x = 0

where B r (c) is the ball of radius r centred on c.

Problem 4.4.28 Let u 2 H 1(
) where 
 is a convex, bounded, open subsetof IR2 with
smooth boundary. Let S1 and S2 be two measurablesubsetsof 
. Prove that

�
�(u)S1 � (u)S2

�
� �

p
� (diam 
) 2

�
1

jS1 j + 1
jS2 j

�
kr ukL 2 (
)

Now, an argument of Ahlfors givesthe uniquenessfor pseudo-analytic functions.

Corollary 4.4.10 Supposeu 2 L p(IR2) \ L 2
loc for somep, with 1 < p < 1 and solvesthe

equation
�@u = au + b�u

where a and b lie in L 2(IR2) \ L q(IR2) for someq > 2. Then u = 0.

Pro of: We de�ne a function f by

f (z) =

8
<

:

a + b�u=u; u(z) 6= 0

0; u(z) = 0

Then �@u = f u, with f 2 L 2(IR2) \ L q(IR2). Let 
 be any bounded open subsetof IR2 and
� 2 C1

0 (IR2) be identically one on 
. Formally, the weak derivative

�@
�
�ue � �d� 1 f �

= �@�
�
ue� �d� 1 f �

+ �e � �d� 1 f � �@u � f u
�

= 0 on 


Using Lemma 4.4.4 and Problems 4.4.11{4.4.13,this conclusioncan be arrived at mathe-
matically correctly. Doing so is Problem 4.4.29. Thus ue� �d� 1 f is holomorphic by Propo-
sition 4.4.3 and u is zero by Theorem 4.4.9.

77



Problem 4.4.29 Let � 2 IR. Let � 2 C1
0 (IR2), u 2 L 2

loc \ L 1
� and g 2 L 1

� . Assumefurther
that u has a weak derivative �@u 2 L 1

� and that g is continuous and has a weak derivative
�@g 2 L 2

loc . Prove that

�@
�
�ue � g �

= ue� g �@� + �e � g �@u � �ue � g �@g

x4.4.5. Additional regularit y for the special solutions

In this subsection,we show that if the potential Q is in C � (IR2; M 2) and is compactly
supported, then the special solutions are in C � (IR2; M 2) with respect to z, uniformly in k.
Next we observe that the diagonal part of m is C1+ � 0

for all � 0 < � . This regularity will be
essential in obtaining our L 2-estimate for the scattering data.

Recall that we have de�ned, for 0 < � < 1, the norm

kf kC � = kf kL 1 + jf jC � where jf jC � = sup
z6= w

ju(z) � u (w ) j
j z� w j �

for the spaceC � (IR2). We have also de�ned, for n 2 IN0, Cn + � (IR2) to be the collection of
functions for which the norm

P
� 2 IN 2

0
j � j <n

k@� ukL 1 (IR2 ) +
P

� 2 IN 2
0

j � j = n

k@� ukC � (IR2 ) is �nite. The

corresponding spacesof 2 � 2 matrix valued functions are denoted Cn + � (IR2; M 2).

Problem 4.4.30 Let ' (x) be a smooth nonnegative function that vanishesfor jxj > 1
and that is normalized by

R
' (x) d� (x) = 1. Let f 2 C � (IR2) and set, for 0 < t � 1,

f t = ' t � f where ' t (x) = t � 2 '
�

x
t

�
. Prove that

kf � f t kL 1 � jf jC � t �

jf t jC � � jf jC �




 @� f t

@x �






L 1 � C� jf jC � t � �j � j if j� j � 1

Our strategy is to show that for large k, the special solutions are given by a convergent
Neumann series. For small k, we appeal to Fredholm theory as in x4.4.3. This method
does not give quantitativ e estimates without a more thorough analysis. We remark that
one feature of the operator D � 1

k is that the diagonal part of D � 1
k F is smoother than the

o�{diagonal part. This is becausethe o�-diagonal part is multiplied by a position and k
dependent exponential. This elementary observation will be usedseveral times.

We begin with someelementary but useful estimates for the action of D � 1
k Q on the

spacesC � (IR2; M 2). They will be used,in Proposition 4.4.12below, to show that the series
expansionm( � ; k) = (1l � D � 1

k Q) � 1(1) =
P 1

j =0 (D � 1
k Q) j (1) convergesin the k � kC � norm,

if jkj is large enough.
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Prop osition 4.4.11 Let F 2 C � (IR2; M 2), and supposeF is supported in a ball of radius
R. Then for 0 < � � 1

2 ,

(4:4:27) kD � 1
k F kC � (IR2 ;M 2 ) � C(R; � )kF kC �

Also,

(4:4:28) kD � 1
k F of f kL 1 � C(1 + jkj) � � kF of f kC �

and

(4:4:29) kD � 1
k F dkC � � CkF kL 1

All constants depend on R and � .

Pro of: We �rst note that, by Problems 4.4.6 and 4.4.7,

(4:4:30) kEk ~F kC � ; kE � 1
k

~F kC � � C(1 + jkj) � k ~F kC �

and, by Problem 4.4.9,

kD � 1Ek F kC � � C(R; � )kEk F kL 1 � C(R; � )kF kL 1

So when jkj � 1, the estimates (4.4.27) and (4.4.28) are easy. Since D � 1
k F d = D � 1F d,

Problem 4.4.9 also gives(4.4.29) for all k.
Thanks to (4.4.29), we only needto prove (4.4.27) for F = F of f . The secondestimate

(4.4.28) will be established as a by{pro duct of our proof of (4.4.27). Thus we suppose
F = F of f and jkj � 1. We choose a smooth nonnegative function ' supported in the
unit ball, centered at 0, and with

R
' = 1. As usual, we set ' t (z) = t � 2 '

�
z
t

�
. We let

0 < t � 1 and split F = Fs + Fr where the smooth part is Fs = ' t � F and the rough part
is Fr = F � Fs. Since0 < t � 1, Fs and Fr are supported in a ball of radius R + 1.

To bound D � 1
k Fr , we use that, for t small, convolution with ' t is almost the iden-

tit y operator. Precisely, by Problem 4.4.30, kFr kL 1 � jF jC � t � . Since Fr is compactly
supported, we may useProblem 4.4.9 to concludethat

kD � 1Ek Fr kC � � C(R; � )kEk Fr kL 1 � C(R; � )kFr kL 1 � C(R; � )jF jC � t �

By Problem 4.4.30, for j� j � 1, k @�

@x � FskL 1 � C� jF jC � t � �j � j . To bound D � 1Ek Fs,
we use this extra smoothnessof Fs and integration by parts to extract somedecay in k.

We observe that D � � 1
k (z) =

�
� ik 0

0 ik

�
� � 1

k (z) and

D � 1Ek Fs(z) =
1
�

Z �
z � w 0

0 �z � �w

� � 1 �
� ik 0

0 ik

� � 1

(D � � 1
k )(w)Fs(w)d� (w)
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Since (D � � 1
k )(w)Fs(w) = (D � � 1

k Fs)(w) � � � 1
k (w)(DFs)(w) and, by Problem 4.4.5,

D � 1D = 1l,

D � 1Ek Fs(z) =
�

ik 0
0 � ik

� � 1

� � 1
k (z)Fs(z)

�
1
�

Z �
z � w 0

0 �z � �w

� � 1 �
� ik 0

0 ik

� � 1

� � 1
k (w)DFs(w)d� (w)

= I + I I :

By (4.4.30) and the fact, proven in Problem 4.4.30,that kFskC � � kF kC � , we have that

kI kC � � C
jk j (1 + jkj) � kF kC �

Using the support restrictions on Fs and Problem 4.4.9,followedby the last part of Problem
4.4.30,we also have that

kI I kC � � C
jk j k� � 1

k DFskL 1 � C
jk j kDFskL 1 � C

jk j t
� � 1kF kC �

Combining theseobservations gives

kD � 1Ek F kC � � CkF kC �

�
t � + (1+ jk j ) �

j k j + t � � 1

j k j

�

Choosing t = 1
jk j gives

kD � 1Ek F kC � � C(1 + jkj) � � kF kC �

for 0 < � � 1
2 . The estimate (4.4.28) follows immediately. The estimate (4.4.27) follows if

we use(4.4.30).

One reasonit is convenient to study the map f ! D � 1
k Qf on the spacesC � is that

thesespacesform an algebra under pointwise multiplication. The elementary inequality

kQF kC � � CkF kC � kQkC � ; 0 < � < 1

of Problem 4.4.6,will be usedseveral times below. We next prove that the Neumannseries
expansion m( � ; k) = (1l � D � 1

k Q) � 1(1) =
P 1

j =0 (D � 1
k Q) j (1) convergesin C � for large k.

This will take care of the uniform bound (in k) of km( � ; k)kC � for large k. The uniform
bound for k in any compact set will beproven in the next Corollary, by using the continuit y
of the map k 7! m( � ; k) 2 L ~p

� � (Proposition 4.4.6) and the \sligh tly smoothing" property
of D � 1 (Problem 4.4.17).
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Prop osition 4.4.12 Let 0 < � � 1
2 and supposeQ is C � , compactly supported and Qd = 0.

Then there is a constant C0 so that if

C0(1 + jkj) � � kQk2
C � = � < 1;

then

m( � ; k) =
1X

j =0

(D � 1
k Q) j (1)

and the series convergesin C � (IR2) and km( � ; k)kC � � C
1� �

�
1 + kQkC �

�
.

Pro of: We �rst prove that, if F = F d, then

(4:4:31) k(D � 1
k Q)2F kC � � C0(1 + jkj) � � kF kC � kQk2

C �

As F is diagonal and Q is o�{diagonal and compactly supported, QF is o�{diagonal and
ccompactly supported and, by (4.4.28), we have that

kD � 1
k QF kL 1 � C(1 + jkj) � � kQF kC � � C(1 + jkj) � � kQkC � kF kC � :

To improve the k � kL 1 bound to a k � kC � bound, we apply the second D � 1
k Q and

use that D � 1 is slightly smoothing. Indeed, QD � 1
k QF is diagonal so that (D � 1

k Q)2F =
D � 1QD � 1

k QF and, sinceQ is compactly supported, we have, by Problem 4.4.9,

k(D � 1
k Q)2F kC � = kD � 1QD � 1

k QF kC � � CkQD � 1
k QF kL 1 � CkQkL 1 kD � 1

k QF kL 1

� C0(1 + jkj) � � kQkL 1 kQkC � kF kC �

which implies (4.4.31).

Iterating (4.4.31) gives

k(D � 1
k Q)2j (1)kC � �

�
C0(1 + jkj) � � kQk2

C �

� j
= � j

By (4.4.27),

k(D � 1
k Q)2j +1 (1)kC � � CkQ(D � 1

k Q)2j (1)kC � � CkQkC � k(D � 1
k Q)2j (1)kC � � CkQkC � � j

and the proposition follows.
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Corollary 4.4.13 Let 0 < � � 1
2 and suppose that Q is in C � , compactly supported and

Qd = 0. Then there is a constant C so that

km( � ; k)kC � � C:

Here, C dependson Q.

Pro of: For k large, this follows from the previous proposition, so it su�ces to considerk
in somecompactset K . Let ~p > 2

1� � , sothat ~p > 2, and choosep, � and � asin Proposition
4.4.6. Then 1 2 L 1 � L ~p

� � and, since Q is compactly supported and bounded, Q 2 L p
� .

By Proposition 4.4.6, k ! (1l � D � 1
k Q) � 1(1) is a continuous map into L ~p

� � and thus

sup
k2 K

km( � ; k)kL ~p
� �

< 1 :

SinceQ is bounded and compactly supported

kEk Qm( � ; k)kL ~p = kQm( � ; k)kL ~p � CkQm( � ; k)kL ~p
� �

� CkQkL 1 km(�; k)kL ~p
� �

so that, by (4.4.30) followed by Problem 4.4.17,

kD � 1
k Qm( � ; k)kC � � C1(1 + jkj) � kD � 1Ek Qm( � ; k)kC �

� C2(1 + jkj) � kEk Qm( � ; k)kL ~p

� C3(1 + jkj) � km( � ; k)kL ~p
� �

and
sup
k2 K

kD � 1
k Qm( � ; k)kC � < 1

Using the equation
m = 1 + D � 1

k Qm

we obtain
sup
k2 K

km( � ; k)kC � < 1 :

Combining this with our result for large k givesthe Corollary.

Corollary 4.4.14 Let 0 < � � 1
2 and suppose that Q is in C � , compactly supported and

Qd = 0. Then the special solutions constructed in Corollary 4.4.8 and Proposition 4.4.12
satisfy

km( � ; k) � 1kL 1 � C(1 + jkj) � �
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Pro of: We have m( � ; k) 2 C � (IR2; M 2) from Corollary 4.4.13. We observe that

mof f = D � 1
k Qmd

Then the estimate (4.4.28) implies kmof f kL 1 � C(1 + jkj) � � . Now we have

md = 1 + D � 1Qmof f

and sinceQ is compactly supported, we have, by Problem 4.4.9,

kmd � 1kL 1 � CkQmof f kL 1 � C(Q)kmof f kL 1 � C(1 + jkj) � �

Our next step is to observe that the diagonal part of m is smoother. This is an easy
consequenceof the integral equation.

Prop osition 4.4.15 Let 0 < � 0 < � � 1
2 and supposethat Q is in C � , compactly supported

and Qd = 0. Then md is in C1+ � 0
and we have

km( � ; k)dkC 1+ � 0 � C

Pro of: We have that m � D � 1
k Qm = 1. In particular,

md =
�

1 + �@� 1q12m21 0
0 1 + @� 1q21m12

�

By part (d) of Problem 4.4.9, �@� 1 and @� 1 map C � (IR2) boundedly into C1+ � 0
(IR2). Since

m 2 C � and henceQm 2 C � , the entries of md are C1+ � 0
.

Problem 4.4.31 Let 0 < � � 1
2 and supposethat Q is in C � , compactly supported and

Qd = 0. Prove that, for each k 2 C, m( � ; k) 2 C1+ � 0
for all � 0 < � . Let n 2 IN. Prove

that if, in addition, Q 2 Cn , then for each k 2 C, m( � ; k) 2 Cn + � 0
for all � 0 < 1.

x4.4.6. An L 2-estimate for the scattering data.

Each element of the scattering data S, de�ned in (4.4.20), is the image of the
potential q, or its complex conjugate �q, under a pseudo{di�erential operator g 7!
R

IR2 M (x; k)e� ix �k g(x) d2x with M being essentially a component of m(z; k). In this sub-
sectionwe recall a classicalresult which statesthat if M is su�cien tly smooth and suitably
compactly supported in x, then the pseudo{di�erential operator is a bounded linear map
on L 2. This result is taken from [CM, Lemma 6, p. 14]. The proof is included for com-
pleteness.We usethis result and the estimatesfor m in the previous section to show that
the scattering data is in L 2.
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Prop osition 4.4.16 Let s > n
2 . SupposeM ( � ; k) 2 H s(IRn ), with kM ( � ; k)kH s (IRn ) � A

for all k, and x ! M (x; k) is compactly supported in a �xed ball for all k. Then the operator
T de�ned by

Tg(k) =
Z

IRn
M (x; k)e� ix �k g(x) dn x

satis�es

(4:4:32) kTgkL 2 � Cn;s AkgkL 2

Pro of: We may assumethat g is nice so that ĝ is in L 1. Then we may write g as a
Fourier integral and obtain

(4:4:33)
Tg(k) = 1

(2 � )n

Z
M (x; k)e� ix �k

Z
ĝ(p)eix �p dn pdn x

=
Z

K (k � p;k)ĝ(p) dn p

where the kernel K is given by

K (t; k) = 1
(2 � )n

Z

IRn
M (x; k)e� ix � t dn x

The useof Fubini's theorem in (4.4.33) is justi�ed sinceĝ is in L 1 and M (x; k) is compactly
supported and boundedin x by Problem 2.1.11(Sobolev imbedding). SinceM ( � ; k) 2 H s,

Z
jK (p;k)j2! (p) dn p = 1

(2 � )n kM ( � ; k)k2
H s

where ! (p) = (1 + jpj2)s, is �nite. Thus, using Cauchy{Schwarz in the last integral in
(4.4.33), we have

(4:4:34) jTg(k)j2 � 1
(2 � )n

� Z
jĝ(p)j2! (k � p) � 1 dn p

�
kM ( � ; k)k2

H s

Becausewe require s > n
2 , it follows that ! � 1 2 L 1(IRn ) and

kTgk2
L 2 =

Z
jTg(k)j2 dn k

(2 � )n � A2
Z Z

jĝ(p)j2! (k � p) � 1 dn p
(2 � )n

dn k
(2 � )n

= A 2

(2 � )n k! � 1kL 1 kgk2
L 2
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Corollary 4.4.17 Let Q =
�

0 q
�q 0

�
be compactly supported and in C � . Then the scattering

data S is in L 2(IR2) \ L 1 (IR2).

Pro of: Sincem(z; k)d is in C1+ � 0
for all � 0 < � , uniformly in k (seeProposition 4.4.15),

it follows from part (c) of Problem 4.4.8 that

k� ( � )m( � ; k)dkH s � C(� ; s)

for any smooth, compactly supported function � and s < 1 + � . We choosean � that is
identically oneon the support of Q and then we may apply Proposition 4.4.16to conclude
that, sinceq 2 L 2(IR2), each component of

S(k) = � 1
�

Z �
0 � i e� iz �k � i �zk q(z) m2;2(z; k)

i eiz k+ i �z �k q(z) m1;1(z; k) 0

�
d� (z)

= � 1
�

Z �
0 � i e� 2i (z1 k1 + z2 k2 ) q(z) m2;2(z; k)

i e2i (z1 k1 � z2 k2 ) q(z) m1;1(z; k) 0

�
d� (z)

is in L 2(IR2). Sinceq 2 L 1(IR2) and m(z; k) 2 L 1 (IR2) each component of S(k) is also in
L 1 (IR2).

x4.4.7. Relation between � 
 and S.

In this subsection, we show that if the conductivities 
 1, 
 2 on 
 have the same
Dirichlet to Neuamannmaps, � 
 1 = � 
 2 , then we may extend 
 1 and 
 2 to IR2 n �
 in such
a way that the scattering data S1 and S2 agree. Here, we are constructing the �rst order
systemsD � Qi from the conductivities 
 i as in (4.4.5).

Theorem 4.4.18 Let 
 be a bounded open subsetof IR2 with smooth boundary. Suppose
that 
 1 and 
 2 obey Hypothesis4.1 and that L 
 1 and L 
 2 are two divergence form operators
for which � 
 1 = � 
 2 . Then we may extend 
 1 and 
 2 to IR2 n �
 so that S1 = S2.

Pro of: By Theorem 4.1.2, we have that 
 1 = 
 2 on @
 and furthermore that all normal
derivativesof 
 1 coincidewith the corresponding normal derivativesof 
 2 on @
. Thus we
may extend 
 1 and 
 2 to IR2 n �
 so that

� 
 1; 
 2 2 C2(IR2),
� 
 1 = 
 2 in IR2 n �
,
� 
 1 = 
 2 = 1 outside a large ball and
� 
 1; 
 2 > � > 0 on IR2 for some� > 0.

Using theseextensions,construct m1(z; k) and m2(z; k) as in Corollary 4.4.8 and Propo-
sition 4.4.12. Then, by (4.4.7){(4.4.10)

 j = mj (z; k)
�

eiz k 0
0 e� i �zk

�
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obeys (D � Qj ) j = 0. The corresponding scattering data Sj (k) has the representation

Sj (k) = � 1
�

Z �
0 � i e� iz �k � i �zk qj (z) m22

j (z; k)

i eiz k+ i �z �k qj (z) m11
j (z; k) 0

�
d� (z)

= � 1
�

Z �
0 � i e� iz �k (Qj  j )12

i ei �z �k (Qj  j )21 0

�
d� (z)

= � 1
�

Z

IR2

�
0 � ie� iz �k �@ 12

j

iei �z �k @ 21
j 0

�
d� (z)

= � 1
�

Z

IR2

�
0 � i �@

�
 12

j e� iz �k
�

i@
�
 21

j ei �z �k
�

0

�
d� (z)

= � 1
�

" Z

IR2 n


�
0 � i �@

�
 12

j e� iz �k
�

i@
�
 21

j ei �z �k
�

0

�
d� (z)

+
Z

@


�
0 � i ��  12

j e� iz �k

i�  21
j ei �z �k 0

�
d� (z)

�

where we use � = 1
2 (� 1 � i� 2) and �� = 1

2 (� 1 + i� 2) with (� 1; � 2) the unit outer normal to
@
. In the last step we used part (b) of Problem 4.4.2. From this expressionfor Sj , we
seethat if we can show

(4:4:35)  1(z; k) =  2(z; k) in IR2 n 


then S1 = S2.
We proceedto show (4.4.35) by a well{known argument. The idea is to construct a

secondsolution
~ (z; k) =

�
 1(z; k) if z 2 IR2 n 

something else if z 2 


to (D � Q2) ~ = 0. (Note that, outside 
, Q1 = Q2 = 0 and henceD � Q1 = D � Q2.)
Then both (D � Q2) 2 = 0 and (D � Q2) ~ = 0 and we can use pseudo{analyticity and
sharedbehaviour at in�nit y, much aswe did in the proof of injectivit y in Proposition 4.4.6,
to concludethat ~ =  2 and hencethat  1 =  2 outside 
.

Let  ( j )
1 denote the j th column of  1 and set

�
v( j )

1

w( j )
1

�
= 
 � 1=2

1  ( j )
1

Since(D � Q1) ( j )
1 = 0,

�

 1=2

1
�@v( j )

1 + v( j )
1

�@
 1=2
1


 1=2
1 @w( j )

1 + w( j )
1 @
 1=2

1

�
=

� �@ 0
0 @

� �

 1=2

1 v( j )
1


 1=2
1 w( j )

1

�

=
�

0 � 
 � 1=2
1 @
 1=2

1

� 
 � 1=2
1

�@
 1=2
1 0

� �

 1=2

1 v( j )
1


 1=2
1 w( j )

1

�
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or

 1=2

1
�@v( j )

1 = � v( j )
1

�@
 1=2
1 � w( j )

1 @
 1=2
1 
 1=2

1 @w( j )
1 = � w( j )

1 @
 1=2
1 � v( j )

1
�@
 1=2

1

Thus we have the compatibilit y condition

�@v( j )
1 = @w( j )

1

in all IR2. By Problem 4.4.3 there exists a \p otential" (unique up to an additiv e constant)
u( j )

1 satisfying @u( j )
1 = v( j )

1 and �@u( j )
1 = w( j )

1 . Since

0 = (D � Q1) ( j )
1 = (D � Q1)

�

 1=2

1 @u( j )
1


 1=2
1

�@u( j )
1

�

we alsohave L 
 1 u( j )
1 = 0 by (4.4.6) and henceL 
 2 u( j )

1 = 0 in IR2 n �
, where 
 1 = 
 2. Now,
we set

~u( j ) =

(
u( j )

1 in IR2 n �


u( j )
2 in 


where u( j )
2 is the solution of the Dirichlet problem

L 
 2 u( j )
2 = 0 in 
 u( j )

2 = u( j )
1 on @


By construction, u( j )
1 and u( j )

2 agree on @
. Since � 
 1 = � 
 2 , their �rst order normal
derivativesalso agreeon @
 and we have L 
 2 ~u( j ) = 0 in IR2. Thus if we set

~ = 
 1=2
2

�
@~u(1) @~u(2)

�@~u(1) �@~u(2)

�
and ~m(z; k) = ~ 

�
e� iz k 0

0 ei �zk

�

we have (D � Q2) ~ = 0 and (Dk � Q2) ~m = 0 in IR2.
Set h = ~m � m2. Then (Dk � Q2)h = 0 so that, by Problem 4.4.23,each of u� (z) =

h11(z) � e� iz k � i �z �k h21(z) and v� (z) = e� iz �k � i �zk h12(z) � h22(z) satis�es an equation of the
form �@u = r �u with jr j = jq2j bounded and compactly supported. If we can show that
h 2 L ~s, for some~s � 2, then Corollary 4.4.10will yield that h = 0 and hencethat ~ =  2.
This will establish (4.4.35) and hencethe Theorem.

So it remains only to prove that h 2 L ~s, for some~s � 2. Sincem1 = 1 + D � 1
k Q1m1

and m2 = 1 + D � 1
k Q2m2, we have that m1 � m2 = D � 1

k Q1m1 � D � 1
k Q2m2. As

m1( � ; k); m2( � ; k) 2 L ~p
� � and Q1 and Q2 are continuous and of compact support

Ek Q1m1( � ; k); Ek Q2m2( � ; k) 2 L ~p and the Hardy{Littlew ood{Sobolev inequality
(4.4.13) gives that m1 � m2 2 L ~s, for some ~s � 2. But h and m1 � m2 coincide for
z 2 IR2 n �
 (don't forget that 
 1 � 
 2 in IR2 n �
) and m1( � ; k) and ~m( � ; k) are both
continuous in �
, h 2 L ~s too.
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x4.4.8. The uniqueness theorem.

In this section,we give the remaining details neededto prove our uniquenesstheorem.
The main result is Corollary 4.4.21. Theorem 4.4.19 shows that if the scattering data
agree, then the special solutions agree. Theorem 4.4.20 gives one way of recovering the
potential from the special solutions.

Theorem 4.4.19 Let 0 < � � 1
2 . Suppose that Qj 2 C � (IR2; M 2), j = 1; 2, are two

potentials that are compactly supported and satisfy Qd
j = 0; Q�

j = Qj . Let Sj be the
scattering data for Qj . If S1 = S2, then m1 = m2.

Pro of: Let S = S1 = S2 be the common scattering data. According to Corollary 4.4.17,
our assumptionson Qj imply S 2 L 2. Now we recall the �@-equation for m j of Corollary
4.4.8. Since S1 = S2, we may subtract these equations and obtain that m = m1 � m2

satis�es

�@k m(z; k) = m(z; �k)� k (z)S(k) =
�

m1;2(z; �k)e� iz k � i �z �k S1;2( �k) m1;1(z; �k)eiz �k+ i �zk S1;2(k)
m2;2(z; �k)e� iz k � i �z �k S1;2( �k) m2;1(z; �k)eiz �k+ iz �k S1;2(k)

�

=
�

m1;2(z; �k)T(z; �k) m1;1(z; �k)T(z; k)
m2;2(z; �k)T(z; �k) m2;1(z; �k)T(z; k)

�

where T(z; k) = eiz �k + i �zk S1;2(k). Set

u� (k) = m1;1(z; k) � m1;2(z; �k)

v� (k) = m2;1(z; k) � m2;2(z; �k);

Then, recalling from part (d) of Problem 4.4.1 that �@k
�

f ( �k)
�

= ( �@k f )( �k),

�@k u� (k) = m1;2(z; �k)T(z; �k) � m1;1(z; k)T(z; �k) = � T(z; �k) u� (k)
�@k v� (k) = m2;2(z; �k)T(z; �k) � m2;1(z; k)T(z; �k) = � T(z; �k) v� (k)

Thus each of the functions u� ; v� satis�es an equation of the form �@k w(k) = r (k)w(k)
with r 2 L 2(IR2) \ L 1 (IR2), sinceS 2 L 2 \ L 1 . Using Corollary 4.4.14we may conclude
that m = m1 � m2 lies in L p for all p > 2

� . Then Corollary 4.4.10implies that each of the
functions u� (k); v� (k) are zero for each z. Thus m1 = m2.

Our �nal step is to observe that we may recover Q from the special solutions m.

Theorem 4.4.20 Let 0 < � � 1
2 and supposethat Q 2 C � (IR2; M 2) is compactly supported

and obeys Qd = 0. If m(z; k) are the special solutions constructed in Corollary 4.4.8,then

Q(z) = lim
k !1

Dk m(z; k)
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Pro of: We recall that m satis�es the equation

Dk m � Qm = 0

From Corollary 4.4.14,we observe that

km( � ; k) � 1kL 1 � C(1 + jkj) � �

This implies that
lim

k !1
Dk m(z; k) = Q(z) lim

k !1
m(z; k)

= Q(z):

Corollary 4.4.21 Let 
 be a bounded open subsetof IR2 with smooth boundary. Suppose
that 
 1 and 
 2 obey Hypothesis4.1. If � 
 1 = � 
 2 , then 
 1 = 
 2.

Pro of: By Theorem 4.4.18 we may extend 
 1 and 
 2 to IR2 n �
 so that 
 1 = 
 1 = 1
near in�nit y and S1 = S2. Since each 
 j = 1 outside of some ball of large radius, the
corresponding potential qj = � 1

2 @log
 j is compactly supported. By Theorem 4.4.19,
m1 = m2. Then from Theorem 4.4.20,we obtain that Q1 = Q2. Thus @log 
 1


 2
= �@log 
 1


 2
=

0 and log 
 1

 2

is a constant. Since
 1 = 
 2 = 1 near in�nit y, this implies 
 1 = 
 2.
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