x4. lden ti abilit y of Isotropic Conductivities

Throughout this chapter we assumethat is a bounded open subset of IR" with
smooth boundary, asin De nition 2.1.17, and that, except where stated otherwise, our
conductivities obey

Hyp othesis 4.1 Thereis a function! 2 C! (" ) suchthat the conductivity at x 2 is
(x)1 where 1 is then n identity matrix. We also usethe notation (x) to representthe
matrix valued function (x)1.

In this chapter, we prove Theorem 3.4.8, which states that if two isotropic conductivities

i1and ,in giveriseto the sameboundary measuremets (i.e., , = ) onthe ertire
boundary, then ; = 5. We start, in x4.1, by just proving that the conductivities and
their normal derivatives of all orders agreeon @. The critical obsenation, explained in
more detail at the beginning of x4.1, is that by choosing the Dirichlet boundary data to
be highly oscillatory and supported near a point p2 @, we can arrangethat the solution
toL u=0,u @ - be concenrated near p. SeeProblem 4.1.3.

In x4.2, we construct some exponertially growing solutions, that are used in x4.3,
together with the results of x4.2, to prove that if two isotropic conductivities ; and »
in  giverise to the sameboundary measuremets, then 1 = , throughout , at least
for dimensions n 3. Here is a very rough outline of the argumert. We rst prove
the corresponding identi abilit y result for Schredinger operators. If u; + quu; = 0 and

up, + cpup = 0in , then, by the divergencetheorem,
Z Z
(@ G)uiup d'x = Uz% u; @z d
@
Here% is the outward normal derivativeto @. That is, if A(x) is the outward unit normal

P
to@ atx2 @ then Z(x)= " (x)g%(x). Assuming that ¢, and ¢ have the same
j=1

Dirichlet{ to Neumann{data maps, there is a solutionvto v+ qv=0,Vv @ - Y24
@ - @
e - o o so that
Z Z Z
(h  p)urup d"x = uz% ul% d = v% ug d
7 @ @

= (p q)uvd'x=0

1 As in x3.3, we have made this assumption stronger than necessary for simplicit y of notation. It is
easy to generalize the results of this sectionto 2 C () for suitable °



This is true for all slglutions u; and u,. When u; and u, arel_\,'@lppropriate exponertial
solutions from x4.2, (o @)uiu, d"x is a perturbation of (o )eX X d"x. In
dimensionsn R3' we can even take a limit in which the perturbation tends to zero and
concludethat (o )€ * d"x = Ofor all k 2 IR", sothat ¢, and g must coincide in

1=2 1=2

To exploit this to provethat ; = ,, wesetq = L—andp = —%—. By part

(b) of Theorem 3.5.9, which relates to 4, and boundarly identi abilit vy, Tﬁeorem 4.1.2,
. and g have the sameDirichlet{ to Neumann{data maps. Consequetly, by Problem
4.1, the function v = log -~ satis es

r (122 rv =2(12)%(@ ®)=0
v =0
which ensuresthat v 0in and 1= 5in .

=2

Problem 4.1 Setq = L= 2 andv = log —; . Shaw that

o (12)rv =2(12)% (@ )

In x4.4 we prove that, in dimensionn = 2 too, if two isotropic conductivities ; and

o in give rise to the sameboundary measuremets, then ; = , throughout . The

strategy employed is dierent than that usedin x4.3. Since IR? can be identi ed with

C, we are able to use analyticity techniques. An outline of the argumert is given at the
beginning of x4.4.

x4.1. ldentication of Boundary Values of Isotropic Conductivities

The goal of this sectionis to show that if two conductivities | and , arein Ct ()
and giverise to the sameboundary measuremets (i.e., , = ,) onthe ertire boundary,
then the conductivities and their normal derivatives of all orders agreeon @. This was
the rst identi abilit y theorem proved for the conductivity equation [KV] and it seemsto
remain a necessaryingrediert in any proof of identi abilit y in the interior.

We begin our discussionwith a simple inequality involving Diric hlet's principle. For

any 1 and »,

Z Z
(4:1:1) Q.() Q,()= 4 uj®dx 2jr Upj? d"x
where
L. uy=0 L . u,=0
(4:1:2) o e

Uij@ = Uzje@ =



Recall that Q is the quadratic form assaiated to the Dirichlet to Neumann map and
is computable from boundary measuremets (i.e. from ), without any direct knowledge
of itself (seeProposition 3.4.10). By Theorem 3.3.9, u, minimizes the secondintegral of
(4.1.1)intheset u2H() uje = sothat

Z
Q.() Q.() (1 2)ir ugj®d’x

Let U (p) = \ B, (p) denotethe intersection of with the ball of radius r about a point
p2 @ Then

Z Z

413 Q.,() Q,() (1 2)ir uj®d"x+ (1 2)ir ugj®d'x
Ur (p) nUr (p)

The following proposition states that, for any p 2 @ and r > 0, we may choose the
boundary data in sud a way that the solutions to (4.1.2) have most of their energy
concerrated in the neighborhood U, (p) and the rst term of (4.1.3) dominatesthe second.
Then, unless ;1  », and all of its normal derivatives,vanishat p, Q ,( )6 Q ,( ) and
6

1 2"

Prop osition 4.1.1 Let (x) denotethe distance from x to @ . For any integer ~ 0,
foranyp2 @, anyr > 0 and any C, there existsa 2 C! (@) suchthat the solution
uptoL ,u; =0, ujjg = obkeys
Z Z
(4:1:4) Jrugj® d'x > C jr uaj? d"x
Ur (p) nUr (p)

As a corollary of Proposition 4.1.1 we have our main result about boundary identi -
ability.

Theorem 4.1.2 Let be a bounded domain in IR" with smaoth boundary and suppmse
that ; and » are isotropic conductivities in  obeying Hypothesis4.1. If

then, for any integer = 0,

(4:1:5) g =g , on @



Remark 4.1.3 A brief discussionabout the precisemeaning of \ % g isin order. Let
f beany C! function that is de ned in a neighbourhood of @. For ead point x, which
is suciently closeto @, there is a unique point (x) 2 @ that is nearestto x. The
vector from x to (X)) isnormalto @ at (x). SeeProblem 4.1.1. Let A(x) be a unit
vector that is parallel to the vector from x to (x) and points from inside to outside .
In the evert that x 2 @, sothat (x) = x, choosen(x) to be the unit outward normal
to @ at x. The vectorn(x) = A (x) isaC?! function of x in a neighbourhood of @.
Again, seeProblem 4.1.1. We de\ne %f (x) = A(x) r f(x), for all x in a neighbourhood

of @. Then we may de ne % f by * applications of %.

Problem 4.1.1 Letp2 @ LetxY 9 beaC! parametrization of a neighbourhood of p

in @ with x%0) = p. Denote by n(x% the unit outward normal to @ at x°2 @. De ne

(%5 )=xA9 Ax(9.

(a) Prove that x( ¢ ,) isa C! dieomorphism from a neighbourhood of 0 2 IR" to a
neighbourhood of p 2 IR".

(b) Prove that, for all suciently small ( % ), x( 9 is the point of @ that is nearest
x( % ,), sothat the distancefrom x( % ,) to @ isj nj.

Pro of of Theorem 4.1.2: Supposethat (4.1.5) is false. Then, after possibly relabeling
1 and »,, there existsa point p2 @ andan”~ 0 sud that

(4:1:6) 2 " (MW= 2 (M 2 > 2 LM

forall 0 %< “andall p°2 @ suciently near p. By Problem 4.1.1, there is a
di eomorphism x( ), from neighbourhood of the origin to a neighbourhood of p, sud that
x0)=p, (xX()) =jnand % x() = %—nf x( ) . By (4.1.6), thereisac; > 0 such
that the function ( )= 1 x() o X( ) obeys

(4:1:7) a %0 =0 2 (%0 ‘lg

forall 0 %< * andall suciently small °2 IR" . Hence,by Taylor expandingin
(for eah xed 9

1 N Cln

for all su cien tly small %andall su cien tly small , 0. Back in the original coordinates,
this says that there is anr > 0 sud that

1 2 ¢ in U (p)



It follows from (4.1.3) that, for all 2 C! (@),

Z Z
Q.() Q,() o groug?d' osup 1 g jr ugj® d"x
% (p) nUréP) nUr (p)
1 jru?dx o jr ugj? d"x
Ur (p) nU: (p)

If we choose asin Proposition 4.1.1 (with C = ¢;) then we have

Q.() Q.,()>0

which cortradicts the hypothesisthat |, = . |

The assertion of Theorem 4.1.2 immediately guaranteesthat if |, = ,, then all
derivativesof ; and , agreeon @. As aconsequence, uniquely determines within
the classof real{analytic . Thereis alsoa local versionof Theorem4.1.2which guarantees
the coincidenceof all the derivativesof ; and , near a point p solely basedon the
coincidenceof (f) and ,(f) nearp for any f with support near p [KV].

We now turn to the proof of Proposition 4.1.1. Our strategy is to estimate the right-
hand side of (4.1.4) from above (Lemma 4.1.5) and the left-hand side from below (Lemma
4.1.6), all in terms of the Dirichlet boundary data . Then we construct, in Lemma 4.1.7,
a particular  that yields the inequality (4.1.4).

We beginwith alocal versionof elliptic regularity that is similar in spirit to Proposition
3.3.11but that includesthe boundary @. We shaw that the regularity of u in someregion
U is really just determined by the regularity of F and f in a slightly larger region.
For the current application we are interestedin U = nU; (p) and we will alsoneedsome
information on how quickly the constart of the bound blows up asr ! 0. This is the
subject of Lemma 4.1.4. More generalregionsare dealt with in Problem 4.1.2. We assume
throughout that 2 C* ().

Lemma 4.1.4 Supmsethat
Lu=F

u@:f

andlet U (p) = \ B, (p) be the intersection of  with the ball of radiusr aloutp2 @ .
Given any 0< d< 1 and any integer m 1 there exists C, independentof p and r, such
that

(4:1:8) kukm; nu,p  Cr ™t KFKm 2 nug () * Kf K 1@ By (p)+k”kL2( nUg (p))



Proof: Let0O< < 1 andlet e denotea smooth cuto function with

1 inIR"nB4(0)

_ 1 y= ~(x)
= 5 B (0) /

For any s> 0, de ne ' 1 iXj
s(x)=e xs_p

where the dependenceon and p is not explicitly indicated. Obserwe that ¢(x) vanishes
forjx pj s andisidentically onefor jx pj s.

We rst consider the estimate (4.1.8) in the casem = 1. Choose , in the above
de nition of e, sudh that d< 2 < 1 and let w be the solution to

Lw= ,F

(4:1:9)
w_ = ,f

We may, without loss of generality, assumethroughout this proof that r < Rg, sincethe
left hand side of the inequality (4.1.8) vanishesfor r su cien tly large. From the standard
energy estimate of Theorem 3.3.5, we get

kwki;, Ck (Fk 1 +k fkig

(4:1:10 1
Cr = KFK 1; nuy (p) + Kf K10 nB (p)

by part (a) of Lemma 2.1.16, Problem 2.3.5and the fact that k , kc: Cr . We have
usedthat , vanisheson x 2 IR" jx pj 2r  and henceon a neighborhood of
Ugr (p), sinced < 2. In particular,

(4:1:12) kwkiz()  Cr P KFK 1 nuy (o) + K K1 ney (p)

The constarts C and those that will follow dependon , , d and the particular choice of
e, but are independert of p and r. Sincethe boundary value problem (4.1.9) de ning w
was rigged to depend only on the parts of F and f outside of Uy (p), it is no surprise that
the bound (4.1.11) is of the desiredform.

We still have to bound ku ~ wkjy. ny, (p- Note that the bound we are aiming for is
allowedto cortain kukiz( nu, (py ON the right hand sideand that we already have a bound
on kwk 2(y . Henceit su ces to derive a bound on nUs () jIE{ (u  w)j? d"x in terms of
ku  wWKi2( nu, (p) - %i\pce 2ir (u w)j2d"x  min U, (17 (U w)j2 dx, it
alsosu ces to bound 2ir (u w)j? d"x, in terms of ku  Wky2( ny, (py. We do so
now, using integration by parts to move the r o of one of the u w's and using the
di erential equationL (u w) = F(1 ¢ ) to eliminate the term with two derivatives
actihngonu w.



Since |, (x) = 1forjx pj r , which contains the support of .,
Z Z
r(u wr( 2v)dxs= L (u w)( 2v)dx
(4:1:12 Z
= F(1 r)( rzv) d'x=0

forany v2 H() with 2v=0o0n@. Similarly, the function u w satis es
2 _ 2 _
fu w= 71 r)fF =0 on @

since (x) vanishesfor jx  pj r and | (x) is identically onefor jx pj r . By
inserting v=u w into (4.1.12) and expandingr ( 2v)= ?r v+ 2 ,vr , weget
Z Z
2ir (u w)j?2d'x = rqu w2 ,r ,(u w)dx

By the Cauchy{Schwarz inequality, followedby AB = (A )(1B) Z(A )2+ Z(1B)? with

2 — min

~ 2max !
Z Z 1=2 Z 1=2
ZGr (u w)j2d"x  2max Zir (u w)j? d"x jreifju wi? d'x
Z
E?m Ar (u w)j© d'x+ Cr “ku WkLZ( U, (p))
1 2. 2 4N 2 2
> r (U w)j=d'x+ Cr “ku WI<L2( nU: (p))

For the secondinequality, we also usedthat kr k1 constrl and that |, vanisheson
B (p). Subtracting the rst term on the right hand side from the left hand side and using
the fact that Uy (p) U, (p), we get

Z

2. 12 4n 2 2
r (U w)j”dix  Cr “ku WkLZ( nUar (p))

which, since ; = 1on nU; (p), immediately yields

Z Z
ku Wk%; aUs (p) = ir (u W)j2 d"x + ju Wj2 d"x
nUr(;2 nUrip)
i Ar (u w)i? dx + ju - w* d'x
nU; (p)
Cr %ku wk

2
L2( nUg (p))
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or

. . 1
(4:1:13) ku  wky; nu,py  Cr Tku w0y

A combination of (4.1.10), (4.1.13) and (4.1.11) yields

1
Cr = kFK 1; nuy (p) *+ Kkf k%:@ nBa (p) T KU Wk'-z( nUsr (p))

1
Cr = kFK 1 nug (0) * KT Ki@ nBy (p) * KWKL2() + KUK o0 )

2
Cr “ kFK 1 nuy (p) + KfK1.@ ney (p) * kUkLZ( nUq (p))

which is exactly the desiredinequality for the casem = 1.

We now turn to the casem 2. Wewill usethe samestrategy aswe did in Proposition
3.3.11. We shall nd a G such that L ( ;u) = G. This G will cortain only 0" and 1%t
derivatives of u. The desired bound will then follow from corvertional elliptic regularity
by an induction argumert. As in (3.3.4), the function ,u satis es

L(,uy= F+2r ru+ uL
(4:1:14) r r r r

Ug = of

As the right-hand side of (4.1.14) vanishesinside B ; (p), the standard elliptic estimate of
Proposition 3.3.10gives

K ukm: C kK Fkm 2, nu, (+ kr « 1T Uknm 2, nu, (p)
(4:1:15
+ kuL I‘km 2; nU; (p) + K ff km %;@ nB . (p)

where the constart C dependson m, and , but is independert of r. By part (a) of
Problem 2.1.3,

X
kv k‘; 0 C k kck( 0)ka‘ k; ©
k=0

foralv2H ( 9and 2 C ( 9 with k ke ( oy < 1. Applying this obsenation, with
"= m 2, to the secondand third terms in (4.1.15), we get

w1
k=0

On the left hand side, the total number of derivativesacting on | and u, together, is at
most m, with at mostm 2 of these coming from the norm and two coming from the L
inL orthetwor 'sinr | r u. At leastone of the latter two derivativesnecessarily

8



act on the ., rather than the u. That is why the sum on the right hand side terminates
at k=m 1. We note that

k rka K(IRM) Crk m

sothat (4.1.15) gives

1
Cr ™ KFKm 2 nu, (p) * kKfkm 1=2@ nB, (p) * r*kuke; nu, (p)
k=0

or
@(1

rmkUkm; nU; (p) C kFkn 2, nu, (p) * kf km 1=2;@ nB, (p) T rkkUI<k; nU: (p)
k=0

Applying this estimate, with m replacedby m 1 and r replacedby r , to the term
r™ lkukm 1 nu, (p) ON the right hand side gives, after renamingC 1+ < . badto C,

X 2
rmkukm; nu (p) C kFKm 2; nu 2, ¥ Kfkm 1=2:@ nB HOR rklikk? nu 2, (p)
k=0

Repeat an additional m 3 times to estimate the terms r kuk. o (pyy K=m 22
that appear at the end of the right hand side. This yields

kUkm; nUr (p) Cr ™ kFkp 2, nU n 1,(|D)+ kf km 1=2,@ nB m 1,(p)
(4:1:16)

k
+ r kUKk; nu m 1,(p)
k=0

Using the estimate (4.1.8) correspondingto m = 1 (but with dreplacedby andr replaced
by ™ Ir), which we have already proven, we may estimate

k
r kUkk; U m 1, (p)
(4:1:17) k=0
1
Cr kF k 1; nU m,(p) + kf k%;@ nB m, (p) + kUkLz( nuU mr(p))
A combination of (4.1.16) and (4.1.17) yields the desire estimate for m 2, provided we
select sothat d< ™ < 1. |



Problem 4.1.2 Let beaboundedopensubsetof IR" with smooth boundary. Suppose

that
Lu=F in

u@=f

Let U and U° be open neighbourhoods in IR" of somep2 @ with U  U°% Prove that,
givenany m 2 IN there exists a C, independert of p, suc that

kukm: v C KkFkp 2 w o+t kf km L@\ ot kUkLz( W °)

We next establishthe upper bound on the right hand side of (4.1.4), followed by the
lower bound on the left hand side of (4.1.4).

Lemma 4.1.5 Suppmsethat
Lu=20

0= 2C (@

u

and that
supp Bi2(p\ @

then for everyinteger m 1, there exists a constant C, independentof , p andr, such
that Z
jrufdx Cr ™ %k kigkKk niig
nU; (p) ° °

Pro of:  Clearly 7
jroui?d'  kukf oo
nUr (p)
In the following let 1=2 < < %< 1. Invoking the square of the estimate (4.1.8) with
m = 1, F identically zeroand d= ©°and noting that supp Bi=2(p)\ @ we get
Z Z
1- o2 gn Al 1102 4 L2 N
(4:1:18 nUr(p)Jr upcd'x Cr kukLz( U o () Cr jujc d"x
where is a smooth positive cuto that is equalto oneon IR" nB o (p), is equal to zero
on B (p) and obeysk Kckgrn) r% for0 k m. We denote by w the solution to

L w=u
w 0

@
10



and cortinue from (4.1.18) with

Z Z
jrujzd'x Ccr 4 (L w)ud"x
nUr (p) Z
=Cr * @ g ! by the divergencetheorem, twice
@
crt o 10K K miz@ by Problem21.23
Cr *k r wky, k k m+ 1@ by part (i) of Theorem 2.2.2
Cr *kwkms+1: k k m+ 1@ by Lemma 2.1.16
Cr *kukm 1. k k m+ 1@ by Proposition 3.3.10

Applying the bound of part (a) of Problem 2.1.3,

Z [X 1
jrujzd'x cr 4 k kexgrmyKUukm 1k U, () K K miti@
nUr (p) k=0
K 1
C r* fkukn 1ok, @ KK mnite
k=0
¢ 1
k 4, m+1+ k 1
C » r r kUkLz( I’lUr:Z(p)) k k m+%;@

Cr ™ “kukg; k K 10

Lemma 4.1.4,with f = and F identically zero, was usedin deriving the perultimate
inequality. There we alsousedthat vanisheson @ nB,-»(p). Finally, by the bound of
Theorem 3.3.5,
Z
jruzdx Cr ™ *k kyg k kK myi@
nUr (p)

as desired. [ |

Lemma 4.1.6 Letu and beasin the previouslemmaand let (x) denotethe distance
from x to @ . For any integers™ O, m 1, s> n=2 and any real number q> " + 1,
there exist positive constants c and C, independentof p and r, and a constant ro depending
only on  suchthat

YA -
jr ujc d"x ——
Ur (p) k K, e
for all r < rq. If * = 0, then the estimate also holdsfor q= "+ 1= 1.

11



Pro of: We start by consideringthe case” = 0. We divide the boundary @ into any two
nontrivial parts @ ; and @ ». Let ro be su cien tly small that we may choosenonempty
opensubsets ; @iand , @ , that are at least a distancery from @ , and @ 1,
respectively. If p2 @ ; there exists a constart, independert of p and r, sud that

(4:1:19 Kk k%;@ Ckukj. Ckr uky 2()

The rst estimate is a consequencef part (i) of Theorem 2.2.2. The secondfollows from
Poincare's inequality, Proposition 2.3.7,sinceujg = vanisheson », independertly of
pandr < ro. A similar estimate holds for p 2 @ ,. By taking the larger of the two
constarts C we get that (4.1.19) holdsfor all p2 @ andr < rq. Therefore
Z Z Z Z
jru2d'x = jr uj?d"x jruizd'x &k kz%;@ jr uj? d"x

Ur (p) nUr (p) nUr (p)

Employing Lemma 4.1.5, we now get
Z
(4:1:20) 5 )jr uj2 d"x  ck kig k kig Cr " 4K k m+ 1@
r (p

asdesired,for * = 0, q= 1. To prove the prescribed bound for * = 0, g> 1, it suces to

obsene that
7 R

1= i i2 AN i i2 An
ooy u (p I W” 07X u (p I W” 07X
Ur (p) Ur (p) jr ujZ dnx kUkl;
R jr uj? d"x R jr uj? d"x
CO Ur (p) CO Ur (p)
%;@ s+1 =2;@

since kukj. ck k%;@ by elliptic regularity (Proposition 3.3.10).
For® 1, let a and g° be positive real numbers with %+ % = land ad®< 1. Wethen
have Z Z
jr uj2d"x = & ajr yj2 d"x
Ur (p) Ur (p)
Z 1:q0 Z ]_:q
aa” gy adjr j2a gy
Ur (p) Ur (p)
22t e o O
C supjr uj 9jr uj© d"x
Ur (p) Ur (p)
= Z 1:q
CkukZ, ¢ adjr uj2 d"x
Ur (p)

12



For the last inequality we have used the assumption that s > n=2 together with the
imbedding result, Problem 2.2.10, for Sobolev spaces.By rearranging the above estimate
we get

R
L aal My glruPdx T i v dx
(4:1:21) 4jr uj d"x ¢ 2 2= 2 2=
Ur (p) l(Ul(s+1; k ks+1 =2;@

\|$Ve needed a¢® = % < 1 in the previous calculation to ensure that the integral
Ur (p) aq® gny converged. Sinceqg > " + 1, this requiremert is satis ed if we choose
a= 6 With that choice, we alsohave ag= ". Insertion of (4.1.20) into (4.1.21) now gives
2 1 kke (kg CF ™KK mizo)

jroujc d'x =
U (p) K Kei1 2.0
as desired. [ |

The next proposition describesthe choice of boundary data we will make to establish
Proposition 4.1.1.

Lemma 4.1.7 For any integer K > 0 and any point p 2 @ , there exists a segquen@
f Ngvamw C! (@ suchthat
(i) supp n & fpg
(i) k Nk%;@ =1
(i) k N k5+%;@ CsNs 8s K
(iv) k n ks+%;@ csN s 8s2 IR.
The constants Cs and ¢s may be taken independent of p.

Pro of: We rst usethe logarithmic corvexity of the H(@){norms to verify that prop-
erty (iv) is a direct consequencef (i) and (ii). As =3 s+ 1 + 2 s+ I, Problem
2.1.26assertsthat
kkio CO KK okkiig
It therefore follows by useof (i) and (iii) that
1 C() C N 2k (k2

s+ 3.@
forany s K. That is,
k Nks+%;@ NS forany s K

13



For s> K we may, for instance, usethe identity 3 = -2~ 0+ ;. s+ 3 , together with
(i) and (iii) to derive the estimate
— 2s=(2s+1) 1=(2s+1)
1=k nkie  C() k nkizg Kk nk, Lo
CO) CHETIN o e ey
which immediately provesthat
kas+%;@ CsN® for any s> K

We now produce a sequenceof y's de ned on IR" ! with support shrinking to zero,
which satis es
(i) § Niyn 171
(i) J Nlss In 1 CsNs 8s K
Once this is done we will complete the proof by transporting the constructed y's to
functions § on @.

Let €x) 2 C} (IR" 1) be nontrivial and de ne

ey (x) = &(Nx)

(we will evertually choose N = €5 ‘E‘Nj%;n 1)- The functions €y satisfy

Z
k@ eN kEZUR” l) =~ NZJ J RN lj@ejZ(NX) dn 1X: N21 j n+l k@ ekEZ(IR” 1)
so that
k@ eN kLZ(IRn 1) C NJ J nz—l

From this last estimate it follows (using Problem 2.1.12, the logarithmic corvexity of the
Sobolev norms) that
i®sn 1 CsN°® T fors 0

To obtain a similar estimate for s negative we will useduality. To do so, we choose € of
the form €= @ (x) for some 2 C§ (IR" ') andsome 2 IN} * with j j = K. With
this choice we may, for any C3 test function , integrate by parts to obtain

Z Z
e (x) (x)d" x= (@ )Nx) (x)d" x
RN 1 R" 17
=N K @[ (Nx)] (x)d" *x
|RnZl
=( N) ¥ (Nx) @ (x)d" 'x
RN 1

14



Foranyt Owe cherefore get

B (x) () dx N Sj (NX)ig, 1@ | ¢ 4

IRN 1
n 1_ .
CN “N' 7 i tn 1
sothat, by part (a) of Problem 2.1.16,
jeth K:in 1 CtNt K %
In termsof s=t K, this gives
(4:1:22 i®sn 1 CsN°® " for any s K

We also needa lower bound on j eNj%;n 1- We already know that

n 1

2lkek|_2(|Rn 1) CN 2

n

keN kLZ(lR" ) =N

sothat, by using logarithmic corvexity of the HS(IR" !){norms and the estimate (4.1.22),
we get

1

n_1 i &
cN 2 keNkL2(|Rn 1 ] N] 1n lleNlln 1 CNZ( z 7 )] Nlln 1

ie.,
(4:1:23 i®Nizn 1 cNE =
. eN . .
The estimates(4.1.22) and (4.1.23) ensurethat = P satis es (ii"), and (iil").
I"NJi=on 1

We are now ready to completethe proof by deformingthe y's, which are de ned on
IR" 1, to functions on @. Let U(p); p Dbe a coordinate system asin Notation 2.1.18
andlet ; 2 C} U(p),1 i NPObea partition of unity asin De nition 2.1.20. By
Proposition 2.1.22,we are free to choosethe coordinate systemsand partition of unity so
that
the p2 @ in the statemert of this lemmais in U(py),
p.(P) = 0and
1 is identically one on a neighbourhood, Uy, of p
We may also choosethe that is usedin the construction of the 's to be supported
in  p,(Up). Then, for every N 1, n issupportedin p (W) and n = p, IS

supported in Up. Thus ; isidentically one on the support of every y and »; . ONO
all vanish on the support of every  sothat
%O
— 12 — 12 — 12
N s@ ~ (i n) Pi sn 1_(1N) P sn 1~ N P sn 1
i=1
_ 2
- N sn 1
and the sequencd \ gn2in Obeys(i), (i) and (iii). [ |
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Problem 4.1.3 In this problem we construct harmonic functions on IR that are con-
certrated near the origin. We denotex®= (x1; ;Xn 1) 2 R" b= fx, = Og. Let

Px., (XO) = L2) o

n=2 (sz] +jX0j2)n: 2

be the Poissonkernel.
(@) Provethat _ Py (x% = 0forall x, > 0. Here isthe Laplacian on IR".
(b) Provethat . 1Py, (x9 d" !x%= 1for all x, > O.
(c) Let ' (x9 be a bounded cortinuous function on IR" 1. Prove that
z

(x)= - lPxn(XO yo' (y9 d" ty°

obeys ( x)=0in IR} and

lim (x)="'(z9
x! (20;0)
Xn>0
(d) Now supposethat ' (x9 = @ (x9 with 2 CI I(IR" 1) supported in the ball of
radius 1 certred on the origin. Prove that there is a constart, which dependsonly on

j J and n, such that

- . C
J( X)J 1+ijj j+n 1

We are now in a position to prove Proposition 4.1.1, which will complete the proof of
Theorem 4.1.2.

Pro of of Prop osition 4.1.1: We chooseu! satisfying

L.,uY =0

u o = N
and apply Lemmas4.1.5and 4.1.7with r xed and N su cien tly large to seethat for any
m K 7
jr u?‘j2 dx CN ™
nUr (p)
The constart C dependson r and m. Next, we apply Lemmas 4.1.6 and 4.1.7, with
q= "+ 1+ ", for some" > 0, and with s the smallestinteger greater than 3, to conclude

that, for any su cien tly large N,

v4 _
P 4 1 cr mAN ™
1

NS2 2=0) cN ¢ 17

Ur (p)
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or
Z

(4:1:24) ir u'sz d'x  cN 2@ D N (2
Ur (p)

sinces 5 + 1. The lemma now follows by rst selectingm > (n+ 2)(" + ") and then
taking N su cien tly largethat cN ("*2( *") > C CN ™, whereC is the constart in the
statement of Proposition 4.1.1. In order to be able to selectsudh an m, we have to choose
the integer K in the de nition of the sequence |y g strictly largerthan (n+ 2)(C + ). &

A slightly more careful argumert can be usedto prove a stability estimate for the
inverse problem at the boundary. For that purposewe de ne, for any bounded linear
operator A : H¥¥?2(@) ! H ¥2(@), the operator norm

n 0
KAk, 1=sup  Lar pipg 2 H*2(@) ; kf kig =1
n 0
=sup La (g f;92H¥?@) ; kf k%;@ = kgk%;@ =1

Heref 7! L; isthe natural isomorphismfrom H 2(@) to H™?(@) that is determined
by L (g) = h‘;giLz(@) . It wasde ned in Problem 2.1.24. We showved, in Problem 3.4.2,
that if A is self{adjoint, in the sensethat L as (g) = Lag (f) for all f;g2 H¥¥?(@), then

- 1=2 . —
kAky, 1 =sup Qa(f) f2H2(@) ;kikyg =1

where Qa (f) = Las (f) denotesthe quadratic form assaiated to A. We also showed in
Problem 3.4.2 that is self{adjoint.

Theorem 4.1.8 Suppsethat o and ; areisotropic conductivities on IR" satisfying
Hypothesis 4.1 and
() 1=E i E
(i) k ika(T E,

Givenany 0< < ni3 there existsC = C( ;E;n; ) suchthat

and
(4:1:26) e T L@ C 1+ 2
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Pro of: Let p be an arbitrary point on @. In order to verify (4.1.25) it su ces to prove
that

j 1(p) 2P C 1 2 1. 1

with C independert of p. If 1(p) 2(p) = O this estimate is trivial. We may assume,
without lossof generality, that 1(p) 2(p) > 0| if not, we just interchangeindices. We
start from the estimate (4.1.3) choosing n asin Lemma4.1.7.

k | Ki, 1 %Ql(N) Q,( n)j .
(1 2)rul 2dx+ (1 2)ru) ?dx
Ur (p) nUr (p)
for any r > 0. Reorganizingthis estimate we get
Z
(1 2)rul ?dx
Ur (p) 7
(4:1:27 K o ki s+supi 1 ol ruy 2 d'x
nUr (p)
kK Ky, 1+ 2E Cr M ANT forall m K

wherethe constart C and all those constarts that appear in the following are independen
of p. To derive the last inequality we have used Lemma 4.1.5 and parts (i) and (iii) of
Lemma4.1.7.

If we chooser su cien tly small, depending on p, then we have

(X)) a(x) e 2@ for all x 2 U (p)
The estimate (4.1.27) therefore yields
Z Z
1(p)_2(p) rul 2 d'x (1 2)rud ?dx
Ur (p) Ur (p)
kK | Ky, 1+ Cr MANT forall m K

and use of Lemma 4.1.6 (with ~ = 0 and q = 1) and parts (i) and (iii) of Lemma 4.1.7
now gives
Z
1(p)2 2(p) (1 ch ™ 4N m) 1(P)2 2(p) r UT 2 d"x
Ur (p)
k k ; %+ Cr m4N ™

1
1 25

forall1 m K. Taking the limit N ! 1 , we obtain

C 1(p)2 2(p) k K.

1 2

N
[N

18



with a constart ¢ > 0, that is independent of p. This completesthe proof of (4.1.25).

We proceedwith the proof of (4.1.26). We may assumethat % % L@ 0,

becauseotherwise (4.1.26) is trivial. We may also assumethat L , 1. 1 >0,
2' 2

becauseif this norm is zero, then Theorem 4.1.2 assertsthat % % Lt (@ is also

zero.
We may arrange that %( 1 2)(p) > O, by interchanging the rolesof ; and »

if necessary Remenbering that is the outward normal to @, this meansthat ; 2
increasesasone movesdeeperinto  nearp. Let x 2 U, (p) and denote by g(x) the closest
point to x on @. By the fundamental theorem of calculus,

Z 1
(1 2X)=(1 2)(9+ (1 2@ Hg+ xd

ya P

=(1 2@+ x g r(2 2@ )g+ xd

0

=(1 2@ (@ x)r(1 2P+Ojx g?

Sincejx g = (x) and the anglebetweeng x and the outward normalto @ at qis O
(seeProblem 4.1.1),

(1 200=(1 200 &(1 2@ (x)+0O( (0%
Sincejg  pj; (x) = O(r),

(1 220)=(1 2@ S(1 2P )+ REX (x)

whereR  Cyr. Choosingr = 52=S( 1 2)(p), we now get
z 2
(1 2)jr u)j d"x
Ur (p) 7 7
. 2 . 2
(1 2(Qir ufj"dx  &(1  2)(p) jrouy'j” d'x
Ur (p) 7 Ur (p)
Car jrulj” d"x
7 Ur (p) , 7 )
supj 1 2 jrudjitdx 2801 )(p) jrouy i d'x
@ Ur (p) 7 Ur (p)
. . 2 . .2
supj 1 2 U . 3&(1 2P jrouyj” d"x
@ ' Ur o)
. . . .2
Csupj 1 2 n 1o 32(1 2P jrulj” d"x
@ 2 Ur (p)
Ck , Kior 38( 1 (PN M D forallo<m K



by (4.1.25), part (i) of Lemma 4.1.7 and (4.1.24), with = = 1. Combining the above
estimate with (4.1.27) and reorganizing we get

%%( L 2)(p) CNMRa+ ) g Ky g M AN ™ foralll m K
To save writing, denote
= %( 1 2)(P) =k 1 2k%; 1 =(n+2)1+")

In this notation

CN +r MAN M forall m K

N[

andr = % . We now choose,for any xed m > |, N to be the smallest natural number

suc that

CNr™*N™ 2 () N7 4cr M 4 t=acey)mtt mo®

Then 2 CN . If N is smallerthan any xed constart, C% and we are nished.
Soit suces to considerN biggerthan any xed constart. Then N™ cc ™M™ %and
% CN () r;n;s :) 1+ r;n;s 4C2 :) C3 1+ rr:;s) !

By choosing m (and K) sucien tly large and " su cien tly small, we may make mi
arbitrarily closeto n + 2. This givesthe desiredbound.

x4.2. Exp onentially Growing Solutions

The \plane wave" exponertial function

u= ¢ 2¢C"
is a solution to Laplace's equation,
u=20
if and only if
=0
If = p+ ik with p;k 2 IR", then
(4:2:1) 0= = jpi> jkj?+2p k () jpi=jkjandp? k
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Soany non{zero obeying = 0 will have non{zero real part and the corresponding
solution, e , will grow exponertially in half the directions in IR". The main subject of
this section will be the seard for solutions to the Scredinger equation ( + qu = 0
that are perturbations of & . The utilit y of exponertially growing solutionsin solving the
inverseconductivity problem was rst obsened by Calderon in [C]. We begin by exhibiting
Calderon's proof of injectivit y of the linearized inverseboundary value problem.

Recall, from Problem 3.4.3, that the mapping de ned by

7!

is an analytic map from? L* () to BL ;. 1;the vector spaceof boundedlinear mapsfrom
H¥2(@ toH (@ endovedwith the operator norm. By part (b) of Problem 3.3.3,
the Fredhet derivative

+t

of at acting on the perturbation exists. Calderon proved the following result.

Theorem 4.2.1 The Frechetderivative of at =1, 7! D [ ], isinjective. That
is, if

D4 ]=0
for some 2 LY (), then
=0
Proof: Let = (t) beadierentiable curvein L! () with (0) obeying Hypothesis
4.1 and let u(t) = u(t; x) and v(t) = v(t; x) satisfy, for ead t
L (t)U(t) =0 L (t)V(t) =0
(4:2:2) ut) o = f Vi) g = 9

D% o= O OFL,= O

with f and g independert of t. Then application of the divergencetheorem gives the
identit y
Z Z
f (t) g (O d((x)= n u(0) (t)r v(t) A v(t) (O)yr u0) d (x)
7@
r u(©0) (rv@) r v() O)r u d"x

Z
[ru@©@] O vl [rv®] (ONr u©)] dx

2 Actually , from an open neighbourhood in L1 () of the setof all 's obeying Hyp othesis 4.1.

21



Di eren tiation with respect to t and then setting t = 0 gives
Z Z
f (0)d (x)= r u(0) (0)r v(0) d"x
@

where denotesg—t. Since ()= (1H9, (0)=D (o[ (0)lg and this identity may also
be written D E Z
;D @l (Olg = ru© (O v(©0)d"x
for every f and g2 H'*?(@). By taking (0) = it now follows that the equation
D @l ]1=0
is equivalert to
Z
(4:2:3) ru rvd'x=0 foralluv2H() obeyingL gu=1L qv=0

If we further restrict to (0) = 1then (4.2.3) must hold for every pair of harmonic functions
uandv. A natural setof choicesfor u andv are exponertials € with = 0. Substituting

u= ¢ 1; v=¢ 2

with ; j = 0, into (4.2.3) gives
Z
1 2 ex( 1t 2) dnx =0

By (4.2.1), we may choose 1 = 3(k? + ik) and , = 2( k7 + ik) with any k;k? 2 IR"
for which jkj = jk?j and k ? k?. Then

1+ 2=1K and 1 2= %J'ka

sothat D i[ ]= Oimplies that
z
jki2 &k d'x=0

which, in turn, implies that ( d )(k) vanishesfor every nonzerok. Here  denotesthe
characteristic function of the set . Howewer, is an elemen of L?(IR"), sothat d
isin L2(IR™) and therefore cannot be supported at a single point. As a consequence

=0
which provesthat D 1] ]is injective. [ |
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The approad that we will useto prove identi abilit y in x4.3 is basedon exponertial
solutionsthat are perturbations of thosefor the Laplacian. To construct thesesolutions we
shall make useof the following norms, de ned forany u2 C§ (IR") andany 1 < < 1:

Z 1=2
kuk, 2 = 1+ jxj? juj? d"x
IR"

The spaceL? is de ned asthe completion of C} (IR") with respect to the norm k Kk .

When we say that u= € 1+ (x; ), with =0and 2L? solves u+ qu= 0,
we meanthat is a weak solution of +2 r = g (q . The latter meansthat
h( 2 1) degrey = W Qt QiR

forall' 2 S(IR"). We have encounered weak derivativesbefore,in part (b) of Proposition
2.2.15. The main theorem in this sectionis:

Theorem 4.22 Let 1< < 0. Thereexists = () and C = C( ) suchthat, for
everyq2 L2, with 1+ jxj? “2q2 L! andevery 2 C" satisfying

K(1+ jxj?)*?gk.s +1

=0 and —
||

there exists a unique solution to
u+qu=0 inIR"

of the form
u=¢€e" 1+ (x; )

with  (x; ) 2 L?. Furthermore,

k kL 2 ]% quL 2+1

This theorem has a courterpart for the conductivity problem, which is obtained by
invoking the correspondenceof Theorem 3.5.9 betweenthe Sdreodinger equation and the
conductivity equation. The statemert is

Theorem 4.2.3 Let 1< <0 There exists = () and C = C( ) suchthat, for
every positive  with ——; 2722t and every 2 C" satisfying

2 . -
2 |—2+1’ 1+ Jxj —1=
o 122 122
1+ jxj? _
=0 and 7] - L

+1
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there exists a unique solution to
Lu=0

of the form
u= e 1+ (x)

with  (x; ) 2 L?. Furthermore,

k (x; )k S —=°

J ] L2

+1

Most of the work necessaryfor the proof of Theorem 4.2.2 is assaiated with estab-
lishing the following proposition.

Prop osition 4.2.4 Supmsethat 2 C" with =0,jj] c>0andf 2 L2+1 with
1< < 0. Then there exists a unique' 2 L? suchthat

(4:2:9) ( +2 r) =f

weakly. Moreover,

Kokee Sk ke

We postpone the proof of this proposition to the end of this section, instead we rst
show how it may be applied for the

Pro of of Theorem 4.2.2: We seeku of the form

u=¢€" (1+ )
satisfying
( +ofe 1+ )g=0
or
(4:2:5) +2 r =49 (¢

To solve (4.2.5), we de ne

and we recursively de ne j by

(4:2:6) (+2 r);= q; 1 forj O



Then, formally,
(4:2:7) = i

obeys

b3 b3 b3
+2 r = (+2 r) ;= dj 1= d 1 qa;= 49 ¢
j=0 j=0 j=0
and so is the desired solution. It needsto be proved that the functions ;,j 0, are
well de ned, and that the series(4.2.7) convergesappropriately. We may without loss of
generality restrict our attention to < 1, sothat we only consider for which j j 1.
Sinceq2 L2,; and ;= 1lit follows from Proposition 4.2.4that there exists a unique
0 2 L2 that solves(4.2.6) with j = 0. This , satis es

(4:2:8) k oz SUlkak e

If v is an elemert in L2, then the fact that 1+ jxj2 “°qisin L' immediately implies
that qv isin L?,; with the estimate

(4:2:9) kavk,z_ 1+ jxj? g |, kv

Using this obsenation in conjunction with Proposition 4.2.4we concludethat if ; 1 isin

L2 then there exists a unique solution, |, to (4.2.6) in L2 and this solution satis es
C() C(K( + jxj*)"akes

(4210) k JkL2 qu J 1kL2+1 J J k J 1k|_2
An induction argumert basedon the estimates (4.2.8) and (4.2.10) now givesthat ;,
j 0, areall elemens of L? and satisfy the estimates

k k.2 @qukuﬂ with

]

_ COK( + jxj?) gk
j]

By selecting suciently small that < 1=2, we now obtain that the series(4.2.7) is
corvergert, in L2, with the bound

k ke 25U kakg 2

P
For any ' 2 S(IR"), ( 2 r) 212 |§o that j1=0 o 2 r), i corverges

to 2 r); i. By (4.2.9), the series j1:0 q ; corvergesin L2, toq . For any
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P
' 2 S(R"), ' 2 L21 so that j1:0 H; q ;i corvergesto h; q i. This completesthe
proof of the existencepart of Theorem 4.2.2.
To verify the uniquenessof the solution (and therefore of u), supposethat

and

with  and ~2 L2. Then
(= H)y+2 r(7 )=a )
sothat, accordingto Proposition 4.2.4and (4.2.9)

CK(1 + jxj?)* 2ok, 1 1

k~ kLZ J J k~ kLZ —k~ kLZ

which can only occur if
k~ kLZ =0

It is not exactly Theorem 4.2.2we uselater on in our proof of identi abilit vy, rather it
is the following version for a bounded domain.

Corollary 4.2.5 Let be a bounded open subsetof IR" with smaoth boundary. There
exist constants and C suchthat for everyg2 L! () andevery 2 C" satisfying

+
=0 and M
J)
there exists a solution u2 H?() to
u+qu=0 in

of the form
u=¢e 1+ (x;)

with
Kk k|_2() %quLz() and Kk k]_; CkC]kLZ()
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Pro of: De ne .
_ g in
9 0 inR"n

We may apply Theorem 4.2.2to ¢, say with = % In this way we obtain the existence
of asolutionto u+ gu= 0in IR" (and thereforea solutionto u+ qu= 0in ) ofthe
formu=¢e" 1+ (x; ) with

(4211) k k|_2() C]_k kLZ(IRn) Jc—zjkq'kL 2+1 (IRM) %quLZ()
Similarly, for any 2 C} (IR"), 2 L?(IR") and obeys
( )= 2 r +eg+q +2r r +( ) 2H Y(RM

Hence 2 H(IR") and 2 H?Y(). That u2 H?() follows from Proposition 3.3.11,
since u= @qu2L? 9 for all bounded open subsets ° IR". Soit only remains to
prove the estimate concerningthe H! norm of

From equation (4.2.5), we get that

= 2 r & 6 in IR"

and the interior estimate of Proposition 3.3.11thus gives

(4:2:12) K ki Ck2 r +ea+e k1 otk Kz o
for 0 On the other hand, we also have
k2 r + 6+ K 1. o 2nj jk kyz2, oy + k 2 oy + K&t K 20 o
4:2:13) g+ ¢ K 1 JJ L2 o + Kekp 2 o) + Ke K 2( o
2nj jk k|_2( 0) + kC]kLZ() + quLl 0O k k|_2( 0)
and
(4:2:14) k k|_2( 0) %kaLz( 0 = %kQKLz()

The estimate (4.2.14)is obtained by replacing by Cin the estimate (4.2.11) (the constart
C changes). A combination of (4.2.12)-(4.2.14)yields

kakp: () koky > kak 2
K ki C Kakezy + aKL ()ijL() + CIij()

and sincethe assumptiononj j implies that ﬁ 1 and jijquLl o 1, weimmediately
get
k k]_; CkC]kLZ()

as desired. [ |
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We now return to the

Pro of of Prop osition 4.2.4: We rst prove uniqueness.If w2 S(IR") and
w+2 rw=20

Fourier transformation gives

(4:2:15) (j ki2+2 ik)w(k)=0

As this equation is invariant under rotations, we may assume,without loss of generality,
that the real part of isin the positive e; direction and the imaginary part of isin the
span of e; and e, with negative e, componert. By (4.2.1), the real and imaginary parts
of must be mutually perpendicular and of the samelength, so that

= se; iser with sS= é—’i

in which case(4.2.15) is equivalent to
(4:2:16) kZ2+ (ko S)?+ K3:::+ k2 s? +2sk; w=0

Let
M(s)= k2IR" ky=0; ki+(ky s)?+Kk3:::+k?=¢?

denote the codimension 2 spherewhich arisesas the intersection of the plane k; = 0 and
the n-1 dimensional spherewith certer se, and radius s. The content of (4.2.16) is that W
is supported on M (s) and so must vanish.

Now let w 2 L? be any weak solutionto w+ 2 r w = 0. To show that w = 0,
it suces to show that hw;'i = Ofor all * 2 S(IR"). To do so, we approximate w by
w- 2 L2(IR"). Let

Z
2 Cl(o;1) with supp [0; 1) and . (kj?) % =1
and Z

)= & k) g

Then
we(x) = ("x)w(x) 2 L2(IR")

As' 2 S(IR™), ' -(x) = ("x)' (x) 2 S(IR") and

=2,

im 1+xi2 0= 147 (0 in LAR)
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by the Lebesguedominated convergencetheorem. Consequetly
Z
.I'= H .I"'= H ".|‘= H A
hw; " i '!Igtno hw; " i '!IgrLTthN . '!Ig[no . W (K)"M(K) o (2 )n

Obsenethat 1" X —(x)= ("x). By Problem 4.2.1, below,
suppW N+ M (s) = k dist(k;M (s)) "

sothat

jhw;" i limsup " j\/\y..(k)jZ(zd“_)kn 1 -A(k)Jz(gn)n
"& 0 N N

As "M is smooth and -4 (volume of N ) corvergesto a constart times the surface area of
M (s),

Z 1=2
(4:2:17) jhw;'ij  C limsup "kw-k, 2 iKY 2 (k)
"& 0 M (s)
Moreover,
z
kW kP2 = kw kE. = |an ("x)j? jw(x)j? d"x kaEZS;Jp ("x)% 1+ jxj?
As 2S(R")and <0
h i
kw kZ, C kwk?, sup 1+ "?jxj2 1+ xj? = C kwk?; sup 11”2’&12
X
C "2 kwk?,
Returning to (4.2.17)
Z 1=2
jhw;"ij  Climsup (" ") kwk, 2 iNK)2dT (k)
&0 M (s)

Since > 1, it therefore follows that
hw;"i=0

for every' 2 S, sothat w= 0.
Weturn to proving existenceof a solution to (4.2.4). Supposefor now that f 2 S(IR")
and de ne -
— (k)
W) = s =
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We shall prove that w is well de ned and satis es the estimate
kaLZ %kf kL 2+1

Oncethis estimate is establishedwe can dispensewith the assumptionthat f 2 S(IR") by
cortinuity. As we did in the uniquenessproof, we may assumethat

= s(e; iep) with S= 'b_Jz

and therefore
jki+2i k= K2+ (ky )+ Kk3:::+ k2 s* + 2isky = P(k;s)
Sincethe polynomial P (k;s) is homogeneousf degreetwo,
P(k;s) = s?P(k=s;1)
As before we denote
N, M(s) = k2IR" dist(k;M(s) r

Every point p2 M (s) obeysp; = Oandjp sej=s. Henceforallk 2 IR" andp2 M (s)
we have that jk pj jkij and jk pj jk sej jp sej = jk sej s which
implies that dist (k;M (s))  jkij and dist (k; M (s)) jk sej s. As aresult, if
k2 Ng=on M (s) ,thenjkij o, andjk sej s - sothat at least one componert
of k se; mustbeatleastp s 2 > 2. Consequetly,

O1(s) = IR" nNs=2n M (s)

Ox(s)= jko si> 2 \ Ns M(s)

Oj(s) = jkjj> 27 \ Ns M (s) forj > 2
is an open cover of IR". The singularity of PfA((k";)S) on M (s) hasbeenexcludedfrom O4(s).
The remaining setsO»(s);  ;On(s) cover Ng=op M (s)  Ng M (s) with the j™ com-

ponert of jk sepj being relatively large on O;. It is usefulto note that M (s) = sM (1)
and that O; (s) = sO; (1). Let ; (k) bea partition of unity subordinate to this open cover,
so that

X ik _ X

R (D

w; (k)
j=1 j=1
Since O4(1) is bounded away from M (1) and sinceP(k;1)! 1 asjkj! 1 there exists
a constart ¢ sud that

P(k;1)j c¢c>0 8k 2 O41(1)
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For k 2 O4(s) this leadsto the estimate

jP(k;s)j = s?jP(k=s;1)j] cs°

so that
(4:2:18 kwik 2 kwik, 2 c52 kf Kk 2 c52 kf k|_2
Here we have used the assumptionsthat < Oand + 1 > 0. Since our hypothesis
guaranteesthat j j = = 2s is greater than somec > 0, (4.2.18) givesthe desired estimate
for w;y.

To estimate ead w;, with j = 2; ;n, we rst introduce new coordinates in O;j(s)
by

1= 2kg

(4:2:19 C=k for 6 1; |

o _ k¥+(kz s)?+k3+ +k2 §?
| s

In terms of these new coordinates

i (K)f\(k
WJ.():S(J()_()

jtio1)

Since 8 .
2 if " =m=1
% 1 if "=m, 6 1;j
g(\ 0 if "6m, 6]
" 3% if>=j,m6 2
72("255) if*=j,m=2
the Jacobian of this coordinate transformation on O; (s) is
4jKj | .
o ifj6 2

@ —
det & 4jk2s Sj |fJ =2

which is bounded above by 8 and below by % on Q;(s), j = 2;:::;n for all s. At this point
we shall make use of the following three results, the proofs of which will be given later.
Lemma 4.2.6 For eachj = 2; , n, the map Z; de ned by

(Zif)(¥) = o () f 2 S(R")

hasa unique continuous extensionto a bounded linear operator from L2,; to L2. For each
f 2 L2+1, Z;t is aweak solution to (@, + i@, )w = f. That is,

@, +i@,  zZjf =nh; fi
forall' 2 S(IR") andf 2 L2, .
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Lemma 4.2.7 For any 2 C} (IR") andanyf 2 S(IR")

(k) ~ . Ckf k.2

+1

where the constant C dependson , but is independentof f .

Lemma 4.2.8 Let O and O° be open subsetsof IR" and C be a compact subsetof O° Let
2 Cd (O andlet be a smaoth di e omorphism from O to O% Then,

o 1- Ckf k2 - Ckf ki 2

L2 I‘2+1

The constant C dependson  and C, but is independentof f .

The proof of Proposition 4.2.4 now proceedsas follows. If () is the inversemap of
the change of coordinates (4.2.19), then

— k) — 1 (M 1
Wi (k) = Jp(k;s) -5 Jj+i 1 (k)

Set
g(x)= f ~(x) hy = i ~(x)

In this notation
W= tdg ¢

S

Using, in order, Lemma 4.2.8, Lemma 4.2.6, Lemma 4.2.8 and Lemma 4.2.7, we obtain
that
ij k,_z %ij g k|_2 %kgj k,_z+1 Cfkhj k,_z+1 C?“kfj k,_z+1

Recalling that s = 'b_JE and invoking the formula w = jn:1 w; completesthe proof of
Proposition 4.2.4. [ |

Problem 4.2.1 Letw 2 L? beany weaksolutonto w+ 2 r w= 0. Let
z
2Cl(0;1)  with supp [0;1) and (kj?) g—;‘n =1
IR"
and Z
w-(x) = ("x)w(x)  where (x) = ek X (jkj?) g—)ﬁ
IR"
(a) Prove that if the Fourier transform of ' 2 S(IR") vanishesin N+ M (s) =
k dist(k;M (s)) " ,thenthereisa 2 S(IR") sudc that

("x)" (x) = 2 r
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(b) Prove that W- (k) is supported in N+ M (s) .

It still remainsto prove the three auxiliary Lemmas4.2.6{4.2.8. If we note that jfj, =
ﬁkf’\k%(mn), then Lemmas 4.2.7 and 4.2.8 merely state the well{known facts that
multiplication by smooth, compactly supported functions and composition with smooth
di eomorphisms are bounded operators on HS(IR"). The former is Lemma 2.3.5. The

latter is

Problem 4.2.2 Let s2 IR. Let O and O° be open subsetsof IR" and C be a compact
subsetof O°% Let be a smooth di eomorphism from O to O°% Prove that there is a
constart C, dependingonly on , s, O and C, such that

1.

jU ls;n Cjujs;n

for all u2 C} (O.
It thus only remainsto give the

Pro of of Lemma 4.2.6: To prove Lemma 4.2.6, it clearly su ces to considera single
value of the index |, likej = 2. We furthermore claim that it su ces to prove the estimate
kZof k.2 Ckfke 2 in IR? To seethis we note that
Z
Kuk{ 2 gn) = - (1 + jxj?) ju(x)j? d"x

@) JUG0R d'

since < 0. Therefore
Z

(4:2:20) KZ ,f kfz(,Rn) dxz  dxn KZof ( ; ;Xs: ;xn)kfz(le)

Here we usethe fact that (Zof )(X1;X2;:::Xn) = [Z2f (;%)](X1; X2), i.e., we usethat »x =
(X3;  ;Xp) may be treated as parametersuntouched by Z,. At the sametime

z
kf kfi (RN = @+ jxj?) jf (x)j% d"x
ZR"
(1+ x3+ X3 jf (x)j2 d"x

IR"

sincel+ > 0. Therefore
Z

(4:2:21) kf kfz+1 (IRM) dxz::idxn KF( 5 5xar iXn)KEzgre)
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The estimates(4.2.20) and (4.2.21) immediately imply that it su ces to provethe estimate
KZ,f Kk 2 Ckf kLz+1 in two dimensions. This latter estimate is a consequenceof the
following lemmawith p= 2.
We now prove
@1+i@j hoZifo o= h; fi

for all' 2 S(IR") and f 2 L2,,, assumingthe boundednessof the map Z; : L2, ! L2
Forany' 2 S(IR"), wehave @, +i@, ' 2L? and' 2L? . So,by cortinuity, it
su ces to considerf 2 S(IR"). For'; f 2 S(IR")

D

- D‘"(k);f'\(k) = o (ki k()

A (@ +i@) Pr; 9
( @1+i@i)l; ij

H; fi

The formula ﬁ "(k);0(k) = h :;gi isusually rst provenfor ;g2 S(IR"). But, by

the Lebesguedominated corvergencetheorem, it extendsto ¢ 2 L*(IR"), since S(IR") is
densein L*(IR") and g 2 L1(IR") impliesg 2 L* (IR"). |

Lemma 4.2.9 Dene Z by
Z

Zf)(usu) = ey T (Visve) dv - for f 2 S(IR?)
IR
(@) Then Zf is bounded from LP,, (IR%) to L"(IR?) provided p > 1 and
The space L consists of the functions

TIN
N
N
=

TIN

u (1+jxj?) “2u2 LP(IR")

equipped with the norm kuki» = k(1 + jxj?) “2uk_s(rn).
(b) Furthermore

(Zf)(ug;up) = 21 ﬁ ~(uz;up) for all f 2 S(IR?)

Pro of: (a) Sincethe spacesL9(IR") and LP(IR") are dual, provided %+ % = 1 and

1< p< 1,the sameistrue for L9 and LP. As aresult, it suces to verify the estimate
jhzf;gij Ckf kLp+1 kgk_« forallg2 LY . We have

Z Z
; SN — g(u)f (v)
] VAR gl = (uz v2)+i(ur vi) dudv
IR2_, IR2
Z Z . . ) =2 ) = 2 . . ) =2 o2y = 2
jg(u)j(@+ juj®) 7@+ jvj%) iF(V)i+ jujs) (1+ jvj*) dudv
R IR Ju ViR U v
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where > 0and > Owill be chosenlater. Employing Helder's inequality,

£ ne (s jui?) P Par vt 97 O p( +1) =2 P
. . .. u V . . —L . .
jretigy R du (1+jvj?) jf (v)iPdv
Z n Z (0] 1=q
1--2q(+)=21--2 q= 2 L. q =2. .
o R ——dv (L4 ) T T jg(u)j%du
IR IR
Ckf kL P+1 kgqu
provided the constart
z 2y p =2 2yp( D=2 1=p
- (I+juj®) " A+ jviT) B
C= S\L/Jp - T du
Z ( 2)51( + )_2( 2) q= 2 1:q
1+ juj 2@+ jvj?) 7
sHp - V] dv
IS nite.
Sincel+ jxj> (1+jxj)> 2(1+ jxj?) it suces to chedk that
Z Z
(L+juj) P 1+ jvj)P¢ Y @+ juj)aC (@ jvj)

S\L/Jp - T0 Vi du and sllJJp - Vi dv
are nite, for appropriate choicesof , , p, gand , which we now do. We imposethe
constraint that = % which implies that

p( H=p +; 1=p ;=p 1
o +)=q :=qg 1

For eadh xed v with jvj 1, let R be arotation chosensothat v = jvjRe;. Making the
change of variablesu = jvjRw, we seethat the integral

Z Z
@+ juj) P (1+ jvj)P! V2= iy P( Divi @+ jvijwj) P
. T d?u = (1+ jvj) ivi - w e AW
ivi)P( Divi Gvijwj) P
1+ jvi) Vi e dw
= (1+jvj)P it P — 1 __ d’w

e W I TWPP

convergesand is boundeduniformly forjvj 1if1< p < 2. Foread xed v with jvj < 1,
we make the change of variablesu = w + v and usethe bound 1+ jw+ vj ¢(1+ jwj) to

seethat the integral
z z

(rjop * Qo)™ Dgy= (14 jupec D @i f gy
Ju vj IR2 ~ Jwj

p ivi)P( 1) 1
C (1 + JVJ) R? de

IR2
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again convergesand is bounded uniformly for jvj 1if p > 1. Similarly, for each xed u

with juj 1, let R bearotation chosensothat u = jujRe;. Making the changeof variables

v = jujRw, we seethat the integral
Z

z
(A+jupet T @ jvi) ¢ g2, - iy al * iy @riviiwg) ©
- TR d?v = (1+ juj)?C * juj - ey AW
cval )i Guijiw) @
(L + jup)® * jyj |R7de
_ N 1: 61 g 1
= (1+ juj) juj e TG dw

convergesand is boundeduniformly for juj 1lif1< q < 2. Foread xed u with juj < 1,
we make the changeof variablesv = w + u and usethe bound 1+ jw+ uj c¢(1+ jwj) to

seethat the integral
z L z
@+ jupdt * @+ jvj) 9 = igiyac + ) 1+ jw+uj) o
Y dv=(1+juj) R T

. . + 1
c 9 (1+jups ) - FwiE wpT AW

IR2

again corvergesand is bounded uniformly for juj 1ifq > 1.
Thus, in order to guarartee that C is nite, it suces to require that

o 1 2 1 2
(4:2:22) ;< <3 and < <2
with
(4:2:23 = %
As and run overthe region (4.2.22),  runs over % < < % and % runs
over
21 2 1. 12 1 1 1 2
P a p O 9 9ad p p
Thus,if p> 1land satises

2 2
f < < <
p 1 p

then it is always possibleto select and sud that (4.2.22) and (4.2.23) are satis ed.
This completesthe proof of Lemma 4.2.9 and consequetly the proof of Lemma 4.2.6.

(b) For f 2 S(IR™), both
Z

(4:2:24) 1 7 (vi;v2) d>v  and 2 i % = (uz; uy)

R2 (uz v2)+i(ur v

are bounded cortinuous functions. To show that they are equal, it suces to show that
they have the sameinner products with all g2 S(IR"). This follows from Problem 4.2.3,

below.
[
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Problem 4.2.3

(a) Prove that

Z Z
e kx o _ 2i ijkjR cos
. X2+iX1dX_ ko+ik 1 d e 1
iXj R 0
(b) Prove that
Z Z
e kx 12 4 : e kx o _ 2
. X — and lim . X= —5—
ixj R X2+ iX 1 i katiki]j RI1 ixj R X2+ iX 1 ko+ ik 1
for all k 6 0.

x4.3. Global Identication of Isotropic Conductivities, n 3

In the rst part of this section, we usethe special solutions constructedin x4.2together
with the boundary identi abilit y result of x4.1 to prove a global identi abilit y result for
dimensionn 3. This result is originally due to Sylvester and Uhlmann ([S-U 11]). The
casen = 2 will be consideredin x4.4. In the secondpart of this section, we extend the
main ideasof the proof of the identi abilit y result in order to establisha result concerning
the stable dependenceof the conductivity on the boundary measuremets. The main
identi abilit y result is

Theorem 4.3.1 Let be abounded domainin IR" (n  3) with smooth boundary and
supsethat ; and , areisotropic conductivities in  obeying Hypothesis4.1. If the two
conductivities havethe same Dirichlet{ to Neumann{data map, i.e., if

then

We will obtain Theorem 4.3.1asa corollary of the analogoustheorem for Schredinger
operators (Theorem 4.3.4below). Sincethe Dirichlet problem for the Schredinger equation
neednot always have a (unique) solution, the Dirichlet{ to Neumann{data map may not
exist. SeeExample 3.5.3. It is quite natural to usethe Cauchy data, de ned below, in
place of the map.
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De nition 4.3.2 (Cauc hy Data) The Caudy data assaiated to the potential q 2
Lt (IR") is
n

Q]: (f,g)2H1:2(@) H 1:2(@) V+qu= Oin ;Vj@ = f’ %J@ = gO
for somev 2 H1()

Remark 4.3.3 If v2 H?(), the restriction ofvto @ heredenotedv @ iSin H32(@)
by Theorem 2.2.2. Also by Theorem 2.2.2 (and Problem 2.3.5) % @ 2H =2(@), since
rv2 HY). If inaddition, ( +qg)v = 0then, by part (c) of Problem 3.4.1(the divergence

theorem)
yA z

(4:3:12) h(x)%(x) d (x)= r wh(x) r v(x) q(x)wp(x)v(x) d"x
@

forall h2 H¥?(@) andw, 2 H() obeying wy @ = h. Seealsopart (c) of Theorem
3.5.8.

But if v2 HY() isnotalsoin H?(), the condition % @ 2H 22(@) in De nition
4.3.2 requires someadditional explanation, sincer v 2 L?() and, in general,it doesnot
make senseto restrict an elemer of L?() to @. Fortunately, if v obeys( + q)v = 0,
Problem 3.5.8 givesthat the map
(4:3:2) 7

h2H72@ 70 rwn(3) rv(x) a(x)wa(x)v(x) d’x with wa 2 HY() ;wh g = h

is a well{de ned (i.e. the right hand side is independert of the choice of wy, 2 H1()

obeyingwn o, = h), boundedlinear functional on H 122(). By Problem2.1.24,H7?(@)

is isomorphicto H 7?(@). Whenv?2 H!() obeys( + gv= 0,wedene % @ !0 be
the elemert of H 2(@) corresponding to the linear functional (4.%22). For notational
corvenience,we now rede ne H 7%(@) to beH'™?(@) andwrite o h(x)H(x) d (x)
for the value assignedby H 2 H (@ = H¥(@ to h 2 H¥(@). With this
notation and the de nition (4.3.2) of % @ (4.3.1) appliesto all v 2 H() obeying

( +gv=0.

Theorem 4.3.4 Let be a boundal domainin IR"(n  3) with smooth boundary and
supmsethat o and op are L! () potentials suchthat

G = G
Then
=
Before giving the proof of Theorem 4.3.4, we shav that Theorem 4.3.1is its corollary.
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Pro of of Theorem 4.3.1: According to Theorem4.1.2, ; and , aswell as % and
% agreeon @. Part (b) of Theorem 3.5.9 now guaranteesthat

G = G

where qu and @, are de ned by

1=2

g = —i=

i

Thus Theorem 4.3.4implies that g; = . Consequetly, the function

satis es ) . . )
1 = = = =
r (1272rv =2r jr 7 ir 2
1
=2(12)7%( @o)=0
v@ =0
and hence
v 0in
i.e.,, 1= »,1in |

We now turn to the proof of Theorem 4.3.4.

Pro of of Theorem 4.3.4: Letu; 2 H!(), j = 1;2beany pair of solutions to

u+qgu =0 in
By (4.3.1), twice,
Z Z
uz%d = Fu, ru; Guiup d"x
z@ z
ul%d = rui ru, Guiup d'x
@
Subtracting gives
Z Z
(4:3:3) (n  )usup d"x = % u%: d

By assumption G, = G,,. Sothere exists a function v 2 H() obeying
v+ qv=0 in ; v:uzandgz%on@
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Setting qp = o and u; = v in (4.3.3) now gives
Z Z
(4:3:4) 0= (o o)uvd'x= . % w4z d
A combination of (4.3.3) and (4.3.4) immediately yields that
Z
(4:3:5) (n p)uup, d"x =0

for any pair of solutionsto u; + gu; = 0in H*().
At this point we shall chooseu; and u, to be the type of solutions constructed in
Corollary 4.2.5. Givenany k 2 IR", we choose

1= 1+i0 5+ m

>= |+ m

N|xX

and require | and m to satisfy
436) | k=1 m=k m=0 jmi2=jliZ X250 jlj> Lmax (L+jxj)%q ..
4 1;2 9 .
J=13

The constart is the sameas that appearing in Corollary 4.2.5. By (4.2.1), 1 1 =
> 2= 0. It alsofollows immediately that the ; satisfy
K(L+ jxj?) 7 q ke
il

Wealsohavethat j jj! 1 asjlj! 1 . It isclearthat the orthogonality relations required
of | and m can be satis ed if and only if the dimension, n is three or higher. The solutions
corresponding to the vectors j constructed in Corollary 4.2.5 have the form

uj = e i1+ j(X; j)
where ; satis es
(437) Kk j k|_2() J%kq k|_2() and k j kl; qu k|_2()

The identit y (4.3.5) therefore becomes
z

(@) ("2 1+ 4(x; 1) 1+ (% 2) d'x
z

( ek 1+ 1(x 1) 1+ 2(x 2) d'x

o
I
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which leadsto
Z Z

K ) d"x= K @) 1+ 2+ 1 2)d'x

and hence,via Caudy{Schwarz and (4.3.7), to
z

K ) d"x kgt pkiz) Kk 1kiz) + k 2k 2

+ kg ks O k 1k|_2() k 2k|_2()

2
C1l+ kq]_ QZkLl 0O kq]_kLZ() + qukLZ() j%j+ J%J

The right hand side dependson | and m while the left hand side does not. Taking the
limit jlj;jmj! 1 gives

z
(4:3:8) e K(m g)d'x=0

Let  denotethe function on all of IR" obtained by extending g to zerooutside . Ask
is arbitrary, and since the functions & vanish outside , (4.3.8) implies that the Fourier
transform of (ep  ep) vanishesidentically. Therefore ep equalse. As a consequencey
equalsg in and we are done. [ |

A somewhat more carefully crafted version of the uniquenessproof can be used to
prove the stable dependenceof on . By stability, or stable dependence,as opposed
to cortinuous dependence,we mean that, under the hypothesis of an a priori bound for

1 and 5 (or g and @) in a high norm, we can estimate the dierence, 2 (or
Gt ), in alower norm in terms of the di erence of the Dirichlet{ to Neumann{data
maps (or the Cauchy data). The stable dependenceresults preseried here are, except
for minor modi cations, due to Allessandrini (JAI2]). To measurethe distance between
the Dirichlet{ to Neumann{data maps we use the operator norm for bounded operators
betweenH =2 and H 7. To measurethe distance betweenthe spacesof Cauchy data we
use

(

dist (G, ; G,) = max sup inf k(f;9) (kg2 y 12,

(f;9)2Cq, (f38)2Cq, k(F;Q)Kyi-2  1-2 ; |
(f;9)2Cq, (f78)2Cq, k(F;Q)kyiz y 1-2

The norm on the spaceH™?() H 72() is de ned by the expression

k(f!g)kH 1=2 QY 1=2 = kf kz%’ + kgk2 %; 1=2
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It is not dicult to seethat if the spaces(,; are both graphs of corresponding Diric hlet{
to Neumann{data maps  , then one hasthe estimates
k 1 g2 k%, %

9 2 4 2
1+Kk ‘-hkl- 1 1+k Q2kl- 1
20 2 2 2

diSt(qu;qu) k Q1 Q2k%; 3

2

(4:3:9)

Problem 4.3.1 Prove (4.3.9).
We rst showv

Prop osition 4.3.5 Supmwsethat 5 <s2IN,n 3and

(4:3:10 Ka Ks: M
then there existsC = C(M) and0< = (n) < 1 suchthat
(4:3:12) kap ok 1;  C log dist(Gy;G,)  + dist(Gy:Gy)

Pro of:  Our point of departure is the identity (4.3.3), which states that
z z

@ @uuzdx=  wuf uE d
for all uy;ux 2 HY() obeying( + oqu)us = Oand( + gp)us = 0. If (f;g) is an arbitrary
elemern of G, then there exists a function v 2 H() obeying

v+ qv=20 in

v=f and%:g on @

sothat Z Z
0= ( @q)uvd'x= v&r uZ d
7@
= f@ ug d
o @
and Z Z n i
(h  )urup d'x = %(Uz f) % gu; d'x
@

We cortin ue with
Z
o Kuz fkig +kukie 42 g

Qi
@ nipp U f

N

N
®

(@ @uupd'x &
Uz,

22 g

N
N
N

HZ H
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As this is true for all (f;g) 2 G,

(4:3,12)

n S C kN i - @i
(ql q2)U1U2 d"x Ug, @ H % H % (f ;g:?éfcql uo f1 @ g H % H %
Usp, (@:L H % H % dlst (QM,QIZ) Uo; @2 H % H %

Weremark in passingthat, if G, and G,, areactually the graphsof Dirichlet{ to Neumann{
data maps 4, and g,, then (4.3.12) implies
z
(h  p)uiuz d"X

N[
N[

kukyg 1+ Kk ki, Ko gk

2
y Kugkyg 14k gk

1.
2

N|=

Our next stepis to chooseu; and u, to be the solutions producedin Corollary 4.2.5. That
is

(4:3:.13) up =€ 1 1+ (% )
with

>= |+ m

whereKk is arbitrary and | and m satisfy the requiremerts (4.3.6). The functions ; satisfy
the estimates(4.3.7). Sinceu; 2 H!() aresolutionsto u; + gu; = 0 (with ¢ bounded
in LY ) it follows, by Remark 4.3.3 and Problem 3.5.8, that

@4

Using Theorem 2.2.2.ii, Lemma 2.1.16.aand (4.3.7) we now get

Ui @ 41 oy ¢ Ckuski  Cke' tkeay K1+ 1ky  Cj qje P

where D denotesthe constart D = sup,, jXj and we have increasedthe value of the
constart C a few times. Thus, forany xed D > D

(4:3:14) Ul;% WE oy b CeP 11l
and similarly
(4:3:15) uz @2y CeP
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Let r denote the parameterr = % + jmj2 + jlj2 2 jkj. In terms of r we have that

] 1] =] 2] = jkj + r. The parameterr must be su cien tly large, i.e.,
r C 1

but is otherwise free. A combination of (4.3.12){(4.3.15) now yields
z
(Q1 qz)eix k d"x
z
ce?P (jkj+r)di3t((:h;cq2)+ n % 1+ o+ 1 o d'X
ce®™® UK*Ndist (G, Cp) + ko pkiz(y Kk 1kiz() + k 2Kiz(
+ kql C]2k|_1 0 k 1k|_2() k 2k|_2()

or, by useof (4.3.7), (4.3.10) and the Sobolev imbedding result, Problem 2.2.10,

(@ @Rk C e 04" dist (G: G) + (M + 1) A

where, as before, g denotesthe extensionof g by zerooutside . We therefore have

- -2
]qlz qZJ 1:n
= (@ ePK i+ ik?) dk
Zan Z
(4:3:16) (e &PRPRA+ k2 Tdk+ (e &Pk ‘@+ ?) Tdk
jkj< jkj>

c " e (+r)dist(qh;cq2)2+ rlz + ﬁk% G|2kfz()
C ne®D ( +r)dist(ch;q2)2+ Cr_z_'_ %

In order to make the last two terms in the nal expressionof (4.3.16) small and of the
samemagnitude (), we choose

n+2

r= "z ,; for 1
With this choicewe alsohaver > . For the rst term in the last line of (4.3.16) we get
(4:3:17) "e?® (*Ndist(C;Gp)?  CefMdist(Gy i G,)?

uniformly in , for any xed constart K > 8D . If we now choose

2
n+2

= ¢ log dist(Cy; G)
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then
r= 2 log dist(Cy,; G)

and therefore

(4:3:18) e’ = dist(G,;G,) * fordist(Gy,; Gy,) < 1
A conmbination of the estimates (4.3.17) and (4.3.18) gives

(4:3:19) "ef? (N dist (G Gp)?  C dist (G Gy,)

provided dist (G, ; G,) < 1. Insertion of (4.3.19) and the de nition of (and r) into the
last line of (4.3.16) yields the estimate

ko k?;. je &i’;, C log dist(Gy;G,) "7 + dist(Cy;Cy)

(4:3:20 ,

Clog dist(G,;G,) ™7
for dist(Cy,; G,) < 1. This gives (4.3.11) with = -2 whendist(G,;C,) < 3. The
estimate (4.3.11) is trivially satis ed for dist (Cy,; G,) $ becauseof the assumption
(4.3.10). This completesthe proof of Proposition 4.3.5. [ |

We now proceedto transform Proposition 4.3.5into an analogousresult for the con-
ductivit y problem. As we saw in the proof of the interior identi abilit y theorem, the proof
of the interior stable dependenceresult makes use of the cortinuous dependenceresult
(Theorem 4.1.8) for the boundary values. Among other things the proof depends on the
following lemma.

Lemma 4.3.6 Supmsethat 5 < s2 IN andthat ; and , are isotropic conductivities
on IR" satisfying Hypothesis4.1 and

)& ; E

(i) K jks+2: E.

Let @ and g denotethe potentials de ned by

(4:3:20) g = —ir
ThereexistsC = C( ;E;n;s)and0< = (s)< 1 suchthat

(4:322) dist(G,; G,) K g ek, 1 C k| Ky

N[
N[
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Pro of: The rst inequality of (4.3.22) comesdirectly from (4.3.9). Sinceq; are related
to the conductivities ; by meansof (4.3.21) it follows from Theorem 3.5.9that the G,
are graphs of the corresponding Dirichlet{ to Neumann{data maps and that, by Problem
2.3.5,

1 @ =2 N
— 1 >
q ~ Ti=2 P Zo+ @J @ 8 2H2(@)

sothat
( g1 Q2) %;@

C 3 3 ( 3 ) @,
+ &
! 2 cye . @ 1@
+C L7 (12) (7))
2 cl(@ 1\ 1 2\ 2 %;@
@,;"> @;°
e @ g (@

Assumptions (i) and (ii) provide, via the Sobolev imbedding bound of Problem 2.2.10,
boundson sup -, sup —i,,Sup 1,Sup 2, SuUp jr ij andsup jr »j that depend
1 2
onlyon andE. Since 1; »2 C! (), theseboundscortinueto @. As , 1. 1. and
2 2

, 1. 1 areboundedby Theorem 3.4.1 (with constarts dependingonly on E and by

2 2
Remark 3.4.2) and multiplication by , > or , '™ is a bounded map on H=2(@), by

Problem 2.3.5,
K( @) K 3@

(4323) 1 1
C k1 2kC1(@) k k%;@ + 1( 1 ? ) 2( 2 ? ) Ne)
In a similar fashion we may also bound
1 1
1( 1 : ) 2( 2 ? ) %;@
1 1 i
1(12 22) %;@+ ( 1 2)(22) %;@
C ki 2keye + : 1.1 KKig
Insertion of this into (4.3.23) yields
(4:3:29) ( o Q2) L@ C k, 2kcl(@) + k . zk%; L k k%;@

Sinces 1> 5 1= "1 wemay useSoholev'simbedding theorem, Problem 2.1.25,and
the logarithmic corvexity of the Sobolev norms, Problem 2.1.26,to obtain

ki1 2kei@ Cki  2Ksiie

2 2s+1
C 2s+3 2s+3

1 212@ 1 2 s+30
2

C 1 2{¥e
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To obtain the last inequality we have also usedthe trace estimate (Theorem 2.2.2)
k1 2kase  Ckao 2Kz,

It now follows from the rst part, (4.1.25), of the corntinuous dependenceresult on the
boundary that

2
(4325) K 1 2kcl(@) Ck 1 zk;ﬂl

2

After insertion of (4.3.25) into (4.3.24) we obtain the desired estimate with = ﬁ [ |

The stable dependenceresult for the conductivity problem is

Theorem 4.3.7 Supmsethat = < s 2 IN, n 3, and that , and , are isotropic

conductivities on IR" satisfying Hypothesis4.1 and
() I=E ; E
(i) K jks+2: E.
Then thereexistC = C( ;E;n;s)and0< = (n;s)< 1 suchthat
n 0
(4:3:26) K 1 oK1 O C logk . zk%; L + k . zk%; L

Pro of: In light of the hypothesis (i) it clearly su ces to prove the estimate (4.3.26) for
k | zk%; 1 smaller than any strictly positive constart. The last term in right hand
side of (4.3.26) is there to render the estimate trivially satis ed for k zk%; L larger
than the constart. By (4.3.22), we can choosethe constart small enoughthat dist (G, ; G;,)
is also smaller than any desiredstrictly positive constart.

Consider the function

v=log -+ =log( 1) log( 2)

This function obeysthe boundary value problem

2(12)7 (@ @) in
@ ~ 109 1 log >

r (12)%VV

\

with the q; and @ de ned in (4.3.21), and hence,by Theorem 3.3.5 (and Remark 3.3.6),
(4:3:27) klog 1 log 2ki. = kvki. C kg ok 1. + klog 1 log gk%;@
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Now

Z,
Iog 1 Iog 2 = . tl*_({jitt)z ( 1 2)
— 1 1 - 1
rlog:1 r log 2= =r 1 =T 2= =701 1 I 2+ lelr 2
and
Z 1
1 5= et log 1+(1 t)log » dt (Iog L Iog 2)
0
rr1 r 2= 1r log 1 of log = 1rlog ;1 rlog , + 2—2r »
By hypothesis (i), El i E. By hypothesis (ii) and the Sobolev imbedding theorem,

Problem 2.2.10,jr ;j CE. It followsthat there is a constart c, depending only on n,

and E, sud that
k 1 2k1; Ck|Og 1 |Og 2k1;

klog 1 log 2ki@ ¢k 1 2K
Sinceklog ;1 log zk%;@ klog 1 log 2ki.@ , (4.3.27) translates into
(4:3:28) k1 2k  Cka ki +ki 2kue

A combination of the estimates(4.3.11) and (4.3.22) givesthat for some0O< ;; ,< 1

kg ok 1 C logfdist (G,;Gy)g
n 0

2

(4:3:29) Clg . .y

N

Clogk ,  ,k

N[

1.
2

for kK | .K1, 1 suciently small. In view of Soholev's imbedding theorem and the
logarithmic corvexity of the Sobolev norms, we have

k 1 2k|_1 0O Ck 1 2ks;
s 1
s+1

C 1 2ki. 1 2 )

C 1 2f_1

and 2s+1 2
k k . 2s+3 2s+3
1 2h1@ C 1 2 L2(@) 1 2 o4 %;@
2s+1 2
C 25+3 25+3
1 2 L@ 1 2 542
2s+1
2s+3
C 1 Mg



Togetherwith (4.3.28) and (4.3.29) thesetwo estimatesgive

2
s+1

k 1 2k|_1 0O C kql q2k 1.+ k 1 2k1;@
(4:3:30 2541 2
2s+3

C |ng . 2k . Yy 1 2 L1 (@)

for k | zk%; 1 su cien tly small. By combination with the boundary cortinuous
dependenceresult (Theorem 4.1.8) the estimate (4.3.30) becomes

1 2

k 1 2k|_1 0O C |ng

for k k 1 su cien tly small. This completesthe proof of the theorem. [ |

1.
1 2 5

x4.4. Global Identication of Isotropic Conductivities, n= 2

We now move on to the analog of Theorem 4.3.1in dimensionn = 2. Our method
of attack will be somewhatdi erent than that usedin the proof of Theorem 4.3.1. For
the latter, we used Theorem 3.5.9to cornvert the conductivity equation r ru= 0into
the Schredinger equation w+ qw = Owith q= —o andw = 72u. Now we are
interestedin IR?, which we canidentify with C. To getaccesdo results concerninganalytic
functions, we instead convert, in (4.4.5){(4.4.6), r r u= 0into the rst order system

@ 0 v 0 g v

(4:4:1) 0@ w q0 w =0
where
@i +i% and @ 3 & iS-
are the standard complex derivatives, q = @1—122 v= @ andw = ¥?@. An

intro duction, mostly through problems, to @and @is provided following this intro duction.
For example, part (a) of Problem 4.4.1is to showv that @ = 0 s equivalent to the Cauchy{
Riemann equations.

Our proof is basedon the trivial obsenation that q is completely determined by any
single nonzero solution to (4.4.1). For exampleif, for somex 2 IR?, we have w(x) 6 0,
then q(x) = —-@(x). For any k 2 C, both

w(Xx)

ek 0
0 and o izk
(where z = x;1 + ix,) solve (4.4.1) whenq 0. We combine them into the matrix family

of free solutions _
gzk 0
0 e izk
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and nd, in Proposition 4.4.6, solutions of the system (4.4.1) of the form
ezk 0

0 e izk
where m(z; k) is a matrix valued function which, for the g's of interest, convergesto 1 as
k! 1, uniformly in z. Thus k is a parameter that speci es the large jzj behaviour of
the solution (z;k). We shall show, in Corollary 4.4.8, that m also obeys a di erential
equation in k. For eadh xed z,

(4:4:3) @m(z;k) m(z;k) x(2)S(k) =10

Here «(2z) is an explicit and, for the current discussionunimportant, function and S(k),
called the scattering data, is independert of z. If the scattering data S(k) 0, we would
concludethat, for eath xed z, m(z;k) is an analytic function of k that cornvergesto the
identit y matrix ask tendsto innit y. Liouville's theorem would then force m(z; k) to be
the identit y matrix for all z and k. For our g's, S(k) will of coursenot be identically zero.
But it will tend to zero su cien tly quickly for large k that we will be able to apply a
generalization of Liouville's theorem to \pseudo{analytic functions".

The logic ow for our proof that in n = 2 dimensions, , = , implies 1= 5 will
be the following. Supposethat is a bounded open subsetof IR? with smooth boundary
andthat |, = ,. By the boundary identi abilit y Theorem 4.1.2, ; and » and their
corresnding normal derivativescoincideon @. Sowe may extend ; and ; to all of IR?
such that ; = , = 1outside of somelargeballand ;= 5 in IR?n . Wethen prove, in
Theorem 4.4.18,that the assaiated scattering data S;(k) and S, (k) are equal. Using the
generalization, Corollary 4.4.10, of Liouville's theorem, we concludethat m; = m,. From
this it follows, asabove, that qu = ¢ (Theorem 4.4.20)and ;1 = , (Corollary 4.4.21).

Our boundary identi abilit y Theorem4.1.2wasonly provenfor C! conductivities, so
our global identi abilit y theoremis alsorestricted to C! conductivities. But the technique
doesnot require anywhere nearthis much regularity. A global uniqguenessresult wasproven
in [BU] for conductivities in WP() ;p> 2. Earlier, A. Nachman [N2] was able to prove
uniquenessfor conductivities with two derivatives using the @method. The proof given
here parallels Nachman's two{dimensional result in that we usethe @method. Howeer,
we follow more closely work of Beals and Coifman [BC1, BC2] who studied scattering for
the rst order system(4.4.1). We give much of the intermediate developmert for potentials
which arein C (IR?) and compactly supported, as an introduction to techniques used for
dealing with fractional derivatives.

(4:4:2) (z; k) = m(z; k)

x4.4.1. The Operators @ @ @* and @*.
The following problems provide an introduction to the complex derivativ e operators

1@ 4@ 1@ i@
@= 2 @(1+|@<2 and @= 2 @ I@(z
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Problem 4.4.1 Letf :IR?! Candg:IR*! C havecontinuous rst partial derivatives.

(a) Recallthat f is analytic if and only if it satis es the Cauchy{Riemann equations
@ - @ @ - @
@Ref = @Imf @Ref = @Imf

Prove that f satis es the Cauchy{Riemann equationsif and only if @ = 0.

(b) Supposethat f (x;y) = F(x+iy) with F : C! C analytic and g(x;y) = G(x 1y)
with G: C! C analytic. Prove that

@(xy)= FAx+iy) @(xy)=0

@(x;y)= 0 @(x; y) = GYx iy)
Prove corverselythat, if @ = 0, then there is an analytic function F (z) sud that f (x;y) =
F(x+iy) andif @ = 0, then thereisananalytic function G(z) sud that g(x;y) = G(x iy).
(c) Prove that

@@+@@=3rf rg
Prove that, if f is C?, then
@ = @ = 1 f

Prove that, if f is C?, then f = 0if and only if there are analytic functions F and G
such that f(x;y) = F(x + iy) + G(x iy).

(d) Prove that

@f(2) =(@)2) @f(2) =(@)2) @f(2) = (@)2
@f(z) =(@)(2 @f(z2) =(@)2) @f(1) =(@)(2)

(e) Prove that

@fg=f@+9g@ @f 9)=(@) @+ (@) g
@fg=f@+9g@ @f 9)=(@) g@+ (@) g

Problem 4.4.2 Let be aboundedopen subsetof IR? with smooth boundary. Denote
by ( 1; 2) the unit outer normal to @. Give @ the standard orientation. That is, when
you walk along @ in the positive direction, is on your right hand side.

(a) Let each componert of the vector eld (fq;f,) bein C(). Provethat
VA VA

+ d’x = 1f1+ of, ds
@
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wheres is arc length.

(b) Let f 2 C1(). Provethat
Z Z Z Z
@ d’x = f ds @ d°x = f ds
@ @

where = 2( 1 iz and = 3(1+i ).

Problem 4.4.3 Let beabounded,open, simply connectedsubsetof IR> with smooth

boundary. Let ead componert of the vector eld (fq;f,) bein C!( ). Recall that if
@: = 2: then there is a function g 2 C?() such that f; = &L andf, = ZL. Prove
that if @1 = @, then there is a function g2 C?(" ) suc that f; = @ andf, = @.

The di erential operator @= % %1 + i%z corresponds, upon Fourier transforming,

to multiplication by 3(ik: kz). By (4.2.24), convolution by 2—i+—L— = 1 _1_
providesaninverseto that di erential operator. Similarly, corvolution by lxl 1iX2 provides

an inverseto the di erential operator @= % %1 i%z . Sowe de ne, for various classes
of functions f , to be made precisebelow,
z z
@'f(=1 Af()() @@= Af()d()

IR IR

whered is Lebesguemeasureon IR?.

Problem 4.4.4 Let be an opensubsetof IR? and let f 2 L1(IR?) vanishin . Prove
that @ f (z) and @ 1f (z) are well{de ned and analytic for z 2 .

Problem 4.4.5 Provethat if f 2 C3(IR?), then

@@ =f and @@ =f

Many of the regularity properties of @ * and @ * will be stated in terms of the norms

kf ke = kfk.: + jfijc where  jfjc = supluZ
z6 w
for the spaceC (IR?), with 0 < < 1. Then C* (IR?) is the collection of functions for
which the norm Kuk; 1 g2y + Kr ukc (r2) is nEe. More generally; if rbz INo, C™* (IR?) is
the collection of functions for which the norm 2 N2 K@ uki 1 g2y + 2 N2 K@ uke (r?)

i i<n ij=n

is nite. The next few problems concernC (IR?).
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Problem 4.4.6 Let0O< < 1. Provethat it f;g2 C (IR"), thenfg2 C (IR") and

kf gkc (IR") kf kC (|Rn)kgkc (IR")

Problem 4.4.7 Let0< < 1. Provethat it f 2 C1(IR") is bounded with bounded rst
partial derivatives,thenf 2 C (IR") and

kf ke (IR) kf kil kf kLl + 2kr fk|_1

Problem 448 LetO< < 1.

(a) Let the Fourier transform f of f 2 L1(IR") obey 1+ jkj f(k) 2 L1(IR"). Prove that
f hasa represemnativein C (IR") with

Kf Kc (rn) 1+ jkj (k) L1

(b) Let f(x) 2 C (IR") vanish for jxj > R. Prove that there is a constart C(R;n),
depending only on R and n sud that

C(R;n)
Mo S5 T .

(c) Let f (x) 2 C (IR") vanish for jxj > R. Provethat if 0< s< ,thenf 2 HS(IR") and
that there is a constart C, depending only on R, n and s sud that

jfi, Ckfkc

Now here is a problem which collects together someregularity properties of @ * and
@!. Part (c) also contains the result that @@ f = @@ f = f, at least for compactly
supported f 2 C (IR?) with > 0. Recall that we have already shavn, in Problem 4.4.5,
that @1@ = @@ = f for f 2 CZ(IR?).

Problem 4.4.9 Let0< < 1andK beany compact subsetof IR.
(a) Prove that there is a constart C(K; ) such that if f 2 L (IR?) is supported in K,
then @ f ; @ 'f 2 C (IR?) and

k@ 1f kC (|R2) , k@ 1f kC (|R2) C(K, )kf k|_l
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(b) Let n 2 IN. Prove that there is a constart C(K:n; ) suc that if f 2 C"(IR?) is
supported in K, then @ f; @ 1f 2 C"* (IR?),
Z Z
@@'f(n=* Le@f()d() @@'f(xm=% FL@f()d()

IR2 IR2

forall 2 INZ with j j n,and

k@ lf kcn+ (IRZ) , k@ 1f kcn+ (|R2) C(K , n; )kf kC”(IRZ)

(c) Let f 2 C (IR?) be supported in K and let 2 C} (IR?) be identically oneon K.
Prove that, for eath 2 IN% with j j = 1, the rst order partial derivatives@ @ f and

@ @ f exist and
Z

@e'f@= = iy Of0) f@dO+f@ee’ @
Z

ee@t@= 2 5 Of() f@dO+f@ee’ 2
IR2
Prove furthermore that

@(z)=f(z) and @@ (2)="f(2)

(d) Let n 2 INg and 0 < %< . Prove that there is a constart C(K;n; ; 9 sud that if
f 2 C"* (IR?) is supported in K , then @ 1f: @ }f 2 C"*1* °(IR?) and

k@ 1f kCn+1+ O(IRZ) , k@ lf kCn+1+ O(IRZ) C(K,n, , (bkf kcn+ (|R2)

We have just seenthat if f 2 CO(IRZ), then @ }f and @ 'f are dierentiable. If we
are willing to acceptweak derivatives, we can relax the conditions on f . Recall that, for
anyl p 1 andany 1 < < 1, the spaceLP(IR") is de ned asthe completion of
Cd (IR") with respect to the norm

kukoe = 1+ jxj2 u |,

and that

De niton 4.4.1 Let 2 INg andlet f;g2 L'(IR") for some 2 IR. Then g is said to
bethe ™ weak (or distributional) derivative of f if

( 1@, fi=H g
for all ' 2 S(IR"). We persistin writing g= @f .
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Problem 4.4.10 Letl p<gqg 1 and ; °2 IRwith °< 24P (whenq=1,
0< 5 ). Provethat if f 2 LYIR™), then f 2 LP(IR") and kf k. », Ckf k_« for some
constart C that dependsonly on , © p, qandn.

Problem 4.4.11 Let 2 INJ with j j= 1andlet @ referto the ™ weak derivative.
Let f;u;v2 LY(IR") for some 2 IR.

(@) Provethat if @f = uand @f = v, thenu=v.

(b) Provethat if f is continuously di erentiable and the ™ classicalderivative equalsu,
then @f = u.

Problem 4.4.12 Let 2 INJ with j j= 1andlet @ referto the ™ weak derivative.
Let 2 IR andf;u2 LY(R"). Supposethat ff;g > is a sequencein L1(IR") sud that
f; corvergesto f in L(IR") and @f; convergesto u in L*(IR"). Provethat @f = u.

Problem 4.4.13 Let 2 INJ with j j= 1andlet @ referto the ™ weak derivative.
Let f 2 LY(IR") for some 2 IR.

(a) Let beoncecortinuously di erentiable with polynomially boundedderivatives. Prove
that @( f)= @f + (@ )f.

(b) Let 2 C} (IR"). Provethat @( f)= (@f).

(c) Let :IR! IR be oncecontinuously di erentiable. Supposethat f is continuous.
Suppose further that there are monotone increasing functions ;F : [0;1 ) sud that
i (O Q)i (), if (x)j  F(jxj) and F is polynomially bounded. Prove that
@( f)=(° fHef.

Lemma 4.4.2 Let 1< < Oandf 2L2,(IR?. Then @'f, @*f 2 L?(IR? and the
weak derivatives @ f = f and @@ f = f.

Proof: Thatf 7! @'f andf 7! @f = @1f are boundedlinear mapsfrom L?,, (IR?)
to L2(IR?) areimmediate consequencesf Lemma4.2.9. For f 2 C(IR?), part (c) of Prob-
lem 4.4.9, givesthat the classicalderivatives@® f = f and @@ 'f = f. By integration
by parts,

(4:4:4) @ @Y =H; fi and @ @Y =H fi

for all * 2 S(IR?) and all f 2 C§(IR?). Since C(IR?) is densein L2, (IR?) and, for eah
2 S(IR?), the mapsf 7! h :fi,f 70 ;@Y andf 70 @ are cortinuous
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as linear transformations from L2, (IR?) to C, (4.4.4) extends by cortinuity to all f 2
L2,, (IR?). ]

Prop osition 4.4.3 Let 2 IR andu?2 LY(IR®)\ L2.(IR?. Let be an open subsetof
IR%. If the weak derivative @ vanisheson , then u is analytic on

Pro of: It suces to provethat u(z) is analytic in any boundedopenset ° IR? whose
closureis cortained in . We shall expressu(z), in  ° asan almost everywhere pointwise
limit of C} approximations. The analyticity of the latter will be veried by cheding
that they obey the Cauchy{Riemann equations. Then we shall apply somestandard limit
theoremsfrom complex analysisto verify that u is also analytic in  ©,

If = IR? set" = 1. Otherwise, let " > 0 be the distancefrom ~°to IR?n . Denote
by © the interior of the set of all points within a distance of ©° Let 2 C} (IR%) be
identically one on (;j and be supported in . By part (a) of Problem 4.4.13, the weak
derivei.\give @u )= u@. Now let ' 2 C} (IR? be nonnegative, supported in jzj < 1 and
obey '(z)d (z)=1.Set,forn2 IN,' ,(z) = n? (nz) andte, ="', (u ). By part (b)
of Problem 4.4.13,the weak derivative @, = ' , u@ . Sincew, 2 C} (IR?), the classical
derivative @m = ', u@ too, by part (b) of Problem 4.4.11. From now on, consideronly

n> % Then u@ vanishesat all point within a distance% of Yand' , is supported in

jzj < % < Z so the classicalderivative @, (z) vanishesat all point within a distance%
of O That is, t,(z) obeysthe Cauchy{Riemann equationson % and henceis analytic
there. Furthermore, by Problem 4.45, 4, = @@, = @*(' » u@). In particular, for
z2 9,
8
Z
th (2) = (o u@))d() 28'qu@ [, ?'n . U@

n

u@ |,

The Fourier transform of &, u is the product of the Fourier transform of u and
"“(k=n) 1. Sinceu 2 L2_(IR?), u 2 L?(IR?) and, by the Lebesguedominated corvergence
theorem, the sequencet;, convergesin L2(IR?) to u . So there is a subsequencehat
corverges pointwise almost everywhereto u . In g the subsequences a uniformly
bounded sequenceof analytic functions. By the Arzela{Ascoli theorem [Ahl, Chapter 5,
Theorem 12] and Weierstrass'stheorem [Ahl, Chapter5, Theorem 1], there is a further
subsequencehat corvergesuniformly on ©to an analytic function. We already know
that the pointwise limit is u, almost everywhere. [ |

|00 I
N ©

We will, in Corollary 4.4.10,needto consider @ f wheref only decas su cien tly
quickly at in nit y to lie in L2(IR?). As ZL doesnot decay quickly enoughas ! 1 to be
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in L2, @ *f, ascurrently de ned, will not corverge. Fortunately, the inverseof @is only
de ned up to an additive constart. Replacing the kernel ZL in the de nition of @ f

by ZL + 1= 6 Z) only adds a constart (i.e. a z{independert term) to @ f but still

increasesthe decay rate at in nit y from %, which is not squareintegrable to %, which is
squareintegrable. Unfortunately it also introducesa new singularity at = 0. We can
eliminate the singularity by replacing 1 by ) where is any C! function that vanishes
forj j < landisidentically oneforj j 2. To distinguish the new inversefor @from the

already de ned @ f , we denote it

z
d(z)=1 2+ Of()d ()

IR2 z

Problem 4.4.14 The purposeof this problem is to start providing someintuition con-
cerning the behaviour of d f (z). De ne

D(z; )= -t + ) S ()= J+

z

- . . 1 . - .
ifjj 1 L()y= 11 ifjj 2

0 otherwise 0 otherwise
Obsenethat S 2 LP(IR?) if andonly if < 2 andthat L 2 LP(R?) if andonly if > 2.
Assumethat 0< < 2 andthat > 0. Prove that there are constartis C and C sud

that, if jzj 1, then

8 , . 9
z 27T fl< <22
D(z )i P
o] (z)s()d() C >hng it =1
7 1 ifo< <1
iD(z;)iL ()d () Ciz
IR2
and if jzj 2, then
z
D@ )is ()d () C g
IR 8 9
z 2 jzjt ifo< <12
IRZJD(Z; jL ()d () C ?Injzj if =1 >
1 if >1

Lemma 4.4.4

(@ If < 1, thend !is aboundd linear transformation from L2(IR?) to L2(IR?). For
2 IN% with j j = 1, the weak derivative @d *f is the inverse Fourier transform of

kffiisz’\(k). In particular, the weak derivative @ f = f.
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(b) Let2< p< 1l and"< 1
if f 2 LP(IR?)\ L2(IR?), then

oIN

. There is a constant C, dependingon p and ", suchthat

di(z+h) dM(z) Cihi" kfkeegre + KfKiogro)
1f(z) C 1+jz? 7 Kfkogre

o

forall z2 C and jhj 1.

Pro of: (b) We rst prove the secondbound of part (b). Remark that it is the bound
suggestedby Problem 4.4.14.All S 'swith < ZandallL 'swith > 5 arein LP(IR?).
For these 'sand 's, Problem 4.4.14givesboundednesdor small jzj and growth no worse
than jzj* # for large jzj.
Write
D(z; )= ;&2 + U

-»R
We wish to prove that (1 + jzj?) > D(z: )f()d (), with = pTZ is bounded by a

constart times kf k, »(g2) forall z2 C and all f 2 LP(IR?). By Helder's inequality

z
L+iz2) ™ Dz ) ()d () LpkfK ogro)

where p° = ﬁ is the dual index of p and

Z 1=
L = sup 1+jz2 iz )i d ()
z2IR2 IR2
soit suces to provethat L is nite forall = pT = pp—l with p> 2.
Forany a; b; > 0,(a+ b) 2maxf a; by 2 a +b . Combining
Z Z Z
iD(z; )i d () 2sup  FA-d()+2 HH-d()<1
z ]

Sup__ . ]Z J L.
z jj 2 i 2 ijo2
forall 0< < 2and

Z Z

sup 1+ jz2 iD(z; )j d ()=sup 1+ jz2 L g()
z iJj2 z i

sup 1+ jzj2 A d ()
<1
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(wherewe substituted =z )foralll< < 2 2 givesthat L < 1 provided
1< < 2and 2 . To prove the bound on d 1f (z) , we apply part (b) of
Lemma 2.3.12. We have already seenthat

Z 1=
L = sup 1+j7° TiD(z ) d () <1
z2IR? IR2
provided 1< < 2and 2 . Wecurrently want = % = pp—l so that
= g—f and 2 = E—i are equal and both conditions are satis ed. This completes

the proof of the secondbound of part (b) and we now move on to the rst bound.
Let zo 2 C. We provethe boundon d f(z+ h) d f(z) forjz zj 1,jhj 1,
with the constart C independert of zg. The part of the integral
z z

d Y (z+ h) dlf(z)=l|R2 a7 f()d ()= E,Rzﬁd()

with j  zg) 3is bounded by

- e d O e d O 2 Ld ()
i zoj 3 J'ZJ'ZZ iz j 2
1=2
AN kf k, simd ()
iz j 2
Cjhij kf k-

The part of the integral with j  zpj 3 is bounded by

Z Z o 1=p°
1 A L jf()id () Kikee L LPd ()

. . z+h . .
i zoj 3 i zoj 3

where pCis the dual index to p. Multiplying the "™ power of

h i)
1 1 h o 1 1
Z+h 7 = @wrooz oy Nt T
by the (1 ") power of
1 1 1 1
z+h z jz+h ] iz
ives i
’ 1 1 A 1 , '
Z+h z ihj jz+h ] 1z ]




Z Z h i Y 0
p° L o 0 (+")p
_ _ z+r11 zL d () jh°? _ _ jz+r% j+jzlj d ()
i zoj 3 7 hJ Zoj 3 i
1+ ")p%aip © 1 1
2( ¥ )p JhJ P ] ) jz+h j(1+ ")p9 + iz j(1+ ")p9 d ( )
j zZoj 3
Cjhj™"
provided (1 + ")p®< 2, we have
Z
1 1

w0 O Ckikujhy
] Zo)

provided 1+ " < % =2 %

(a) Remark that the condition < 1 is what we would guessfrom part (b) and Problem

4.4.14. The latter suggestthat if f 2 L2(IR?), then d f (z) has at worst logarithmic

local singularities and logarithmic growth at in nit y and henceis in L2(IR?) if and only if
< 1

We wish to prove that
Z
f70 D@ )f()d ()
IR2

is bounded as a map from L2(IR?) to L2(IR?). This is equivalert to proving that
Z

f 71 (1+jzj%) D(z; )f()d ()

IR

is bounded as a map from L2(IR?) to L2(IR?). We shall do the latter by applying the
variant Problem 4.4.150f Lemma 2.3.12.awith

k(z; )= 1+ jz?) 7D(z )
and
iz )i= @+izid) P Dz )it jke(z )i= @+ izid) * TiD(z; )i ?

where 1; 2; 1; 2 0Oobeying 1+ ;=1and ,+ , = 1will bechosenshortly. Using
the techniquesleading to the bound on L in part (b), we have that

Z 1=2
L ;.= sup 1+jzj> " jD(z; )j**d () <1
22 IR2 IR2
Z 1=2
R, ,= sup 1+jzj* ? jD(z; )j* > d (2) <1
2IR2 IR2
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provided that 3 < 1< 1, <1, 4( ) 1 iand »( )> 1. Thisis Problem
4.4.16. So,givenany < 1, we may always choose0< , < 1suciently closeto one
that ,( ) > 1. The corresponding , = 1 o will obey 5 < 1. Furthermore, since
1+ 1 =1,the condition ( ) 1 1 is equivalert to 1 and is also satis ed.
Soall of the required conditions are satis ed for any % < 1< 1land, by Problem 4.4.15,
d !is a bounded linear transformation from L2(IR?) to L2(IR?).
Temporarily, let f 2 S(IRY). Thend f isaconstart plus LZf , whereZf wasde ned
in Lemma 4.2.9. Clearly the weak derivative of a constart is zero, so

@ dY¥ = Llnh@, zfi

By part (b) of Lemma 4.2.9,

P rug © D E
@ d’ = iz @ (k);ﬁ = 25y IA(k);_kl_liiszA(k)

as desired. We can now extend the result to generalf 's by taking limits. [ |

Problem 4.4.15 Let hX; iandhY; i bemeasurespacesand let k(x;y) = ki(X; y)ka(X;y)
be a measurablefunction on X Y. Set
nZ 0
L=sup  jki(xy)i*d (y)
x2 X Y
n<Z

R=sup  jka(x;¥)j?>d (x)
y2Y X

1=2

O1=

Provethat, if L< 1 andR < 1, then the map
Z

(KHX) = k(x;y)f(y)d (y)

Y

is a bounded linear operator from L2(Y; ) to L2(X; ) with operator norm kk k LR:

Problem 4.4.16 Let
D(z; )= ZL + O

and set 7
1=2
L ,,,= sup 1+jzj® ' jD(z )j**d ()
z2IR2 IR2
Z 1=2
R, ,= sup 1+jzj* *jD(z )j*2d (2)
2IR2 IR2

Prove that L
o( )> 1.

.,andR ,. ,arente if < ;<1 ,<1, 4 ) 1 ;and
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Problem 4417 Let2<p<1,"<1 % and let K be any compact subsetof IR?.
Prove that there is a constart C(K; ; p) such that if f 2 LP(IR?) is supported in K, then
@f; @ 2 C (IR? and

k@ lf kc (|R2) , k@ 1f kC (IRZ) C(K, )kf kLp(IRZ)

x4.4.2. A rst order system.

In this subsection,weintroducea rst order systemwhich is related to the conductivity
equation L u = 0. This will enable us to exploit pseudo-analyticity and, in particular,
Theorem 4.4.9. The scattering theory for this rst-order system has been deweloped by
Bealsand Coifman [BC2]. For this subsection,we supposethat we have an elliptic operator
r r whosecoecient 2 C(IR? andsatises < < !onall IR? for some > 0.
Additional hypotheseswill be imposedin later subsections.

In the notation of complex derivatives,

rru= u+r ru=4 @+20@@ + 2@ @
=4 1=2 1:2@I+ @1:2@+ @1:2@

Weletq= 3i@og = -L;@'2anddene
" _ 0g _ @0 vV _ 1 @
(4:4:5) Q= 4 o D= ¢ @ W= =4
Obsene that, @ = @ for any real valued function f. In particular, q = —i,@ ™.
Since
p vV oV = @ w _ @ “a N @@
w w @v v @@ @) @@

1:2@ + @1:2@ + @1:2@
1=2@@J + @1=2@ + @1=2@

we have that

\Y

(4:4:6) r  ru=0() D w Q =0

v
w
We will consider matrix solutions of this system as in the work of Beals and Coifman

[BC2]. We have already obsened that, for any k 2 C, both

gzk 0
0 and o izk
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solve the free systemD = 0. We combine them into the matrix family of solutions

ezk 0
0 e izk
and look for solutions of the system
(4:4:7) (b Q =0
of the form o2k
0
= m(z;k) 0 e izk

where m is a matrix valued function of z and k and m(z; k) goesto 1ask! 1 in asense
to be made precise. Since

@O0 m mp €% 0 _ @0 €*m e '*my
0 @ mg my 0 ezk 7 0 @ €% m3z e zkm,
. eiZk@ﬂl_ e iZk@nz_ ik e izkmz
e'Z"@n3+ ike'kag e 'Zk@n4
_ @n, @, ikmy €% 0
~ @nz+ ikmg @ngy 0 ez

we obsene that  satis es the equation (4.4.7) if and only if m satis es
(4:4:8) Dkm Qm=0

where Dy is the operator

DWA=DA+kIJA  with J Zi ‘Zj = |:3 0
One can alsowrite J A asthe commutator
JA=[JA]  with J= % ol ?
By Problem 4.4.18,below, we can also write
Dy = E, 'DEx

where Ey isthe mapon 2 2 matrix valued functions A = A(z) de ned by

a ay _ a e izk izka2

Problem 4.4.18 Verify that Dy = E, *DE.
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Problem 4.4.19 De ne the operator

o & or equivalenly  JA = JAF with J= O 1
as  ay a; a 10
Prove that

ExJA=JEAA EJTA=JE 'A DFA=JDA JQ=Q DJA=JDA

For z and k in C we let

(z;k)= «(2)
_exp(izk + izk) 0
- 0 exp( izk izK)
Then
EkA:Ad+ klAOff:Ad_l_AOff
EklAzAd+ kAOff =Ad+A0ff kl
where
ad @ & _ a0 poft & d& _ 0 &
az ag 0 a4 az as az O
We x the inverseof D as
Z 1
1
(4:4:9) D f(z)= = 2 O t(yd ()
IR2 0 z

and then we look for solutions of (4.4.8) by studying the integral equation
(4:4:10) m D,'Qm=1

whereD, ' = E, 'D Ey. Sections2 and 4 will be dewoted to studying solutions of this
integral equation.

Problem 4.4.20 Prove that

D 'JA=JD 'A D 'JA=JD, 'A

64



x4.4.3. Construction of special solutions and the @equation.

In this subsection, we establish the existence of solutions to the equation (4.4.10).
Let M, denote the spaceof 2 2 matrices with complex ertries. Since M, is a nite
dimensional vector space,all norms on M , are equivalent. For concretenesswe use the
norm

a; az

Y
U e BINL P RU P
as ay Ja1)e + jaz)c + Jag)” + |as)

Problem 4.4.21 Let M, denotethe spaceof all n n matrices with complex enries.

De ne the norm s

: P .
aj 4 ij n — =1 Jaij |

on M,. Provethat jABj jAjjBjforall A;B 2 M.
We will work in weighted Lebesguespaces
LP = f:IR®! Mj,; measurable (1+ jzj%)~2f(z) 2 LP(IR*;M )

where n R 0
LP(IR*;M,) = f :IR*! M,; measurable jf (2)j°d (z) < 1

We also establishthat the solutions satisfy a di erential equationin the parameterk. The
results here are not new except perhapsin the details. The @equation of Corollary 4.4.8
below is derived in [BC2] and other works.

We beginwith aLemmawhich givesthe @deriv ative, with respectto k, of the operator
D, 1. This Lemma will be usedin Corollary 4.4.8to shawv that the function m(z;k) of
(4.4.2) satis es (4.4.3).

Lemma 4.45 Supmsethat f 2 LY(IR*;M,) and p > 2, then the map k 7! D, *f is
strongly di er entiablein L? , the @ derivative is

Z
(4:4:11) @D, 'f(2)= 1 «(2)J (Exf)(s)d (s)
IR2
Furthermore, we have the estimate
(4:4:12) kD, ;o f D, 'fk»  Cjhjkfke:
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Pro of: We rst write out the dierence D, ', f(z) D, 'f(z). Obsene that

Ex, Ey 1 D and D ! all map diagonal matrices into diagonal matrices and o {
diagonal matrices into o {diagonal matrices.

The action of Ey, E, ! and henceDy and D, ! on diagonal matrices is independert
of k.

On o {diagonal matrices

1Z Z 0 !
1 _ 1
DH@== W@ Ty, CSOFO A ()
1 z 0 !
= = f d
GO B ()d ()
Thus
14 o
D@ D M@== k) onz ) 1 S, e ()d ()
IR2

Since € 1 j jfor every real number , every matrix elemen of

exp i(z )h+i(z )h 1 0

n(z ) 1= 0 exp i(z )h i(z )h 1

is boundedin magnitude by 2jhjjz  j and
D, Mf(2 D ' (2) 2jhjkfk.:

The estimate (4.4.12) is clear from this and our hypothesisp > 2, which guaranteesthat
Z Z
o, = 1+ "2 92 "d (2) kokP, L " d (2) = Ckokf:

Similarly, every matrix elemen of

@ =4 w@ ) 1 1@ TR e

is boundedin magnitude by 4jz  j and corvergesto zero(pointwisein zand ) ash! O.
Obsenwe that
Z

F(Z;k;h):i— k(z ) (z )h+(z )h 0 z 0

1
of f
IR2 0 (z )h (z )Hh 0 f ( )d ( )

is (real) linear in h and
FDNf(@ DD F(zkh) [,
z z o
Lejz? P70 jla jjz O () d @)

IR2 IR
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cornvergesto zeroash ! 0, by two applications of the Lebesguedominated cornvergence
theorem. In other words

D..,f(z D, ' (2) F(zkh)= ofh)
in the topology of L” , which veri es the de nition that k 7! D, 1t is dierentiable in
LP .
We nally move on to the proof of (4.4.11). Recall that

@D, (=12 +i% D, (2

lim & D Jyf (2 D @)+ i@ D' (2]

NI N

where the limit rI]ilm0 is through real h. We already know that the limit existsin L? . We
just have to identify the answer. Since

. . i(z 0
mAk w@ ) 1+ilnE ) M=% aE )= Co) )0
and .

i(z ) 0 z 0 of f
(2 ) iz ) 0 z =0
i 0
= «(2) 0 i () T ()= (@I Ef()
the answer is (4.4.11). We have beenable to replacef ' ( ) by f ( ) sinceJ annihilates
both diagonal matrix elemers. [ |

In what follows, we need se\eral well-known estimatesfor the operator
fl D f

Sincewe are in two dimensions,the Hardy{Littlew ood{Sobolevinequality [HL, St, p. 119]
gives

(4:4:13 kD *fko» C(pkfki» ifl<p<2and:

1-1
p 2

We will not really needthe Hardy{Littlew ood{Sobolev inequality. For our purposesthe
inequality

(4:4:14) kD *fkisy  C(pip;) Kfkisgy f1 p p 1and: <3
which applieswhen is a bounded open subsetof IR? and which follows immediately from
Lemma 2.3.9with n = 2and = % will suce. At p= 1, we have the simpler result
that for any pand r with p< 2<'r,

(4:4:15 kD fk.:  C(p;r)(kfkee + kf kyr):

The proof is
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Problem 4.4.22 Prove (4.4.15).

The hypothesesin the next theorem look a bit messy To seethat the assumptions
are not vacuous,

pick any p> 2 and

then pick p su cien tly large that %+ % < Z. Any such pmust obey2< p< 1.

Then pick sud that p > 2. Any 1 will certainly work, but it is also possible

to pick a bit smaller than 1.

Finally pick > 0 sud that r ) > 2 and (p=2)° > 1 (where ! = %+ % <3

and, usual, = 1 % ! is the index conjugate to ). Sincewe will be interestedin

compactly supported Q, there is no harm in letting  be large.

Prop osition 4.4.6 Supmsep;p; and satisfyp> 2 p< 1, %+ % = 1< 3
p > 2 rY ) > 2and (p=2)° > 1. If Q 2 LP, then the operator (1 D, 'Q) is
invertible on L? . Furthermore, the inverseon L” is di er entiablein the strong operator
topology. That is, for each xedf 2 L? ,themapk2 € 7! (1 D, 'Q) *f isdier entiable

in L? .

Pro of: Weshall prove the invertibilit y of 1 D, 1Q by applying the Fredholm alternativ e,
Proposition A.10, to the operator D 1Q. To do sowe needto prove that Dy 1Q is compact
onL” andthat 1 D, 1Q is injective. Compactnesswill be Lemma 4.4.7. To prove
injectivit y, we shall apply a generalization, Corollary 4.4.10, of Liouville's Theorem (every
bounded ertire function is a constart) to pseudo{analytic functions.

We start by proving that D, 1Q is a bounded linear operator on L? . Obsene that

KQmk. = 1+72 T'Q(@) 1+jz2 Tm()

(4:4:16) 1+jzi2 “2Q@kee 1+jzi2  Tm(z) Lp
= kQkyr kmk o
sothat the map (Q;m)! Qm mapsLP LP intoL" . Since > 0, we have
K Ky« 1+jz2 @) | = Kk

sothat L' L" and sincerY ) > 2, we have

Kikeo= 1+jz2 O P 1+jg2 i)

0 —5 1l=r —
(4:4:17) L
= C, kf kpr
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sothat L' L1, When Qm 2 L"\ L* with r > 2, (4.4.15) implies that D, *Qm 2 L*
and

(4:4:18) kD, 'Qmki:  CkQk » kmk, »
Sincep > 2, we have

Kiko = 1+jz% Tf(2) , 1+ijz® T, Kk
sothat LY  LP and we also obtain the estimate

(4:4:19) kD, 'Qmk_»  CkQk_r kmk, »

Next, we obsene that when Q 2 LP, the mapm 7! D, 1Qm is compacton L? . This is
in Lemma 4.4.7 below. By the Fredholm alternativ e, Proposition A.10,1 D, !Q hasa
boundedinverseon L? if and only if it is injective.

To establishthe injectivit y, we useLiouville's theorem asin [BC2]. Precisely suppose
that

h D, 'Qh=0h2LP

SinceQh 2 L1\ L" with r > 2, Problem 2.3.3 implies that Qh 2 LS for all 1 < s < 2.
Then the Hardy{Littlew ood{Sobolev inequality® (4.4.13) givesthat h = D, Qh 2 Ls, for
all sin (2;1). Also, by Problem 4.4.23,below, eah of u (z) = hi1(z) e 2K Zkh,(2)
andv (z) = e 2k 1Zkh,,(z) hy(z) satis es an equation of the form @ = ru where
r 2 LP L2 (since we are assumingthat (p=2)° > 1) and so is pseudo{analytic. By
Corollary 4.4.10,below, the only pseudo-analyticfunction in L%, s 2, is zero, sothat all
four componerts of h must vanish.

Next, we obsene that sincef ! Qf mapsLP into L', Lemma 4.4.5implies that
k! D,'Qf isdierentiable in L® . By (4.4.12)

kD, L Qf D 'Qfk»  CjhikQfk.i CCjhjkQf ki« CC,jhjkQky » kf K, »

Thusk 7! D, 1Q is continuousin the operator norm topology. By Problem 4.4.24,below,
k7! (1 D, 1Q) ! is dierentiable in the strong operator topology on L? . [ |

3 In our applications of the current Proposition Q will be compactly supported. Then (4.4.14) can be
used in place of (4.4.13).
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Problem 4.4.23 Supposethat Dyh Qh = Oorthat h D, 1Qh = 0 whereQ wasde ned
in (4.4.5), D wasde ned following (4.4.8) and D, ! wasde ned following (4.4.10). Prove
that eady ofu (z) = h11(z) e 2% 1Zknhy(z) andv (2) = e 2K ZKh»(2) hyy(z) satis es
an equation of the form @i = ru wherejrj = jqj.

Problem 4.4.24 Let, for eat suciently smallh 2 C, A, be a bounded linear operator
on the Banad spaceB. Supposethat

1 Ay hasaboundedinverseon B

Iimh; 0 kAh Aok =0

for eadh f 2 B, the map h 7! A,f is dierentiable at h= 0in B.
Provethat 1 Ay hasaboundedinverseon B for all su cien tly small h and that for each
f 2B,themaph7! (1 A;) f isdierentiable at h= 0in B, with the derivative being

(1 Ao AJ@ Ay f.

Lemma 4.4.7 With p;; p; asin the previous proposition and Q 2 LP, the map f !
D, 'Qf is compactonL” .

Pro of:  According to the estimate (4.4.19), the map Q ! D, 1Q is continuous from
LP into operators on L? (with the operator norm topology). Sincethe set of compact
operatorsis closed,by part (c) of Proposition A.5, it su ces to show that D 1Q is compact
for Q compactly supported.

Let ffigion be a bounded sequencein L? . Our strategy will be to rst usethe
Arzela{Ascoli theorem [F, Theorem 4.43]to construct a pointwise corvergernt uniformly
bounded subsequencef (D, 1ofi)(2) >y andto then usethe Lebesguedominated con-
vergencetheorem to shaw that the subsequenceorvergesin LP .

By (4.4.18),

kD, 'Qf ik CkQkyrkfik_p

sothat the functions (D 1Qf)(2) are boundeduniformly in z andi. SinceQ is of compact
support, fE Qfigiow is a bounded sequencein LP\ L2, Part (b) of Lemma 4.4.4* then
givesthat, for any " < 1 %,

D ExQfi (z+h) D EQf; (22 Cjhj kOfik_» + kQf k2

for all z 2 C and jh;j 1. Thus the functions (Dlefi)(z) are equicortinuous on
all of C. By the Arzela{Ascoli theorem, there is, for eacr R 2 IN, a subsequenceof

4 Sinced f(z+h) d Yf(z2=@(z+h) @f(z)and (@) z)= @f(z))the C" conclusion of
part (b) of Lemma 4.4.4 also applies to @ 1f and @ 1f .
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(Dy 1Qf)(2) >y that corvergesuniformly onjzj R. By taking subsequencesf sub-
sequencesand using the diagonal trick, we can nd a subsequence (D, 1ofi)(2) 21N
that convergespointwise on all of C (and uniformly on compact subsetsof C, though we

won't usethat), say to F(z). Finally, by the Lebesguedominated convergencetheorem,
z

Im DQf F [, =lm  1+j7? "7 (DQf)(2) F(2)"d (=0

since p> 2. [ |

Now we give the di erential equation that the special solutions satisfy.

Corollary 4.4.8 Let m be the solution in L” of the integral equation
m D,'Qm=1
Then m satis es the di er ential equation
@m(z;k) m(z;k) «(z)S(k) =0

where the sattering data S is given by (4.4.20) below. The matrix S(k) is independent
of z, purely o {diagonal. The o {diagonal elementsare related by S,.1(k) = S;.2(k). If
rq 1) > 2, then S(k) is di er entiable.

Pro of: We have L?! LP sincep > 2. Thus, if 1 represets the constart function in
L1 (IR?;M,) whosevalue at every z 2 IR? isthe 2 2 identit y matrix,

m=@1 D, 'Q ‘@)

is a well{de ned elemen of L” . Using Proposition 4.4.6, Problem 4.4.24 and Lemma
4.4.5, we have that

@mzk = (I D,'Q ' @D,'Q 1 D'Q) @)

@ D'Q " @I  EQE D'Q ‘()d

IR
@ D.'Q) ' «(2SK)

where S(k) is the scattering data and is de ned by
z
S(k) 1] ExQm d

. IR
(4420) _ . Z 0 ie izk izk q(Z) m2;2(Z; k)

i €2 K+ 1zk g(z) my.1(z; K) 0

d (2)
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Obviously S(k) is independert of z and is purely o {diagonal. Consequetly, S = E, s
and, by Problem 4.4.25,below,

D, '(AE'S) = (D, 'A)E, 'S
for any \lo cal" operator A. By a \lo cal" operator, we mean an operator whose action
consistsof multiplication by a M, valued function:
f(z) 7' A(2)f (2)
For eah xed k, multiplication by m(z;k) = (1 D, Q) 1(1) is a local operator so that
(1 D, 'QM( k) kS(K) (2) = m(z;k) k(2)S(k) D, *Qm( ;k) «S(k) (2)
m(z;k) «(2)S(k) D, *Qm( ;k) (2) «(2)S(K)
m(z;k) «(2)S(k)  m(z;k) 1 «(2)S(k)
k(2)S(Kk)

and
@ D, 'Q)  «(2S(k) = m(z:k) (z)S(K)

which givesthe proposition, except for di eren tiabilit y and the relation S,.1(k) = Si.2(k)
betweenthe o {diagonal elemens of S. This relation follows from J'm(z; k) = m(z; k),
which is Problem 4.4.26,below, and which implies that m1.1(z; k) = m2.2(z; k).

For the proof of di erentiabilit y, we start by xing any k and observing that, since
k7! m( ;k) is dierentiable in L? , we have that

m(z;k + h) = m(z;k) + M (z;k)h+ E(z; h;k)h

with M ( ;k) 2 L? and limp, okE( ;h;k)k » = 0. Also substituting that, for any
o " 1,

eiZ(k+h)+iZ(k+h) - eiZk+iZ|< 1+ i(Zh+ Zh) +0 jzhj1+"

e iz(k+h) iz(k+h) — e izk izk 1 i(Zh+ Zh)+ 9] jzhj1+"

givesthat .
S(k+ h) = S(k) + hSy(k) + hS,(k) + hSs(k) +  E(z;h:K) d (2)
IR2
where 7
_ 0 ie 2k 1Zkg(z) M,.o(z; k)
R P T VI 0 ¢
0 e izk izk Zq(Z) m2-2(Z' k)
- 1 o0 2(Z;
=T e g muEk 0 @
0 e izk izk Zq(z) mz-z(Z' k)
= 1 o — A
5092 671 7K 20(2) M1 (2:K) 0 ¢
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and
JE(z;h; K] ja(2)j jhijE(z; h; K)j+hj?jzj jM (z;K)+ E(z;h; k)] +O jzhj**" jm(z; k+ h)j

hat the integrals de ning S;, S, and S; all corverge and that the remainder term
rz E(z;h; k) = o(jhj) now follows from the hypothesisthat g2 LP and the fact that

1+ 7" o2)f (2) |, Ckakee KFK »

if r 1 ") > 2, which is proven as in (4.4.16) and (4.4.17). The condition
rq 1 ") > 2 will follow from the hypothesisrY 1) > 2, if we choose"
su cien tly small. [ |

Problem 4.4.25 Letr > 2 and A(z) 2 LY(IR*>)M,)\ L"(IR?;M,). Denote by A the
multiplication operator

f(z) 2 LY (IR%;M>) 7' A(2)f (2) 2 LY (IR?; M)\ L"(IR*; M)
Prove that if S2 M is purely o {diagonal, then
(D, *AE, 'S)(z) = (D, *A)(2)(E, 'S)(2)

Problem 4.4.26 Let J be the row/column exdangeoperator of Problem 4.4.19. Prove
that Jm(z; k) = m(z; k).

x4.4.4. Liouville's theorem for pseudo-analytic functions.

In this subsection,we establish uniquenessfor the pseudo-analyticequation @i = f u.
In the proof we needto consider @ f wheref only decays su cien tly quickly at in nit y
to lie in L2(IR?). Sowe usethe inversed ! of Lemma 4.4.4.

The main result is the following theorem. G. U. thanks A. Nachman for telling him
of this result. The proof originally appearedin [BU].

Theorem 4.4.9 Suppsethat f 2 L2(IR?) and w 2 LP(IR?), for somel< p< 1, and
that w exp( d *f) is holomorphic. Then w is zer.

Pro of:  For corvenience,welet u = d f . We shall show, roughly speaking, that u(z)
is o(logjzj) and hencethat e"w is o(jzj) asjzj! 1 . By Liouville's theorem, it follows
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that e'w is constart. The requiremert that w 2 LP IR?> will then force the constart to
be zero. The complete argumernt goesin four steps.
(1) In the rst step we shall usea bound on kr uk, > to prove that we may chooserg > 0

sothat
Z

(4:4:21) v (oig  CjDj
D
for all disks D of radius ro. Here p° the exponert dual to p and (u)p denotesthe
averageof u over D.
(2) In the secondstep we shall prove that, for disks D of radius ry,

(4:4:22) (Wp = o log dist(D;0)
To do sowe shall use Poincare's inequality, Problem 4.4.28,to give that
. . Z - - 1:2
(4:4:23) j(Wp (upoj C jr uj?d
D

where D and D? are any two intersecting disks whoseradii dier by at most a factor
of 2 and D is the smallestdisk cortaining D and D°.

(3) In the third step we provethat e'w is a constart. This is easy sowe do it now. Since
e'w is analytic, the averagevalue (e"w)p, over the disk D, of radius ro certred at z
coincideswith the value of e"w at the certre z of D,. Hence

Z
JeuW(Z)J = J(euW)DZJ = e(u)DZ JDlzJ eu (U)DZWd
D,
Z 1=p° ya 1=p
glW)o, JDlzj ePliu (o, g jwjPd

D, D,
o(jzj); asjzj! 1

where we have used Helder's inequality and then (4.4.21) and (4.4.22). Thus e"w(z)
is itself o(jzj) and it follows from Liouville's theorem that e'w is constart. Thus
w = Cpe U.

(4) The fourth and nal stepis to usethe requiremert that w 2 LP IR? to prove that
Co = 0.

To complete the proof we must still executestepsl, 2 and 4. Step 1 uses

Theorem [GT, Theorem 7.21] Suppmsethat IR" is convexand that there exists a

constant K suchthat
Z

jruyjd"x KR"™ !  for all balls Bg of radius R
\ Br
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Then there exist positive constants o and C depending only on n such that
Z
exp ju (u) j d'x C(diam) "

where = ,j j(diam ) ".

By Lemma 4.4.4, the Fourier transform of % is Zﬁfl\(k), so that kr ukiz(rzy =
2kf ki 2grzy < 1 and 7
jr ujd®>  kr ukLZ(BR)p?
Br
By Problem 4.4.27,below, givenany K > 0, we can chooseR = rq su cien tly small that
Br jr ujd?>x KR for all balls Bg of radius R. ChoosingK = ¥ yields (4.4.21).

We now move on to the secondstep, which is to prove (4.4.22) for all disks D of radius
ro, We have already obsened that if D and D °are two intersecting disks whoseradii di er
by at most a factor of 2, then Poincare's inequality, Problem 4.4.28, gives

Z

jlup (upo C jr uj2d
o

1=2

where D is the smallestdisk cortaining D and D° Now given any disk D of radius ro we
construct a sequenceof disks Dg; ;Dyn, with Dy the disk of radius ro certred on O, N
to be chosenshortly and Dy = D. If Do and D intersect, just set N = 1. Otherwise,
denoteby L the line segmen from 0 to the certre of D. The certres of all diskswill be on
L. First chooseD; and Dy 1 to bedisks of radius r; = 2rg with D intersecting D, but
not cortaining the certre of Do, and Dy 1 intersecting Dy, but not containing the certre
of Dy . Then chooseD, and Dy 2 to be disks of radius r, = 2r; with D, intersecting
D1, but not containing the certre of D1, and Dy » intersectingDy 1, but not containing
the certre of Dy 1. Repeat until the distance betweenD; and Dy ; rst drops strictly

below 8r;. At this point, D; and Dy ; do not intersect so that the distance between
their certres is strictly greater than 2r;. Then chooseDj:1, , Dy j+ to be disks of
radius rj sudh that eady D+, with j+1 ~ N j+ 1, intersectsD- ; and D-4+; but
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doesnot contain the certre of either D~ 1 or D-4+1 . This alsodeterminesN . The disks so
constructed obey
i) Dj\ Djo6 ; ifandonlyifjj j9 1,

i) the ratio of the radii of D; and Dj., is between1/2 and2forj = 0:::N 1.

iii) N constlog 2+ dist(D;0)

iv) Foreahj = 0:::N 1, let Dj bethe smallestdisk containing D; [ Dj+1 . Then D
intersects D~ only if j °j 2 and eat point of IR? is cortained in at most three
distinct Dj's.

Now we apply (4.4.23) to eat pair D;j;D;+; and obtain

w1 Z 1=2 p_ X 1Z 1=2
j(Wpo, (up,j C jr uj?d C N jr ujd
j=0 D;j j=0 Di
P_—p_ .
C Np3kr uk, 2 by (iv)

Becauser u 2 L2(IR?) it follows from (iii) that

j(Woj  j(Wo,ej+ j(Wp, (Woyj=0(N)= o0 log dist(D;O0)

It remainsonly to execut%he fourth step, which is to prove that the constart Cy = 0.
Sincew is in LP(IR?), we have 0 jwj d kwky »jQjt 7P for all squaresQ. We claim that
for eadh > 0O there is a constart C and squaresQ with arbitrarily large side length for
which

Z
(4:4:24) e d Cjgjt
Q
Combining these obsenations, we seethat the only choice for Cy is 0. Thus we turn to
the proof of the claim (4.4.24).
We begin our proof of (4.4.24) by using Jensen'sinequality to concludethat

Z

(4:4:25) e’ d =jQj(e R*")q jQje ®eWe jQjel U
Q

Now supposethat Q is certered at 0 with side length R = 2Nr, with N a positive in-
teger (and ro as above). We may write Q as the union of 22N congruert subsquares,
Q1; ; Q. , ead of sidelength ro. We have

N
(i — o 2N
Jug) = 2 Uq;
i=1
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The argumert leading to (4.4.22) works just aswell for squaresas for disks. Just replace
the words \disk” and \radius" by \square" and \side length" everywhere. Thus, for eath
> 0, we may chooseNp sothat if N Ng and R = 2Nrg then
jugj 2 logR = logjQj
For thesesquaresQ, we have, by Problem 2.3.10,with = S = Q,
Ui U Ugo*iugl © kruke + logiQj 2” Tkfkee+ logjQ)

and then
(4:4:26) el Yo CjQj
Combining (4.4.25) and (4.4.26) givesour claim. [ |

Problem 4.4.27 Letf 2 L1(IR"). Proéle that
lim sup fx)jd'x=0
r! O+ c2 IR" Br(C)

where B, (¢) is the ball of radius r certred on c.

Problem 4.4.28 Letu2 H() where is a convex, bounded, open subsetof IR? with
smooth boundary. Let S; and S, be two measurablesubsetsof . Prove that

pP— .
(Ws, (Ws, (diam ) 2 <5+ g kr ukpe()

Now, an argumert of Ahlfors givesthe uniquenessfor pseudo-analytic functions.

Corollary 4.4.10 Supmseu 2 LP(IR?)\ L2, for somep, with 1< p< 1 and solvesthe
equation
@ = au+ bu

where a and b lie in L2(IR?)\ L9(IR?) for someq> 2. Then u= 0.

Pro of: Wede ne a function f by

<a+hbu=u; u(z)60

f(z) = .

"0 uiz) =0

Then @ = fu, with f 2 L2(IR®)\ LY9(IR?). Let be any bounded open subsetof IR? and
2 C} (IR?) be identically oneon . Formally, the weak derivative
@ue " =@ ued +e T @ fu=0 on

Using Lemma 4.4.4 and Problems 4.4.11{4.4.13,this conclusioncan be arrived at mathe-
matically correctly. Doing sois Problem 4.4.29. Thus ue ¢ s holomorphic by Propo-
sition 4.4.3and u is zeroby Theorem 4.4.9. [ |
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Problem 4.4.29 Let 2IR. Let 2 Cj (IR?),u2L2.\L'andg2 L. Assumefurther
that u has a weak derivative @ 2 L* and that g is cortinuous and has a weak derivative

@ 2 L2.. Prove that

loc -

@Que 9 =ue‘@+e @ ue ‘@

x4.4.5. Additional regularit y for the special solutions

In this subsection,we show that if the potential Q isin C (IR?; M) and is compactly
supported, then the special solutions are in C (IR?; M ,) with respect to z, uniformly in k.
Next we obsene that the diagonal part of m is C** “forall °< . This regularity will be
essetial in obtaining our L2-estimate for the scattering data.

Recall that we have de ned, for 0< < 1, the norm

kf ke = kfk.: + jfijc where  jfjc = supluz) uwi

z6w 1z W]

for the spaceC (IR?). We hav$also de ned, forn 2 IN%, C"* (IR?) to be the collection of
functions for which the norm 2 N2 K@ uk; 1 g2y + 2 N2 K@ ukc (r2) is nite. The

i i<n ij=n

corresnding spacesof 2 2 matrix valued functions are denoted C"* (IR?; M »).

Problem 4.4.30 Let' (xkbe a smooth nonnegative function that vanishesfor jxj > 1
and that is normalized by ' (x)d (x) = 1. Let f 2 C (IR?) and set, for 0 < t 1,
fe="1 f where' (x)=1t 2 X . Provethat
kf  fiker o jfjc t
jific  ific

gl . Cifjct! ] ifjj 1

®

Our strategy is to shaw that for large k, the special solutions are given by a convergert
Neumann series. For small k, we appeal to Fredholm theory asin x4.4.3. This method
doesnot give quartitativ e estimates without a more thorough analysis. We remark that
one feature of the operator D 1 is that the diagonal part of D, 'F is smoother than the
o {diagonal part. This is becausethe o -diagonal part is multiplied by a position and k
dependert exponertial. This elemenary obsenation will be usedseeral times.

We begin with someelemenary but useful estimates for the action of D, 1Q onthe
spaceC (IR?;M ;). They will beused,in Ig’roposition 4.4.12below, to shaw that the series
expansionm( ;k) = (1 D,'Q) () = j1=0 (D, 'Q)I (1) convergesin the k k¢ norm,
if jkj is large enough.
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Prop osition 4.4.11 LetF 2 C (IR?;M ), and suppseF is supprted in a ball of radius
R. Then for 0<

NI

(4:4:27) kD, *Fkc gr2m, C(R; )kFke
Also,

(4:4:28) kD, 'FoTki:  C(L+jkj) KkFTke
and

(4:4:29) kD, 'F9%c  CkFk:

All constants degendon R and .

Pro of: We rst note that, by Problems4.4.6and 4.4.7,
(4:4:30 KExFke ;KE, 'Fkc  C(1+ jkj) kFke
and, by Problem 4.4.9,

kD ExFkc C(R; )KExFki: C(R; )kFk:

Sowhen jkj 1, the estimates (4.4.27) and (4.4.28) are easy SinceD, 'F9 = D !F¢,
Problem 4.4.9 also gives(4.4.29) for all k.

Thanks to (4.4.29), we only needto prove (4.4.27)for F = F°' ' The secondestimate
(4.4.28) will be establishedas a by{pro duct of our proof of (4.4.27). Thus we suppose
F=Fo" andjkj 1. We choogsa smooth nonnegative function ' supported in the

unit ball, certered at 0, and with = 1. As usual, we set' (z) = t 2 £ . Welet
O<t 1andsplit F = Fs+ F, wherethe smooth part isFs = ' F and the rough part
isF, = F Fs. SinceO<t 1,FgsandF, aresupported in a ball of radius R + 1.

To bound D, 1F. . we usethat, for t small, convolution with ' ; is almost the iden-
tity operator. Precisely by Problem 4.4.30, kF, ky 1 jFjc t . SinceF, is compactly

supported, we may use Problem 4.4.9to concludethat
kD E(F ke C(R; )kExFrki:  C(R; )kFrki:  C(R; )jFjc t

By Problem 4.4.30,for j j 1, k&-Fsk.:  C jFjct! 1. Tobound D 'ExFs,
we usethis extra smoothnessof Fs and integration by parts to extract somedecg in k.

We obsenethat D | *(z) = (')k ig H(2) and

Z
1 zZ w 0 ik o
0 zZ W 0 ik

1

D lE(Fs(z) = (D H(W)Fs(w)d (w)
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Since (D |, H(W)Fs(w) = (D  *Fs)(w)  J(W)(DFs)(w) and, by Problem 4.4.5,
D D=1,

1
5k K @F@

Z 1 . 1
1 zZ W 0 ik O
= e w0 ik« WDFswd w)

D 'ExFs(2) =

=1 +11:
By (4.4.30) and the fact, provenin Problem 4.4.30,that kFskc KF ke , we have that

Using the support restrictions on Fs and Problem 4.4.9,followed by the last part of Problem
4.4.30,we also have that

Kllke 5k 'DFski:  &KDFski: &t 'kFke

Combining these obsenations gives

1

1 2+ jkj)
kD 'ExFkc  CkFkc t + &t 4t

Choosingt = J%J gives
kD ExFkec C(1+ jkj) kFke

for 0< % The estimate (4.4.28) follows immediately. The estimate (4.4.27) follows if
we use (4.4.30). [ |

One reasonit is corveniert to study the mapf ! D, 1Qf on the spacesC is that
these spacesform an algebra under pointwise multiplication. The elemenary inequality

kQF ke CkF k¢ kaC ; 0< <1

of Problem 4.4.6,will be usedse\eral times BeIaN. We next prove that the Neumannseries
expansionm( ;k) = (1 D,'Q) *() = j1:o (D, 'Q)I (1) convergesin C for large k.
This will take care of the uniform bound (in k) of km( ;k)kc for large k. The uniform
bound for k in any compactsetwill be provenin the next Corollary, by using the cortinuity
of the map k 7! m( ;k) 2 LP (Proposition 4.4.6) and the \slightly smoothing" property
of D ! (Problem 4.4.17).
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Prop osition 4.4.12 Let0O< % and supmseQ is C , compactly supprted and Q9 = 0.
Then there is a constant Cy so that if

Col+jkj) kQKE = <1,

then
X .
m( ;k)=  (D,'Q) (D)

j=0

and the series convergesin C (IR®) and km( ;k)kc % 1+ kQkc
Pro of: We rst provethat, if F = F9, then
(4:4:31) k(D 'Q)?Fkc  Co(1+ jkj) kFkc kQk2

As F is diagonal and Q is o {diagonal and compactly supported, QF is o {diagonal and
ccompactly supported and, by (4.4.28), we have that

kD, 'QFk.: C(1+jkj) kQFkc C(1+ jkj) kQkc kFkc :
To improve the kK k.1 bound to a k kc bound, we apply the secondD, 1Q and
usethat D ! is slightly smoothing. Indeed, QD, 'QF is diagonal so that (D, 'Q)%F =

D 'QD, 1QF and, since Q is compactly supported, we have, by Problem 4.4.9,

k(D, 'Q)?Fkc = kD 'QD,'QFkc CkQD,'QFk.: CkQk.: kD, 'QFk:
Co(1+ jkj) KkQk.: kQkc kFkc

which implies (4.4.31).
Iterating (4.4.31) gives

KD, 'QZ (ke Co(1+ jkj) kQKZ ' = |
By (4.4.27),
kD, 'Q)3 " ()kc  CkQ(D,'Q)? (1)kc  CkQkc k(D,*Q)¥ ()kc  CkQkc !

and the proposition follows. [ |
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Corollary 4.4.13 Let0O< % and supmsethat Q is in C , compactly supprted and
QY = 0. Then there is a constant C so that

km( ;K)kc C:

Here, C demgendson Q.

Pro of: For k large, this follows from the previous proposition, soit su ces to considerk

in somecompactsetK . Let p> % sothat p> 2,andchoosep, and asin Proposition

4.46. Then12 L? LP and, sinceQ is compactly supported and bounded, Q 2 LP.
By Proposition 4.4.6,k! (1 D, 1Q) (1) is a cortinuous map into L? and thus

supkm( ;K)k » <1:
k2 K

Since Q is bounded and compactly supported
KExQm( ;K)k » = kQm( ;K)k.»  CkQmM( ;K)K » CkQkL: km( ;K)k

sothat, by (4.4.30) followed by Problem 4.4.17,

kDy *Qm( ;k)kc  Ci(1+ jkij) kD *ExQm( ;k)kc
Ca(1 + jkj) kKExQm( ;K)kpp
Ca(1 + jkj) km( ;k)k »

and

supkD, *Qm( ;k)kc < 1
k2 K

Using the equation
m=1+D,'Qm

we obtain
supkm( ;K)kc < 1:
k2K
Combining this with our result for large k givesthe Corollary. [ |

Corollary 4.4.14 Let0O< % and supmsethat Q is in C , compactly suppmrted and
QY = 0. Then the special solutions constructed in Corollary 4.4.8 and Proposition 4.4.12
satisfy

km( ;k) 1k.:  C(1+ jkj)
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Pro of: Wehavem( :;k)2 C (IR?;M) from Corollary 4.4.13. We obsene that
mo'f = D, tQm¢
Then the estimate (4.4.28) implies km® fk_.»  C(1+ jkj) . Now we have
mi=1+D 'Qm°'
and since Q is compactly supported, we have, by Problem 4.4.9,
kmd  1k.:  CkQmM% Tk . C(Qkm ki  C(1L+ jkj)

Our next step is to obsene that the diagonal part of m is smoother. This is an easy
consequencef the integral equation.

Prop osition 4.4.15 Let0O< O<0 % and suppsethat Q is in C , compactly supported
and Q4 = 0. Then m% isin C* ~ and we have

Pro of: Wehavethat m D, 'Qm = 1. In particular,

mi= 1+@ Lo12mM2 0
0 1+ @ 'opimi
By part (d) of Problem 4.4.9,@* and @ ! map C (IR?) boundedly into C1* °(IR?). Since
m 2 C and henceQm 2 C , the ertries of m? are C1* °. [ |

Problem 4.4.31 LetO< % and supposethat Q isin C , compactly supported and
QY = 0. Prove that, for eath k 2 €, m( ;k) 2 C* "forall °< . Letn 2 IN. Prove
that if, in addition, Q 2 C", then foreahhk 2 C, m( ;k) 2 C"* *forall < 1.

x4.4.6. An LZ2-estimate for the scattering data.

Each elemen of the scattering data S, dened in (4.4.20), is the image of the
otential g, or its complex conjugate g, under a pseudo{di erential operator g 7!
r2 M (X k)e X kg(x) d®x with M being essetially a componert of m(z; k). In this sub-

sectionwe recall a classicalresult which statesthat if M is su cien tly smooth and suitably
compactly supported in x, then the pseudo{di erential operator is a bounded linear map
on L2. This result is taken from [CM, Lemma 6, p. 14]. The proof is included for com-
pleteness.We usethis result and the estimatesfor m in the previous sectionto show that
the scattering data is in L?.
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Prop osition 4.4.16 Lets> 3. SupmseM ( ;k) 2 HS(IR"), with kM ( ;K)kysgrny A
for all k, andx ! M (x; k) is compactly supported in a xed ball for all k. Then the operator
T de ned by 7
Tg(k) = M (x; k)e ™ *g(x) d"x
IR

satis es

(4:4:32 kTgk 2 Cph.s Akgk, 2

Pro of: We may assumethat g is nice sothat ¢ isin L. Then we may write g as a
Fourier integral and obtain
z z
Tgk) = o5+ M(xke **  g(p)e* P d"pdx
(4:4:33 Z

= Kk p;k)g(p) d"p

where the kernel K is given by
z
K(tk) = o4  M(xke *'d'x
IRP
The useof Fubini's theoremin (4.4.33)is justi ed since@isin L and M (x; k) is compactly
supported and boundedin x by Problem 2.1.11(Sobolevimbedding). SinceM ( ;k) 2 HS,

Z
K (i (p) d'p= i kM ( 1K)KA s

where ! (p) = (1 + jpj?)°, is nite. Thus, using Cauchy{Schwarz in the last integral in
(4.4.33), we have

Z
(4:4:39) iTgk)i?  he @it (k p) td'p kM K)Ks

Becausewe require s > 7, it followsthat ! *2 L!(IR") and

Z 7
ToRPEs A2 a2t (k p) *EE gk

2kl tkeakgk?,
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Corollary 4.4.17 LetQ = 8 8 be compactly suprted andin C . Then the sattering
data S is in L2(IR?)\ L! (IR?).

Pro of: Sincem(z; k)¢ is in C* “for all °< uniformly in k (seeProposition 4.4.15),
it follows from part (c) of Problem 4.4.8 that

k ( )m( ;Kk)%ns  C(;9)
for any smooth, compactly supported function ands< 1+ . We choosean that is

identically one on the support of Q and then we may apply Proposition 4.4.16to conclude
that, sinceq% L2(IR?), eath componert of

0 ie 2k 12k g(z) my2(z; k)
= 1 o A
S = 67K 12K g2) (23 0 4@
- 1 0 i e 2kt zzke) g(7) myo(z; k) d (2)
- i @2i(z1ks szz)@ml;l(z;k) 0
is in L2(IR?). Sinceq2 L1(IR?) and m(z;k) 2 L! (IR?) eadh componert of S(k) is alsoin
L1 (IR?). ]

x4.4.7. Relation between and S.

In this subsection, we show that if the conductivities 1, > on  have the same
Dirichlet to Neuamannmaps, , = ,, then wemay extend ; and ;to IR>n in such
a way that the scattering data S; and S, agree. Here, we are constructing the rst order

systemsD  Q; from the conductivities ; asin (4.4.5).

Theorem 4.4.18 Let be a boundal open subsetof IR? with smooth boundary. Supmse
that ; and , oleyHypothesis4.1 andthatL , andL , are two divergene form operators
for which | = ,. Then we may extend ; and ; to IRn sothat S; = S,.
Pro of: By Theorem4.1.2,we havethat ;= , on @ and furthermore that all normal
derivativesof ; coincidewith the corresponding normal derivativesof , on @. Thuswe
may extend ; and ; to IR°n sothat

1, 2 2 C2(|R2),

1= 2 in |R2 n,

1= 2= 1outside a large ball and

1, »> > 0onIR? for some > 0.
Using these extensions,construct m(z; k) and my(z; k) asin Corollary 4.4.8 and Propo-
sition 4.4.12. Then, by (4.4.7){(4.4.10)

ek 0

j = mj(z;k) 0 e izk
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obeys(D Qj) j = 0. The corresponding scattering data S; (k) hasthe represenation

Z L
0 izk izk 22 ;k
S0= 1 emagmiarn o 0mEY g
. i€ G (2) mj=(z; k) 0
.1 0 e THQ DTy (4
: ie'Zk (Q] j)21 0
0 in izk 12
= 1 ok e Ter (2)
R2 jeiz @j21 0
) lZ 0 | I@ j12e izk g (Z)
R2 i@ jZlelzk 0
o Z 0 i@ lee iz k d
- RZn i@ jZleizk 0
) Z 0 | i j12e iz k 4 @
@ i j21e|zk 0
wherewe use = %( 1 1 p2)and = %( 1+ 1 2) with ( 1; 2) the unit outer normal to

@. In the last step we used part (b) of Problem 4.4.2. From this expressionfor S;, we
seethat if we can show

(4:4:35) 1(z;k) = 2(z;k) inIR?n

then S5 =5,.
We proceedto shav (4.4.35) by a well{known argument. The idea is to construct a

secondsolution _
~z:K) = 1(z: k) if 22 IR% n

something else if z 2
to (D Q) 7= 0. (Note that, outside , Q; = Q2 = 0andhenceD Q: =D Qy.)
Then both (D Q) 2, =0and (D Q) = 0 and we can use pseudo{analyticity and
sharedbehaviour at in nit y, much aswe did in the proof of injectivit y in Proposition 4.4.6,
to concludethat “= 5, and hencethat = , outside .

Let gj) denotethe j™ column of ; and set

vy _ 1=2 (j)

() 1 1

Since(D Qi) {’=o,

1=2 (), ) g 122
1 @+ vi'@;
i=2 = (1) , W) g 122
1 @+ w'@g



or
= W@ Wal? 2ai) = wi'e@? Wal?
1 - @1 W]_ @1 1 1 - @1 @1

Thus we have the compatibilit y condition
@l = @
in all IR2. By Problem 4.4.3there exists a \p otential" (unique up to an additiv e constart)
ul) satistying @' = v’ and @{’ = wl. Since
1=2 = (j)
' @
0=(0 Q) {'=0O Q) i, 1
1 @y

we also have L u(” = 0 by (4.4.6) and hencelL u(‘) = 0inIR>n, where ;= 5. Now,

we set
ul) in IR?n

(1) =
o u(J) in
2
where u(‘) is the solution of the Dirichlet problem
L u(J)_ in (J):u(l) on @
By construction, u(J and u(” agreeon @. Since , = ,, their rst order normal

derivativesalso agreeon @ and we have L ,&) = 0in IR?. Thus if we set

- 1=2 @(1) @(2) . _ e iz k 0
2 @,(l) @_(2) and m(Z, k) = 0 eiZk

wehave (D Q,)~=0and(Dx Qz)m = 0in IR%.

Seth=m m,. Then (Dx Qz)h = 0sothat, by Problem 4.4.23,ead of u (z) =
hi1(z) e 2K iZkhy (z) andv (z) = e 2k 1Zkh,,(2)  h,y(2) satis es an equation of the
form @ = ru with jrj = jopj bounded and compactly supported. If we can shav that
h 2 LS, for somes 2, then Corollary 4.4.10will yield that h = 0 and hencethat == .
This will establish (4.4.35) and hencethe Theorem.

Soit remainsonly to prove that h 2 L*®, for somes 2. Sincem; = 1+ D, 1Qim;
and m; = 1+ D, 'Q,my, we have that m; m, = D, 'Qim; D, 'Qym,. As
m.( ;Kk); ma( k) 2 L and Q; and Q, are cortinuous and of compact support
ExQimi( ;K); ExQamz( ;k) 2 LP and the Hardy{Littlew ood{Sobolev inequality
(4.4.13) givesthat m; m, 2 L%, for somes 2. But h and m; m, coincide for
z2 IR>n (don't forgetthat ; ,in IR®n) and my( ;k) and m( ;k) are both
continuousin , h2 L% too. |
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x4.4.8. The uniqueness theorem.

In this section, we give the remaining details neededto prove our uniquenesstheorem.
The main result is Corollary 4.4.21. Theorem 4.4.19 shaws that if the scattering data
agree, then the special solutions agree. Theorem 4.4.20 gives one way of recovering the
potential from the special solutions.

Theorem 4.4.19 LetO < % Supmwsethat Q; 2 C (IR>M5), j = 1;2, are two

potentials that are compactly supprted and satisfy de =0 Q = Q. LetS bethe
sattering data for Q;. If S; = S, then my = my.

Pro of: Let S= S; = S, bethe common scattering data. According to Corollary 4.4.17,
our assumptionson Q; imply S 2 L2. Now we recall the @equation for m; of Corollary
4.4.8. SinceS; = S,, we may subtract these equations and obtain that m = m; my
satis es

@m(z; k) m1.2(z;K)e 2K 12ks (k) my.q(z; k)€K 1ZkS, 5 (K)

My.2(z;K)e 2k 1Zks 5(k) my.q(z; k)€2KH2kS,5(k)
M1;2(Z;K)T(z;K) m11(z; k)T (z;K)
M2.2(Z;K)T(z; k) m2.1(z; k)T (z; k)
where T(z; k) = €2X*17ks, 5(k). Set
u (k) = mg1(z; k)  my2(z;k)
v (K) = ma1(z;K)  m22(z;k);
Then, recalling from part (d) of Problem 4.4.1that @ f (k) = (@f)(k),
@Qu (k) = mya(z;K)T(z,;k) mya(z;K)T(zk) = T(z;k) u (k)
@V (k) = m22(z;K)T(z;k) ma1(z;K)T(z;k) = T(z;k) v (k)

m(z; k) «(2)S(k) =

Thus ea of the functions u ; v satis es an equation of the form @w(k) = r(k)w(k)
with r 2 L2(IR?)\ L! (IR?), sinceS 2 L2\ L! . Using Corollary 4.4.14we may conclude
that m= my my liesin LP for all p> 2. Then Corollary 4.4.10implies that ead of the
functions u (k);v (k) are zerofor eadh z. Thus m; = m,. [ |

Our nal stepisto obsene that we may recover Q from the special solutions m.

Theorem 4.4.20 LetO< % and supmsethat Q 2 C (IR?; M ,) is compactly supported
and obeys QY = 0. If m(z;k) are the special solutions constructed in Corollary 4.4.8,then

Q(z2) = I<I!ilm Dxm(z; k)
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Pro of:  Werecall that m satis es the equation
Dkim Qm=20
From Corollary 4.4.14,we obsene that
km( ;k) ke C(L+ jkj)

This implies that
kIlilrn Dkm(z; k) = Q(2) kIlilm m(z; k)

= Q(2):

Corollary 4.4.21 Let be aboundeal open subsetof IR? with smaoth boundary. Supmse
that ; and , obey Hypothesis4.1. If = ,,then 1= ».

Pro of: By Theorem 4.4.18 we may extend ; and , to IR°n sothat ;= ;=1

nearinnit y and S; = S;. Sinceead ; = 1 outside of someball of large radius, the
corresponding potential ¢ = %@og j is compactly supported. By Theorem 4.4.19,
my; = my. Then from Theorem4.4.20,we obtain that Q; = Q,. Thus @og—; = @og—; =
0 and log —; is a constart. Since ;= 5= 1nearinnity, this implies ;= 5. [ |
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