Appendix S1: Problem Solutions for §1

Problem 1.1.1 Find the Dirichlet to Neumann map when Q = { z € R* | |z| <1 } and
the conductivity y(x) = 1.

Solution. In polar coordinates

2

V- Vu(r,0) = G2(r,60) + 1 54(r,60) + 5 55 (r,0)
We look for a solution to the boundary value problem

(a) &(r 9)—}—18—“(7*,0)—#%%(7*,0):0 forall r<1, 0<6<2rm

or2 \' r Or
(b) w(1,0)= f(0) forall 0 <6 <27
(¢c) wu(r,0) is continuous at r =0
of the form u(r,0) = > a,(r)ei™®. Substituting this into the differential equation (a)
gives -
Z e lall (r) + Lal (r) — Zf—jan(r)} =0

This is satisfied for all # if and only if
ap(r) + 3ap(r) — ran(r) =0

for all n. The guess a,(r) = r% solves this O.D.E. if and only if a(a — 1) + @ — n? = 0.
For n # 0, the general solution to the second order O.D.E. is a,(r) = C,r'" + D, r=Inl,
For n = 0, the general solution to the second order O.D.E. is ag(r) = Cy + Dolnr. We
reject 71"l and Inr to achieve continuity at » = 0. Thus

u(r,0) = Z C,,rinlem?

n=—oo

satisfies the differential equation (a) and the continuity requirement (c) for all choices of
the C,,’s that decay sufficiently quickly as |n| — co. To satisfy the boundary condition (b)

we need
27

u(1,0) = i Cne™ = f(0) <= C, = &= i flp)e ™% dy

n=—oo



Hence

U(’I“, 0) _ \n| inf 1 / f —wzgo d(,O

n=-—o0o
27

> 27
= 2 . () d@—f—zr‘"'% ; f(p)cosn(0 — ) dp
n=1

The associated current on r = 1 is

(0) = 3:(1.6) =| = L[5 f(p) cosn(® - ¢) dy

Problem 1.1.2 Let = (—00,0) x S'. Functions on © can be identified with those
functions u(z, §) that are defined for < 0 and all § € IR and that are periodic of period
27 in 6. The gradient operator for €2 is V = ( ot 80) Find the Dirichlet to Neumann map
when the conductivity v(z,0) = 1. Assume that potentials u(z,#) must remain bounded

in the limit x — —oo0.

Solution. We look for a solution to the boundary value problem

(a) gi( ,9)—1—892(3:,9):0 forall 2 <0, 0<60<2r
(b) w(0,0) = f(0) forall 0 <6 <27
(¢) wu(x,6) remains bounded as x — —o0
(d) wu(x,0+27) = u(x,0) forall x <0, # € R
By (d), u must be of the form u(z,0) = Y a,(x)e™®. Substituting this into the

differential equation (a) gives

oo

Z e lall(z) — nPan(z)] =0

n=—oo

This is satisfied for all # if and only if

al(x) — n?an(z) =0

for all n and all z < 0. The guess a,(x) = e®* solves this O.D.E. if and only if a? —n? = 0.
For n # 0, the general solution to the second order O.D.E. is a,(x) = C,elmlr 4 D, eInlz,
For n = 0, the general solution to the second order O.D.E. is ag(x) = Cy + Dox. We reject
e~ 1" and z to achieve boundedness at © = —co. Thus

)
§ C«ne\nbcezne

n=—oo
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satisfies the differential equation (a), boundedness requirement (c) and the periodicity
requirement (d) for all choices of the C),’s that decay sufficiently quickly as |n| — co. To
satisfy the boundary condition (b) we need

i 27
u(0,0)= Y Coe™ = f(0) == Co=2k | fl)e" dp
n=—oo 0
Hence
0 27
U(JJ,@): Z e|n|mezn9% f(ﬂp)e_lmp de
n=-—oo 0

27

0 27
= = i () d¢+ze'”'m%/0 fp) cosn(0 — ¢) dg
n=1

The associated current on z = 0 is

k(0) = 52(0.6) =| = L[5 f(p) cosn(® - ¢) dy

Problem 1.1.3 Let  be a bounded open subset of IR". Assume that the divergence
theorem is applicable to Q. Let v(z) be a real-valued C'>° function on Q all of whose
derivatives are bounded. Suppose that the complex numbers A, u and the, not identically
zero, functions ¢, 1 € C?(Q) obey

V- [y(x)Ve(x)] = Ap(z) for all z €

o(z) =0 for all x € 02
V- [y(x)Vi(z)] = pp(x)  for all z €
P(x) =0 for all z € 092

We say that ¢ and v are eigenfunctions for the differential operator u — V - [yVu] with
Dirichlet boundary conditions on 9€). The numbers A and p are the corresponding eigen-
values.

(a) Prove that A\, u € R.

(b) Prove that if A # i then ¢ and v are orthogonal in L?(€2). In other words, prove that

Joe(@)p(x) d"z = 0.

(c) Suppose that v(x) > 0 for all x € Q. Prove that A, u < 0.

(d) Let H be the closure of the subspace of L?({)) spanned by the eigenfunctions for the
differential operator u — V - [yVu] with Dirichlet boundary conditions on 9f2. Prove
that there is an orthonormal basis for H consisting of real-valued eigenfunctions.
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Solution. (a) We prove that A is real. The proof that p is real is identical. Since A is the
eigenvalue for the eigenfunction ¢

A /Q (@) p(@) dia = /Q Mp(2)p(@) "z = / V- (@) V()o@ dx

Q

_ /Q (@) V()] - Vola) d'

by the divergence theorem applied to ¢(x)y(z)Ve(z). The boundary term vanished be-

cause @(x) vanishes on 0f). Applying the divergence theorem a second time

A /Q (@) p(@) dvz = /Q (@)Y @) V(@) d"z = /Q (@) N (@) d"z
=3 /Q (@) p(@) d"a
Since [, [o(x)]*? #0, A = A.
(b)

A /Q (@) (@) d'e = /Q Mp(2) (@) d"z = [ V' @) Ve@)d@) &'

:o\:o

= —/Qh(x)VsO(ﬂf)]-W(x) d"z = [ o(@)V - [y(2)V(r)] d"z

— / (@) (@) d"a = / (@) (@) d"x
Q Q

Since p # A, [, ¢(@)¢(z) d"x = 0.

(c) We prove that A < 0. The proof that p < 0 is identical. We have already seen in the
solution to part (a) that

A /Q o(a)? dx = — /Q (@) Vl(a)] - V@) dz = /Q () V() 2 d

Since v > 0 and ¢ cannot be constant (since it is not identically zero and vanishes on 0f2),
the right hand side is strictly negative. Thus A must also be strictly negative.

(d) Eigenspaces for different eigenvalues are orthogonal, so it suffices to consider a single
eigenspace. If p is an eigenfunction, then both Re ¢ and Im ¢ obey the differential equation
and the boundary conditions. So the set of real valued eigenfunctions spans the eigenspace.
Since L2(2) is separable (it is a subspace of L?(IR™), which is separable by [RS, Chapter
2, Problem 11] and [RS, Theorem I1.10]), the eigenspace is separable too and we may use
the Gram-Schmidt process to produce an orthonormal basis.
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Problem 1.1.4 Let Q and v be as in Problem 1.1.3. Assume that we already know
e an orthonormal basis for L?(Q) consisting of C? eigenfunctions for the differential
operator u — V - [yVu] with Dirichlet boundary conditions on 9€2. Call the eigen-
functions and corresponding eigenvalues {¢;}renw and {A\s}rew.
e a linear map E : C°(9Q) — C°°(Q) such that (Ef)(x) = f(z) for all z € 99Q).
Find the Dirichlet to Neumann map for conductivity ~.

Solution. Let f € C*(99). Let u obey
V-4Vu=01in Q u = f on 0f)
Then v = u — Ef obeys
V- -4Vuv=-V -AVEf in Q v =0 on 02

Let v =Y ,~, appe be the expansion of v in terms of the specified orthonormal basis. As
v satisfies the differential equation above,

Zag)\g(pg -V ’)/VEf = Qp = ——/WV ’YVEf d"x
(=1

and

Ay(f) = 81/Ef‘8§2 + Z aeaw ‘GQ

with the ay’s given above.

Problem 1.1.5 Apply the method of Problem 1.1.4 to find the Dirichlet to Neumann
map for { z € R? | |z| <1 } with conductivity v = 1. You may assume that a suitable

orthonormal basis exists.

Solution. We first find the eigenfunctions. We know that all of the eigenvalues are strictly
negative, so write A = —p? with g > 0. Recall that in polar coordinates

o 1 92
A= 7‘2+T‘87‘+T‘_2W

Writing the eigenfunction in polar coordinates and expanding in a Fourier series, ¢ =
> ez an(r)e™? | with respect to the angular variable

Ap =\p <= al(r)+ Lal (r) — Z—jan(r) = Aa,(r)

ron

> r2ad(r) +ra (r) + (u*r* —n?)a,(r) =0
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Aside from a scaling by a factor u, this is Bessel’s equation of order n. The general
solution that is bounded at the origin is a constant times the Bessel function J),(ur).
If Jj,(pr) is to vanish at » = 1, p must be a zero of Jy,|(1). Call these zeros fiy, |,

m € IN. Thus the eigenvalues are { — p? } meN, ne”Z } and the corresponding

m,|n
Jin| (um’|n|r) e’ where the normalization constants

normalized eigenfunctions are + 1

m,|n|

are determined by
1
2 _ 2
Lm’|n| = 271/0 J|n|(,um’|n|7°) rdr

Next we find a suitable extension operator. This is easy. Just define

(Ef)@) = x(2)f (%)

where x is C*° function that takes values in [0, 1], is zero for all = is a neighbourhood of 0
and is one for x is a neighbourhood of 1. In a neighbourhood of r = 1, Ef is a function of
6 only. So 81/Ef‘8§2 Ef‘89 = 0 and the answer from Problem 1.1.4, applied to this
specific problem, becomes

Ay(H) =Y GGy Tl (o r)e™ |,

meIN
nez

where
2m 1
—inf
Qo = ﬁ/o d9/0 dr 1Ty (i) e~ A(ES)

Substituting

%Jn(,ur) = LJn1(pr) = Jng1(pr)] if n € N

& Jo(pr) = —pdy (ur)
(see, for example, [Hi, §4.9]) gives

oo

Afy(f) - ;L?:z"n [J”_l(lum,n) - Jn—l—l(ﬂm,n)} [am’neino + am7_n6_m9}

m,n=1

- § amOL

0)

Problem 1.1.6 Let © be an open subset of IR". Let v € C(£2) be bounded away from
zero. Find ¢, 8 € C1(Q) such that

V- -Wul =0 <= (-A+q)v=0forv=_pu
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Solution. Let a = % By the usual vector identities

V- yVav =V - y[aVv +vVa]
= Vv [aVv+vVa] 47V - [aVv +vVa]
=aVy-Vu+oVy-Va+ ayAv + 2yVa - Vo + (yAa)v
= (ay)Av + (29Va + aVy) - Vv + (yAa + Vv - Va)v

Choosing a = v~ 1/2, the coefficient of Vv becomes
2yVa +aVy = 2y( = 14732 Vy + 47 2Vy =0
the coefficient of Av becomes ay = /2 and the coefficient of v becomes

YV -Va+Vy-Va=7V- (- %7_3/2)V7+V7' (- %W_S/Q)Vv
= —%7_1/2A7—|— %’7_3/2‘V’7‘2 . %7_3/2‘V7|2
= 1y T12A0 4 14732 |0y

Hence 9
V-qVu=0 < y/2Av+ [ - Iy72Ay 4+ 14732|V4| v =0

= (“A+quv=0

where [¢ = 3771 Ay — 1772|Vy|? | and v = Bu with |3 = /7]

Problem 1.1.7 Let Q be a bounded open subset of IR". Let A,(f) denote the Dirichlet
to Neumann map for the conductivity y(z). Let 5(x) be a C*° function on  all of whose

derivatives are bounded. Compute %A7+t5( f )} o+ Assume that we already know

e a complete orthonormal basis for L?(£2) consisting of C? eigenfunctions for the dif-

ferential operator u — V - [yVu] with Dirichlet boundary conditions on 9f2. Call the

eigenfunctions and corresponding eigenvalues {¢¢}ren and {A¢}ren.

e the solution to the boundary value problem V - [yVu] = 0 in Q, u = f on 09. Call

the solution ug(x).

Solution. Let u:(x, ) denote the solution to

(a) V- (v(z)+t8(z))Vu(z) =0 forallzeQ

(b)  w(x) = f(x) for all z € 092
Apply & }t:O to these conditions. In terms of %ut(:ﬁ)}t:o = u(x), we have

(@) V-v(2)Vi(z) = =V - B(z)Vue(z) forall z€Q
(b") a(x) =0 for all z € 99



We look for a solution of the form a(z) = ) agpe(x). Substituting this into the differential

equation (a') gives

> Aaepe(r) = F(x)
=1
where F(x) = =V - B(x)Vug(x). This is satisfied if and only if

JoF(@)¢i(@) d"x

A
e = fgm |2 dn

for all / € IN. Hence, by the divergence theorem,

_ LIQB(CE)VUO(@ Veu(z) d"x
. [olee(@)? dna

We are after

GFhvats(Hl g = T (@) +18(2)) Gt (2)| =0 = [Bx) G2 (@) +7(2) 5o ()] coq

€02

= %Av(f) + Z;il aﬂ(ﬂf)%(x)‘xeaﬂ

Problem 1.2.1 The purpose of this problem is to prove that there is a unique continuous,
rotation invariant, mass one linear functional on Cr(S™"1). The argument is similar to

that used to prove the existence of a Haar measure on a compact topological group. For
each f € Cr(S™ 1) set

= { Y a;iLa, f ‘ m e IN,a; € SO(n),a; >0,> a;=1 } C Cr(S™™1)
i=1 i=1

where, for f € Cr(S™ 1) and a € SO(n),

(Laf)(z) = fa " 2)
Denote by F(f) the closure of F(f) in Cr(S™1).
(a) Use Arzela—Ascoli to show that F(f) is a compact subset of Cr(S™™1).
(b) Show that F(f) contains a constant function.

(c) Show that the constant function in F(f) is ¢(f) = o fsn , f(z) do(x) where do(x) is
the surface measure on S~ ! and Q,, = fsnfl 1 da( ) is the Volume of S 1.
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(d) Let £ : Cr(S™!) — IR be continuous and linear and obey £(1) =1 and
L(Laf) = L(f)

for all f € Cr(S"!) and a € SO(n). Prove that L(f) = c(f) for all f € Cr(S™1).

Solution. (a) Let || f||lococ = sup,egn-1 |f(x)|. Note first that

= 5 il flloo = [ lloe

i=1

(S1.1) H i aiLla, f|| o < i a;

i=1 i=1
In other words, F(f) is a bounded subset of Cr(S™!) that is contained in the closed
ball of radius || f||s centered on the origin. We next claim that F(f) is an equicontinuous
subset of Cr(S™™1). Pick any ¢ > 0. Since f is continuous on the compact set S™1,
f is uniformly continuous so that there is a 6 > 0 such that |f(z) — f(y)| < € whenever
|z —y| < 4. Then

|3 (Lo, @) = ¥ Lo, HO)] < 3 0l (Lo NE@) ~ (Lo, )W)
< S alfla'e) - fla7'y)| < Y ae=e
i=1 =1
whenever |z —y| < § since | 'z —a; 'y| = |z —y| < § for all 1 < i < m. Hence the closure

F(f) is also equicontinuous and is, by Arzela—Ascoli, a compact subset of Cr (S™1).

—~

b) Set

M(f) = max f(x)  m(f)= min f(z)  o(f)=M(f)—m(f)

xesSn—1 zeSn—1

The function v(f) is continuous on CRr(S™™!) and in particular on the compact subset
F(f). Therefore v(f) attains its minimum value at a point f. € F(f). Either v(f.) = 0,
and f, is a constant function, or v(f.) # 0 and M (f.) > m(f.). We now show that the
latter possibility cannot happen. Suppose that M(f.) > m(f«). Then

is a nonempty subset of S"~!. For each a € SO(n), a3 = { ox ‘ reB } is also open and
{aB}aesom) is an open cover of Sm=1. Since S~ ! is compact, S"! C i BU---Uap,B,
for some m € IN and oy, -+, au, € SO(n). Set

fol@) = £ 3 Lo fula)



Then
o f. € F(f)since LS L,.g€ F(f) for all g € F(f).
o M(f.) < M(f.
o m(f.) > m(f.) + s=v(f.). To see this, observe that, for any x € S"~!, there is
an 1 < ¢ < m such that x € ayB. Then a[lx € B and, by the definition of B,
felay'z) > w Hence

1#[ i#m
= ﬁMOC*) (1__) (f+) :m(f*)"i‘ﬁv(f*)
This is true for all z € S*~ 1, so m(f,) > m(f.) + =0 (fx).
Hence v(fs) = M(f.) —m(fs) < M(f*>_m(f*)_%v(f*) < M(f)=m(fs) = v(f.) which
is a contradiction. Consequently v(f.) = 0 and f, is a constant function.
(c) Let £ be any constant function in F(f) and let ¢ > 0. Choose «; € SO(n),a; > 0,

1 <4 <m such that > a; =1 and
i=1

e 5% aikatl.. <

Then
Q%L/Sn_l [ﬁ Zg: a;La, f(x )] o(@)| < a /Sn—l f—iiaillaif(m)‘ do(x)
< Qin edo(x)=¢
gn—1
As
w [ - et @ =g [ taow-F g [ L@ ao
=/ — i o / f(y) do(y) where y = a; 'z
=1 Sn—1
=1 3 awe()
=£—c(f)

we have [ — ¢(f)| < e for all £ > 0. Hence ¢ = c(f).
(d) By linearity and rotation invariance, if > ;" a;Lq, f € F(f), then
L:(zgiarLaif):: zz(Ml:(Laif) ::Egiarc(f)::'c(f)

By continuity £(g) = £(f) for all g € F(f). In particular, since ¢(f) € F(f),
c(f) = e(f)L(1) = L(c(f)) = L(f)
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Problem 1.2.2

(a) Use residues to show that f dp = W%‘f‘ for all 0 # ¢ € R.

2+ 2
(b) Let n = 3. Show that fIR" |p|n - d"p = 272,

2 + B = ﬁ to show that

— e'P1 3, —
/ A /p1—|—p2 p / Py +;D2+p3 d p 2m
(d) Let n > 3. Show that

e'P1 n, __ F(__l)\/_ n/2 r(3)
| o= T [ g, = 20

(c) Let n = 2. Use

Solution. (a) It suffices to consider ¢ > 0. Then
e'P1 _ eiP1 ipy
/Perqz dpr = / i —ia) P! 2mp1+zq

(b) By part (a) [ 15 |p| - d"p = [d?q [dm
coordinates

in 27 o) . fe’e) .
/ “;Til d"p = 7r/ d@/ dr ro— = 2%2/ e " dr = —27T26_T}0 = 272
R™ 0 0 0

(¢) is obvious from part (b).

d / e dtp = /dp1dp2 e’ /d”_Qq%
(@ o P (p§+p§+q2)Tl
= /dp1dp2 6ip19n—2/ drr" 3 —~1L

0 (p34p3+r2) 2

) n—2—(n—1) [
= /dpldPZ e”’lQn_z(\/p%er%) / ds s" 73—+
(1+4s2)7 2

0

where r = s4/p? + p3
= Qo /dpldpz e " ds st
P%-H?% 0 (1—|—52)"%

— 2., / ds —" 2 __
0 (14s2) 7

\ | —
m = f ~ d?q . Switching to polar

n39

—— where s = tan 6
sec 0

/2

= 27rQn_2/ df sec? tan
0
/2

= 27rQn_2/ df sin" 36
0
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To compute the remaining integral we derive, using integration by parts, the standard

recursion relation

w/2 /2
/ sin™ 0 df = / sin” ' 0 d( — cos )
0 0
s w/2
= —sin™ ! f cos 0}0/ + (m — 1)/ cos? fsin™ "2 6 df
0
/2 /2
=(m — 1)/ sin™"20 df — (m — 1)/ sin™ 6 df
0 0

/2 /2
- / sin™ 0 df = mT_l/ sin™ 26 de forallm>2
0 0

Iterating
/2 1
52 nodd
/ sin” %0 df = i=3n=5...{ 22
0 3 n even
1/2 —7
2213 TVry  nodd
- n 3 n 5
272272 L1 1 vr
3/21/2 /= 2 even
_ M- r
r(z—1) 2

since I'(z) = (x — 1)I'(z — 1) and T'(1/2) = /7. All together
r(2-1

‘ /2
ezpl n _ . ’I’L—3 _ ) s

— o 2" =2/2 T(§-1) /7 _ 9/2 (1)

r(732%) T(3-3) 2 L(%5%)
as desired. m
Problem 1.3.1 Set ®(x) = —f;:“;".

(a) Prove that A®(z) + k*®(z) = 0 for all x # 0.
(b) Let S. be the sphere of radius € centered on the origin and let do. be the surface

measure on S.. Prove that, for any continuous function ¥ (x),

: ¥(x) _ J4Amyp(0) ifp=2
Ji%h//sg EE d"s—{o if p<2

(¢) Let ¥(z) € C3°(IR?). Prove that

J|] @20 + o) @ = vi0)
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Solution. (a) Require = # 0 throughout this argument. Then V|z| = % . Hence, setting

ikr

F(r) = -4,
VO(w) = F(la) & = | — ikopr + frep | 5 = | — hiopp + o)
Now using
V- [G(|z])2] = 2 - VG(|z]) + G(|2))V - = G’ (Jz]) x| + 3G(| =)
gives
A®(z) = [ £ + Bik £y — 300 [0l + 3] — iy + ] = K2y
as desired.

(b) For any continuous function (), M(g) = sup,. ¥ () — 1(0)| converges to zero as

e — 0. As
o=t | / [(z) — $(0)] do

is bounded in magnitude by M(e), D(e) also converges to zero as ¢ — 0 and

- b(z) — 1 lim  A4me’
dim [ doe =t & [[ vt do.= tim 22 [0(0) + D)
_ {47mp( ifp=2

0 ifp<?2

(¢) Let V' be a bounded open set in IR? that contains the support of ¢ and let V. be the
set of points in V' with |z| > ¢. Note that the boundary V. of V. consists of two parts

— the boundary 0V of V' and the sphere S. — and that the unit outward normal to 0V,
on S. is —%. By the divergence theorem

(S1.2) /// (®VY — 9V P)d a;_// (®VY — VD) - (— %) do.
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The 0V boundary term has vanished because the support of v is contained in V. Subbing

in Vo = [ zk:f;T;'; + %}x from part (a), and applying part (b)
(S1.3)
lim // VY — YVe) - (%) do. = lim_ // TV + o — ik|z|v) Sz do
= (@ Vo + v — iklalw)ele|
= 1(0)

For any vector field F' and any complex—valued function f, V - ( fF ) =Vf - F+fV-F
Applying this twice, we see that the integrand of the left hand side of (S1.2) is

V- (VY — VD) = VP - Vi) + DAY — Vip - VO — pAD
= O(A + k)
since A® = —k*® on V.. So applying liI(I)1+ to (S1.2) and using (S1.4) and (S1.3) gives

///V O(A + k) >z = (0)

as desired. [ ]

(S1.4)

Problem 1.3.2 Prove that ®(z — y) has the asymptotic behaviour
zk\ | —’L G-
Pz —y)=—¢ MY+ 0 ()

47'r|ac|

for |y| bounded and |z| large.

Solution. Observe that
7~y = Ve 2wy = [zh/1- 20y + 5

= Jal[1+ 5 (— 28y + %) + (%)}
=l|z| -2 - y—l—O(m)

so that

zk|x yl ezk| |6 k- yeO(1/|x|) _ ezk| |6 ikZ-y _i_O(Ll)
and

1 _ 1 1 _ 1 1 _ 1 1

eyl = LI TFO0/Te) = Tal (1 +O(|w|)) = +O0(Ep)
Multiplying
etklz—yl 1 | ik|z|  —ikd- 1 1 1 etklzl o ik 1

Y(a—y) = —GF= = o= [6 “le y‘”(m)} [m+0(w)] = —Fmre " VH0(5R)
as desired. m
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Problem 1.3.3 Let f € C3°(IR*). Prove that

F(z) = / Bz —y)f () &y

obeys AF + k?2F = f and the radiation condition.

Solution. Making the change of variables y — z —y

Since f is C§° and @ is L,

(A +K)F(x) = / B(y)(Ds + K f(x — y) dy = / B(y)(Ay + K2) [ (x —y) d%

by part (c) of Problem 1.3.1.
For x separated from 0 and the support of f

(5~ ) F@) = [ (& 92— k)2 = )1) Py

We have
T T 2\ etklz—yl
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As in the solution to Problem 1.3.2,
e = 1 T OGp)
so that
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and the radiation condition follows.
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