
Appendix S1: Problem Solutions for §1

Problem 1.1.1 Find the Dirichlet to Neumann map when Ω =
{

x ∈ IR2
∣

∣ |x| < 1
}

and

the conductivity γ(x) ≡ 1.

Solution. In polar coordinates

∇ · ∇u(r, θ) = ∂2u
∂r2

(r, θ) + 1
r
∂u
∂r

(r, θ) + 1
r2
∂2u
∂θ2

(r, θ)

We look for a solution to the boundary value problem

(a) ∂2u
∂r2

(r, θ) + 1
r
∂u
∂r

(r, θ) + 1
r2
∂2u
∂θ2

(r, θ) = 0 for all r < 1, 0 ≤ θ ≤ 2π

(b) u(1, θ) = f(θ) for all 0 ≤ θ ≤ 2π

(c) u(r, θ) is continuous at r = 0

of the form u(r, θ) =
∞
∑

n=−∞
an(r)e

inθ. Substituting this into the differential equation (a)

gives
∞
∑

n=−∞
einθ

[

a′′n(r) + 1
ra

′
n(r)− n2

r2 an(r)
]

= 0

This is satisfied for all θ if and only if

a′′n(r) + 1
r
a′n(r)− n2

r2
an(r) = 0

for all n. The guess an(r) = rα solves this O.D.E. if and only if α(α − 1) + α − n2 = 0.

For n 6= 0, the general solution to the second order O.D.E. is an(r) = Cnr
|n| + Dnr

−|n|.

For n = 0, the general solution to the second order O.D.E. is a0(r) = C0 + D0 ln r. We

reject r−|n| and ln r to achieve continuity at r = 0. Thus

u(r, θ) =
∞
∑

n=−∞
Cnr

|n|einθ

satisfies the differential equation (a) and the continuity requirement (c) for all choices of

the Cn’s that decay sufficiently quickly as |n| → ∞. To satisfy the boundary condition (b)

we need

u(1, θ) =

∞
∑

n=−∞
Cne

inθ = f(θ) ⇐⇒ Cn = 1
2π

∫ 2π

0

f(ϕ)e−inϕ dϕ
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Hence

u(r, θ) =
∞
∑

n=−∞
r|n|einθ 1

2π

∫ 2π

0

f(ϕ)e−inϕ dϕ

= 1
2π

∫ 2π

0

f(ϕ) dϕ+
∞
∑

n=1

r|n| 1
π

∫ 2π

0

f(ϕ) cosn(θ − ϕ) dϕ

The associated current on r = 1 is

k(θ) = ∂u
∂r (1, θ) =

∞
∑

n=1

|n|
π

∫ 2π

0
f(ϕ) cosn(θ − ϕ) dϕ

Problem 1.1.2 Let Ω = (−∞, 0) × S1. Functions on Ω can be identified with those

functions u(x, θ) that are defined for x < 0 and all θ ∈ IR and that are periodic of period

2π in θ. The gradient operator for Ω is ∇ =
(

∂
∂x ,

∂
∂θ

)

. Find the Dirichlet to Neumann map

when the conductivity γ(x, θ) ≡ 1. Assume that potentials u(x, θ) must remain bounded

in the limit x→ −∞.

Solution. We look for a solution to the boundary value problem

(a) ∂2u
∂x2 (x, θ) + ∂2u

∂θ2 (x, θ) = 0 for all x < 0, 0 ≤ θ ≤ 2π

(b) u(0, θ) = f(θ) for all 0 ≤ θ ≤ 2π

(c) u(x, θ) remains bounded as x→ −∞
(d) u(x, θ + 2π) = u(x, θ) for all x < 0, θ ∈ IR

By (d), u must be of the form u(x, θ) =
∞
∑

n=−∞
an(x)e

inθ. Substituting this into the

differential equation (a) gives

∞
∑

n=−∞
einθ

[

a′′n(x)− n2an(x)
]

= 0

This is satisfied for all θ if and only if

a′′n(x)− n2an(x) = 0

for all n and all x < 0. The guess an(x) = eαx solves this O.D.E. if and only if α2−n2 = 0.

For n 6= 0, the general solution to the second order O.D.E. is an(x) = Cne
|n|x +Dne

−|n|x.

For n = 0, the general solution to the second order O.D.E. is a0(x) = C0 +D0x. We reject

e−|n|x and x to achieve boundedness at x = −∞. Thus

u(x, θ) =

∞
∑

n=−∞
Cne

|n|xeinθ
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satisfies the differential equation (a), boundedness requirement (c) and the periodicity

requirement (d) for all choices of the Cn’s that decay sufficiently quickly as |n| → ∞. To

satisfy the boundary condition (b) we need

u(0, θ) =
∞
∑

n=−∞
Cne

inθ = f(θ) ⇐⇒ Cn = 1
2π

∫ 2π

0

f(ϕ)e−inϕ dϕ

Hence

u(x, θ) =
∞
∑

n=−∞
e|n|xeinθ 1

2π

∫ 2π

0

f(ϕ)e−inϕ dϕ

= 1
2π

∫ 2π

0

f(ϕ) dϕ+
∞
∑

n=1

e|n|x 1
π

∫ 2π

0

f(ϕ) cosn(θ − ϕ) dϕ

The associated current on x = 0 is

k(θ) = ∂u
∂x (0, θ) =

∞
∑

n=1

|n|
π

∫ 2π

0
f(ϕ) cosn(θ − ϕ) dϕ

Problem 1.1.3 Let Ω be a bounded open subset of IRn. Assume that the divergence

theorem is applicable to Ω. Let γ(x) be a real–valued C∞ function on Ω all of whose

derivatives are bounded. Suppose that the complex numbers λ, µ and the, not identically

zero, functions ϕ, ψ ∈ C2(Ω) obey

∇ · [γ(x)∇ϕ(x)] = λϕ(x) for all x ∈ Ω

ϕ(x) = 0 for all x ∈ ∂Ω

∇ · [γ(x)∇ψ(x)] = µψ(x) for all x ∈ Ω

ψ(x) = 0 for all x ∈ ∂Ω

We say that ϕ and ψ are eigenfunctions for the differential operator u 7→ ∇ · [γ∇u] with

Dirichlet boundary conditions on ∂Ω. The numbers λ and µ are the corresponding eigen-

values.

(a) Prove that λ, µ ∈ IR.

(b) Prove that if λ 6= µ then ϕ and ψ are orthogonal in L2(Ω). In other words, prove that
∫

Ω
ϕ(x)ψ(x) dnx = 0.

(c) Suppose that γ(x) > 0 for all x ∈ Ω. Prove that λ, µ < 0.

(d) Let H be the closure of the subspace of L2(Ω) spanned by the eigenfunctions for the

differential operator u 7→ ∇ · [γ∇u] with Dirichlet boundary conditions on ∂Ω. Prove

that there is an orthonormal basis for H consisting of real–valued eigenfunctions.
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Solution. (a) We prove that λ is real. The proof that µ is real is identical. Since λ is the

eigenvalue for the eigenfunction ϕ

λ

∫

Ω

ϕ(x)ϕ(x) dnx =

∫

Ω

λϕ(x)ϕ(x) dnx =

∫

Ω

∇ · [γ(x)∇ϕ(x)]ϕ(x) dnx

= −
∫

Ω

[γ(x)∇ϕ(x)] · ∇ϕ(x) dnx

by the divergence theorem applied to ϕ(x)γ(x)∇ϕ(x). The boundary term vanished be-

cause ϕ(x) vanishes on ∂Ω. Applying the divergence theorem a second time

λ

∫

Ω

ϕ(x)ϕ(x) dnx =

∫

Ω

ϕ(x)∇ · [γ(x)∇ϕ(x)] dnx =

∫

Ω

ϕ(x)λϕ(x) dnx

= λ

∫

Ω

ϕ(x)ϕ(x) dnx

Since
∫

Ω
|ϕ(x)|2 6= 0, λ = λ.

(b)

λ

∫

Ω

ϕ(x)ψ(x) dnx =

∫

Ω

λϕ(x)ψ(x) dnx =

∫

Ω

∇ · [γ(x)∇ϕ(x)]ψ(x) dnx

= −
∫

Ω

[γ(x)∇ϕ(x)] · ∇ψ(x) dnx =

∫

Ω

ϕ(x)∇ · [γ(x)∇ψ(x)] dnx

=

∫

Ω

ϕ(x)µψ(x) dnx = µ

∫

Ω

ϕ(x)ψ(x) dnx

Since µ 6= λ,
∫

Ω
ϕ(x)ψ(x) dnx = 0.

(c) We prove that λ < 0. The proof that µ < 0 is identical. We have already seen in the

solution to part (a) that

λ

∫

Ω

|ϕ(x)|2 dnx = −
∫

Ω

[γ(x)∇ϕ(x)] · ∇ϕ(x) dnx = −
∫

Ω

γ(x)|∇ϕ(x)|2 dnx

Since γ > 0 and ϕ cannot be constant (since it is not identically zero and vanishes on ∂Ω),

the right hand side is strictly negative. Thus λ must also be strictly negative.

(d) Eigenspaces for different eigenvalues are orthogonal, so it suffices to consider a single

eigenspace. If ϕ is an eigenfunction, then both Reϕ and Imϕ obey the differential equation

and the boundary conditions. So the set of real valued eigenfunctions spans the eigenspace.

Since L2(Ω) is separable (it is a subspace of L2(IRn), which is separable by [RS, Chapter

2, Problem 11] and [RS, Theorem II.10]), the eigenspace is separable too and we may use

the Gram-Schmidt process to produce an orthonormal basis.
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Problem 1.1.4 Let Ω and γ be as in Problem 1.1.3. Assume that we already know

• an orthonormal basis for L2(Ω) consisting of C2 eigenfunctions for the differential

operator u 7→ ∇ · [γ∇u] with Dirichlet boundary conditions on ∂Ω. Call the eigen-

functions and corresponding eigenvalues {ϕ`}`∈IN and {λ`}`∈IN.

• a linear map E : C∞(∂Ω) → C∞(Ω) such that (Ef)(x) = f(x) for all x ∈ ∂Ω).

Find the Dirichlet to Neumann map for conductivity γ.

Solution. Let f ∈ C∞(∂Ω). Let u obey

∇ · γ∇u = 0 in Ω u = f on ∂Ω

Then v = u− Ef obeys

∇ · γ∇v = −∇ · γ∇Ef in Ω v = 0 on ∂Ω

Let v =
∑∞
`=1 α`ϕ` be the expansion of v in terms of the specified orthonormal basis. As

v satisfies the differential equation above,

∞
∑

`=1

α`λ`ϕ` = −∇ · γ∇Ef =⇒ α` = − 1
λ`

∫

Ω

ϕ`∇ · γ∇Ef dnx

and

Λγ(f) = ∂
∂ν
Ef

∣

∣

∂Ω
+

∞
∑

`=1

α`
∂ϕ`

∂ν

∣

∣

∂Ω

with the α`’s given above.

Problem 1.1.5 Apply the method of Problem 1.1.4 to find the Dirichlet to Neumann

map for
{

x ∈ IR2
∣

∣ |x| < 1
}

with conductivity γ ≡ 1. You may assume that a suitable

orthonormal basis exists.

Solution. We first find the eigenfunctions. We know that all of the eigenvalues are strictly

negative, so write λ = −µ2 with µ > 0. Recall that in polar coordinates

∆ = ∂2

∂r2 + 1
r
∂
∂r + 1

r2
∂2

∂θ2

Writing the eigenfunction in polar coordinates and expanding in a Fourier series, ϕ =
∑

n∈ZZ
an(r)e

inθ, with respect to the angular variable

∆ϕ = λϕ ⇐⇒ a′′n(r) + 1
ra

′
n(r)− n2

r2 an(r) = λan(r)

⇐⇒ r2a′′n(r) + ra′n(r) + (µ2r2 − n2)an(r) = 0
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Aside from a scaling by a factor µ, this is Bessel’s equation of order n. The general

solution that is bounded at the origin is a constant times the Bessel function J|n|(µr).

If J|n|(µr) is to vanish at r = 1, µ must be a zero of J|n|(µ). Call these zeros µm,|n|,

m ∈ IN. Thus the eigenvalues are
{

− µ2
m,|n|

∣

∣ m ∈ IN, n ∈ ZZ
}

and the corresponding

normalized eigenfunctions are 1
Lm,|n|

J|n|
(

µm,|n|r
)

einθ where the normalization constants

are determined by

L2
m,|n| = 2π

∫ 1

0

J2
|n|

(

µm,|n|r
)

rdr

Next we find a suitable extension operator. This is easy. Just define

(Ef)(x) = χ(|x|)f
(

x
|x|

)

where χ is C∞ function that takes values in [0, 1], is zero for all x is a neighbourhood of 0

and is one for x is a neighbourhood of 1. In a neighbourhood of r = 1, Ef is a function of

θ only. So ∂
∂ν
Ef

∣

∣

∂Ω
= ∂

∂r
Ef

∣

∣

∂Ω
= 0 and the answer from Problem 1.1.4, applied to this

specific problem, becomes

Λγ(f) =
∑

m∈IN
n∈ZZ

αm,n
∂
∂r

1
Lm,|n|

J|n|(µm,|n|r)e
inθ

∣

∣

r=1

where

αm,n = 1
µ2

m,|n|
Lm,|n|

∫ 2π

0

dθ

∫ 1

0

dr rJ|n|
(

µm,|n|r
)

e−inθ ∆(Ef)

Substituting
d
dr
Jn(µr) = µ

2

[

Jn−1(µr)− Jn+1(µr)
]

if n ∈ IN

d
drJ0(µr) = −µJ1(µr)

(see, for example, [Hi, §4.9]) gives

Λγ(f) =

∞
∑

m,n=1

µm,n

2Lm,n

[

Jn−1(µm,n)− Jn+1(µm,n)
][

αm,ne
inθ + αm,−ne

−inθ]

−
∞
∑

m=1

αm,0
µm,0

Lm,0
J1(µm,0)

Problem 1.1.6 Let Ω be an open subset of IRn. Let γ ∈ C1(Ω) be bounded away from

zero. Find q, β ∈ C1(Ω) such that

∇ · [γ∇u] = 0 ⇐⇒ (−∆ + q)v = 0 for v = βu
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Solution. Let α = 1
β . By the usual vector identities

∇ · γ∇αv = ∇ · γ
[

α∇v + v∇α
]

= ∇γ ·
[

α∇v + v∇α
]

+ γ∇ ·
[

α∇v + v∇α
]

= α∇γ · ∇v + v∇γ · ∇α+ αγ∆v + 2γ∇α · ∇v + (γ∆α)v

= (αγ)∆v + (2γ∇α+ α∇γ) · ∇v + (γ∆α+∇γ · ∇α)v

Choosing α = γ−1/2, the coefficient of ∇v becomes

2γ∇α+ α∇γ = 2γ
(

− 1
2
γ−3/2

)

∇γ + γ−1/2∇γ = 0

the coefficient of ∆v becomes αγ = γ1/2 and the coefficient of v becomes

γ∇ · ∇α+∇γ · ∇α = γ∇ ·
(

− 1
2γ

−3/2
)

∇γ +∇γ ·
(

− 1
2γ

−3/2
)

∇γ
= − 1

2γ
−1/2∆γ + 3

4γ
−3/2

∣

∣∇γ
∣

∣

2 − 1
2γ

−3/2
∣

∣∇γ|2

= − 1
2
γ−1/2∆γ + 1

4
γ−3/2

∣

∣∇γ
∣

∣

2

Hence
∇ · γ∇u = 0 ⇐⇒ γ1/2∆v +

[

− 1
2
γ−1/2∆γ + 1

4
γ−3/2

∣

∣∇γ
∣

∣

2]
v = 0

⇐⇒ (−∆ + q)v = 0

where q = 1
2γ

−1∆γ − 1
4γ

−2|∇γ|2 and v = βu with β =
√
γ .

Problem 1.1.7 Let Ω be a bounded open subset of IRn. Let Λγ(f) denote the Dirichlet

to Neumann map for the conductivity γ(x). Let β(x) be a C∞ function on Ω all of whose

derivatives are bounded. Compute d
dtΛγ+tβ(f)

∣

∣

t=0
. Assume that we already know

• a complete orthonormal basis for L2(Ω) consisting of C2 eigenfunctions for the dif-

ferential operator u 7→ ∇ · [γ∇u] with Dirichlet boundary conditions on ∂Ω. Call the

eigenfunctions and corresponding eigenvalues {ϕ`}`∈IN and {λ`}`∈IN.

• the solution to the boundary value problem ∇ · [γ∇u] = 0 in Ω, u = f on ∂Ω. Call

the solution u0(x).

Solution. Let ut(x, θ) denote the solution to

(a) ∇ ·
(

γ(x) + tβ(x)
)

∇ut(x) = 0 for all x ∈ Ω

(b) ut(x) = f(x) for all x ∈ ∂Ω

Apply d
dt

∣

∣

t=0
to these conditions. In terms of d

dtut(x)
∣

∣

t=0
= u̇(x), we have

(a′) ∇ · γ(x)∇u̇(x) = −∇ · β(x)∇u0(x) for all x ∈ Ω

(b′) u̇(x) = 0 for all x ∈ ∂Ω
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We look for a solution of the form u̇(x) =
∞
∑

`=1

a`ϕ`(x). Substituting this into the differential

equation (a′) gives
∞
∑

`=1

λ`a`ϕ`(x) = F (x)

where F (x) = −∇ · β(x)∇u0(x). This is satisfied if and only if

λ`a` =

∫

Ω
F (x)ϕ`(x) d

nx
∫

Ω
|ϕ`(x)|2 dnx

for all ` ∈ IN. Hence, by the divergence theorem,

a` = 1
λ`

∫

Ω
β(x)∇u0(x) · ∇ϕ`(x) dnx

∫

Ω
|ϕ`(x)|2 dnx

We are after

d
dt

Λγ+tβ(f)
∣

∣

t=0
= d

dt

(

γ(x) + tβ(x)
)

∂ut

∂ν
(x)

∣

∣

t=0
x∈∂Ω

=
[

β(x)∂u0

∂ν
(x) + γ(x)∂u̇

∂ν
(x)

]

x∈∂Ω

= β
γΛγ(f) +

∑∞
`=1 a`γ(x)∂ϕ`

∂ν (x)
∣

∣

x∈∂Ω

Problem 1.2.1 The purpose of this problem is to prove that there is a unique continuous,

rotation invariant, mass one linear functional on CIR(Sn−1). The argument is similar to

that used to prove the existence of a Haar measure on a compact topological group. For

each f ∈ CIR(Sn−1) set

F(f) =
{

m
∑

i=1

aiLαi
f

∣

∣ m ∈ IN, αi ∈ SO(n), ai > 0,
m
∑

i=1

ai = 1
}

⊂ CIR(Sn−1)

where, for f ∈ CIR(Sn−1) and α ∈ SO(n),

(Lαf)(x) = f
(

α−1x
)

Denote by F(f) the closure of F(f) in CIR(Sn−1).

(a) Use Arzelà–Ascoli to show that F(f) is a compact subset of CIR(Sn−1).

(b) Show that F(f) contains a constant function.

(c) Show that the constant function in F(f) is c(f) = 1
Ωn

∫

Sn−1 f(x) dσ(x) where dσ(x) is

the surface measure on Sn−1 and Ωn =
∫

sn−1 1 dσ(x) is the volume of Sn−1.
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(d) Let L : CIR(Sn−1) → IR be continuous and linear and obey L(1) = 1 and

L(Lαf) = L(f)

for all f ∈ CIR(Sn−1) and α ∈ SO(n). Prove that L(f) = c(f) for all f ∈ CIR(Sn−1).

Solution. (a) Let ‖f‖∞ = supx∈Sn−1 |f(x)|. Note first that

(S1.1)
∥

∥

m
∑

i=1

aiLαi
f
∥

∥

∞ ≤
m
∑

i=1

ai‖Lαi
f‖∞ =

m
∑

i=1

ai‖f‖∞ = ‖f‖∞

In other words, F(f) is a bounded subset of CIR(Sn−1) that is contained in the closed

ball of radius ‖f‖∞ centered on the origin. We next claim that F(f) is an equicontinuous

subset of CIR(Sn−1). Pick any ε > 0. Since f is continuous on the compact set Sn−1,

f is uniformly continuous so that there is a δ > 0 such that |f(x) − f(y)| < ε whenever

|x− y| < δ. Then

∣

∣

m
∑

i=1

ai(Lαi
f)(x)−

m
∑

i=1

ai(Lαi
f)(y)

∣

∣ ≤
m
∑

i=1

ai
∣

∣(Lαi
f)(x)− (Lαi

f)(y)
∣

∣

≤
m
∑

i=1

ai
∣

∣f(α−1
i x)− f(α−1

i y)
∣

∣ ≤
m
∑

i=1

aiε = ε

whenever |x−y| < δ since |α−1
i x−α−1

i y| = |x−y| < δ for all 1 ≤ i ≤ m. Hence the closure

F(f) is also equicontinuous and is, by Arzelà–Ascoli, a compact subset of CIR(Sn−1).

(b) Set

M(f) = max
x∈Sn−1

f(x) m(f) = min
x∈Sn−1

f(x) v(f) = M(f)−m(f)

The function v(f) is continuous on CIR(Sn−1) and in particular on the compact subset

F(f). Therefore v(f) attains its minimum value at a point f∗ ∈ F(f). Either v(f∗) = 0,

and f∗ is a constant function, or v(f∗) 6= 0 and M(f∗) > m(f∗). We now show that the

latter possibility cannot happen. Suppose that M(f∗) > m(f∗). Then

B =
{

x ∈ Sn−1
∣

∣ f∗(x) >
M(f∗)+m(f∗)

2

}

is a nonempty subset of Sn−1. For each α ∈ SO(n), αB =
{

αx
∣

∣ x ∈ B
}

is also open and

{αB}α∈SO(n) is an open cover of Sn−1. Since Sn−1 is compact, Sn−1 ⊂ α1B ∪ · · · ∪ αmB,

for some m ∈ IN and α1, · · · , αm ∈ SO(n). Set

f̃∗(x) = 1
m

m
∑

i=1

Lαi
f∗(x)
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Then

◦ f̃∗ ∈ F(f) since 1
m

∑m
i=1 Lαi

g ∈ F(f) for all g ∈ F(f).

◦ M(f̃∗) ≤M(f∗)

◦ m(f̃∗) ≥ m(f∗) + 1
2mv(f∗). To see this, observe that, for any x ∈ Sn−1, there is

an 1 ≤ ` ≤ m such that x ∈ α`B. Then α−1
` x ∈ B and, by the definition of B,

f∗(α
−1
` x) > M(f∗)+m(f∗)

2 . Hence

f̃∗(x) = 1
mf∗(α

−1
` x) + 1

m

∑

i6=`
f∗(α

−1
i x) > 1

m
M(f∗)+m(f∗)

2 + 1
m

∑

i6=m
m(f∗)

= 1
2m
M(f∗) +

(

1− 1
2m

)

m(f∗) = m(f∗) + 1
2m
v(f∗)

This is true for all x ∈ Sn−1, so m(f̃∗) ≥ m(f∗) + 1
2mv(f∗).

Hence v(f̃∗) = M(f̃∗)−m(f̃∗) ≤M(f∗)−m(f∗)− 1
2n
v(f∗) < M(f∗)−m(f∗) = v(f∗) which

is a contradiction. Consequently v(f∗) = 0 and f∗ is a constant function.

(c) Let ` be any constant function in F(f) and let ε > 0. Choose αi ∈ SO(n), ai > 0,

1 ≤ i ≤ m such that
m
∑

i=1
ai = 1 and

∥

∥`−
m
∑

i=1
aiLαi

f
∥

∥

∞ ≤ ε

Then
∣

∣

∣

∣

1
Ωn

∫

Sn−1

[

`−
m
∑

i=1

aiLαi
f(x)

]

dσ(x)

∣

∣

∣

∣

≤ 1
Ωn

∫

Sn−1

∣

∣

∣
`−

m
∑

i=1

aiLαi
f(x)

∣

∣

∣
dσ(x)

≤ 1
Ωn

∫

Sn−1

ε dσ(x) = ε

As

1
Ωn

∫

Sn−1

[

`−
m
∑

i=1
aiLαi

f(x)
]

dσ(x) = 1
Ωn

∫

Sn−1

` dσ(x)−
m
∑

i=1

ai

Ωn

∫

Sn−1

Lαi
f(x) dσ(x)

= `−
m
∑

i=1

ai

Ωn

∫

Sn−1

f(y) dσ(y) where y = α−1
i x

= `−
m
∑

i=1

aic(f)

= `− c(f)

we have
∣

∣`− c(f)
∣

∣ ≤ ε for all ε > 0. Hence ` = c(f).

(d) By linearity and rotation invariance, if
∑m
i=1 aiLαi

f ∈ F(f), then

L
(

m
∑

i=1

aiLαi
f
)

=
m
∑

i=1

aiL
(

Lαi
f
)

=
m
∑

i=1

aiL(f) = L(f)

By continuity L(g) = L(f) for all g ∈ F(f). In particular, since c(f) ∈ F(f),

c(f) = c(f)L(1) = L
(

c(f)
)

= L(f)
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Problem 1.2.2

(a) Use residues to show that
∫

eip1

p21+q
2 dp1 = π e

−|q|

|q| for all 0 6= q ∈ IR.

(b) Let n = 3. Show that
∫

IRn
eip1

|p|n−1 d
np = 2π2.

(c) Let n = 2. Use
∫

dp3
p23+q

2 = π
|q| to show that

∫

eip1√
p21+p

2
2

d2p = 1
π

∫

eip1

p21+p
2
2+p

2
3
d3p = 2π

(d) Let n ≥ 3. Show that
∫

IRn

eip1

|p|n−1 d
np = Ωn−2

Γ( n
2−1)

Γ( n−1
2 )

√
π

2

∫

eip1√
p21+p

2
2

dp1dp2 = 2πn/2
Γ( 1

2 )

Γ( n−1
2 )

Solution. (a) It suffices to consider q > 0. Then
∫

eip1

p21+q
2 dp1 =

∫

eip1

(p1+iq)(p1−iq) dp1 = 2πi e
ip1

p1+iq

∣

∣

∣

pi=iq
= π e

−q

q

(b) By part (a)
∫

IRn
eip1

|p|n−1 dnp =
∫

d2q
∫

dp1
eip1

p21+q
2 = π

∫

e−|q|

|q| d2q . Switching to polar

coordinates
∫

IRn

eip1

|p|n−1 d
np = π

∫ 2π

0

dθ

∫ ∞

0

dr r e
−r

r = 2π2

∫ ∞

0

e−r dr = −2π2e−r
∣

∣

∞
0

= 2π2

(c) is obvious from part (b).

∫

IRn

eip1

|p|n−1 d
np =

∫

dp1dp2 e
ip1

∫

dn−2q 1

(p21+p
2
2+q

2)
n−1

2

(d)

=

∫

dp1dp2 e
ip1Ωn−2

∫ ∞

0

dr rn−3 1

(p21+p
2
2+r

2)
n−1

2

=

∫

dp1dp2 e
ip1Ωn−2

(

√

p2
1 + p2

2

)n−2−(n−1)
∫ ∞

0

ds sn−3 1

(1+s2)
n−1

2

where r = s
√

p2
1 + p2

2

= Ωn−2

∫

dp1dp2
eip1√
p21+p

2
2

∫ ∞

0

ds sn−3 1

(1+s2)
n−1

2

= 2πΩn−2

∫ ∞

0

ds sn−3

(1+s2)
n−1

2

= 2πΩn−2

∫ π/2

0

dθ sec2 θ tann−3 θ
secn−1 θ

where s = tan θ

= 2πΩn−2

∫ π/2

0

dθ sinn−3 θ

11



To compute the remaining integral we derive, using integration by parts, the standard

recursion relation

∫ π/2

0

sinm θ dθ =

∫ π/2

0

sinm−1 θ d
(

− cos θ)

= − sinm−1 θ cos θ
∣

∣

π/2

0
+ (m− 1)

∫ π/2

0

cos2 θ sinm−2 θ dθ

= (m− 1)

∫ π/2

0

sinm−2 θ dθ − (m− 1)

∫ π/2

0

sinm θ dθ

=⇒
∫ π/2

0

sinm θ dθ = m−1
m

∫ π/2

0

sinm−2 θ dθ for all m ≥ 2

Iterating
∫ π/2

0

sinn−3 θ dθ = n−4
n−3

n−6
n−5 · · ·

{

1
2
π
2 n odd

2
3 n even

=
n
2−2
n
2− 3

2

n
2−3
n
2− 5

2

· · ·







1/2
1

√
π
√
π

2
n odd

1
3/2

1
1/2

1√
π

√
π

2 n even

=
Γ( n

2−1)

Γ( n
2− 1

2 )

√
π

2

since Γ(x) = (x− 1)Γ(x− 1) and Γ(1/2) =
√
π. All together

∫

IRn

eip1

|p|n−1 d
np = 2πΩn−2

∫ π/2

0

dθ sinn−3 θ = 2πΩn−2
Γ( n

2−1)

Γ( n
2− 1

2 )

√
π

2

= 2π 2π(n−2)/2

Γ( n−2
2 )

Γ( n
2−1)

Γ( n
2− 1

2 )

√
π

2 = 2πn/2
Γ( 1

2 )

Γ( n−1
2 )

as desired.

Problem 1.3.1 Set Φ(x) = − eik|x|

4π|x| .

(a) Prove that ∆Φ(x) + k2Φ(x) = 0 for all x 6= 0.

(b) Let Sε be the sphere of radius ε centered on the origin and let dσε be the surface

measure on Sε. Prove that, for any continuous function ψ(x),

lim
ε→0+

∫∫

Sε

ψ(x)
|x|p dσε =

{

4πψ(0) if p = 2
0 if p < 2

(c) Let ψ(x) ∈ C∞
0 (IR3). Prove that

∫∫∫

Φ(x)
[

∆ψ(x) + k2ψ(x)
]

d3x = ψ(0)
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Solution. (a) Require x 6= 0 throughout this argument. Then ∇|x| = x
|x| . Hence, setting

F (r) = − eikr

4πr
,

∇Φ(x) = F ′(|x|) x|x| =
[

− ik e
ik|x|

4π|x| + eik|x|

4π|x|2
]

x
|x| =

[

− ik e
ik|x|

4π|x|2 + eik|x|

4π|x|3
]

x

Now using

∇ · [G(|x|)x] = x · ∇G(|x|) +G(|x|)∇ · x = G′(|x|)|x|+ 3G(|x|)

gives

∆Φ(x) =
[

k2 eik|x|

4π|x|2 + 3ik e
ik|x|

4π|x|3 − 3 eik|x|

4π|x|4
]

|x|+ 3
[

− ik e
ik|x|

4π|x|2 + eik|x|

4π|x|3
]

= k2 eik|x|

4π|x|

as desired.

(b) For any continuous function ψ(x), M(ε) = sup|x|=ε
∣

∣ψ(x)− ψ(0)
∣

∣ converges to zero as

ε→ 0. As

D(ε) = 1
4πε2

∫∫

Sε

[ψ(x)− ψ(0)] dσε

is bounded in magnitude by M(ε), D(ε) also converges to zero as ε→ 0 and

lim
ε→0+

∫∫

Sε

ψ(x)
‖x‖p dσε = lim

ε→0+

1
εp

∫∫

Sε

ψ(x) dσε = lim
ε→0+

4πε2

εp

[

ψ(0) +D(ε)
]

=

{

4πψ(0) if p = 2
0 if p < 2

(c) Let V be a bounded open set in IR3 that contains the support of ψ and let Vε be the

set of points in V with |x| > ε. Note that the boundary ∂Vε of Vε consists of two parts

0
Vε

V
Sε

— the boundary ∂V of V and the sphere Sε — and that the unit outward normal to ∂Vε

on Sε is − x
|x| . By the divergence theorem

(S1.2)

∫∫∫

Vε

∇ ·
(

Φ∇ψ − ψ∇Φ
)

d3x =

∫∫

Sε

(

Φ∇ψ − ψ∇Φ
)

·
(

− x
|x|

)

dσε
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The ∂V boundary term has vanished because the support of ψ is contained in V . Subbing

in ∇Φ =
[

− ik e
ik|x|

4π|x|2 + eik|x|

4π|x|3
]

x, from part (a), and applying part (b)

(S1.3)

lim
ε→0+

∫∫

Sε

(

Φ∇ψ − ψ∇Φ
)

·
(

− x
|x|

)

dσε = lim
ε→0+

∫∫

Sε

(

x · ∇ψ + ψ − ik|x|ψ
)

eik|x|

4π|x|2 dσε

=
[

(

x · ∇ψ + ψ − ik|x|ψ
)

eik|x|
]

x=0

= ψ(0)

For any vector field F and any complex–valued function f , ∇ ·
(

fF
)

= ∇f · F + f∇ · F .

Applying this twice, we see that the integrand of the left hand side of (S1.2) is

(S1.4)
∇ ·

(

Φ∇ψ − ψ∇Φ
)

= ∇Φ · ∇ψ + Φ∆ψ −∇ψ · ∇Φ− ψ∆Φ

= Φ(∆ + k2)ψ

since ∆Φ = −k2Φ on Vε. So applying lim
ε→0+

to (S1.2) and using (S1.4) and (S1.3) gives

∫∫∫

V

Φ(∆ + k2)ψ d3x = ψ(0)

as desired.

Problem 1.3.2 Prove that Φ(x− y) has the asymptotic behaviour

Φ(x− y) = − eik|x|

4π|x| e
−ikx̂·y + O

(

1
|x|2

)

for |y| bounded and |x| large.

Solution. Observe that

|x− y| =
√

x2 − 2x · y + y2 = |x|
√

1− 2x̂ · y 1
|x| + y2

x2

= |x|
[

1 + 1
2

(

− 2x̂ · y 1
|x| + y2

x2

)

+ O
(

1
|x|2

)

]

= |x| − x̂ · y +O
(

1
|x|

)

so that

eik|x−y| = eik|x|e−ikx̂·yeO(1/|x|) = eik|x|e−ikx̂·y + O
(

1
|x|

)

and
1

|x−y| = 1
|x|

1
1+O(1/|x|) = 1

|x|

(

1 + O
(

1
|x|

)

)

= 1
|x| + O

(

1
|x|2

)

Multiplying

Φ(x−y) = − eik|x−y|

4π|x−y| = − 1
4π

[

eik|x|e−ikx̂·y+O
(

1
|x|

)

][

1
|x|+O

(

1
|x|2

)

]

= − eik|x|

4π|x| e
−ikx̂·y+O

(

1
|x|2

)

as desired.
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Problem 1.3.3 Let f ∈ C∞
0 (IR3). Prove that

F (x) =

∫

Φ(x− y)f(y) d3y

obeys ∆F + k2F = f and the radiation condition.

Solution. Making the change of variables y → x− y

F (x) =

∫

Φ(y)f(x− y) d3y

Since f is C∞
0 and Φ is L1,

(∆ + k2)F (x) =

∫

Φ(y)(∆x + k2)f(x− y) d3y =

∫

Φ(y)(∆y + k2)f(x− y) d3y = f(x)

by part (c) of Problem 1.3.1.

For x separated from 0 and the support of f

(

∂
∂r − ik

)

F (x) =

∫

(

x
|x| · ∇x − ik

)

Φ(x− y)f(y) d3y

We have

(

x
|x| · ∇x − ik

)

Φ(x− y) = −
(

x
|x| · ∇x − ik

)

eik|x−y|

4π|x−y|

= −
(

ik x
|x| ·

x−y
|x−y| − x

|x| ·
x−y
|x−y|2 − ik

)

eik|x−y|

4π|x−y|

As in the solution to Problem 1.3.2,

1
|x−y| = 1

|x| + O
(

1
|x|2

)

so that
(

x
|x| · ∇x − ik

)

Φ(x− y) = −
(

ik + O
(

1
|x|

)

− ik
)

eik|x−y|

4π|x−y| = O
(

1
|x|2

)

and the radiation condition follows.
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