§1. Introduction

§1.1. Dirichlet to Neumann Problems

Consider a wire 0 < x < ¢ with voltage u(z) at z. By Ohm’s law, the voltage difference
between the points at x and x + h is the current, I, flowing through the wire times the
resistance between x and x + h. If the resistance density p(z), called the resistivity, is
continuous, then

w(@ + h) —u(x) = —Ip(a')h

for some 2’ between x and x + h. Dividing across by h and taking the limit h — 0,
u'(z) = —Ip(x)

We have been assuming that charge is not allowed to accumulate anywhere inside the wire
so that [ is a constant. We may eliminate it from the equation just by dividing p(z) across
and differentiating. In terms of the conductivity, v(z) = ﬁx),

(1.1.1) (@' (x) = —1 = (y(z)u'(z)) =0
Now suppose that we may only measure the voltages and currents at the ends of the wire.

That is, we may only measure u(0),u(¢), v(0)u'(0) and v(¢)u'(£). By (1.1.1), v(x)u'(x) is
a constant and so takes the value v(0)u’(0) everywhere. Thus

¢
o () = 4 (00 (0)=155 = u(t) — u(0) = +(0)u'(0) / s

The only property of the wire that you can determine by measurements at the ends of the
wire is the total resistance f(f %.

Replacing the wire by a two or higher dimensional body changes the picture com-
pletely. In IR™, n > 2, the current i(z) is a vector and Ohm’s Law is

(1.1.2) i(z) = —y(x)Vu(z)

Assuming that charge is still not allowed to accumulate anywhere in the body, the net rate
of charge flow across the boundary 0V of any region V' must vanish, so that

/ i(x)-n(x) dS =0
ov
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where n(x) is the outward unit normal to OV at x. To derive this condition, concentrate
on the charge that, at time ¢, is on an infinitesimal piece, d.S, of the surface of V. If this
charge has velocity v(x), then at the end of an infinitesimal time interval dt it has moved to
a surface element that is the translate by v(z)dt of dS. In the figure, this surface element
is denoted dS+wv dt. The charge that has left V' through dS during this time interval now

N\l dt

dS\___\dS + vt
%

fills a tube whose ends are dS and dS + vdt. The tube has cross-sectional area dS and
height |v(z)|dtcos@ = n - v dt. Hence the tube has volume v(z) - nn(x) dt dS. If the charge
density at z is k(x), the tube contains charge k(x)v(z) - n(x)dSdt = i(x) - n(x) dSdt. The
total charge that leaves V' during the time interval dt is dt [, i(x) - n(x) dS.

As we are not allowing charge to accumulate anywhere, 0 = [ i(z) - n(z) dS =
fv V -i(z) dV, by the divergence theorem. This is true for all regions V. So, assuming
that V -i(x) is continuous,

V-i(z)=0 = V- (v(z)Vu(z)) =0

Suppose now that we have a conductor filling a region 2 and that we apply a voltage
f on the boundary 02 of 2 and measure the current that then flows out of the region. By
measuring the rate at which charge is leaving various parts of 02, we are measuring the
current flux through 0f2, which determines v(z)Vu(z) - n(x) = ’y(m)%(m) on 0f), where

% is the normal derivative of u. For a given v and f, the boundary value problem

V- (y(z)Vu(z)) =0in Q u = f on 0f)

determines u on  (see Theorem 3.3.5) and hence k(x) = ”y(:c)%(x) OS2 Let A, (f) be
the k that results from a given v and f. The map f — A,(f), which clearly depends
linearly on f, is called the Dirichlet to Neumann Map. Pretend for a minute that the
boundary 0€) contains only a finite number, m, of points and call the value of f at the
7 boundary point f; and the value of A, (f) at the i*®® boundary point A, (f);. Then the
map f +— A, (f) is a linear map from f € R™ to A,(f) € R™ and hence is of the form

Ay(f)i =Xl
i=1
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where ); ; is the current that results at i** boundary point when a unit voltage is applied
at the j* boundary point. The analogous formula for the true, continuous, boundary 9
is

A (f) = /a () ) doty)

where do is the surface measure on 92 and A,(x,y) the current density that results at
x when a unit voltage is applied at y. If we measure the current k£ that results from
all applied surface voltages f, we know A, (z,y) for all z,y € 0Q. This is a function of
2(n —1) variables. The conductivity v(z) is a function of n variables. So for n = 1, y(z) is
a function of more variables than A\, (z,y). We have already seen that, for n =1, A\, (z, )
cannot possibly determine v(x). For n =2 (n > 2), y(x) is a function of the same number
of variables as (fewer variables than) A, (z,y).

For the simplest materials, called isotropic materials, if you apply a voltage u(z),
then the current at z is in the direction opposite to the voltage gradient, Vu(z), and
has magnitude proportional to the magnitude of the voltage gradient, with the constant
of proportionality called the conductivity and denoted 7(x). So, for isotropic materials,
i(r) = —y(x)Vu(x). But there are more complicated, anisotropic, materials where the
current at = need not be parallel to Vu(z) and the magnitude of the current depends on
the direction as well as the magnitude of Vu(z). For these materials, i(x) = —vy(x)Vu(x),
but with 7(x) being an n X n matrix, rather than just a number. In general, v(z) is a
positive definite, symmetric, n x n matrix. We shall prove in Theorem 4.3.1 and Corollary
4.4.21 that, for n > 2, A, does indeed determine an isotropic conductivity. However, it
cannot possibly determine anisotropic conductivities for the following obvious reason. Let
U : Q) — Q be any diffeomorphism that is the identity map in some neighbourhood of 99
and set

A= [W(Dxp) (D\p)t] Tl G=uo¥l

where DV is the Jacobian (matrix of first partial derivatives) of W. In the next paragraph,
we shall show, by a change of variables, that

V- 0 inQ V- |A(x)Va( 0 inQ
(1.1.3) it i f on89}<:>{ g EL f ondQ

Let uy and s denote the solutions of the left and right hand boundary value problems of
(1.1.3), respectively. By definition, A, (f)(x) = n(z) - y(x)Vuy(z) | 02 and

As()() = nfx) -3 (@) Vg (z) T 09

Since W is the identity map in some neighbourhood of 92, D¥(x) = 1, J(x) = y(z) and
dg(z) = up (¥ *(z)) = uy(z) for all = in that neighbourhood of Q. Thus A, = Aj.
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In Theorem , we prove that, for n = 2, A, determines anisotropic conductivities up to
diffeomorphisms like this. We expect that this is also true for n > 2.
A simple way to derive (1.1.3) is to observe that

V- [y(z)Vu(z )}—OODQ<:>/ V- [v(z)Vu(z)] dz = 0 for all v € C§° ()

= / [Vo(z)] - [y(z)Vu(z)] dz =0 for all v e C5°(Q)

by integration by parts (i.e. the divergence theorem). Making the change of variables
x=U"1(y).

[ 9u@) 1@ uta) de = [ (T 0) 28 )V () o

Q

Set » = v o W' and apply the chain rule to u(z) = @(¥(z)) and v(z) = o(¥(z)).

Thus
/ Vo(z) - (2)Vu(z) de = / Viy) - 3(y)Vly) dy
Q Q

Integrating by parts once more (and observing that, as v(z) runs over C5°(Q2), 9(y) also
runs over C3°(£2)) gives that

V- [y(@)Vu(z)] =0 <= V- [(z)Va(z)] =0
as desired.

Example 1.1.1 Here is a much simplified example (taken from [KV]) in which an isotropic
conductivity is computed from a Dirichlet to Neumann map. The region is the square
Q= { (z,y) € IR? ‘ O<z,y<l1 } To reduce the number of variables that we are dealing
with, we assume that the conductivity is a function of x only. As ~(z) is a function only
of a single variable, we hope to be able to determine it by measuring just one function of
a single variable. We choose to measure the current k(z) = y(x)g—; ,—o At the base of the
square that results from applying the boundary voltage function specified in the figure
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u(0,y) = sin(my) ¥(z) u(1,y) = sin(my)

l u=20 T
k()
So our boundary value problem is
(@) V-[@)Vu@y)]=0 i

( y) forall0<y<1
forall0<z <1

(1.1.4) (b)  w(0,y) = u(l,
(©)  u(z,0) = u(,

The standard technique for solving the boundary value problem (1.1.4) is to Fourier expand
w(x,y) =>.o" an(x)sin(nmy). From the boundary condition (b), we would expect to only
need the n = 1 term. So we look for a solution of the form u(x,y) = a(z) sin(ry). Boundary
condition (c) is satisfied for all functions a(x). Boundary condition (b) is satisfied if and
only if a(0) = a(1) = 1. The differential equation (a) is satisfied if and only if

y)
1) =

0=V" (v(z)d(z)sin(ry), my(z)a(z) cos(ry))
= sin(my)[(v(2)a'(2))" = 7y (w)a(x)]

which is the case if and only if
(1.1.5) (fy(x)a'(x))/ — 2 y(z)a(z) = 0 foral0 <z <1
We imagine that we have measured

bx) = 7(2) 2] _, = (@)ma() cos(ry) |,_, = 7y(x)a(z)

and that we wish to determine y(x). We can do so by subbing v(z) = % into (1.1.5)

and solving for a.

(k(2) 28 = 22k(z) — L [k(2)L na(z)] = 72k(z)

— k(x)%lna(m):wzfo k(t) dt — 72C

= lna(z)=7> [ - [/Sk:(t) dt—C] ds+ D
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for some constants C' and D. To satisfy the boundary condition a(0) = 1, we need D = 0
and to satisfy a(1) = 1, we need

-] [ [0

This determines! a(x) and hence v(x) = M(x)
Problem 1.1.1 Find the Dirichlet to Neumann map when Q = { z € R? | |z] <1} and
the conductivity y(x) = 1.

Problem 1.1.2 Let Q = (—00,0) x S!. Functions on € can be identified with those
functions u(z, §) that are defined for z < 0 and all § € IR and that are periodic of period
27 in 6. The gradient operator for €2 is V = ( o 89) Find the Dirichlet to Neumann map
when the conductivity v(z,0) = 1. Assume that potentials u(z,#) must remain bounded
in the limit z — —o0.

Problem 1.1.3 Let © be a bounded open subset of IR"™. Assume that the divergence
theorem is applicable to Q. Let v(z) be a real-valued C'*° function on Q all of whose
derivatives are bounded. Suppose that the complex numbers \, 1 and the, not identically
zero, functions ¢, 1 € C?(Q) obey

V- -[y(z)Ve(x)] = Ap(z) for all z € Q
o(z)=0 for all z € 092
V(@) V()] = p(x)  forall z €
P(x) =0 for all z € 02

We say that ¢ and v are eigenfunctions for the differential operator u — V - [yVu] with

Dirichlet boundary conditions on 9€2. The numbers A and p are the corresponding eigen-

values.

(a) Prove that A\, u € RR.

(b) Prove that if A\ # u then ¢ and v are orthogonal in L2(Q). In other words, prove that
Jo ol ) d"z = 0.

(c) Suppose that v(z) > 0 for all z € Q. Prove that A\, u < 0.

(d) Let H be the closure of the subspace of L?(Q) spanned by the eigenfunctions for the
differential operator u +— V - [yVu| with Dirichlet boundary conditions on 9f2. Prove
that there is an orthonormal basis for H consisting of real-valued eigenfunctions.

L If you are worried about dividing by k in the integrals, you shouldn’t be. We know that 0 < u < 1
on 0f2. By the maximum principle, this implies that 0 < u < 1 in the interior of Q This in turn

forces 8—“ > 0 when y = 0. In fact, by the strong maximum principle [Ev, §6.4.2], % > 0 for y =0,

which ensures that k(z) > 0 forall 0 <z < 1.



Problem 1.1.4 Let Q and v be as in Problem 1.1.3. Assume that we already know
e an orthonormal basis for L?(Q) consisting of C? eigenfunctions for the differential
operator u — V - [yVu] with Dirichlet boundary conditions on 9€2. Call the eigen-
functions and corresponding eigenvalues {¢;}renw and {As}rew.

e a linear map E : C*°(0Q2) — C°°(Q2) such that (Ef)(z) = f(z) for all z € 09).
Find the Dirichlet to Neumann map for conductivity ~.

Problem 1.1.5 Apply the method of Problem 1.1.4 to find the Dirichlet to Neumann
map for { z € R? } lz| < 1 } with conductivity v = 1. You may assume that a suitable
orthonormal basis exists.

Problem 1.1.6 Let Q be an open subset of R". Let v € C1(Q2) be bounded away from
zero. Find ¢, 8 € C1(Q) such that

V-WWVul =0 <= (-A+q)v=0 forv=pu

Problem 1.1.7 Let Q be a bounded open subset of IR". Let A, (f) denote the Dirichlet
to Neumann map for the conductivity v(z). Let 5(x) be a C*° function on  all of whose
derivatives are bounded. Compute %A7+t5( f )‘ o+ Assume that we already know
e a complete orthonormal basis for L?(Q) consisting of C? eigenfunctions for the dif-
ferential operator u — V - [yVu] with Dirichlet boundary conditions on 9f2. Call the
eigenfunctions and corresponding eigenvalues {¢y}ren and {A¢}ren.
e the solution to the boundary value problem V - [yVu] = 0 in Q, u = f on 09. Call
the solution wug(x).

§1.2. X-ray Tomography

Suppose that you shine a light beam (or beam of x-rays) down the length of a long
rod. Suppose further that as the light passes through an infinitesimal hunk of rod it loses
a fraction of its intensity that is proportional to the mass of the hunk. If we denote by
I(x) the intensity of the light at x and by p(x) the mass density of the rod at z, then

I(x+dx)—1I(x
( +](£) (@ — —y p(z) dz

where 7 is the (positive) constant of proportionality. Dividing across by dz and taking the
limit as dr — 0 gives

II((;C)) = —yp(z) = LInI(z) = —yp(x)
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By integrating, we see that the (natural logarithm of the) fraction of the light intensity
that survives the trip down the rod is

I [e.]
In I((_Og) = —7/ p(x) dx

In x—ray tomography, you shine thin beams through different parts of a body and wish to
recover the density p(z) of the body from the various values of [ path p(z) dxr measured.

We now formulate a mathematical statement of this problem. It is no harder to
consider general dimensions, so we do so. Let IP" denote the set of all hyperplanes in IR".
By definition, a hyperplane in IR" is a translate of an (n — 1)—dimensional linear subspace
of R"™. A hyperplane may be specified by giving its direction (say a vector perpendicular
to it) and one point on it. Thus each hyperplane can be written

£:{x€]R”‘d)‘x:p}

where @ is a unit vector in IR" and p € IR. Of course, if @ is normal to a hyperplane, so
is —w and indeed
e (w,p) and (&', p’) give the same hyperplane if and only if (&, p) = £(&’, p’)
e Thus the map (©,p) € S" ! x IR +— ¢ is a double cover of IP" and can be used to
define coordinate patches on IP", turning it into a manifold.
e Hence a function ¢ on IP" can be identified with a function on S"~! x IR obeying
o(w,p) = p(—w,—p). We shall typically use the same symbol (for example, ) to
denote both the function on IP™ and the corresponding function on S"~! x IR.

Definition 1.2.1 (Radon Transform) The Radon transform associates to each function
f:IR"™ — IR the function Rf : IP" — IR defined by

Ry(€) = /E f(z) dm(z)

where dm(x) is the standard Euclidean measure on £. For example, if © = (1,0,0,---,0),
then

/ f () dm(z) = / (D@2, - n) das -~ da
¢ Rt

We are not going to worry about what regularity should be required of f(x) and what
regularity the resulting Rf(£) has. These details are dealt with in [Ep, H|]. We now pose
the

Question: Given Rf, can we determine f? The short answer is

Answer: Yes, if n > 1.



We shall justify this short answer by deriving two separate algorithms for determining
f. Before doing so, note that once we know how to determine f from its integrals over
linear spaces of codimension one (i.e. hyperplanes), we also know how to determine f from
its integrals over linear spaces of higher codimension. For example, the algorithms with
n = 2 allow us to recover a function defined on a planar region from its integrals over lines.
As any three dimensional body is a union of planar regions, we can also recover a function
on a three dimensional body from its integrals over lines, just by treating planar slices of
the body individually.

The first algorithm is based on the following Theorem, which shows us how to compute
the conventional Fourier transform f (k) = [ e~ f(x) d"x of f from its Radon transform
Rf. Once f is known, you find f by applying the inverse Fourier transform to f.

Theorem 1.2.2 (Central Slice Theorem) For all s € R and © € S™~ 1.

fls@) = / Rf(&,7)e” " dr

— 00

Proof: By definition

fso)= | [fla)e ™o *d"s
R

_ /_ o; dr L _dm(a) f(a)e

We have just rewritten the integral over IR™ as an iterated integral. For, example, if n = 3
and w = (0,0, 1), then dr = dzs and dm(z) = dx; dxs. Subbing in the definition of Rf,

fso) = [“are i [ dmia) fio)

— o0

= / e STRE(W, ) dr

— o0

In preparation for the second algorithm we define a dual transform, which is sometimes
called “back projection”.

Definition 1.2.3 (Dual Radon Transform) The dual Radon transform associates to
each function ¢ : IP" — IR the function R*p : R"™ — IR defined by

R () = / PO
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where dy(€) is the unique measure on { ¢ € IP" } z € ¢ } which is invariant under rotations

around z and has mass one.

Let’s take a closer look at the measure du(§). By translating, it suffices to consider
x = 0. Then { ¢ elp” ‘ 0e¢ } is just the sphere S™~! with antipodal points identified.
A function v on { & ep” ‘ 0€¢ } is identified with an even function ¥ (&) on S™~1.

Then, using €2, = lg(ﬂn—n/;) to denote the surface area of a unit sphere in IR",

Sn—1

| v@am© - [ v w

(1.2.1) 0ce

~ [ w0
SO(n)

where dw is the standard Euclidean measure on S"~1, SO(n) is the group of rotations in
IR", &y is any fixed unit vector in IR and dO is Haar measure on SO(n). When n = 2,
e 5™ 1 ig just the unit circle in IR? centred on the origin,
e dw = df, where 6 is the usual polar angle,
o () =27,
cosf) —sinf

sinf  cosd } with 0 < 6 < 27 and

e the clements of SO(2) are matrices of the form [

may be labeled by the angle of rotation 6.
e dO = %
For general n
e SO(n) is the set of n X n real matrices that are orthogonal (i.e. R'R = RR' = 1) and
have determinant one.
e The Haar measure on SO(n) is a normalized, rotation invariant measure on SO(n).
It is characterized by the requirements that |, SO(n) dO =1 and

/ W(O)dO = W(RO) dO
SO(n) SO(n)

for all continuous functions ¢ : SO(n) — IR and all R € SO(n).
To prove that the two right hand sides of (1.2.1) are equal, it suffices to observe that both
of the maps ) — Q%L Jgn-1 (@) do and ¥ — fso(n) ¥(Odg) dO are continuous, rotation?
invariant, mass one linear functionals on the space, Cr(S™ 1), of real-valued continuous
functions® on S”~!. By Problem 1.2.1, there exists only one such linear functional.

2 To rotate a function, replace its argument by O~z for some O € SO(n).

3 This is a Banach space with the norm || f|| = sup, ¢ gn—1 |f(2)|.
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Problem 1.2.1 The purpose of this problem is to prove that there is a unique continuous,
rotation invariant, mass one linear functional on Cr(S™"1). The argument is similar to

that used to prove the existence of a Haar measure on a compact topological group. For
each f € Cr(S™ 1) set

F(f)={ % aiLo.f | meN,a; € SO(n),a; > 0,3 a; =1} € Cr (")
i=1 i=1
where, for f € Cr(S"!) and a € SO(n),

(Lo f)(x) = fa"z)

Denote by F(f) the closure of F(f) in Cr(S™™1).

(a) Use Arzela—Ascoli to show that F(f) is a compact subset of Cr (S™1).

(b) Show that F(f) contains a constant function.

(c) Show that the constant function in F(f) is ¢(f) = Q%L Jgn-1 f(x) do(z) where do(x) is
the surface measure on S”~! and Q,, = fs"‘l 1 do(z) is the volume of srn—1,

(d) Let £: Or(S™ 1) — IR be continuous and linear and obey £(1) =1 and

L(Laf) = L(f)
for all f € Cr(S™ 1) and a € SO(n). Prove that L(f) = c(f) for all f € Cr(S™1).
Lemma 1.2.4

(RRf)@) = %2 [ la=sl 1wy

Proof: Subbing in the definitions of the Radon transform and the dual transform and
then translating and applying the second part of (1.2.1),

(rR)@ = [ ri©aune = [ _ ([ 101amw)duce

/ L £
— /065/ ( g flz+y) dm(y)) dp(£’) //;E/

0
— /3 O(n)( [ faroy dm(y)) dO

where £ is any fixed hyperplane through the origin. Observe that as O runs over SO(n),
x + Oy runs over the surface of the sphere of radius |y| centered on z. The equality of the
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two right hand sides of (1.2.1) says that the integral |, SO(n) Y (O&p) dO is just the average
value of 1 over the sphere S”~!. Hence,

(R = [ ([ e+ 0na0)anwy

= [ (& [, s ivle)dz) dmiy

Choose &y to be the hyperplane in IR™ containing all points whose last coordinate is zero.
Call this R"~!. Going to spherical coordinates on IR" ™! and observing that the function
Y — fsn—l f(x + |y|w) do depends on y only through its length of |y|,

FR@= [ (& [ et o) ety
:/Oodr 20, (g / [+ 7o) do)
-

= ”1/ dr/dwr” 2f(x +rd)
Sn

This is almost spherical coordinates for IR". Only the power of r is wrong. So

(R*R)(z) = 2=t / dr/sdw " (a4 r0)
=Q—n/Rn L (@ +y) d'y

The change of variables y — y — x does it. [ |

n—1

We now show that f can be recovered from F' = Rf by applying ( — A)T to a
suitable constant times R*F = Q&‘l Jgn |z =y~ f(y)d*'y. First we define what is

n-1
meant by “applying ( — A) * to a function”. When the dimension n is odd, ”T_l is a

n—1

positive integer and defining ( — A) 2 is not a problem. In particular, when n = 3,

( — A) > = —A and Theorem 1.2.5, below, just says that applying the Laplacian is, up
to a constant, the inverse operation to convolving with ﬁ This should not be a surprise.
It is just another way of saying that ﬁ is, up to a constant, the Green’s function for
Laplacian in dimension 3. See Problem 1.3.1, below.

The Fourier transform of —Af is k2f (k). When n is odd, n — 1 = 2m is even and the
n—1 A~ A~
Fourier transform of (—A) 2 f = (—A)" fis k2™ f(k) = |k|" " f(k). So even when n is
n—1
even, we define (— A) 2 f to be the function whose Fourier transform is |k|™~* f(k).
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Theorem 1.2.5 If g(z) = Q&: S [z =yl f(y) d™y, then

where ¢ = (47)" = 1;((711;;3 .

“Proof”: We have put in quotes because we are going to ignore the risks associated

with manipulating conditionally convergent integrals. For a more careful statement and
n—1

proof, see [LL, §5.9, 5.10]. The claim “cf(z) = (— A) 2 g(x)” is equivalent, by Fourier

transforming, to the claim

~

cf (k) = (K" 9(k) = [ %= () () F(R) or (1Y) (k) = e k]!

So we want to show that

etk gnp Qn1 1 T nQn_1 1 __ n/2 1"(%) 1
/]Rn RP=T 2m)7 — o, Tof T /IR i dk = (2m)" Gty = 27" i

Make the change of variables p = |z|Ok, where the rotation O is chosen so that Oz =
(|=[,0,0,---,0) and hence z - k = Oz - Ok = |z|(Ok); = p1 and

zmk i i
1- P1 1 P1
| mak =i [ ety = b [ty
R™ R R

Since fIR” ﬁ%d”p is a constant, we are done, up to evaluation of the constant, which is
Problem 1.2.2. [ |

Problem 1.2.2

(a) Use residues to show that f 2+ 5 dp; = W%‘f‘ for all 0 # ¢ € R.
(b) Let n = 3. Show that f]R" I |n - d"p = 272,

- dps  _ m
(c) Let n = 2. Use i = Tq O show that

1 e'P1 3, —
/ V P1+p2 p /p1+p2+p3 d p_ 27T
(d) Let n > 3. Show that
e'P1 n, __ reg-n \/_ _ n/2 L(3)
| o= T [ g = 20
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§1.3. Inverse Scattering

Suppose that we are interested in a system in which sound waves, for example, scatter
off of some obstacle. Let p(z,t) be the pressure at position x and time ¢. In (a somewhat
2
idealized) free space, p obeys the wave equation % = c?Ap, where c is the speed of sound.
We shall assume that in most of the world, ¢ takes a constant value c¢g. But we introduce
an obstacle by allowing ¢ to depend on position in some compact region. We further allow
for some absorption in that region. Then p obeys
92 )
o + ()57 = c(x)*Ap
where () is the damping coefficient of the medium at z. For solutions of fixed (temporal)
frequency, p(z,t) = Re [u(x)e_i“’t} with

w? (@),
Au + W[l-ﬁ-zﬂ}U—O
Outside of some compact region
2 2

1+ =9 =k*  where k=2 >0

If we define the index of refraction by

then
(1.3.1) Au + k*n(z)u =0

with n(z) = 1 outside of some compact region. For concreteness, we restrict to three
dimensions for the rest of this section. We first consider two special cases.

Example 1.3.1 (Free Space) In the absence of any obstacle Au + k?u = 0 on all of
IR?. Then we can solve just by Fourier transforming. The general solution is a mixture

of solutions of the form u = e where 6 is a unit vector. This represents a plane wave

moving in direction 6.

Example 1.3.2 (Point Source) If we have free space everywhere except at the origin
and we have a unit point source at the origin, then

Au + k*u = 6(x)
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where the Dirac delta function 6(x) is a distribution (generalized function) that is deter-
mined formally by the properties that 6(z) = 0 for all z # 0 and [d(z) d®z = 1. A

”

rigorous version of “Au + k?u = §(x)” is provided in Problem 1.3.1 below. Except at the

origin, where there is a singularity, we still have Au+ k?u = 0. The point source generates
expanding spherical waves. So u should be a function of » = |z| only and obey

u’(r) + 2/ (r) + K*u(r) = 0
This is easily solved by changing variables to v(r) = ru(r), which obeys

v (r) + k*u(r) = 0

So v(r) = asin(kr) + Bcos(kr) and u(r) = ozSin(Tkr) - ﬁcosgkr). To be an outgoing (rather
than incoming) wave u(r) = o/#. (Note that e?*"e™*" is constant on r = £¢, which is
a sphere that is expanding with speed cy.) To give the Dirac delta function on the right

hand side of Au + k?u = §(x) coefficient one, we need u(zx) = —%.

ezk\m\

Problem 1.3.1 Set ®(z) = — e

(a) Prove that A®(z) + k?®(z) = 0 for all = # 0.

(b) Let S. be the sphere of radius ¢ centered on the origin and let do. be the surface
measure on S.. Prove that, for any continuous function v (x),

: ¥(x) _ J4Amp(0) ifp=2
sg%l+//gg EE dgs_{o iftp<2

(¢) Let ¥(z) € Cg°(IR?). Prove that

J|] #@)a0@) + o) @ = vi0)

Now let’s return to the general case. We want to think of a physical situation in

which we send a plane wave u®(z) = etk0-2 in from infinity. This plane wave shakes up the

obstacle which then emits a bunch of expanding spherical waves eii‘i;r‘ emanating from

various points y in the obstacle. So the full solution is of the form
u(z) = u'(z) + u’(2)

where the scattered wave, u®, obeys the “radiation condition”

(1.3.2) %us(a:) —iku®(x) = O(#) as |z| — o0
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iklz—y| —ik|z—y|

This condition is chosen to allow outgoing waves e|

SrET but not incoming waves <
Let, as in Problem 1.3.1,

|z —y]

Since 0(xz — y) is the kernel of the identity operator,
(As +E)®(z —y) = 6(z —y)

says, roughly, that u(z) — [ ®(x—y)u(y) dy is the inverse of the map u(z) — (A+k?)u(x)
for functions that obey the radiation condition. We can exploit this to convert (1.3.1),
(1.3.2) into an equivalent integral equation

Au+k*n(z)u=0 = Au+k*u=k*(1—n(z))u
= Au® + k= k(1 —n(z))u

since Au’ + k24’ = 0. As u® obeys the radiation condition
w(@) =K [ @ - y)(1L - n(y))uly) &y
so that
(1.3.3) u(z) = u'(z) + k? / (1 — n(y))@(w — 1 u(y) 3y

This is called the Lippmann-Schwinger equation. Observe that it is of the form u = u’+Fu
or (1+ F)u = u’ where F is the linear operator u(z) — k* [ ®(z —y)(1 — n(y))u(y) d*y.
This operator is compact (if you impose the appropriate norms) and so behaves much like
a finite dimensional matrix. If F' has operator norm smaller than one, which is the case if
k?(1—n) is small enough, then 1+ F is trivially invertible and the equation (1+F)u = u® has
a unique solution. Even if F' has operator norm larger than or equal to one, (14 F)u = u®
fails to have a unique solution only if F' has eigenvalue minus one. One can show that this
is impossible in the present setting. Thus, one can prove (see, for example, [])

Theorem 1.3.3 Ifn € C%(IR?), n(z) — 1 has compact support and Ren(z), Imn(z) > 0,
then (1.3.1), (1.8.2) has a unique solution.

For |y| bounded and |z| large, ®(z — y) has the asymptotic behaviour

ezk\:v\

(1.3.4) Oz —y) = e MY+ 0 ()

T 4m|x]

so that, when the incoming plane wave is moving in direction @,
~ . ezk\m\

(1.3.5) u(w; 0) = ' (;0) + Sorrtioo (#30) + O ()
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where

e (8:0) = <k [ 81— n(y))ulysb) dy

If we are observing the scattered wave from vantage points far from the obstacle, we will
only be able to measure uq(Z; é) The inverse problem then is

Question: Given uq(Z; é), for all :%,é € 52, can we determine n? The short answer is
Answer: Yes, because we have the

Theorem 1.3.4 Ifny,no € C*(IR?) with ni—1,ny—1 of compact support and U100 (T; é) =
U2,00(T; é), for all #,6 € S2, then ny = no.

We can get a rough idea why this Theorem is true by looking at the Born approxima-
tion. In this approximation u?® is ignored in the computation of us, so that

o (3:0) % K [ (1L ) 41 0) &y

_ _kz/e—z’k(fg—é).y (1 . n(y)) d3y
If we measure us(Z; é), then, in this approximation, we know the Fourier transform of

1 —n(y) on the set { k(& — 0) | 2,0 € S2 } which is exactly the closed ball of radius 2k
centered on the origin in R3. Since 1 — n(y) is of compact support, its Fourier transform

is analytic. So knowledge of the Fourier transform on any open ball uniquely determines
it.

We shall discuss a very similar quantum mechanical analog of the above classical
inverse scattering problem in §6 and §7.
Problem 1.3.2 Prove (1.3.4).
Problem 1.3.3 Let f € C5°(IR?). Prove that

F(z) = / Bz — )/ () &y

obeys AF + k?2F = f and the radiation condition.
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