Appendix SB: Problem Solutions for Appendix B

Problem B.1 Let A be an atlas for the Hausdorff space M. Prove that there is a unique
maximal atlas for M that contains A.

Solution. Define 2 to be the set of all charts {V,} that are compatible with all of the
charts of A. If we can show that 2 is an atlas, we are done, because (a) A is an atlas, so
that A C 2 and (b) any chart in any atlas that contains A must be compatible with every
chart of A and hence must be in A. Let {V,¢} and {W, (} be any two charts of 2 with
VAW #0. Let z € VNW. We must show that ( o~! is C°*° in some neighbourhood of
Y(zx). Since A is an atlas, it contains a chart {U, ¢} with = € U. Since {V, 9} and {W, (}
must both be compatible with {U, ¢}, ¢ o 1»~! must be C* in some neighbourhood of
() and ¢ o =1 must be C*° in some neighbourhood of ¢(x). But then the composition
Cogp~togorytis C* in some neighbourhood of ¥(z). As (o tporp™t =(orp~tina
neighbourhood of ¢ (x), we are done. |

Problem B.2 Let U/ and V be open subsets of a Hausdorff space M. Let ¢ be a homeo-
morphism from U/ to an open subset of IR"™ and v be a homeomorphism from V to an open
subset of IR"". Prove that if / N} is nonempty and

Yoo lipUNV)CR" - pUNYV) CR™

pop t:pUNV) CR™ — pUNV) CR"

are C'°, then m = n.

Solution. Write f(z) = ¢ o ¢~ !(x) and g(y) = ¢ o¥p~1(y). Fix any p€ U N V. Set

A= [26ew),.., B=[2200)] ...,

1<j<n 1<j<m

Since f (g(y)) = y for all y is a neighbourhood of ¥ (p), the chain rule gives that
5o (9(y) 52 (y) = b
k=1
for all y is a neighbourhood of ¢ (p) and all 1 < 4,5 < m. In particular AB = 1,,, the
m x m identity matrix. Similarly, since g(f(z)) = « for all z is a neighbourhood of ¢(p),
BA =1,. So A is the inverse of the matrix B. But only square matrices have inverses, so
m=n. |



Problem B.3 Let S" = { z € R"*! | |z| =1 } be the standard n—dimensional sphere.

(a) Foreach 1 <j<n+1and o€ {—1,1} set
Uio={z€S"|0oz;>0}

and define ¢; , be the projection from U, , into IR"™ that simply discards the 4 component
z; of each © € U ,. Prove that { {U; -, 0.} |1<j<n+1, o0 €{-1,1} } is an atlas
for S™.

(b) Set

u:Sn\{(Ov 7071)} _1)}

and define the stereographic projections, ¢ : Y — IR™ and ¢ : V — IR", by

Y =5"\{(0,---,0,

'7:1371) ¢($):ﬁ($1,“'7$n)

QO(IIJ) = 1_$2n+1 (.’131, t

Prove that {{U, ¢}, {V,¢}} is an atlas for S™.

Solution. (a) Each € S™ obeys |z| = 1 and so has at least one nonzero component z;.

If z;, then € U, and if z; < 0, then x € U;_1. So S™ C Ji<i<n+1 Uj . We'll now
o=—1,1

verify that ¢1,1 0 ¢y } and @11 0 @y 1_1 are C'*°. The other cases ares virtually identical.

First observe that
ul’lﬂZ/{Q’l:{fEESn ‘561>0, $2>0}

U1,1QUQ7_1:{$€SH}$1>O, $2<0}

so that
(,01’1(1/{1’1 mZ/{Q’l) = { ($2,$3,-~-,xn+1 e R" } T2 >0,$3+$§+"‘+$i+1 <1 }
(,02’1(1/{1’1 mZ/{Q’l) = { (JJ T3,y Tyl cR" ‘ T1 >0,IE%+JJ§+"‘+$%+1 <1 }
@171(1/{171 HUQ’_l) = { (332,1‘ e, Tl e R" } X2 <O,$§+$§+"‘+l’i+1 <1 }
@27_1(1/{171 HUQ’_l) = { ($1,$3,'-',$n+1 e R" } x> O,I%'ﬁ‘ﬂ?%'ﬁ‘"‘ﬁ‘l’i_,_l <1 }

are in fact each one of two half disks in IR"™.

= (tlv V 1_t27t27”'7tn)
(t17_\/1_t27t27"'

902_&(751,@, o 7tn)
902_71_1({;177527' ’ '7tn) =

(where t? = 2 4 - .- 4+ ¢2) it is clear that

Since

7t7l)

901,10902_&(t1,t2,"‘,tn) :(;Ol,l(tlv \% 1_t27t27”'7tn) = (V 1_t27t27”'7tn)
()01,10902_,1—1(t17t27"'7tn) :(;O—l,l(tla_\/ 1_t27t27”'7tn) = (_ \% 1_t27t27”'7tn)
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are C°.

(b) Observe that

2 2
2 _ 4 2 2y 4 17%g1 g l4mag N _ p(x)"—4
o(r)” = (I—2n1)2 (1'1 + + xn) = 4(1—xn+1)2 - 41—1‘n+1 Tntl = L(z)2+4
. 1—xpi1 4
Since —5= = @rra We have

and hence

2

-1 _ t2—471-1 4 _ 4
Yoy <t17"'7tn)_2[1+m} m(tl,"',tn)—t—z(tl,"',tn)
which is C*° except at ¢t = 0, which corresponds to = = (0,---,0,—1). Similarly,
_ — i (x)? _ 42
Y(z)? =4 — g =@ gy, = (1, b, 252)

414 (z)? 4tz 4

(pow_1<t17""tn):2|:1_i;i;}_lﬁ({J?”'?tn):gi?(t17"',tn)

which is C*° except at ¢t = 0, which this time corresponds to x = (0,---,0, 1).

Problem B.4 Prove that the two atlases of Example B.6 are not compatible.

Solution. Since

1 (z,y) if0§x<i
@ (w,y)z{ )
2 (z4+1,-y) if—1<z<0
we have
1  J a(z,y) if0§x<% ] (z,y) if0§x<i
Y2002 (x’y)_{@bz(l‘-i-l,—y) if -1 <z<0f |(z,—y) if-it<z<o0

This is not continuous across x = 0.



Problem B.5 Let M and AN be manifolds. Prove that f: M — N is C>® at m € M if
and only if o fo ¢t is C at ¢(m) for every chart (U, ¢) for M with m € U and every
chart (V,4) for N with f(m) € V.

Solution. The “if” part is trivial. To prove the “only if” part, observe that, by definition,
there are charts {U, ¢} and {V, 4} such that m € U, f(m) € V and ¢ o f o ¢~ being O
at ¢(m). Let {U, ¢} and {V, 1} be any charts with m € U and f(m) € V. Then m € UNU
and f(m) € VN V. By compatibility po¢~t and Y op~! are C at ¢(m) and @E(f(m))
respectively. Consequently,

bofop t=(Yov ) o(dofod t)o(dog)
is C™ at ¢(m). |

Problem B.6 Prove that IR" is diffeomorphic to { x e R" | Y1 ;27 <1 }.

=11

Solution. The map
x

V1= fzf?

is a diffeomorphism from { x € R" ‘ >, x? <1} toIR". The inverse map is

27 (y) = ——=

V1 y?

O(z) =

Problem B.7 Prove that IR" is not diffeomorphic to S™.

Solution. Suppose that ® : S™ — IR" were a diffeomorphism. Let g : R — IR be defined
by g(x) = x1. Then go ® : S™ — IR is C*° and is onto IR. But that is impossible because
S™ is compact so that every C°° function on S” is bounded. [ |

Problem B.8 Prove that the disk { x € R? ‘ 2242 <2 } is not diffeomorphic to the
annulus{xEIR2 ‘ l<a?+y?<?2 }

Solution. The disk M = { x € R? ‘ 22+ y? <2 } has the property that every C'*°
closed curve may be continuously deformed to a point. To see this parametrize any curve
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by a function f : IR — M that has period one. Then fs(t) = (1 — s)f(¢) implements the
deformation, since fo(t) = f(t) and f1(t) = 0 has range the single point {0}. If the disk
and annulus were diffeomorphic, the annulus would also have this property. It doesn’t.
For example, the circle C' = { (z,y) } 2 4+y? =1 } cannot be deformed to a point in the
annulus. If it could, Green’s theorem would yield that fo [— Iz—_ykyzdx + %erzdy} =0,
which is false. [ |

Problem B.9 In this problem G = SO(3).

a) Fix any a € G. Denote by I = { (4,7) e IN? } 1<i<3,1<5<3 } the set of indices
for the matrix elements of the matrices in G. Prove that there exist a, 3,y € I such
that every matrix element g5, 6 € I is a C°° function of g, gg, g, for matrices g € G
in a neighbourhood of a.

b) Prove that a curve ¢ : (¢,d) — G is C* if and only if every matrix element ¢(t); ; is
ce.

c) Prove that matrix multiplication (a,b) — ab is a C'*° function from G x G to G.

d) Prove that the inverse function a +— a~! is a C°° function from G to G.

Solution. (a) Name the matrix elements of g € G by

ai(g) a2(g) as(g)
bi(g) b2(g) b3(g)
ci(g) c2(g) c3(9)
and set
fi=a?+ a3+ a3 fo = b2 4 b2 + b3 fa=c4c2+c

fa = a1by 4+ asbs +aszbs  fs = aici + asco + azes  fg = bier + baco + bses

: __ (0 o) o) o) o) o) o) o) o)
We have to show that, with V = (8—(11’ —8a2,8—as, 8—1)1, 8—1)2, 8—b3, 8_61’ 8_62’ 8_037)’

V1 = (2a1,2a2,2a3,0,0,0,0,0,0) Vfo=(0,0,0,2b1,2bs,2bs,0,0,0)
Vf3 = (0,0,0,0,0,0, 2C1,2CQ,203) Vf4 = (bl,b27b37a17a27a3707070)
va — (617627C37070707a17a27a3) VfG — (070707617627637b17b27b3)

are linearly independent vectors at any point obeying f1 = fo = fs =1 and f; = f5 =
fe = 0. In other words, we have to show that

(J!1Vf1 + O!QVfQ + O!3Vf3 + O!4Vf4 + 045Vf5 + OéGVfg =0= A1 =09 =03=0y4 =05=04 =0
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at every such point. This follows from

o = %(2\a|2a1 4+a-bay+a- ca5)

= 1(a1,a2,a3,0,0,0,0,0,0) - (a1 Vf1 + 2V fo + azV fz + auV fs + a5V f5 + agV fo)
Oy = %(2|b|2a2 +a-boay+b- caG)

= 2(b1,b2,05,0,0,0) - (1 V f1 + a2V fo + a3V f3 + sV fa + a5V f5 + a6V fo)
o3 = %(2\c|2a3 +a-cas+b- ca6)

= 1(0,0,0,0,0,0,c1,¢2,¢3) - (1 V f1 + @2V fo + a3V f3 + sV fa + a5V fs + agV fo)

oy =2a-bay + by +b-cas

= (b1,b2,03,0,0,0,0,0,0) - (1 V f1 + 22V fo + a3V f3 + a4V f4 + a5V f5 + a6V fo)
a5 =2a-ca;+b-cag+|c]*as

= (c1,¢2,¢3,0,0,0,0,0,0) - (a1 Vf1 + @2V fo + a3V fz + sV fs + a5V f5 + a6V fe)
ag =2b-cas+a-cay+|c]*ag

= (0,0,0,¢c1,¢2,¢3,0,0,0) - (1 Vf1 + @2V fo + a3V f3 + auV fa + a5V f5 + a6V fs)

(b) Pick any ¢ < ty < d. Pick three matrix elements as coordinates in some neighbourhood
of qo(t). By Problem B.5, () is C* at t, if and only if those three matrix elements are
C™ at tg. If those three matrix elements are C'*° at tg, the remaining matrix elements are
also C*° by part (a).

(c) Every matrix element of ab is a polynomial in the matrix elements of a and the matrix
elements of b and hence is C'*°.

(d) Every matrix element of a~! is a polynomial in the matrix elements of a (since det a =

1) and hence is C*°.
|

Problem B.2.1 Let M be a manifold, w be a 1-form on M and ¢(¢) : [0,1] — M be a path
in M. Prove that the definition of [ w given in part (c) of Definition B.2.1 is independent
of the decomposition of ¢ into finitely many pieces and of the choice of coordinate patches.

Solution. “Decomposing c into finitely many pieces” means picking 0 < t1 <ty < -+ <t
with m € IN and { c(t) ‘ tr_1 <t <ty } contained in a single coordinate patch for each
¢=1, 2, ---, m and then applying the single patch algorithm of Definition B.2.1 to the
part of ¢(t) with t,_y <t <ty foreach ¢ =1, 2, ---, m.
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Make any two such decompositions and choices of coordinate patches for each piece.

/t " h) dt = /t R dt+ / " ) dt

for all t,_1 < s < ty we are free to add any finite number of decomposition points. So

Since

we may assume that the two sets of decomposition times are identical. Thus it suffices to
prove that if 0 <ty < tp41 <1 and
o if {U,¢} and {U, ¢} are two patches with ¢(t) € UNU for all t, <t < t;4; and
o if w assigns {U,(} the pair of functions (f,g) and assigns {U,(} the pair of
functions (f, §)

then

1 L ] ) ~
[t =5 o cemn) e ar = [ [F(Een) 5003 (Getwn) 5]
But this is the computation of part (c) of Remark B.2.2. -

Problem B.5.1 Prove that Definition B.5.1 is independent of the choice of coordinate
patch.

Solution. Assume that
o {U,¢} and {U,(} are two charts with U N U # 0 and
o the transition function ¢ o (71 (from ¢(U N U) c R to ((UNU) C R?) is
(Z(x,9),9(x,y)) ]
(a) Let ' : M — C be a C! 0-form and set ¢ = Fo(™! and ¢ = Fo(~!. Then
p(z,y) = ¢(2(x,y), gz, y)) and

dF| g ¢ = F(%,5) dZ + §(%.§) dj with f(&,§) = 52(%,9), §(Z.§) = 55 (&, 9)
AF| ey = 92, y) du + 22 (2, ) dy
= {92 ((2,9), 5w, ) L (o, ) + 32 (32, ), (2. 1)) (2, y) b da
+ {52 (@@, 52, 9) B (w,9) + 52 (2@, ), Gz, 1) S (2. ) | dy
= f(z,y)dz + g(z,y) dy
with

f,y) = (@@, y), #2,9) 52z, y) + §(2(x, y), 6z, v)) 52 (2, y)
g9(z,y) = f(#(z,v),5(z, ) E(x,y) + §((2, ), 5z, y)) F(x, y)

This agrees with the coordinate transformation rule of Definition B.2.1.
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(b) If wis a C! 1-form with

then B ) .
f@y) = f(@(2,), 92, 9) Z(2,y) + §(3(z,y), (2, y)) 32 (2, y)
o 3 . o 3 g
g(z,y) = f(Z(2,9), 5(z,v)) 52 (2, y) + §(2(z, v), §(2, y)) 52 (z, )
Since
) _ 0f 9z 9% |, Of 87 0% 7 9%z 8§ 0% 0y , 0§ 0y Oy , ~ 0%y
52 (T.Y) = 55620y T 500 0: T dn05 T 520200 + 6200 00 T Ieog
af _ df 9z 93 |, Of 8y 9% 7 9%% 8G 0% 05 , 050505 |, ~ 02§

we have that , y
dw‘{U,C} - [a—g(l‘,y) - 8—y(:€,y)} dx N\ dy

= [52 - 50] [525E - 2228 dw ndy

which agrees with the coordinate transformation rule of Definition B.3.1.

(¢c) The 2—form case is trivial. |

Problem B.5.2 Prove the product rule that if w is a k—form and w’ is a k’—form, then

dwAw) = (dw) A’ + (=1)Fw A (dw)

Solution. It suffices to consider k + k' < 1, since all of d(w A w’), (dw) Aw’" and w A (dw’)
vanish if k + k' > 2 because the manifold M is assumed to be two dimensional. It suffices
to verify the specified formula in any chart {U, (},
(a) fk =k =0,wo( ! (z,y) = f(z,y) and v’ 0 (" (z,y) = g(z,y), then
dw = gL (x,y) dw + §L(z,y) dy
do' = §2(z,y) dz + §2(z,y) dy
(dw) AW’ + (=1)Fw A (dw') = G (2, y)g(x,y) de+ 5L (x,y)g(x,y) dy
+f@w%ﬂ%wd%+ﬂ%y%ﬂ%wdy

and
dwAw') = G-(fg)dz+ F(fg) dy

8



agree by the product rule.

(b) f k=0,k"=1, wo (" Yz,y) = f(z,y) and w"{u 0= g(z,y) dx + h(z,y) dy, then

= SL(x,y) do + GL(z,y) dy

Te(w,y) — G2z, y)] dz Ady

g—f (z,y)dr + ay(x Y) dy} [ (z,y)dx + h(z,y) dy}
+ f (2 y)[5e(x,y) = §(w,y)] dx Ady
—ga:{; %—fa—y}daj/\dy

= |
(dw) AW + (—1)Fw A (dw') = [

— [haf

and

d(wAw') = d(f( y)g(z,y) dz+ f(z, y)h(w, y) dy)

= [ & (f(@9)g(z,9) + 5 (F(@,y)h(z,y))] dz A dy
agree by the product rule.
(¢) If k =1 and k' = 0, then, by the previous case

dwAw') =dW Aw) = (dw') ANw + W' A (dw) = (dw) Aw' —w A (dw')



