Appendix S3: Problem Solutions for §3

Problem 3.1 Let v be a symmetric, real, positive definite matrix. Assume that there are
constants C1,Cy > 0 such that Cy|¢[? < ZZ;’:1 Y€ < Calél? for all € € R". Prove
that

Cilg]* < 32 7"E&€; < Cofef

1,7=1

for all £ € C™.

Solution. Write £ = x + iy with x,y € IR"™. Then [¢|? = |z|* + |y|? and, since 7 is

symmetric,

n - n n n n
Z 7£’m§£§m: Z ’yz’mxgxm-i-i Z 7£’mygl’m—i Z ’yﬁ’mxgym-l- Z ’yg’myzym

fm=1 £,m=1 £,m=1 f,m=1 £,m=1
Y Ly
7m 7m
= Z Y TeTpm + Z Y YeYm
E,m:l €7m:1

Adding together

n n
Cilzl* < 3 9™ apwy, < Colzl* and Cilyl> < X0 "™ yeym < Caly)?

£,m=1 £,m=1 N

which are true by hypothesis, gives the desired bounds. [ |

Problem 3.1.1 Prove that, under Hypotheses 3.1.1, there are constants C; > 0 and Cs
such that

Cilef? < ilv%)a?j < Cylef?

4,j=

for all £ € C" and x € IR".

Solution. For any n x n matrix, [[*7] _. j<n» there is a constant C' such that

> THEE] < CleP

1,7=1

for all £ € C". Since |&][¢;] < 3(1&]? + [€51?) < [€/%, one obvious, but crude, choice of
Cis 3y 0],

This choice depends continuously on the matrix elements of I'. The
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matrix elements of 7y(x) depend continuously on x and have finite limits, namely the matrix
elements of 7, as |x| — oo. Hence there is a constant Cy such that

3 A (@)eE; < Coléf?

1,7=1

—1 exists

for all £ € C" and x € IR"™. Since each y(z) is strictly positive definite, v(x)
for each x, depends continuously on x and approaches v !, which also exists, in the limit
|z| — co. Hence there is a constant Cq > 0 such that

S (v@) ™) 6E < L ef?

4,5=1

and hence

CLIER < 3 A (0)EE < Calé)?

ij=1
for all £ € C" and x € IR". [ |

Problem 3.1.2 Prove that there is a unique continuous sesquilinear form
(-, )0 H'(R") x H(R") — C

such that

(u,0), 0= ,Zl v (@) i () G (a) da
1,)=

for all u,v € S(IR™). Is it an inner product? If so, is the associated norm equivalent to

| ' |1,n?

Solution. That (u,v). , is linear in u and conjugate linear in v and (u,u)_ , > 0 are
obvious. By Problem 3.1.1,

Cl||VUH%2(1R") < <U7U>7,o = ‘Zl - 7 () g;ﬁ- (w)gTuj(w) d"x
INE n

2
< o[Vl 22y < Coluly,

for all u € S(R™). So if (u,u), o = 0, then |[Vul|p2rn) = 0. But this forces ki(k) to be
zero for almost all k, which in turn forces @(k) to be zero for almost all k. Thus (-, - )_ 4
is an inner product and is continuous in the topology of H'(IR™). So it has a unique
continuous extension to an inner product on H!(IR™). But the associated norm is not
equivalent to | - [, ,,, because the inequality (u,u), , > const |u|§n fails. If this inequality
were true, we would have ||Vul|p2(rn) > const |u], ,,. [ |
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Problem 3.1.3 Prove that there is a unique bounded linear map L, : H*(IR") —
H~1(IR") such that

(Lyow)(@) =~ ¥ 5 (1) 32 ()

o]
4~ Oz,
2,7=1

for all u € S(IR").

Solution. We shall show that there is a constant C such that
‘ <U7L7,0"'~_L>L2(IR”) ‘ < O|U|1|U|1

for all u,v € C§°(IR™). Since, by Problem 2.1.8, C§°(IR") is dense in H'(IR"), this will
imply that | (v, Ly o) 12 (g | < Clul,lvl; for all w € C§°(IR") and v € H'(IR") and hence
that |Lyou|l_; < Clu|,, by part (b) of Problem 2.1.16. Since C§°(IR") is still dense in
HY(IR™), this will in turn imply that L. o has a unique continuous extension to all of
H'(R") by the B.L.T. theorem.

By the divergence theorem

(01 Lot} oy = = 10| 35 5 (19 @) 3 (@))] o

n . .
= 3 [ @) @5 ()
i,j=1JR"

= {(v,%), 9
By Problem 3.1.2, <v,ﬂ)%0 is an inner product and |ju|ly,0 < c|u|; so that, by Cauchy—

Schwarz,
ullyo < Elul ol

‘ <"U7L7,07_1>L2(mn) ‘ < [Jv]ly,0

Problem 3.1.4 Let h,h' € IR be nonzero and «, o’ € IN| with |a| = |&/| = 1. Prove that
the operators Ay and Agf,/ commute.

Solution. By definition

AR ( ?,f,/u)(q:) =1 [(A?L‘:u) (x + ha) — (Aﬁ;u) ()]

= - [u(z + ha+ B'a') — u(z + ha) — u(z + h'a’) + u(x)]

Exchanging (a, h) < (a/, ') gives the same result. |
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Problem 3.1.5 Let v(x) obey Hypotheses 3.1.1 and let ¢ € IN. Prove that there is a
constant C, depending only on ¢ and v such that, for all w € H*(IR") and F € H*~2(IR")
obeying L. ou = F (setting p = 0 eliminates the p(x)u(z) term from the differential
equation) we have u € H*(IR") and

July < C(I1Fl o + lul_, ) < C(1Fl,_ + ful, )

Solution. Set pu(x) = 1 for all z € IR". Then u obeys L. ,u = F + u. By Proposition
3.1.7, with £ = 1,
July < erlF+ul_y < e (1] + Jul_,)

Now by Proposition 3.1.7, with £ = 2, u € H?(IR") and
July < ealF -+ uly < e (1Fly + [uly ) < calFly + caea (1FL +Jul_, ) < Ca(1Fly + Jul_, )

with Cy = ¢ + ¢1c2. Now just proceed by induction. [ |

Problem 3.1.6 In this problem we explore the need for the p(x)u(x) term in L, ,u = F.

(a) Find a v(z) obeying Hypotheses 3.1.1 and an F' € H~}(IR") such that nou € H'(IR")
obeys L. ou = F.

(b) Find a «y(z) obeying Hypotheses 3.1.1 such that there does not exist a constant C
obeying |ul, , < C|F|_, ,, forall F' € H '(R") and v € H*(IR") with L, ou = F.

(c) Let v(z) obey Hypotheses 3.1.1. Prove that the map L, : H*(IR") — H~'(IR") is
bounded and injective, but that it is NOT surjective. Prove that the inverse map L;})
(defined on the range of L. o) is NOT bounded.

(d) Let v(x) obey Hypotheses 3.1.1, let £ € IN and let €2 be a bounded open subset of
IR". Prove that there is a constant C, depending only on ¢, v and 2 such that, for all
F € H*2(R") and all w € H*(IR") that vanish outside of  and obey L., qu = F we
have v € H*(IR™) and

|ul, < C|F],_,

Solution. For parts (a) and (b), we take «y(x) to be the identity matrix for all . Then
L. o is just —A so that L. ou(k) = k*a(k) and L, ou = F if and only if k*a(k) = F(k).

(a) Take F'(k) = |k|=e~*" with 2 —2<a<% Asl|k|72is locally integrable at k = 0,
F € H5(R"™) for all s, including s = —1. As |k|72*~% is not locally integrable at k = 0,
u & H(R™) for any s, including s = 1.



b) Set (k) = |k| 2 +2T7e=+". As [k|~"** is locally integrable at k = 0, F; € H—'(IR"
J J
for all j € IN and sup ¢y |Fj|_; is finite. The solution to L. gu = F} is the inverse Fourier
1 2

transform of 4, (k) = |k|72+3 e % As |k|~"*7 is locally integrable at k = 0, u; € H*(IR™)
for all j € IN. But |k|~" is not locally integrable at & = 0, so lim;_, |u;|; is infinite.

(c) In the solution to Problem 3.1.2, we showed that ( , ). , is a well-defined inner product
on H(R") x H'(IR") and that

(S3.1) C1l[VullZ2(rny < (u,u), o < ColVull 7o

for all w € H'(IR"), though || - ||,0 is no longer equivalent to | - ;.- In Problem 3.1.3,
we showed that there is a unique bounded linear map L. : H*(IR") — H~'(IR") such
that

(Lyou)(z) = — 3

4,j=1

(@) 5 @)

for all u € S(IR™). Then the argument of Lemma 3.1.3 still shows that

0
8.’1}1‘

Lr,ou(v) = (v, 1), 4

for all u,v € H'(IR™).
Injectiveness: If u € H*(IR™) and L. ou = 0, then,

0= *CL.YYOu(’a) = <’ﬁ, ,a>%0 > ClHVﬂH%z(IR")

so that Vu = 0 and hence Vu = 0. Thus ku(k) = 0. Since k vanishes only on a set of
measure zero, 4 vanishes almost everywhere and u is the zero element of H!(IR™).
Unboundedness of the inverse: If the inverse of L. were bounded, there would be a
constant C' such that |u|, < C|L,ou|_, for all w € H*(IR"). Since £ is norm preserving,
this would imply that

|£L,Y,0u(v)| | <U7ﬁ>’y,0 ||U ﬂ||’770

|U|1 S C|L770U|_1 =C sup =C sup S C

veHL(RM) |U|1 veHL(R™) |U|1 veHL(RM) |U|1
v#0 v#0 v#0

7,0

But, by (S3.1),

[0l 0llally.0 < CollVoll 2@ [Vl 2 rey < Colol, [Vull L2 ey

So boundedness of the inverse would imply the existence of a constant C' such that |u|, <
CCy||Vu| p2(rny for all uw € H(R™).
As in part (b), the sequence {u;};cw determined by u;(k) = k|2 Te K’ obeys
|usl,

lim ——————— =0
Jj—o0 ||VUJ||L2(IF{")
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and provides our contradiction. To see this, observe that, as |[k|~""2 is locally integrable
at k = 0, Vu; € L*(IR") for all j € IN and sup;c ||Vl 22(rn) is finite. On the other
hand, even though |k:|_"+% is locally integrable at k = 0, so that u; € H'(IR") for all
j € IN, |[k|™" is not locally integrable at £ = 0, so lim;_, |u;|; is infinite.
Nonsurjectiveness: If L., o were surjective, it would be a continuous bijection of the Banach
space H(IR") onto the Banach space H~!(IR"). The inverse mapping theorem [RS,
Theorem III.11] would then imply that the inverse of L. o is continuous, which we already
know not to be the case.

(d) By Problem 3.1.5, we already know that u € H*(R") and |u|, < C(|F|,_y + |ul,). So
it suffices to prove that |u|, is bounded by a constant times |F|_,.
We now show that

(S3.2) IVullZz ey < & luly | Lyoul

for all u € C§°(IR™), where C; is the constant of Problem 3.1.1. Since, by Problem
2.1.8, C°(IR") is dense in H'(IR™), and since L. is a bounded map from H'(IR") to
H7'(IR") and V is a bounded map from H!(IR") to L?(IR"), this will imply (S3.2) for all
uw € HY(IR™). If u € C5°(IR™), then by Problem 3.1.1, followed by the divergence theorem

IVul3omoy < & 3 [ A9 (@)% ()55 (2) d°a
i,j=1JR"
=& [u@)| ¥ 5 (@3 @)
R i,j=1

= o% (u, LV,OU>L2(IRn)

< Ci1|u|1|L,y,0u|_1 (by part (a) of Proposition 2.1.10)

By Poincaré’s inequality, Proposition 2.3.7, applied in a sufficiently large region that the
boundary contribution Ru = 0,

[ull72mny < CallVullzmn
Hence
2
|“|1 = HUH%?(IR”) + HVUH%%HW) < (1 + CQ)C%|U|1|L%0U|_1 = (1 + CQ)C%|U|1|F|—1

so that
|ul; < (1 +CQ>C%|F|—1



Problem 3.2.1 Let v(z) obey Hypotheses 3.1.1 and let ¢ € IN.
(a) Prove that there is a constant C, depending only on ¢ and = such that for all u €
HY(RY), F € H"2(R") and f € H'~2(R""") obeying

L’%O’_'_U =F Ru = f
we have u € H(IR") and
llesw, < C(INF ez + 1l g s + el -1z )

(b) Let © be a bounded open subset of IR". Prove that there is a constant C, depending
only on ¢, v and €2 such that, for all F € H*"2(IR"}), all f € Hg_%(]Rfﬁ_l) and all
u € H'(IRY) that vanish outside of Q and obey

L’%O’_'_U =F Ru = f

we have u € H(IR"}) and

lullewy < C(IFlleoms +1fle 301

Solution. (a) Set p(x) = 1 for all x € IR". Then u obeys L., yu = F +u. By Proposition
3.2.7, with £ = 1,

ull1,rn < Cl( IF + vl -1re + |f|%,n_1) <ca ( [El -1y + | fls ey + ||U||—1,1R1)

Now by Proposition 3.2.7, with £ = 2, v € H*(IR'}) and

lullzmr < c2(I1F +ullomn +1fls 1) < c2(IFllomn +1f1s 1 + lullime)
< ea([|1Fllory + 113, 1) + clcz( ([ ) P ||u||_1,m)

< Co(1Fllo.my + 11,0y + el -1 )

with Cy = ¢ + ¢1¢2. Proceed by induction.

(b) We already know that u € H(IR'}) and

lullewr < C(IIFle—2my + 1y oy + lull-1m2)

by part (a). So it suffices to prove that ||u||_1,1R¢ < ”qu’]Ri is bounded by a constant
times [|F|[—1,mn + [ fl1 -1



We first consider the case f = 0. By Proposition 2.2.11, u € Hj(IR",). We shall show
that

(S3.3) IVullZzmen) < & o Ly 04 ull -1

for all u € Cg°(IR"}). Here C; is the constant of Problem 3.1.1. Since, by definition,
C§°(IRY) is dense in H}(IR'), and since L.+ is a bounded map from H'(IR") to
H~'(IR"}) (even though p = 0) and V is a bounded map from H'(IR"}) to L*(IR"}), this
will imply (S3.3) for all u € Hj(RY}). If u € C§°(IRY), then by Problem 3.1.1, followed by
the divergence theorem

IVullfemny < & z 7 (@) 53 (2) G () d

=& [v@] & 2 <>§;;J<x>>}d"w

IR’_;“_ 1,7=1

- C%(L%OA—U)( u) < [oh} ||L’V,O +ull-1, R? "
= CL1||L’770,+U||—1,IR1||U||1,IR1

By Poincaré’s inequality, Proposition 2.3.7, applied in a region 2’ like that in the figure

below
lull3 ) < CollVul2 e
-
Q Qo
RY
Hence
[ull} me = lullZ2mny + IVullZ2mey < 1+ Ca)a-llullime 1Ly 0,4 ull -1 me
+ + + + +
— (14 Co) & llullury | Fll-1m2
so that

[ullime < (14 Ca) - lIFll-1,mn

which is the desired bound when f = 0.

Now we consider general f € H'/2(R"™'). By part (iv) of Proposition 2.2.10 with
¢ =1, there is a uy € H'(IR"}) such that Ruy = f and lugllime < C”|f|1/27n_1. Then
v = u — uy obeys

Lyo+v=F—L,o uys Rv=Ru— Ruy =0



By the f =0 bound just proven
[vlliry < (1+Ca)gr | F = Lyovupll-1mey

so that, using L to denote the operator norm of L o 4 as a map from H'(IR}}) to H~*(IR}),

ull1 e < [[vllimy + [lugllime
< (1+ o) g |Fll-1,mr + (1 +Co) g Lllugllme + llugllme
< (14 Co) g lIFl-1my + (1 + Ca) g L |y oy + C'f 11y
as desired. [ |

Problem 3.3.1 Prove that (u,u), o = 0 if and only if u = 0.

Solution. That v = 0 implies (u, u},y’Q = 0 is obvious, so we just prove the converse.
Assume that (u,u), o =0. By (3.1.2)

0=(wi)o= ¥ [ @R@E@ @at [ @k e

i,5=1

Q
201/ }Vu(q:)‘2 d”x-l—/ lu(z)|* d" " to
Q 1)

This implies that both [, ‘Vu(a:)‘z d"z and [, |u(z)* d"~'o are zero. Then Proposition
2.3.7 (Poincaré’s inequality) implies that ||u||2(q) = 0 and hence u = 0. |

Problem 3.3.2 Prove that, for each ¢ € IN, L, is bounded as a map from HY Q) to
H2(Q).

Solution. The case £ = 1 has been dealt with in Lemma 3.3.4, so consider ¢ > 2. It
suffices to combine the observations that

o g—mi is a bounded map from H*(Q) to H*~1(Q2) for all 1 <4 < n and all £ > 2

e By part (a) of Problem 2.1.3, multiplication by each 4%/ is a bounded map on H*~1(12)
for each ¢ > 1.

) gmi is a bounded map from H*71(Q) to H*2(Q) forall1<i<mnandall/>2 M
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Problem 3.3.3 Let B and B’ be Banach spaces and let the map
f:DcB—pB

be analytic at x € D.
(a) Prove that there are constants C' and ¢ such that

1f(2") = f(@)lls < Clla’ — [l
for all 2’ € D with ||z’ — z||g < §. In particular, f is continuous at z.
(b) Prove that there exists a bounded linear map D : B — B’ such that
o for any curve z(t) that is defined for ¢ in a neighbourhood of 0, takes values in
D, obeys z(0) = x and is differentiable in the sense that there is an X € B such
that

lim[4[a(¢) — 2] = X 5 = 0

we have
lim|| ¢ [f («(1)) - f(2)] - DX|

The linear map D is called the Fréchet derivative of f at .

g =0

Solution. (a) We set z = ' —  and use the notation of Definition 3.3.7. Since

f(@') = f(z) = fle+2) = fl@) = ) Filz,-,2)
=1

we have
1) = F@) s <3 Fele )l < S Ozl = Cerlfe
=1 =1
so it suffices to take 6 = &£ and rename 2C¢ back to C.

2c

(b) We set z(t) = x(t) — = and use the notation of Definition 3.3.7. Then Dy = Fi(y) is a
bounded linear map from B to B’ and

i [f(z(t) = f(2)] = DX = ; [f((z + 2(1)) = f(2)] = Fi(X)

so that

I3[/ (2(6) = f(2)] = DX]

, < Cc||22(t) — X OOCCZ%Z ¢
(83.4) w < Ccf[i2(®) Hwé ()15

= Ce||2(t) — X|| 5 + Cc? (B 1

t I=cllz()ls
By hypothesis 1 z(t) converges to X in B as t — 0. In particular {|/2(¢)||s remains bounded
and ||z(t)|| converges to zero as t — oco. So the right hand side of (S3.4) converges to zero
in the limit £ — 0, as desired. [ |

10



Problem 3.3.4 Let m € IN, B, B’ and By, ---,B,, be Banach spaces and let, for each

1 <i < m, the map
fZ'DCBHBZ

be analytic at © € D. Let M : By x ---B,, — B’ be a bounded m-linear map. Prove that

f:DcB—B

z' - M(fl(x/)7 e fm(x,))

is analytic at x.

Solution. For each 1 <17 < m, let

(T + 2) ZF(Z)

for all z € B obeying ||z||5 < % and x + z € D and let

1FD (21, -, 20)|

for all z1,---, zp € B. Define, for each ¢ € INg,

@g(Zl,"',Z@): Z M<F[(11)<Zl7"'7251)7”'7

£1, -, €m €Ng
L+ ALl =E

If the norm of M is bounded by C};, then

|z, 20)

£1,-,€m €Ng
Ly+-+Lm=~

IA

£1,--,£m ENg
L+-+Lm=~

B, < Cickl|lz |-

oS X CulED )]

|zell 5

Fy™ (20—, 41, Ze))

B, HFZ(,T:)(Z@—%H’ zt) HBg

> CuCielCmellalls - llzells

l
<CyCi-- Coplar+-+cem) lzllsllzlls

So every ®, satisfies the prescribed bound. That the ®,’s are multilinear and

flx+2z)=M(fi(z+2), - fm(z+2))

are obvious.

11
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Problem 3.3.5 Let 2 be a bounded open subset of IR" with smooth boundary and let
7 satisfy Hypothesis 3.3.1, F € H~1(Q) and f € H'/?(Q). Define, for any sequence
{Ym tmen C L>®(Q), the sequence {Up(y1, -, 7e) }eew, € H () inductively by

UO = u(77 (F7 f))
L7U£(717"'7W) :_V'VEVUE—I(W/I?“'?W@—I) RU@(VI?"'?V@) =0 fOI'[e]N

(a) Prove that Up(vy1,---,7e) is linear in in each of 71, - - -, ¢ and that there are constants
C and c that depend only on n, 2 and ~ such that

[Ue (15 7e) HlQ = CCZH'VlHLoo(Q) o HWHLoo(Q) (£, f)HH—l(Q)eaHl/2(Q)
(b) Prove that if v/ € L>(Q) obeys ||7/|| 1) < 1, then
i = YU 1)
=0
converges in H1(Q2) and obeys (3.3.1).

Solution. (a) By Theorem 3.3.5 and Lemma 2.1.16 the unique solution, V', to
(S3.5) L,V ==V -4'VU RV =0

obeys
v

1o <allV-A'VU| -1
< 1|V VU] 2o
< cieaes||V =) VUl 22
< creaczeal| Y| e (@) U0

In particular, setting ¢ = cycac3cy,

1T 30) |y o < ellvell oy NTe-1 (v 7e-0)]

So, by induction,

1G99l @ < lmll ey - el e o 100l g

By Theorem 3.3.5,

HUOHLQ = [u(y, (. f))Hl,Q < C||(F, f)HH—l(Q)eaHl/z(Q)
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which proves the desired bound. The multilinearity follows by induction from the obser-
vation that the V of (S3.5) depends linearly on 4’ and on U.

(b) Since
¢
[Ue(v', 77/)H1,Q S CC@HV/HLoo(Q) (£, f)HHfl(Q)@Hl/z(Q)

the series

W= U )
£=0

converges in H(Q) for all cH’y’HLOO(Q) < 1. Set

Then
Ly(ug —up—1) ==V -~v'V(up—1 — ug_2) R(ug —ug_1) =0

for ¢ > 1, with u_; =0, and
L’yU/O =F RU() = f

Adding up,
L,qu =F-V- ”}//V’LLg_l Ruy, = f

Taking the limits ¢ — oo gives
L =F—-V-~'Vu Ru = f

as desired. m

Problem 3.3.6 Let Q be a bounded open subset of IR with smooth boundary and let
~ satisfy Hypothesis 3.3.1. Prove that there is a constant 6 > 0 such that, for each
F e HY(Q), f € H/?(Q) and 4" € L>®(Q) with [|7/|z=@) < 6, there is a unique
u € H'(Q) obeying

Lou=F—-V-4'Vu Ru=f

Solution. The existence of a solution has been proven in part (b) of Problem 3.3.5, so it
suffice to prove uniqueness. To do so, it suffices to prove that if u € H(Q) obeys

Lyu= -V -+'Vu Ru =0
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then v = 0. By Theorem 3.3.5 followed by Lemma 2.1.16,
lull1.0 < CIV -~ Vul 10
< Cerlly'Vul| 20

< Cerea||Y' ||ne o) VUl L2

< Cerezes||Y | () ull1,e

As long as § < m and ||7'|| e (o) < 6, this forces ||u|1,0 = 0. |

Problem 3.3.7 Let, for i = 1,2, 7; obey Hypothesis 3.3.1, F; € H-1(Q), f; € H'/?(0Q)
and wu; be the solution of

Lyu; =F; ui}a@ =fi
Prove that there are constants C' and ¢ > 0, depending only on n, {2 and 71, such that, if
|71 — 72l L () <€, then

[ =zl e < ClI1F = Foll -0+ /1 — fal

yon+ (IEl-a + 11l 0) I = 22li=@)|

Solution. This is a fairly immediate consequence of Problems 3.3.5 and 3.3.3. Here is an
alternative proof that does not use those Problems. Since (u; — us) ‘ 8q = f1— f2 and

L, (w1 —ug) = Lyus — Ly,us + V- (v2 —71)Vug
= —F+V-(y2—m)Vu
there is, by Theorem 3.3.5, a constant C'; depending only on n, {2 and ~v; such that
Jur —usall1,0 < Ch [||F1 —F+ V(2 =) Vuel-1a + 11 - f2||%,9}
By Lemma 2.1.16
IV - (72 = M) Vuz|-1,0 < Cof[(v2 — 71) VuallL2(0) < C2lve —11llr=(o) [[VuzllL2(0)
< Collv2 = mllz= () lluzllie

< Collve = 7ille= @) llulli,e + Callve — llze () llur — u2ll1,0
So far, we have
|ur — us2l|1,0 < Cy [||F1 — B0+ If1 = fellz.0 + Collve = nille=(o) ||U1||1,Q]
+ C1Callv2 — 7l (@) llur — uz2l|1,0
Choosing ¢ sufficiently small that eC;Cy < %,
|ur — uzl[1,0 <20y [||F1 = Bl—ra+ (/i = felli.0 + Collve = nille=(o) lu 1,9}
Now it suffices to apply Theorem 3.3.5, once more, to obtain
lurllve < Gl -0 + il 0]
|
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Problem 3.3.8 Let, for each ¢ in a neighbourhood of 0, v; obey Hypothesis 3.3.1, F; €
H=Y(Q) and f; € H/?(09). Assume that v; is differentiable with respect to ¢ at t = 0 in

L*>°(Q). In other words, assume that there is a ’.7(33) = [y (2)],, j<n €L (€2) such that

i[5 = (9 =90 o ) = 0

Similarly, assume that F; and f; are differentiable with respect to t at ¢t = 0 in H~1(Q)
and H'/2(09), respectively. Let u; be the solution of

Lyue = Fy Ut}ag = fi

Prove that u; differentiable with respect to t at ¢t = 0 in H!(2) and that

Lyi=F—V -Wu i, =]

Here X = lim; o +(X; — Xo) in H*(Q) when X = u, in H~*(2) when X = F and in
H'2(0Q) when X = f.

Solution. This is also a fairly immediate consequence of Problems 3.3.5 and 3.3.3. Here
is an alternative, direct, proof. By Theorem 3.3.5, u; € H(2). Since, by hypothesis,

Y e L=(9),
wo € HY(Q) = Vug € H(Q) = L2(Q) = YVug € H(Q) = V- YVuy € H1(Q)

by Lemma 2.1.16. Hence, by Theorem 3.3.5,

L,u=F—V-7Vug u‘m:f
has a unique solution % € H'(€). So it suffices to prove that 6, = % — +(ug —ug) converges
to zero in H'(Q) as t tends to zero. Since

Lyyor = Lyyu — %(L’Yout - L’Vou0>

F =V Vg — L(Lyus — Fy)

F—Y(F, - Fy) = V-7Vug — 1 (Lyyur — Ly, up)

and

8t go = f = £ (ft = fo)

15



we have, by Theorem 3.3.5, that

0:1 @ < C|[|F =3 (Fe = Fo) = V- 3Vuo = H(Logue = Lour) [, o+ | F =21 =F0) |1 2,00

By hypothesis,

lm||F — L(F — Fo)l|_y o = Hm | f = 2(f = fo)]|_y .00 =

t—0 t—0

so it suffices to prove that
V- YVug + §(Lagus = Loyug) = V-7V (g —ug) + V- [V = 1 (3 — 70) | Ve
converges to converges to zero in H1(Q) as ¢ tends to zero. But this follows from

[V -3V (o = u)||_, o < ClTV (0 = us) | o gy < Ol o |V 00 = 1) [ g
< O oy [lwo = well,
IV [ = 20 =10)] Vel o < CIIT = 200 = 70)] Vet | o
< CH% — (- VO)HLw(Q) HV“tHLz(Q)

< C’H7 - %(’)’t - ’)’O)HLoo(Q) HutHM)

the hypothesis that ¥ — (¢ — o) converges to zero in L>°(£2) and the fact, from Problem
3.3.7, that u; converges to ug in H*(£). [

Problem 3.3.9 Let 2 be a bounded open subset of IR" with smooth boundary and let v
obey Hypothesis 3.3.1. Prove that there is a 7' obeying Hypotheses 3.1.1 that coincides
with v on .

Solution. The first step is to construct, for each x € IR"™, a symmetric real matrix 5(x) =
[:yi’j(:r:)}1<i’j<n such that 7(z) = ~(z) for all z € Q and such that ¥/ € C*>(IR") for
all 1 < i,j < n. Let (Z/{(p),l/zp) be a coordinate system as in Notation 2.1.18 and let
xe € C5°(U(pe)), 1 < € < N be a partition of unity as in Definition 2.1.20. Then for
each 1 < E. § Nand 1 <i < j <mn, (xev*) o @ZJp_el € C’OO(IR—CLF) and hence has an
extension 7,7 € C*°(IR") by part (c) of Problem 2.2.8. We can always ensure that 7,”
is compactly supported by multiplying by a C§° function that is identically one on the
support of x¢ o9, 1. To complete the first step it suffices to set 5"/ = Zévzl %,j o 1y, for
1<i<j<nand 5 =3 Ao, for 1 <j<i<n.

16



The second step is to find an open set €' D Q such that 5(x) is strictly positive definite
at each x € . Let, for each real symmetric n x n matrix I', A,,(I") denote the smallest
eigenvalue of I'. By Hypothesis 3.3.1, g = inf__g Am(7(x)) > 0. Since A, (') depends
continuously on I', A(z) = A\, (:y(x)) is continuous. To complete step two, it suffices to
take Q' = A7 ((Xo/2,00)).

Let 1 € C5°(Q)) take values in [0,1] and be identically one on Q. To complete the
problem, it now suffices to take 7/(z) = (1 — ¢ (z))1 + ¢(z)j(z), where 1 is the identity

matrix. [ |

Problem 3.4.1 Let 2 < n € IN. Let Q be a bounded open subset of IR with smooth
boundary. Denote by 7(x) the unit outward normal to 92 at x € 02 and by do(x) the
surface measure on 9. Let f(z) = (fj(:r:))1<j<n be a smooth vector field on Q.

(a) Prove that

S [ fi@) (@) do(@) = (<1755 [ fi(@) day A- Addy A A dan
j=1J09 j=1Jon

On the right hand side, the orientation of 02 is such that, for an open neighbourhood
O C IR"™ in which 922N O is given by the equation

Ty = (l‘l, : 7‘%@7 y L )7 (.131,"',[%[,"',.’1371)67?,

we have

| gy dmnendgen - nde, = (1) [ g@)l,, ., 1 do
2QN0 R s

1<i<n
i£L

when € is given by xy > p(x1, -, %o, -+, x,) and

/ g(x) dzy A~ Ndg A -+ Nda, = (—1)71 / g(x)‘m —o(z) I dx;
20N0 R =Y

1<i<n
iF£L

when () is given by zy < ¢(z1,---, £¢,-+,x,). For a brief introduction to wedge
products and differential forms, see Chapter 7 of [Ar].
(b) Prove that

> | f@) (@) dola) = z @ a
71=1J0Q

c) Let v € HY(Q) and, for each 1 < j < n, u; EHl ). Prove that
J

> [ @@ aa= 3 [ @@ i) dow) - £ [ S5 d
j=1Jq



Solution. (a) By linearity in f, we may assume without loss of generality that only a
single component of f, say f;, is nonzero. Furthermore, since 9€) is smooth, it suffices to

prove

/ fi(z) A () do(z) = (—1)7* / fi(x) dey A - Ndig N Nday,
lelate)

oQNoO

where O is an open subset of IR" in which 90X is given by the equation

xEZ(P(ml,"',fE,"',fEn), (xl,...,¢g,...,xn)€’]€

and € is given by xy > o(z1,- -, #¢, -+, T,). The case that € is given by the inequality

xp < (1, %, -+, xy,) is similar. Since
dry = E 9% () da;
¢ o, 7
1<i<n
[y

the right hand side is

(_1)j—1 fi(x) dey A ANdfy Ao Adx, = (—1)3'—1(_1)£/ fj(x)}w:(p(x) H dx;
oNo R 1%;%17.

T /R fj(xﬂxezw(l‘) [T dx;

1<i<n
i #£L

if /=7 and

(—1)7~1 fi(x) dey Ao Ndg A Ndxy, = ij(x)‘xé_(p(m) gT“Dj(x) [T dx;

oQNo 1<i<n
i#£L

if £ # j. The sign on the right hand side is the product of (—1)/~!, which came from
the left hand side, (—1)=7~!, which came from moving gT‘pj(a:) dx; from the dx, slot in
the wedge product to the dx; slot in the wedge product, and (—1), which came from the
orientation of 9f).

For the left hand side, we consider only £ = n. The other cases are similar. The
unit normal vector to the level surface z,, — ¢(x1, -, z,-1) = 0 at x that has negative
Tp—component (so that it points out of §2) is

n=— V(@n—p(®1,Tn-1)) _ (O 3,02, 1, —1)
- |V(mn—cp(ac1,---,mn,1))| - |(8$1907'”78m"71907_1)|
The cosine of the angle between 7 and the positive x,—axis is n - (0,---,0,1) =

102,05+, Ou,_, 0, —1)| 1. So projecting an infinitesimal piece of dQ at x onto the hyper-
plane z,, = 0 reduces its area by |(0z, ¢, -, 0x,_,, —1)| and

dO’(CL’) - |(a$1907 Tty 8.%"71@, _1)| dxl cet d:cn_l
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Thus
/8900 fi(z) W (x) do(z) = — /R fj(x)}mn:q)(m)dxl codrg g

if j =n and

[ b)) dote) = [ 5@, 55 @) dondo,
oQNoO R

if j # n, as desired.

(b) By part (a) and Stokes’ theorem

fj(l‘) dxl/\---/\dgfj/\---/\dxn

-

.i fi(x) A (x) do(z) = (—1)"*
Jj=1J0Q

<
Il
=
e}

:(—1)9'—1‘ d[fj(x) dwy A Ndt; A Aday]

01 (2) daj Nday A -+ ANdEj A--- A day,

oxJ

I
0
—_
~—
<
L
ANGE

<
Il
=

T
b\{o\@\

(x) dey N--- Nday N -+ ANday,

xJ

o
g

I

Q

@
A

2 L(z) d"x

Q
8
<

T
S— S—

<
Il
—

I
s

(c) For v and the u;’s in C*°(2), the identity follows immediately from part (b) with
fi(z) = v(x)u;(z) and the product rule. Since C*°(Q) is dense in H'(Q), % is bounded
as a map from H'(Q) to L?(Q) and restriction to the boundary of Q is bounded as a map

from H'(Q) to H'/2(9Q) and hence to L?(09), the desired identity follows by continuity.
B

Problem 3.4.2
(a) Prove that A, is both symmetric (self-transpose) and self-adjoint in the sense that

Lap(9) = Lag(f)  La,p(g) = La,g(f)

for all f,g € H/2(0Q).
(b) Let A be any bounded linear operator from H'/2(9Q) to H~/2(0Q). Define the

operator norm

||A||1/2,—1/2 = sup{ ‘ﬁAf(g)‘ } NS Hl/z(aﬂ)a ||f||1/2,8§2 = ||9||1/2,89 =1 }
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Define the quadratic form Q4 : H'/2(99) — C associated with A by

Qa(f) = Lag(f)

Prove that if A is self-adjoint, in the sense that Lx_ ;(g) = La g(f) for all f,g €
H'/2(09), then

HA|’1/2,—1/2 = Sup{ ‘QA(f)‘ ‘ fe HI/Q@Q); HfH1/2,8Q =1 }

Solution. (a) Since v (x) = 47i(x) for all 1 <,4,j < n and all z € Q and %I (z) is real
for all z € Q,

ouy 8 oug 0
‘CA'vf( ) Zl b Zf 81;5] d"z Zl b 1;9 81;f dnx:‘CAwg(f>
%,J %,
ous Dug jOug Ouy =
L, r(9) = 21 7 azifl a?cg d"z = 21 aii aqif d"z = La4(f)
,J %,

for all f,g € H'/?(0Q). Here we used that

(LyTg) (%) = (Lyug)(x) = 0 if e ug(z) = g(x) it z € 092
so that ug = uy.
(b) Write
1Al = sup { [£as(@)| | f,9 € HV2(09), || fll1/2.00 = lgll/200 =1}
1AI" = sup { |Qa(f)| = [Lar(N)] | f € HY?(0Q), |Ifllij2.00 =1}
Clearly ||All1/2,—1/2 = [|A]l and ||A|" < [|A[|, so it suffices to prove that ||Al < ||A]’.

Let f,g € HY/?(09Q) with 1f1l1/2,00 = llgll1/2,00 = 1 and choose a complex number « of
modulus one such that £4¢(@g) = alar(g) > 0. Since A is self-adjoint,

£5(@)| = Re Las(ag) = 3[La7(a9) + Las(@9)| = 3[£ar(@9) + Lacag ()]
= LAt a0 TFa9) = Lagr—ag) (T~ a9)]

= LIAN IS + agll? 2,00 + 1 = agl? 2,00]

By problem 2.1.20, the norm || - ||1/2,s0 arises from an inner product and so obeys the

parallelogram law

lu 40113 /2,00 + lu =13 /5,00 = 2lull? j2.00 + 2lI0]I /2,00

Consequently

[£ar@] < SIAI [IF13 2,00 + lagll32.00) = SIAI [ 1£13 200 + 1913 2.00] < IAII

as desired. m
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Problem 3.4.3 Let Q be a bounded open set in IR" with smooth boundary. Denote by

BL,y _ 1 the Banach space of bounded linear maps from H2(09Q) to H=/2(09) endowed

with the operator norm.

(a) Let v satisfy Hypothesis 3.3.1. Prove that the map v — A,4, has an analytic
continuation, as a map from a neighbourhood of the origin in L*°(Q2) to BL 11

(b) Let E > 0. Denote by I'g the set of +’s that obey Hypothesis 3.3.1 and also obey

HIEP < 3 ni@) e < Bl
Z,j:

for all x € @ and £ € IR". Prove that the map v — A, has an analytic continuation,
as a map from a neighbourhood of I' in L>°(Q2) to BL

Nf=

1
2 b

Solution. (a) Let, for each f,g € HY/2(99) and 7/ € L>®(Q) u(v'; f) and v(v'; g) be the
unique solutions to

Lyu(v's f) ==V -v'Vu(ys f)  Ru(v; f)
Ly(v59) = =V -7'Vu(ysg)  Ru(v'g) =
provided by Problem 3.3.6. (Yes, we know that u(vy’; f) = v(y'; f). We just want to make

a notational connection to Theorem 3.4.1.) By Problem 3.3.5, with F' = 0, u(y’; f) and
v(v'; g) are analytic maps from L*°(Q) to H'(Q) at v/ = 0 and the ¢** terms in their

f
g;

respective Taylor expansions obey the bounds
e (v, - -5 ves )Hl QS CC@HWHLOO(Q) T HWHLOO(Q) HfH1/2,Q
[ve(71, -+ 769 )H1 QS CCEH’YlHLoo(Q) T HWHLoo(Q) Hng/Z,Q
and are linear in f and g respectively. Since V is a bounded map from H'(Q2) to L?(€),
Vu(v'; f) and Vo(v'; g) are analytic maps from L>(2) to L?(Q) at 4’ = 0. The /' terms
in their respective Taylor expansions are Vu, and Vv, and obey the bounds
HVW(%~-% izzg@y < C MMl oy el pm ey 11120
[Vve(y, -6 9 )HLz(Q) = CC@HWHLO@(Q) T HWHLw(Q) Hng/Q,Q

By Problem 3.3.4, with m = 3, B = L(Q;C"), B = € By = L®(Q;C"), By = By =
L?(Q;C") and

M, U V) = Z/ U 2)V (2) dx

1,j=1

the functional

Ve s ha) = 3 [ 09+ @) B 1] et a)] dve e €

1,j=1
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is analytic in 7/ at 4/ = 0. The ¢** term in the Taylor expansion of this functional is also
linear in its dependence on f and g and obeys the bound

(-9 £,9) | < Ol oy - el ooy £ 219l 2

for new constants C' and ¢. Consequently there exists an /—linear map,

(Y, -+, 7) € L®(2€™) x -« x L®( € ) Ag(y1,- -+, 7) € BL

N|=

1
2

such that
EAE(Vl,"',Vz)f(g) = )\Z(’)/b RENA) f? g)

Furthermore

[Ae (v - ) HBL < CC@HWHLOO(Q) T HWHL"O(Q)

,—

Nl=
Nl=

When ~ + +’ obeys Hypothesis 3.3.1,

La, r(9) =751 9)

for all f,g € H/?(0Q), by Theorem 3.4.1, so that

A7+’Y/ = ZAE(,}//,,..,,YI)
{=0

(b) By Remark 3.3.6, the constants ¢ and C' of the proof of part (a), which actually came
from Problem 3.3.5, depend only on €2 and F. In particular they are independent of ~,
except through E. Hence the radius of convergence 7(Q, E) = < of part (a) is independent
of v in I'g. By combining the analytic continuations of part (a), we get an analytic
continuation to 'y = {7+ |v€TE |V|L=@ <r(Q E) }. This set is convex and
hence contractible, so the analytic continuation is single—valued.

|

Problem 3.5.1 Let 2 be a bounded open subset of IR" with smooth boundary and let
g€ L>(Q).
(a) Prove that there is a unique bounded linear map L, : H!(Q) — H~!(Q) such that

(Lqu)(v) = /Qv(x) [Au(z) + q(z)u(z)] d"x

for all u € C*°(€2) and all v € C§°(£2).
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(b) Prove that there is a unique continuous sesquilinear form
(+, ) HY(Q)x H'(Q) = C

such that

o)y = X [ BE@FEE e+ [ u@i@ eto - [ a@uEiE d

for all u,v € C*°(2). Here d" 1o denotes the surface measure on 9. Prove that

(v, u)y = (u,v),
for all u,v € H'(Q) and
(Lgu)(v) = = (v, @),
for all u € H'(Q) and all v € H}(Q).

Solution. (a) It suffices to take Lyu = Lyu+Ly,, where Ly is the operator of Lemma 3.3.4,
with v(x) being the identity matrix, ¢ — qu is the operator of multiplication by the function
q, which is a bounded operator from L2(2) D H'(Q) to L?(Q) and £ : L?(Q) — H~Y(Q)
is the bounded operator of Theorem 2.1.13. The uniqueness follows from denseness and
boundedness in the usual way.

(b) Linearity in the first argument and conjugate linearity in the second argument are
obvious. By hypothesis ¢ € L>°(2) so that

/Qq(af)U(w)v(x) d"z| < |lqll=@llullzz@llvll2@) < llall=@llulielviie

Since

(1.0 = (00),y 0= [ alwyu(e)ifa) '

and, by Lemma 3.3.3, the norms || ||1,o and || ||y=1,0 are equivalent, we have

[ (u,0), | < Jully=rgllvlly =10 + ldllz=@llulliellvlie < Clullielvlie

The continuity, extendibility and uniqueness are now obvious.
That
<v,u>q = (u,fu>q
for all u,v € C°(Q) is obvious. That it is also true for all u,v € H(Q) follows by
continuity, since C*°(€) is dense in H!(Q).
By the divergence theorem,

(Lyu)(v) = /Q v(@) [Au) + q(@)u(@)] dz = — (v,7),

for all uw € C*°(€2) and all v € C§°(2). By parts (a) and (b), this extends by continuity to
all w € H(Q) and all v € H3(Q). |
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Problem 3.5.2 Let 2 be a bounded open subset of IR" with smooth boundary and let

q € L>®(Q).

(a) Prove that the map

HY(Q) — H™H(Q) @ H?(09)
U — (Lqu , Ru)
is bounded.

(b) Assume, in addition, that there is a constant ¢ > 0 such that | (u,u), | > cllullf o for
all u € H'(Q). Prove that the map of part (a) is also 1-1 and onto with a bounded
inverse. In this case, for each F € H~'(Q) and f € H'/2(9Q) there is a unique
u € HY(Q) such that Au+ qu = F in Q and U‘GQ = f. Furthermore, there is a
constant C such that

lullfo < C(IFIZ 10 + [1£17/2,60)
for all F € H=1(Q) and f € H'/2(0Q).

Solution. (a) By part (a) of Lemma 3.5.1, | Lyul|—1,0 < ci|lu|l1,o and, by part (i) of
Theorem 2.2.2, ||Rul|1 so < c2flull1,0

(b) Injectiveness: If Ru = 0, then u € H () by part (v) of Theorem 2.2.2. If u € Hg ()
and L,u = 0, then, by part (b) of Lemma 3.5.1,

0= (Lou)(@) = — (a,a), = 0=|(@a),|>ali,

so that © = 0 and hence u = 0.

Surjectiveness: Let F € H™1(Q) and f € HY/2(0). By part (iii) of Theorem 2.2.2, R is
onto. So there is a w € H'(Q) such that Rw = f. As F — L,w € H™1(Q) = H}(Q)* is a
bounded linear functional on H{ (), there exists, by the Riesz representation theorem, a
¢ € H}(Q) such that

(F' = Lyw)v = (v, 90>1,Q
= (v, Jq_1<p>q by part (b) of Lemma 3.5.2

= —(LgJ;'¢)(v) by part (b) of Lemma 3.5.1

for all v € H(Q). Set u = w— J;'¢. Then Lyu = F and, since J; ' € Hi(Q),
Ru= Rw = f.

Boundedness of the inverse: We use the notation of the surjectiveness proof. By part
1,02 < C'[[fll1/2,00. By the Riesz

(iv) of Theorem 2.2.2, we may choose a w obeying |lw
representation theorem,

1o = [IF = Lew|-1,0 < [|[Fll-1,0 + | Lqw]-1,0
< Fll-re +allw

|

1,0 by part (a)
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Hence

lule < lwlie + 140 el o = lwlue + 175 ¢l o < lwlhue + 195 lelhe
< IFT e+ (e[ D IRell.g

<197 HIElN-rg + (L + el NS 200

Problem 3.5.3 Let € be a bounded open subset of IR"™ with smooth boundary and ¢ € IN.

Let
{ L>(Q) if ¢ <2
q < — .
CZ_Q(Q) ife>2

Prove that there is a constant C, depending only on £, ¢ and 2 such that for all u € H'(),
F e H'2(Q) and f € H"2(89) obeying

Lyu=F Ru=f
we have v € H*(Q) and

lulleq < C(I1F N0+ £l 00 + lull2@

Solution. If ¢ > 3, then by part (a) of Lemma 2.1.16, qu € H*"2(Q) and ||qu/;_2.q is
bounded by a constant times |u¢_2.q. If £ =1,2 and q € L>(Q), qu € L?(Q) C H*~2(Q)
and

lqulle—2.0 < llqullz2) < llallLe@)llullL2@)

Since Ly—qu = Lyu — qu = F — qu, Proposition 3.3.10, with v = 1 and F replaced by
F' — qu gives

lullee < C(IF = qulle-20+ 1 flle-y 00) < € (I1Fle-20+ 1 Fl-g o0 + lullnaxio.c2),0)

If £ =1, this is the bound we want. The bounds for £ € IN'\ {1} are achieved by induction
on /.

25



Problem 3.5.4 Let H be any Hilbert space. A linear operator C' : H — H is said to be

compact if for each bounded sequence {v;};ew C H, there is a subsequence of {Cv;}ien

that is convergent. See Appendix A for an introduction to compact operators. Let C be a

compact operator on H.

(a) Set, for each A € €, Ex = { v € H | Cv = v }. If £\ # {0}, then X is called an
eigenvalue of C' and the nonzero elements of £, are called the eigenvectors of C' with
cigenvalue A. Prove that if e > 0, then #{ A\ € C ‘ Al > €,E0 # {0} } < oo and
furthermore, that if A # 0, then dim &) < oc.

(b) Prove that if A # 0 then the range of C'— A1l is the orthogonal complement of

Ea={veH } C*v=Xv }
Here C*, the adjoint operator of C, is determined by
(Cx,y)py = (2, Cy) for all z,y € H

(¢) Give an example of a compact operator C' whose range is not the orthogonal comple-
ment of &, g.

Solution. (a) This follows immediately from Proposition A.7, but we give an independent
proof anyway. Let {\;}ienw be any sequence in { A € C | [A| > & }. It suffices for us to
exhibit a contradiction to the assumption that there exists a sequence {u;};e;wv C H of
independent vectors such that Cu; = A\;u; for all ¢ € IN.

Apply the Gram—-Schmidt orthogonalization process to {u;};eN to construct an or-

7
thonormal sequence {y;}ienw’ C H with each y; of the form y; = > ¢ ju;. Then
j=1

{vi = %}ieﬂ\l is a bounded subset of H. On the other hand, if ¢ < i,

i ¢ i i—1 ¢
. — i i E ..‘_E:AJ i
Cv; —Cvp—y; = E X Ciity — E X Gty — CijUj = (,\_i - 1)02,3“3 - E : DAY A
j=1 j=1 j=1 j=1 j=1
is in the span of {ul, cee ui_l} and consequently is orthogonal to y;. Thus

ICv; = Cvgll3, = 1|Cvs = Cog — yill3 + llyill3 = llyill3 = 1
and {Cv; };ev may not contain any convergent subsequence, in contradiction to the com-

pactness of C.

(b) Denote by R the range, { (C' — Al)v ‘ veH },of C— Al Then
ve, 5 = (C'v—=Av=0

— (u,(C*v— ;\>U>H =0foralue™H

— ((C—=A)u,v),, =0 forallueH

<~— vl R
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implies that the orthogonal complement of £, 5 is the orthogonal complement of the or-
thogonal complement of R, which is the closure of R.

So it suffices to prove that R is closed. Let {u;};ew C R with lim u; = u. Then,
for each ¢ € IN there is a v; € H such that (C — Al)v; = u,. Since (C’Z —ijll)w = 0 for all
w € &y, we may assume without loss of generality that each v; L &).

If {v;}iew is not bounded, we may assume, by restricting to a subsequence, that

lim |vil|7 = oo. Since C' is compact, we may also assume, by again restricting to a

subsequence that lim C’” H = w. But then
1—00 Vi
v i — _
Alim e = lim Ol — lim e =w = Jlwlly = A #0, w L &

and
Cw=MC lim —%— =\ lim C+—%—

71— 00 llvall = 1—00

=\w = w €&,

Hv i

This is a contradiction, since only the zero vector is in both £ and its orthogonal comple-
ment.

So {v;}iew is bounded. Since C' is compact, we may assume, by restricting to a
subsequence, that {Cv;};en converges. Consequently, {v; = %(C’vi — u;) }iew converges,
say to v, and

u = lim (C’vi—/\vi) =Cv—MER

1—00

This proves that R is closed.

(c) The problem is that the range of C'is often not closed, while the orthogonal complement
of &, is always closed. Here is a large family of examples. Let H be a separable Hilbert
space and let {e,}n,en be an orthonormal basis for H. Let {u,}nenw be any sequence of
nonzero complex numbers that converges to 0. Then, we claim that

C’( > anen) = > UnQpén
n=1 n=1

does the job.
We first prove that C' is compact. Set v;, = sup,,,, [itm|- By hypothesis lim v, = 0.
Set, for each N € IN,

o) N
N( Z anen) — Z HUnCn€n
n=1 n=1

Then
0o oo oo
H(C - C1N ( Z anen> H - Z HUnCn€n || = Z |:una/n|2 S Vn+1 Z |O~/n|2
n=N-+1 n=N-+1 n=N-+1
S Vp+1 €n
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so that C converges in operator norm to C. As C'y is a nuclear operator (it is Example
A4 with y; = e;, zi(z) = (z,¢;) and ¢; = p; for 1 < i < N and zero otherwise), it is

compact, by Problem A.4. By part (d) of Proposition A.5, C' is also compact.
The adjoint of C' is

[ ) o0
C*( > anen> = > fnQpeén
n=1 n=1

The eigenvalues of C* are {u_n}n eI’ In particular, 0 is not an eignevalue so that £, o = {0}

and the orthogonal complement of &, ¢ is H. But the range of C' is not all of H. In

particular, if (8,)new € £2 but (%)nelN ¢ (2 then Yo | Bnen is not in the range of C.
|

Problem 3.5.5 Let H be a Hilbert space and C' : H — H a compact operator that obeys

C=C".

(a) Prove that all eigenvalues of C' are real.

(b) Let 1 and @2 be eigenvectors of C' with eigenvalues A\; and \a, respectively. Prove
that if Ay £ A, then ¢ L ©s.

(c) Prove that if H # {0}, then there is an eigenvalue A of C' that obeys || = ||C]|.

(d) Prove that there is an orthonormal basis of H consisting of eigenvectors for C'.

Solution. (a) If X\ is an eigenvalue of C' then there is a unit vector v € H such that
Cv = Xv. So

A=A (v, 0)5 = (A, v),, = (Cv,v)y, = (0,C0),, = (U, Av)5, = A (v, V), = A
and A € IR.
(b) Since A1, A2 € R

(A1 = A2) (v1,v2)5, = (A1v1,V2) 5, — (V1, A2v2) 4, = (Cv1,v2)4, — (v1, Ca)y,
= <U17 CU2>H - <v17OUQ>H =0
But A1 # Ao, so it is necessary for (vq,vz),, to vanish.

(c) The definition of ||C]] is
ICll = sup [[Colx

veEH
ol =1
So there is a sequence of unit vectors {v; };ew C H such that lim ||Cv;|| = ||C]]. Since
71— 00

C' is compact, we may assume, by passing to a subsequence, that Cv; converges to some
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vector y of length ||C]|. If ||C|| = 0, then C' = 0 and all nonzero vectors are eigenvectors
of eigenvalue zero, so we may assume that ||C]| # 0.

Define the operator A = ||C||*1 — C? and the sesquilinear form (u,u’) = (Au,u’),,.
For all u € H
(u,u) = (Au, u)y = [[O? (u, u)yy — (C*u,u),, = (Ol (u, u)yy — (Cu, Cu)yy > 0

so the form is nonnegative and satisfies the Cauchy—Schwarz inequality. Thus

| Avil3, = (vr, Ave) < v/Tor, 00)v/(Avs, Avg) = 1/ {Avi, 03) 3/ (A0, Ay

< /(A 0) 1 VA0 [ Aville < JAIP2 0/ (Avs, v3)gy

= 4132\ /)12 ~ lICwilZ,

The right hand side converges to zero as ¢ tends to oo, so that lim Av; = 0 and
1—0Q

Ay = lim ACv; = lim CAv; = C lim Av; =0

Since

0=Ay = ([C1-C)(||C]1+C)y

either (||C||1+ C)y = 0, in which case y is an eigenvector of C' of eigenvalue —||C/||, or
y' = (||C]|1+ C)y is a nonzero vector obeying (||C||1 — C)y’ =0, , in which case ¢y is an
eigenvector of C' of eigenvalue ||C||.

(d) Let & be the closure of the linear span of all eigenvectors of C'. By part (b), there is an
orthonormal basis for £ consisting of eigenvectors of (', so it suffices to prove that £ = H.

We claim that C' maps £, the orthogonal complement of &, into itself. To see
this, observe that C' maps any finite linear combination of eigenvectors into a finite linear
combination of eigenvectors. So, by continuity, C' maps £ into itself. If v 1. £, then

(Cv,e)y, = (v,Ce),, =0forallecé

so Cv L E&.

Restricting C to £ yields a new compact operator on the new Hilbert space £+. By

construction, this new operator may not have any eigenvalues. By part (c), this is only
possible if £+ = {0}. So & = H, as desired. |

29



Problem 3.5.6 Let 2 be a bounded open subset of IR" with smooth boundary and let
g € L>=(Q) be real valued. In the following “eigenvalue” and “eigenvector” always refer
to eigenvalues and eigenvectors of A + ¢ with Dirichlet boundary conditions on 92, as in
Definition 3.5.4.

(a) Prove that all eigenvalues are real.

(b) Let @1 and @9 be eigenvectors of with eigenvalues A; and Ay, respectively. Prove that

if Ay # g, then @1 L po.
(c) Prove that there is an orthonormal basis of L?(£2) consisting of eigenvectors of A + gq.

Solution. Choose @ as in Lemma 3.5.5. Observe that, for any nonzero ¢ € Hi(Q),

A+qp= p <= (A+q-Qlp=A-Q)p <= ¢=(A—-Q)Ryqv
= Regp=0A-Q) 'y

We have used, in the second equivalence, that (A + q)p = Ay is automatically in L2(Q),
and, in the last equivalence, that 0 # ¢ = (A — Q)R @¢ implies A — Q # 0. Thus ¢ is
an eigenvector for A 4 ¢ if and only if it is an eigenvector for R, o and A an eigenvalue
for A + ¢ if and only ﬁ is an eigenvalue for R, g. As R, ¢ is compact, by part (b) of
Lemma 3.5.5, all parts of this Problem follow from Problem 3.5.5 with H = L?(Q) and
C= Rq’Q. |

Problem 3.5.7 Let € be a bounded open subset of IR" with smooth boundary and
let ¢ € L>®(Q). Let L, : HY(Q) — H1(Q) be the Schrodinger operator with potential ¢
defined in part (a) of Lemma 3.5.1. Assume that 0 is not an eigenvalue for L, with Dirichlet
boundary conditions. That is, assume that K, = { u € H}(Q) | Leu =0 } = {0}.

Let, for each f € H3/2(00), uy € H?(Q) be the solution of

(Lquyg)(xz) =0 itz e
us(z) = f(x) it z € 002

provided by part (b) of Theorem 3.5.8 with £ = 2. Prove that there is a unique bounded
linear map A, : H'/2(0Q) — H~'/2(99Q) such that

La,5(g) = ; | S @)i'(@) g(x) do(2)

for all f € H32(0Q) and g € H'/2(0Q). Also prove that, if f,g € HY/?(9Q) and v, €
H'(Q) obeys Rv, = g, then

Lasle) = [ [ £ 55 —ala)us()oy ()] a'a
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Here 7/(x) refers to the i*" component of 7(z), the unit outward normal to 9 at = € 952,
do(z) refers to the surface measure on 92 and £ : H~2(99Q) — Hz(9Q)* refers to the
isomorphism, from Problem 2.1.24, that is determined by

Lig= /89 f(z)g(z) do(x) for all f,g € C*°(0N)

Solution. First consider f € H3/2(9Q) and g € HY?(9Q) and let uy € H?() and
vy € H'(Q) obey Lyuy = 0, Ruy = f and Rv, = g. Then, by the part (c) of Problem
3.4.1 (the divergence theorem),

Lasl0) = [ (Aa)elgta) doto) = 3 [ Gy (@) #'(0) dota)

n

= 8uf (:L‘)] d"x
= ﬁ:/ ’;J: %Zi d"z /Qvg(x) Aug(z) d"x
— [ [£ 55 —d@s (@)

By part (iv) of Theorem 2.2.2, we may choose v,

}EAqf(g)} < é ; [é %IZ %UT‘JZ, — (x)uf(x)vg(a:)] d"x

< 1| Vur]| o o) [Vl 12y + Nall= () gl lvgll 2o

< e [Jugllr,e llvglle

<3| flliy2.00 9l /2,00

by the bound of part (b) of Theorem 3.5.8 with £ = 1. Thus the norm of L, s is bounded
by 3 [|fll1/2,00. Since £ is an isomorphism [|Agf||-1/2.00 < ¢ || fll1/2,00- Since H3/2(9Q)
is dense in H'/2(09), A, has a unique extension to a bounded linear map from H'/2(9)
to H=/2(0%), by the BLT theorem.

If f,g € H/?(99Q) and uy,v, € H(Q) obey L,us =0, Rus = f and Ruv, = g, then,
by continuity,

Easlo) = [ [ 3 55 — alaus(@ey(@)] da
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Problem 3.5.8 Let 2 be a bounded open subset of IR" with smooth boundary and let
q € L*>®(Q). Let L, : H'(Q) — H~'(Q) be the Schrédinger operator with potential ¢
defined in part (a) of Lemma 3.5.1 and R : H'(Q) — H'/?(0Q) be the restriction map of
Theorem 2.2.2. Do not assume that 0 is not an eigenvalue for L, with Dirichlet boundary
conditions. Let v € H!(Q) obey L,v = 0.

(a) Prove that if w, w’ € H*(Q2) obey Rw = Rw’, then

/Q [Vw(z) - Vo(z) — g(z)w(z)v(z)] d"z = / [Vw'(z) - Vo(z) — q(z)w’ (z)v(z)] d*z

Q

(b) Prove that
h e HY?(09Q) — /Q [Vwy(z) - Vo(z) — g(z)wp(z)v(z)] &z with wy, € H'(Q), Rw, =h

is a well-defined, bounded linear functional on H'/?() with norm at most

C1+ gl @] llvle

(c) Prove that if v € H?(Q2), then the linear functional of part (b) is

h e HY2(00) — ., h(x) 82 (x) do(x)

Solution. (a) Since C°°(Q) is dense in H!(Q) there is a sequence v; € C®(Q) that
converges in H'(Q) to v. Then Awv; converges in H~ () to Av and quv; converges in
L?(Q) to qu so that (A + q)v; = F; converges in H1(Q) to (A + ¢)v = 0. Furthermore
Vu; converges in L?() to Vv so that

/Q [Vw(z) - Vu(z) — g(z)w(z)v(z)] d*z — / [Vuw'(z) - Vo(z) — g(z)w (z)v(z)] d*x

Q

= lim [ [{Vw(z)— Vu'(z)} Vu(z) — q(z){w(z) — ' (z)}vi(z)] d"

11— 00 Q

= lim [ [—{w(@) —w'(2)}Avi(2) — ¢(2){w(z) — w'(2)}vi(z)] d"=

1—00 Q

by the divergence theorem, since w and w’ coincide on 92. The desired equation now
follows from

/Q [ —{w(2) — w'(2)}Avi(z) — q(@){w(z) — w'(2)}vi(z)] d"x

lim
1—0

= lim

1—0

/{w(m) —w'(2)} Fi(z) d"z| < lw —w'[[1qlimsup [|[Fil|-1,0 = 0
Q

11—

32



(b) The well-definedness was proven in part (a). The linearity is obvious, since if f, f' €
HY2(99Q) and o, o’ € € and if wy,wp € H'(Q) obey Rw; = f and Rwy = f', we may
always choose Wqfiarfr = awy + &’wy. By Theorem 2.2.2, there is a constant C' such
that we may always choose wy, to obey [|ws| 1,0 < C||h||1/2,00. With this choice of wp,

‘ /Q [Vwp(z) - Vo(z) — g(z)wy (z)v(z)] d"x

< Vw2 @) VYl L2(0) + lallze @) llwnl 2@ [Vl 2 ()
< [IIVoll L2y + lall L= @)llvll 2] lwn 1.0

< CllIVollza) + llall L@ llvll 2] 1Al /2,00

< C[1+llgll @] vllallblli/2,00

which proves boundedness.

(c) By the divergence theorem (part (c) of Problem Problem 3.4.1)

/ h(x)%(x) do(z) = / V- wp(z)Vou(z) d"x
o0 Q
= /Q [Vwn(z) - Vo(z) + wp(z)Av(z)] d*z

_ /Q [Vn(z) - Vo(z) — q(@)wn(2)v(z)] d's

33



