§3. Elliptic Boundary Value Problems and
the Dirichlet to Neumann Map

In this chapter, we give the basic existence, uniqueness and regularity proofs for the
second order elliptic boundary value problem

(3.1) Lyu(z) = JZZI oo <7i’j(w)§71‘j(az)) =F(z) ifzeQ

u(z) = f(x) it z € 092

Ellipticity is the requirement that, for each z € Q, the matrix of coefficients, v(z), be a
symmetric real, strictly positive definite matrix. That is, there is a constant C' > 0 such
that

S 4 (2)6; > Clef

ij=1
for all £ € IR". Along the way, we shall develop some basic properties of the Dirichlet to
Neumann map.

Problem 3.1 Let v be a symmetric, real, positive definite matrix. Assume that there
are constants C1, Cy > 0 such that Cy|¢[* < 371, v"7€€; < Col¢]? for all € € R™. Prove
that

Cilg]* < 32 7"&€ < Colel

t,j=1

for all £ € C™.

§3.1. Second Order Elliptic Equations in IR"

To get warmed up, we go through the proof of existence, uniqueness and regularity of
solutions to

(3.1.1) (L) (@) = = 3 5 (79(0) 3% (2)) + plw)u(z) = F(z)

on IR"™. The hypotheses on v and pu are given in

Hypotheses 3.1.1 Let, for each x € R", y(z) = [717j<$)]1<i,j<n be a symmetric real
matrix that is strictly positive definite. Further assume that there is a symmetric, real,
[7£}1<i,j<n such that v%J(x) — % € S(R™) for
each 1 < 4,7 < mn. Let u(x) be a strictly positive function and assume that there is a
Loo > 0 such that p — e € S(R™).

strictly positive definite matrix v, =



Problem 3.1.1 Prove that, under Hypotheses 3.1.1, there are constants C7 > 0 and Cs
such that
(3.1.2) C1l¢? < Zlvi’j(w)fié_j < Colg]?

4,j=

for all £ € C" and x € IR".

In the special case that v(z) and p(x) are independent of z, the Fourier transform of

L, ,u=Fis
n - . A
(+ S kv ks )ak) = F(k)
ij=1

As p and the matrix v are positive definite, the factor (u + ZZ;‘:1 ki’yi’jkj) > >0 and
we may solve for 4(k) by simply dividing across.

When ~v(x) and pu(x) have a nontrivial dependence on z, Fourier transforming does
not help much. By way of motivation for the strategy we shall use for handling the general

case, first consider the case in which p = 1 and ~ is the identity matrix. Observe that, if
u,v, '€ S(R™) with (—A + 1)u = F, then

/v(x)F(m) d"x = /v(x)(—A + Du(z) d"z
(3.1.3) _ / (Vo) - Va(z) + v(@)u(z)] dz

= <,U7'a>1 n

)

By the Riesz representation theorem, the linear map u € H'(R") — R,, € H*(IR")* given
by
Ru(v) = (v, w)

1,n

is a well-defined, norm preserving bijection. Recall from Proposition 2.1.10 that the linear
map F' € H~'Y(R") — Lr € H'(R™)* given by

Le(w) = [ o0 (-b) ok

is also a well-defined, norm preserving bijection. We chose to express the right hand side in
terms of Fourier transforms because it is applicable to all F € H~}(IR") and v € H'(IR").
When v, F € S(R"),

/@(k’)ﬁ’(—k) (g;§€n = /v(aj)F(:p) d"x
As S(IR™) is dense in H'(IR™), (3.1.3) says that
(-A+1lu=F <= R,=Lp
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at least when u, FF € S(IR"). By continuity, the same equivalence applies for all u €
HY(R") and F € H~1(IR"). The existence and uniqueness of a solution u € H*(IR™) for
any given ' € H~1(IR") is now assured by the Riesz representation theorem.

To implement this strategy for general v and p, we construct a variant, ( , ) oy of
(s )1 that is adapted to L., , and whose associated norm is equivalent to | |, ,. Then

we prove a generalization of (3.1.3).

Lemma 3.1.2 There is a unique continuous sesquilinear form

(- )y, H(R") x H(R") — C

such that
o), = 35 [249@)3@FE @) det [ ol d's
ij=
for all u,v € S(R"). It is an inner product. The associated norm, |[v|[y,, = y/(v,v). , is
equivalent to | - |, .

Proof: Setting

K, = min{Cl,mrél]il%ln (z)} Ky = maX{C’g,mnel%%i n(z)}

with the C7, Cy of Problem 3.1.1, we have

2
Ealuly ,, = K [[ullf2mn + [Vull 2@

(3.1.4) < ()., = /IR PP et 5 [ 39w 5E @5 @) d's
n 1,j= n

2
< Ka[llullfamn) + IVullZ2 ey | = Koluly,
for all v € S(IR™). The map

(u,v) € S(R") x S(R") = (u,v),, ,
is obviously linear in wu, conjugate linear in v, symmetric and positive definite. Conse-
quently the Cauchy—Schwartz inequality applies to it and, by (3.1.4), the map is also
nondegenerate and continuous in the H!(IR™) topology. The existence of a unique con-
tinuous extension to H!(IR™) x H!(IR™), that the extension is an inner product and the
equivalence to the | - |, , norm are now all obvious. |



Problem 3.1.2 Prove that there is a unique continuous sesquilinear form
(-1 )0 H'(R") x H(R") — C

such that

ol = 3 [ 1@ @5 d's
1,]=

for all u,v € S(IR™). Is it an inner product? If so, is the associated norm equivalent to

| ' |1,n?

Lemma 3.1.3 There is a unique bounded linear map L., , : H'(R™) — H™'(R") such
that

(Log)(@) = = 3 5 (79(@) 32 (@) + p(w)u(x)

ig=1
for all uw € S(R™). Furthermore

for all u,v € HY(IR™).
Proof: We shall show that there is a constant C' such that

} <UvL%uﬂ>L2(IRn) ‘ < C|U|1|U|1

for all u,v € C§°(IR™). Since, by Problem 2.1.8, C$°(IR") is dense in H'(IR"), this will
imply that | (v, L%uﬂ)m(mn) < Cluly|v]; for all u € C§°(IR") and v € H*(IR™) and hence
that |L, ,u|_; < Clu|;, by part (b) of Problem 2.1.16. Since C§°(IR") is still dense in
HY(IR™), this will in turn imply that L. , has a unique continuous extension to all of
H'(R") by the B.L.T. theorem.

By the divergence theorem

n

0 Loy = = [0 32 5 (17@)52 @) @ + [vie)n(o)uta) @'

n L=

(3.1.5) _ ‘i_l . I (1) g:i (:If)g—;‘j(if) d"z + / ) p(z)v(r)u(r) d"x

=08,

There are no boundary terms because u and v have compact support. Hence, by Cauchy—
Schwarz and the equivalence of the norms || - ||, and | - |, ,, that was proven in Lemma
3.1.2,

‘ <’U7L7,uﬂ>L2(IRn) ‘ < vy pllwllqy,. < C|U|1|v|1
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By (3.1.5),

EL%;LU(U) = <U7 L%F‘?“_L>L2(IR") == <’U,’UJ>%M

for all u,v € C§°(IR"). Since both Ly ,.(v) and (v,u) , are continuous in both u and
v with respect to the H*(IR™) topology and C§°(IR™) is dense in H!(IR"), we have that

Ly, u(v) = (v,a), , foraluve H'(R"). -

Problem 3.1.3 Prove that there is a unique bounded linear map L : HY(R") —
H~1(IR") such that

(L)) = = 52 G (1 @) @)

for all u € S(IR").

Theorem 3.1.4 For each F € H-Y(IR") there is a unique w € H'(IR") such that
L, ,u=F. Furthermore, there is a constant C' such that

FeH '(R"), ue H(R"), Ly u=F = |u|,, <C|F|_,,
Thus L., is an isomorphism (1-1, onto, bounded with bounded inverse).

Proof:
Boundedness was proven in Lemma 3.1.3.
Injectiveness: If u € H'(IR™) and L., ,u = 0, then, by Lemma 3.1.3,

0=CLr, «(w) = (w,a),,

so that © = 0 and hence u = 0.

Surjectiveness: Let F € H~'(IR™). Since the norms | |, and || |, are equivalent,
H'(IR™) equipped with the inner product (, ) -
representation theorem, there exists u € H!(IR™) such that

is a Hilbert space and, by the Riesz

for all v € H'(IR"). By Lemma 3.1.3, Lz = Lr. u
Boundedness of the inverse: We must show there is a constant C such that, if u € H'(IR")
and ' = L, ,u, then

As L is injective, F' = L, ,u.

|ul, < CIF|_,
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Since L is norm preserving

|F|_,= sup |Lp(v sup M =  sup M —  sup M
vemmn |Vl vermiamny [Vl vertmny 0]y vermtmmy |Vl
v#0 v=£0 w0 s
By the equivalence of the norms | |; and || |,
- (v, u)y |
|F|_,>C7" sup ——2 =7y,
’UEH;%R") 0[],

We next prove (Proposition 3.1.7) that the solution, u € H*(IR"), of L, u = F is
more regular than F by two derivatives. That is, if F € H* 2(IR") then u € H*(IR").
This is called elliptic regularity. We shall control 0%u through difference quotients A% u
that approximate 0%u.

If u(z) is a function on IR™, 0 # h € IR and a € INy with |a| =1, we define

(3.1.6) fu(z) = +u(z + ha) — u(z)]

More generally, if a € INj with |a] > 1 and all components of H = (hm,j) 1<men € R

1<j<am
are nonzero,

(3.1.7) qu(x) = H1 Hl AZ’:LJU(J;)
m=1 )=

where e,,, is the multiindex in INj all of whose components are zero except for the m'®,

which is one.

Problem 3.1.4 Let h, b’ € IR be nonzero and «, o’ € IN[| with |a| = || = 1. Prove that

the operators Af and A‘;,f,/ commute.

Lemma 3.1.5 Let s € R, a € INy with || > 1 and u € H*(R"™). Then 0“u € H*(R")
if and only if limsup |AQul, is finite. In this case |[AYul, < [0%ul, for all H and
H—0

o7l = Jim |A5u],



Proof:

—

If a = e,,, then by the translation property (e) of the Fourier transform (2.1.1),
A‘;,fu(k) — %[ezk-hem _ 1]12(]{7) — Zezhkm/z sin(hkn, /2)

— 55 (k)
Hence for general a

—

Au(k) = a(k) ﬁ_l ﬁz

sin(hm jkm/2)  oohm, jkm /2

hm, /2
and S
[Afu()] = (k)] 1 I [=Gage
Since |sinz| < |z| and J.:li)% sine — 1,
Ajuk)| < k*a(k)]  and  lim [Afu(k)| = [k a(k)|
for all Kk € R".

If 9%u € H*(R™), then |0%u|> = [g. (14 |k[>)"|k>a(k)]

2 n
(gﬂ;‘; < oo and, by the
Lebesgue dominated convergence theorem,

|A%ul, < |0%u|, for all H and I}{imo |AGul, = 0%l

On the other hand, even if [, (1+ |l{r|2)5‘kaﬁ(k)‘2 % = 00, the Lebesgue dominated
convergence theorem still implies that, for each R > 0,

. S| A A 2 g S|y~ 2 gn

im [ NS s = [ ) eam)f
H—=0 Jik<Rr |k|<R

Consequently

lim sup |A?{u|§ > hmsup/ (1+ |k|2)5}@(1{7)‘2 oot
H—0 H—0 |k|<R

2"
/ (1 + |&[?) |k a(k)| dok
|k|<R

(27T)7L

As this is true for all R > 0,

lim sup |A°ﬁlu|§ > lim
H—0

— 00

S|y an 2 g @
(1 K)o () ek = [0 ul?
|k|<R
So 0%u € H*(IR™) whenever lim sup |A%ul, is finite.

H—0



Lemma 3.1.6 Let s € R and a € INy with |af > 1.

(a) Let o € S(R™). Also use ¢ to denote the operator of multiplication by ¢ acting on
H*(IR™). Then there is a C > 0 (depending on ¢, s, n and «, but independent of H) such
that [AY, 0] = Ao — A, is a bounded operator from H*(IR™) to H*~1I+1 with norm
at most C'.

(b) Let L = den\ro agd® be a differential operator of order k. Assume that, for each
1BI<k

B € Ny with |G| < k, there is a constant Ag € C such that the ag — Ag € S(R"™). Then
there is a C > 0, independent of H, such that [A%;, L] is a bounded operator from H*(IR™)
to H~*=1o+1(IR™) with norm at most C.

Proof: (a) We first consider |a] = 1. Then

([A%, elu)(z) = (Ajpu)(z) — (pAju)(z)
= 5 [p(a + hayu(z + ha) — p(z)u(z) — p(@)u(z + ha) + p(z)u()]
= +[p(z + ha)u(z + ha) — p(z)u(z + ha)]
= Oy (x)up(x)
where @, = Af¢ and up(x) = u(x + ha) is a translate of u. We have already seen, in the
proof of Lemma 3.1.5, that the Fourier transform |®5 (k)| < [k*@(k)| < (1 + |k|2)2|@(k)]

for all h # 0. Hence, by Lemma 2.3.5, the norm of ®;, as a multiplication operator on
H*(IR™) = H*~leI+1(IR™) is at most Cy = 2% S+ |p| )| = 5(p)] (%) for all h # 0.

The proof, in the case |a| = 1, is completed by observing that |u|, = |ul,, since 4y (k) =
eihk-a,&(k).
For general a, we use the telescoping sum
[A1Az - Ag, Bl = A1Az---AyB — BA1Ay--- Ay
(A Ay AyB — AjAy - BAy) + (A1 Az - BAy —
+ - — A1BAy - Ag) + (A1BAs - Ay — BAj Ay - Ay)
¢
Z o Aia[Ai, BJAjp - Ay

to express [AY, ] as a sum of | terms, each of the form A%, [Aﬁ, @AY, with o/ + 4+ =
a and |§] = 1. By Lemma 3.1.5 and the just proven bound for the special case |a| = 1,

’ /8 1’ /8 1’
|Aa’[Ah’(p]A?{”u|s—|a|+l < HAh’(p]A?{”uls—|a|+|oz’|+l

17
(0%
< Comjaltlar+1| A%l 0 4o

< C'5—|04|‘i‘|0¢'|‘i‘1|U’|s—|oz|—|—|o¢’|—|—|oz”|—|—1

= 5—|a”||u|5
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So it suffices to take C'= |a] max Cs_;.
0<j<|af

(b) As the differential operator 9” commutes with translation, it also commutes with A¢,.

Consequently,

(A%, L] = Z[ ?Jvaﬁ]aﬂ

BeNg
I1BI<k

As multiplication by the constant Ag also commutes with A%, we may assume, without
loss of generality, that all of the Ag’s are zero. So, by part (a) of this lemma

|[A%’L]u|s—k—|a|+l S Z |[A%’aﬁ]aﬁuls—k—|a|+l S Zo|aﬁu|s—k S chuls—k+|ﬂ|

BeNg BENg BENQ
1BI1<k 1BI<k [BI<k
< CnfHul

k+1

since |B| < k and there are at most n"*' terms in the sum. |

Proposition 3.1.7 (Elliptic Regularity in IR") Let v(x) and p obey Hypotheses 3.1.1.
Let ¢ € IN. There is a constant C, depending only on ¢, v and p such that, for all
u € HY(IR") and F € H*"2(IR"™) obeying L~ ,u = F we have u € H*(R") and

|U|e <C |F|e—2

Proof: We use induction. We proved the result for / = 1 in Theorem 3.1.4. Assume
that we have proven the desired result for some ¢ € IN. We now prove it for £ + 1. That
is, we assume that for all w € H(IR") and F € H*~2(IR") obeying L. ,u = F we have
u e HY(R") and |u|, < C|F|,_, . We must prove that if u € H'(IR"), F € H*"1(IR")
and L, ,u = F, then v € H*"'(IR") and |ul,,, < C'|F|,_;.

So let w € HY(IR™) and F € H* '(IR") with L, ,u = F. For each a € INj with
la| =1 and each h € IR\ {0}, set uq,, = Afu. Then

L., uqn = Fupn where Fy p, = AYF + [L ., A7 ]u

By the inductive hypothesis, u € H*(IR") with |u|, < C'|F|,_,. Hence by Lemma 3.1.6.b
with s = ¢ and k = 2, [L, ,, AYu € H72(R™) with

Hqu A%]U’lg_g < Cl|u|z < C'10|F|5—2 < 010|F|£—1
By Lemma 3.1.5, with s = ¢ — 2,
|AFO{F|£—2 < |6°‘F|8_2 = |F|€—1

9



Hence F,, , € H2(IR") with |Fanl,_, < (14 C1C)|F|,_, and, by the inductive hypoth-
esis, uq.p = A%u € HY(IR™) with

|ARul, < ClFanl,y < CA+ CL1O)F,_,

By Lemma 3.1.5, with s = ¢, 9®u € HY(R") with |0%u|, < C(1+ C1C)|F|,_,. Hence
u € H1(IR™) and

2 2 a2 2 2 2
lulpyr = lul, + Z 10%ul, < C*|F|;_, +nC*(1+ CLO)?|F|,_, < CP|F|;_,
ocE]Ng
|la|=1

with C"2 = C? + nC?(1 + C1C)% ]

Problem 3.1.5 Let v(x) obey Hypotheses 3.1.1 and let ¢ € IN. Prove that there is a
constant C, depending only on £ and v such that, for all w € H*(IR") and F € H*~2(IR")
obeying L. ou = F (setting p = 0 eliminates the p(x)u(z) term from the differential
equation) we have u € H*(IR") and

Julg < C(I1Fly + luly ) < C(IFl,_y + ful, )

Problem 3.1.6 In this problem we explore the need for the p(z)u(x) term in L, ,u = F.

(a) Find a y(x) obeying Hypotheses 3.1.1 and an F' € H 1 (IR") such that nou € H*(IR™)
obeys L. ou = F.

(b) Find a y(x) obeying Hypotheses 3.1.1 such that there does not exist a constant C'
obeying |ul, ,, < C|F|_, , for all F' € H7'(R") and v € H*(IR"™) with L, ou = F.

(c) Let y(z) obey Hypotheses 3.1.1. Prove that the map L. : H'(R") — H~'(R") is
bounded and injective, but that it is NOT surjective. Prove that the inverse map L;B
(defined on the range of L. o) is NOT bounded.

(d) Let v(z) obey Hypotheses 3.1.1, let £ € IN and let Q be a bounded open subset of
IR"™. Prove that there is a constant C, depending only on ¢, v and €2 such that, for all
F € H2(R") and all u € H*(IR") that vanish outside of Q2 and obey L. ou = F we
have v € H*(IR™) and

|ul, < ClF],_,

§3.2. Second Order Elliptic Equations in IR"

We now introduce a simple boundary and study the boundary value problem
-3 (@) 3 @) + wla)u(s) = Fz)  ifz e R
(3.2.1) ij=1 " 7
u(z) = f(z) if r € R =R"!



Throughout this section we assume that v(x) and p(x) are restrictions to IR} of functions
satisfying Hypotheses 3.1.1.

Lemma 3.2.1 There is a unique continuous sesquilinear form

(- )y H'(RY) x H(RY) — €

such that

00 = 2 [ @R @FE@ Pt [ i) ¢

i,j=1JR7 N

or all u,v that are restrictions to of functions in . s an inner product.
) that tricti to IR ti m Cg°(IR™). It i ] duct

The associated norm, ||v|ly,u,+ = \/{v,v), , ; is equivalent to || - |1 mn .

Proof: The proof is virtually identical to that of Lemma 3.1.2. [ |

Lemma 3.2.2 There is a unique bounded linear map L, + : H'(RY}) — H ' (R}) =
Hg(R™)* such that

L)) == 3 [ o@i (@35 @) P+ [ i)t d

i,j=1JR7 s

for all u that are restrictions to IR’} of functions in Cg°(IR") and all v € C§°(IRY).
Furthermore

(3.2.2) (Ly ) (v) = (v, @), 4

for allu e H'(RY) and all v € Hi(RY).
Proof: The proof is virtually identical to that of Lemma 3.1.3. [ |

Theorem 3.2.3 Let L, + : H' (R") — H*(IR") be as in Lemma 3.2.2 and let R :
H'(RY) — H'Y2(IR™™1) be the restriction map of Proposition 2.2.10. Then the map

HY(RY) — HH(IRY) & H* (R")
U — (L%H,_Fu , Ru)

is an isomorphism (1-1, onto, bounded with bounded inverse). That is, for each
Fe HYIRY) and f € HY2(IR"") there is a unique u € H'(IR'}) such that

- 5 5 (@R @)+ aule) = F iR

U}Rnfl =f
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Furthermore, there is a constant C' such that
2
||u||%IRj_ < C(||F||2—1,1R1 + |f|1/2,n_1)
for all F € H™Y(RY}) and f € HY?(R" ™).

Proof:

Boundedness: ||Ly,u,1ul|-1,rr < cil|ull1,r by Lemma 3.2.2 and |Ru|%m_1 < eollu

1R
by part (ii) of Proposition 2.2.10.

Injectiveness: If Ru = 0, then u € H}(IR}) by Proposition 2.2.11. If v € H}(IR}) and
L, ,+u =0, then, by Lemma 3.2.2,

0= (Lyp+w)(@) = (1), , ¢

so that 4 = 0 and hence u = 0.

Surjectiveness: Let F € H ' (R"}) = H(R"})* and f € HY/?(IR"™"). Since the norms
| 1wz and || |5+ are equivalent, Hg(IRY), equipped with the inner product ( , Doyt
is still a Hilbert space and F is still a bounded linear functional on this Hilbert space. By

the Riesz representation theorem, there exists wy € HJ(IR"}) such that

Fo=(v,w1), ,
for all v € Hy(IR"). By Lemma 3.2.2, F = L, ,, ;uy for uy = ws.

By part (iii) of Proposition 2.2.10, R is onto. So there is a wy € H'(IRY}) such that
Rws = f. Since H 1(]Ri) is still a Hilbert space when equipped with the inner product
(s )y, and Hg(IRY) is still a closed linear subspace of this Hilbert space, there exist
unique wy € HJ(IR}) and us € Hg(IR'})?#+ such that wy = us + wo. Here Hg (R} )7 -+
is the orthogonal complement of Hj(IR"}) in H*(IR",) with respect to the inner product

< ’ >7u+'
Set u = u; + up. By (3.2.2), L, + annihilates Hg(IR'})"*~+ so that L, u =

Ly u+u1 = F. As R annihilates Hg(IR"}),
Ru = Ruy + Rus = Ruy + R(’LUQ - wo) = Rwy = f

Boundedness of the inverse: We must prove the existence of a constant C' such that if
we H'(RY), F =L, , +uand f = Ru then

2
lullf ey < C(1FI2 1y + 171 s
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Write u = uy + ug with uy € HJ(IRY}) and us € H}(R})V*+. Again, H}(IRT)V -+
is the orthogonal complement of H}(IR") in H*(IR") with respect to the inner product
(\ ) s By (3:2.2),

F v, U v,u
||F||—1,IRi _ sup | U| _ sup ‘ < ’ >’77N7+ ‘ _ ‘ < 1 >’77N7+ |
vEHL (R™) ||U||1,IR1 veHL(R™) ||U||1,IR1 vEHL (RT) ||U||1,IR1
v#0 v#0 v#0
- sup AGICEVES
vEH} (RT) [v LIRY
v#0
By the equivalence of the norms || [[1,r» and [| ||+
| (1) | | un)y g |
Il -imn >3 sup  ——Hm =g sup  —— = oglug |y
vEH] (R™) [0l .+ vEH] (IR) [0l 0+
v#0 v#0

By part (iv) of Proposition 2.2.10, which gives the existence of a bounded right inverse for
R, there is a w € H'(IRY}) such that Rw = f and

wl[y,p,+ < callw 1LR? < C5|f|%,n_1

As Rus = Ru = f and Rw = f, w — us is in the kernel of R, which is H&(IRQL_) As w—ug
and wug are perpendicular to each other with respect to the inner product ( , )

vk t?
||w| ?y,mu,—l— = ||u2||2,u,+ + ”w - U2||~2y,u,—|— Z ||'lL2| ?y,u,—l—
so that [ug? , , < c§|f|%m_1. All together
2 :
1FIZ s e+ 1y ey = esllunlls g + Flluall g = min{eg, &3 [lullf ,q + uall? 4]
= min {c3, = Hull? .+ > collullf men
|

Remark 3.2.4 By (3.2.2), the kernel of L., + is H} (IR} )"+, the orthogonal com-
plement of H}(IR!) in H'(IR!) with respect to the inner product (, ) So, if
f € HY2(R™1), then there exists a unique u € H{(IR’})* such that

Yokt

Ly,+u=0 Ru=f

The kernel of R is Hj(IR!). So if F' € H~'(IR]), then there exists a unique v € Hj(IRY})
such that
L%H’_’_'LL =F Ru=0

In preparation for proving elliptic regularity in IR’} , we prove analogs of Lemmas 3.1.5
and 3.1.6.
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Lemma 3.2.5 Let { € Ng, u € HR") and o € INj with |a] > 1 and o, = 0.
Then 0°u € HY(IRY) if and only if limsup |ASulle,mn is finite. There is a constant C,
H—0

depending only on €, o and n such that, in this case, [|Afullern < Cl0%ullern for all H
and
[0%ullms < Clim sup | A%y

H—0

¢R"

Proof: Let E : HY(IR"}) — H*(IR") be the extension operator of Lemma 2.2.8. First

suppose that lim Sup||A?{u||g7IR¢ is finite. Then limsup |EA%u|, is also finite. Since
H—0 H—0

a, = 0, the construction of (2.2.1) gives EA{u = Af Eu. Thus limsup |A Eul, is finite
H—0
too. By Lemma 3.1.5, 9% Eu € H*(IR™) and

|0 Eul, = I}[iinO |AYG Eul, = I}IiinO |EA%ul, < Climsup [[Afuller?

—0

by Lemma 2.2.8. By Problem 2.2.7, %u € H*(IR"}) and

[0%ullemn < |EO%u|, = |0%FEu|, < Climsup [|Aful ¢ rn
H—0

Conversely, suppose that 0%u € HE(IR:L_). By Problem 2.2.7, 9“Eu € H*(IR™) and
E0“u = 0%FEu. Then, since a,, = 0,
A% ullern < [EAful, = |Af Eul, < |0%Eul, (by Lemma 3.1.5)
= |E0%, < Cl0%ullemrn

Lemma 3.2.6 Let { € Ny, a € INy with || > 1 and a,, = 0.

(a) Let ¢ € C(IRYY) and all of its derivatives of order at most £ + || be bounded and
continuous. Also use ¢ to denote the operator of multiplication by @ acting on HZ(IR:L_).
Then there is a C > 0 (depending on ¢, £, n and o, but independent of H) such that

Ii ?f’(p]uHﬁ,IRi < Z C|0"u

BLla
1BI< ||

on { ue HY(R}) | 0°u € HY(RY) for all B < o with |8] < || }.

¢R™

(b) Let L = 3 5cp agd®, with B C { 3 € INy | |8] < k }, be a differential operator of
order k. Assume that, for each 8 € B, ag € C(IR}) with all of its derivatives of order at
most £+ |a| bounded and continuous. Then there is a C > 0, independent of H, such that

[S2ATIPED S DRl L

BEB o'<a

lo/| <]

on { ue HYRY}) | 0% *tPu € HY(R™) for all o < a with |o/| < |a| and all § € B }.
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Proof: (a) We first consider |a| = 1. We have already seen, in the proof of Lemma 3.1.6,
that

(3.2.3) (A%, glu)(z) = @ (z)un(x)

where @ = Af'¢ and up(z) = u(x + ha) is a translate of u. In general, the norm of a
multiplication operator 1 acting on H E(IR’}_) is bounded by a constant, depending on n
and ¢, times sup { |0°¢(xz)| | x € RY}, |B] < ¢ }. See the solution to part (b) of Problem
2.1.3. By the mean value theorem,

(3.2.4) sup { }65A%<,0(x)| |z eRY, B <€} <sup{ }654,0(x)| |z eRY, 18] <Ll+]al }
So the proof, for |a| = 1, is completed by observing that

(3.2.5) [|un

ere = [ullemy
when «,, = 0.

For general «, we use, as in the proof of Lemma 3.1.6,

y4
[A1Ay -+ A, B) =Y Ay A1 Ay, BlAig - Ag
j=1

to express [AY, ] as a sum of |a| terms, each of the form A}, [Ag/, gp]Ag, with v+ao/'+5" =
a and |a/| = 1. Denote v = Ag,u. The desired bound is provided by

1A% (A5, A AT, g < C|O7AY gAY u

by Lemma 3.2.5

‘e,mi }e,mi

< Cy Z H(@’V_B”(I),O{/)@ﬁ”vhm R PY (3.2.3), the product rule
B <~y o
<03 Y 07" Al g by (3.2.4), (3.2.5)
B <~y o
=Cs ) [ A0 u], g,
B <~ i
< Cy Z H@ﬁurﬂ”u }e Rr by Lemma 3.2.5
B <~ o

(b) As the differential operator 9” commutes with translation, it also commutes with A¢,.
Consequently,

[ %I?L]:Z[ ?Jvaﬁ]aﬁ

BeB

So just apply part (a) of this lemma. [ |
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Proposition 3.2.7 (Elliptic Regularity in IR") Let £ € IN. There is a constant
C, depending only on £, v and pu such that, for all w € H*(RY}), F € H*"2(R}) and
fe H‘)—%(]R”_l) obeying

Ly, ,+u=1F Ru=f

we have u € HY(RY) and

lullewy < C(IFeams +1f1i 301

Proof: We proceed by induction. We proved the result for £ = 1 in Theorem 3.2.3.
Assume that we have proven the desired result for some ¢ € IN. We now prove it for £+ 1.
That is, we assume that for all u € H'(R}), F € H"2(R%), f € H*~3(IR"") obeying
L,u+u=F, Ru= f we have u € H/(R") and ullemy < C( [F[le—2,mn + |f|£_%7n_1) )
We must prove that if u € H'(R%}), F € H'(R}), f € H*2(R"™), L, u=F and
Ru= f, then w € H*"'(RY) and [Juller1,mn < C'([[Flle-1,me + | Flors ny) -

2

So let w € H'(RY), F € H"Y(R") and f € H**3(R""') with L,, u = F and
Ru = f. For each v € INy with |a| =1, oo, = 0 and each h € R\ {0}, set uqpn = Afu
and fo p = A7 f. Then

Lyu+uan=Fan Rug p = fan where Fy p, = AYF + [Ly 4+, A% u

By the inductive hypothesis, u € H(IR") with ull e < C( [F[[e—2,mn + |f|€_%’n_1).
Hence, by part (b) of Lemma 3.2.6 with £ — ¢ — 2 and k = 2, [L., ,, AYu € H*2(IR")

with
(Lt A%]UHZ—Q,IRi < Cillullewr < CLC ([IFlle-2mn + 1flo—1 1)

<10 ( [F[le-1,mn + |f|£+%,n—1)

By Lemma 3.1.5, with s = ¢ — %,
|fa:h|€—%,n—1 - |A%f|6—%,n—l < |8af|z—§,n—1 < |f|£+%,n—1
By Lemma 3.2.5, with ¢ — ¢ — 2,

HAgFHZ—Z,IRi < CQHaa < CQHFHE—LIRZI

FHZ—2,IR1

Hence Fon € H(RY) with [|[Fonlle—2mn < (C2+ C1O) (IIF -1y + ey g 1) and,
by the inductive hypothesis, u,., = A%u € H* (RY) with

A% ullery < C (IIFanlle—2mr + 1 fanle—1 o)
< C(Cy+ C1C + 1)( 1F[[e—1,mn + |f|€+%,n—1)

16



By Lemma 3.2.5, with C renamed to C3, 9*u € H(IR!}) with
(3.2.6) ||67°‘u||47131 < 030(02 + C1C + 1)( ||F||g_1,]Ri + |f|€—|—%,n—1)

So far, we have assumed that o, = 0. So we now know that 8°u € L*(IR"}) for all
B € INj with |5] < £+ 1 and 3, = 0 and that ||35u||L2(IRi) is bounded by the right hand
side of (3.2.6). By part (a) of Proposition 2.2.9, it remains only to prove the same bound
for 07w with v = (0,---,0,¢+ 1). From the differential equation

Loy pyu=F

we have

(@ @) = ¥ 5 (1@ ®) + ueul) - F)
(1.3) ()

2 i w n,n u
G0 =l Y (@5 @) + peu) - Fe) - B @) gk ()]
(1.5 % ()

By (3.2.6) and part (a) of Problem 2.1.3 (multiplication by a nice function is a bounded
operator), the || - |[,—1,rr norm of each term on the right hand side is bounded by a
constant times the right hand side of (3.2.6). This is all we need. ]

Problem 3.2.1 Let v(z) obey Hypotheses 3.1.1 and let ¢ € IN.
(a) Prove that there is a constant C, depending only on ¢ and = such that for all u €
HY(RY), F € H"2(R") and f € H'~2(R""") obeying

Lyotu=F Ru=f

we have u € H(IR"}) and

lleawy, < C(1F ey + 1l sy + el -1 )

(b) Let © be a bounded open subset of IR". Prove that there is a constant C, depending
only on ¢, v and € such that, for all F € H72(IR"}), all f € Hg_%(IRTfF_l) and all
u € H'(IRY) that vanish outside of 2 and obey

L’%O’_'_U =F Ru = f
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we have u € H*(IR"}) and

lullewy < C(IFlle2ms + 1710301

§3.3. The Dirichlet Problem for > 2 4(x)2_

i 521 ox;

We now mimic the arguments of §3.2 to prove the existence of a unique solution to
the Dirichlet problem (3.1). Throughout this section we assume that €2 is a bounded open
subset of IR"™ with smooth boundary and that v obeys

Hypothesis 3.3.1 Let, for eachz € Q, y(z) = [v"(z)] L <ij<n be a symmetric real matrix
that is strictly positive definite. Further assume! that, for each 1 <i,7 <n, v € C>(Q).

We start by constructing a new inner product ( , ) 4.0 that

e is adapted to the boundary value problem (3.1) the way that ( , ) is adapted to

Vbt
the boundary value problem (3.2.1) and

e whose associated norm is equivalent to || ||1,0

Definition 3.3.2 (H,(2), H,o(f2)) Let 2 be a bounded open subset of R™ with smooth
boundary. Define, for all u,v € C"X’( )s

W), o= 5 [ 7(@)2 @) 2 (@ >d“x+/mu<x>@dn—la

1,7=1

where d"~'o denotes the surface measure on 9€). This is an inner product. In particu-
lar, the proof of nondegeneracy is Problem 3.3.1. The completion of C'°°(£2) under the

associated norm

[ully,0 = y/{u,w), o

is called H,(€2). Similarly, H, o(€2) is the completion of C§°(€2) under || |5 a-
Problem 3.3.1 Prove that (u,u)., o =0 if and only if u = 0.

Lemma 3.3.3 The norms || |[1,0 and || |5, are equivalent.

L This assumption has been made stronger than necessary for simplicity of notation. It is easy to
generalize the results of this section to v € C*(Q) for suitable £.
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Proof: By Problem 3.1,

ClHVU”%?(Q) < "21 Q’Yi’j(93> 3;2 (@")%(@") d'z < 02||VU||2L2(Q)
1,)]=

<

By Poincaré’s inequality (Proposition 2.3.7)

20 =VullZzq) + HUH%?(Q) <(C+ D|[VullZ2(q) + ClRull 250

< G > [ A ) 5o (@) g (2) d"@ + C||Rul[ 72 (o0

1,7=1

< maX{CC—tl,C}HUIIi,Q

By Problem 2.1.22, the norm || - [|o,0q is equivalent to the norm || - ||z2(s0). As 5,00
increases with s,
[Rul[2(a0) < Cs||[Rullo,oo < Cs||Rull1 a0 < Callullr.0
by Theorem 2.2.2.ii, the boundedness of the operator R. Hence
]| 0= 21 Y (2 )gmz( )2—( ) d"z + ||RUH%2(BQ)
i
< Co||Vaull72 () + CEllullf o
< (C2 + CF)lullf g
|

Lemma 3.3.4 Let € be a bounded open subset of IR™ with smooth boundary. There is a
unique bounded linear map L~ : H'(Q) — H~1(Q) such that

(L)) = 3 [ o)z (1755 @) d's

2,7=1

for all uw € C?(Q) and all v € C§°(Q). Furthermore

(Lyu)(v) = = (v,1), o

for all w € HY(Q) and all v € H(Q).

Proof: The proof is virtually identical to that of Lemma 3.1.3 and Lemma 3.2.2. Just
note that the boundary term [, v(x)u(x) d* o, in the definition of (v, i), o vanishes for
all v € C§°(Q). |
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Problem 3.3.2 Prove that, for each ¢ € IN, L, is bounded as a map from H*(Q) to
H2(Q).

Theorem 3.3.5 Let Q be a bounded open subset of IR™ with smooth boundary. Let
L, : HYQ) — H™YQ) be as in Lemma 3.3.4 and let R : H'(Q) — HY2(0Q) be the
restriction map of Theorem 2.2.2. Then the map

HY(Q) — H Q) ® H?(09)
U — (L7u , Ru)

is an isomorphism (1-1, onto, bounded with bounded inverse). That is, for each
Fec HYQ) and f € H'/?(0Q) there is a unique uw € H'(Q) such that V -yVu = F in
Q and u‘a@ = f. Furthermore, there is a constant C such that

HU”%,Q < C(||F||2—1,Q + ||f||%/2,aﬂ)

for all F € H~Y(Q) and f € HY/?(09Q).

Proof:

Boundedness: || Lyu|l-1,0 < ci1]|ull1,0 by Lemma 3.3.4 and ||Ru||%739 < callull1,0 by part
(ii) of Theorem 2.2.2.

Injectiveness: If Ru = 0, then u € H}(Q) by part (v) of Theorem 2.2.2. If u € H}(Q) and
Lyu = 0, then, by Lemma 3.3.4,

0= (Lyu)(u) = — (1, a>%9

so that u = 0 and hence u = 0.
Surjectiveness: Let F € H™Y(Q) = H}(Q)* and f € HY/2(9Q). Since the norms | ||1.0
and || ||,.o are equivalent, H} () = H., o(f2), as sets, and F may be viewed as a bounded
linear functional on H. ¢(£2). Hence, by the Riesz representation theorem, there exists
wy € Hy () such that

Fo=(v,w1), q

for all v € H, o(Q) = H}(Q). By Lemma 3.3.4, F = L. u; for u; = —y.

By part (iii) of Theorem 2.2.2, R is onto. So there is a w € H'(Q) = H,() such
that Rw = f. Write w = ugs + wp, where wy € H, () and uy € H%O(Q)L. Here, the
orthogonal complement is with respect to the ( , )%Q inner product. Set u = u; + us. By
the last part of Lemma 3.3.4, L., annihilates H, o(Q)*, so that L,u = Lou; = F. As R
annihilates H, ¢(2),

Ru = Ruj + Rus = Ruy + R(w — wg) = Rw = f
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Boundedness of the inverse: We must show that if u € H'(Q), F = L,u and f = Ru then
there is a constant C such that

lull? < C(IFI2 0+ £ o)

Write u = uy + up with u; € H, () and us € H%O(Q)L. By Lemma 3.3.4,

F v, U D.u V.U
[Fl|-1,0 = sup [Fv] = sup M = M — sup [ (v, u), 0
UEH&(Q) HU 1,9 vEHé(Q) ||U||1,Q vEHé(Q) ||U||17Q UEH&(Q) ||U||17Q
v#0 v#0 v#£0 270

By the equivalence of the norms || ||1,o and || ||+,
| (v,u), o | | (v, u1), g
IFlloio>es sup —m=cy sup  — = cglfui| 0
vEH. 0(52) HUHVQ vEHy 0(Q) ||U| 7,2
v#0 v#0

By part (iv) of Theorem 2.2.2, which gives the existence of a bounded right inverse for R,
there is a w € H(2) such that Rw = f and

lwlly.e < callwllio < el fll1 0

As Rup = Ru = f and Rw = f, w — uy is in the kernel of R, which is H, ¢(€2). Hence
w — uy and uy are perpendicular to each other with respect to the ( , ) .o inner product
and

lwll? o = [luzll3 o + lw = u2ll} o > uz]l3

so that [lug]? o < c%HfH%Q All together

P12 0 + 111 o = c3llul

2 0t )20 > min e, 2 [llan]2 0 + uall?,g]

= min{&, Z}ullo 2 coluliq

Remark 3.3.6 Apply Problem 3.1 to each y(x), z € . Let E; denote the infimum
over x € ) of the resulting constants C'; and E5 denote the supremum over z €  of
the resulting constants Cs. A brief review of the proofs of Lemmas 3.3.3 and 3.3.4 and
Theorem 3.3.5 shows that

e there are constants ¢; and ¢y depending only on Ey, Fy and €2 such that

lullie <allullyao  llullye < eflu

1,0
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for all U € H'(Q),

e there is a constant ¢ depending only on FE; such that the operator norm of L. is
bounded by ¢ and

e the constant C' of Theorem 3.3.5 depends only on Fq, Fs and €.

Denote by (v, (F, f)) the unique solution to
(Lyu, Ru) = (F, f)
provided by Theorem 3.3.5. Let o, @’ € C. Adding together
o(Lyu(y, (B, 1)), Ruly, (F, f))) = a(F, /)
and o (Lvu(% (F', ), Ru(v, (F’,f’))) =d(F', f)
and invoking the uniqueness conclusion of Theorem 3.3.5 yields
u(y, (aF + o'F' af + ' ) = au(y, (F, f)) + du(v, (F', 1))

That is, u(y, (F, f)) is linear in (F, f) € H™1(Q) & HY2(Q). We shall see, in Problem
3.3.5, below, that u(vy, (F, f)) is analytic in v € L>°(Q). In general,

Definition 3.3.7 Let B and B’ be Banach spaces. A map
f:DcB—-B

is said to be analytic? at € D if there is a family {Fy}sen, of bounded multilinear

functions
¢ times

——
Fp:Bx---xB—B

and constants C and ¢ > 0 such that
[Fe(z1, -, 20) g < Cctllzallg - - l|2ells
for all z1,---, 2, € B and

flat+z)=Y Fiz,,2)
£=0

for all z € B obeying ||z||5 < % and z 4+ z € D.

2 Actually, there are several equivalent characterizations of analyticity for maps between Banach spaces.
We have just picked the characterization in terms of convergent Taylor expansions because it is
convenient for our purposes. For a more thorough, but still short and elementary, treatment of
analyticity for maps between Banach spaces, see [PT].

22



Problem 3.3.3 Let B and B’ be Banach spaces and let the map
f:DcB—-B

be analytic at x € D.
(a) Prove that there are constants C' and 0 such that

1f(2") = f(@)lls < Clla’ — [l

for all 2’ € D with ||z’ — z||g < 0. In particular, f is continuous at .
(b) Prove that there exists a bounded linear map D : B — B’ such that
o for any curve z(t) that is defined for ¢ in a neighbourhood of 0, takes values in
D, obeys z(0) = x and is differentiable in the sense that there is an X € B such
that

tm | 412(t) — 2] - X =0

we have
lim|| ¢ [f («(t)) - f(2)] - DX|

The linear map D is called the Fréchet derivative of f at x.

g =0

Problem 3.3.4 Let m € IN, B, B’ and By,---,B,, be Banach spaces and, for each
1 <i < m, let the map
fi :DcCB— Bl

be analytic at x € D. Let M : By x ---B,, — B’ be a bounded m-linear map. Prove that
f:DcB—=B
z' - M(f1($/)7 T fm(x/))

is analytic at x.

Now back to the question of the analyticity of u(’y, (F, f )) with respect to v. We shall
also include the (F, f) dependence. For each fixed v obeying Hypothesis 3.3.1, we shall
construct a family {Up}ren, of bounded multilinear functions

¢ times
Up : T®(Q) x -~ x L®(Q) x (H1(Q) @ HY?(Q)) — H'(Q)
(717"'77@7(F7f)) = UZ(’YIW'W’W?(Faf))

such that -
u(’7+7,7(F7f)) :ZU£(7,7"'7’7/7(F7f))
=0
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for all [|7'|| e (q) < 2. The function U, will be linear in each of vy, ---, v, and (F, f) and
will be bounded in the sense that

HU£(71: e (B f))HLQ < CCEH’YlHLoo(Q) o HWHLoo(Q) H(F’ f)HH—l(Q)eaHl/z(Q)

It will also depend on v, but this dependence does not appear in the notation. In particular
Uo((F, f)) will be exactly u(y, (F, f)).

By way of motivation for the construction of Problem 3.3.5, shorten u(’y, (F, f )) to u
and u(y + 7/, (F, f)) to u’ and observe that

(3.3.1) Lo =Lyt =V -~'Vu' =F -V -4V Ru' = f

We shall construct a solution to (3.3.1) by an iterative procedure reminiscent of the con-
traction mapping theorem. We start with ug = u(% (F, f )) and then iteratively define uy,
¢ > 1 as the solution to

(3.3.2) Loug=F =V -~'Vuy_4 Ruy = f

If we can prove that the u,’s converge in H'(2), then v’ = Zlim ug will obey (3.3.1). To

—0Q
prove convergence, we get a bound on uy — uy—1 by applying Theorem 3.3.5 to
Lo(ug —up—1) = =V - y'V(ug—1 — ug—2) R(ug —up—1) =0

with U_1 = 0.

Problem 3.3.5 Let Q be a bounded open subset of IR"™ with smooth boundary and
let v satisfy Hypothesis 3.3.1, F € H~1(Q) and f € HY?(Q). Define, for any sequence
{m}men C L>(Q), the sequence {Ur(y1,- -+, 7e) beew, C H'(Q) inductively by

UO = ’U/(’}/, <F7 f))
LoUe(y1s -+ +,70) = =V % VUe—1(71, -+ Ye-1) RUe(v1,-+ 7)) =0

(a) Prove that Up(7y1,---,7e) is linear in in each of 71, - - -, ¢ and that there are constants
C and c that depend only on n, {2 and v such that

[Ue (15 7e) HlQ S CCZH’MHLOO(Q) "' HWHLOO(Q) I(F, f)HH—l(Q)eaHl/z(Q)

(b) Prove that if v/ € L () obeys ||7/||=(q) < <, then

W= YU )
=0
converges in H1(Q2) and obeys (3.3.1).
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Problem 3.3.6 Let Q be a bounded open subset of IR with smooth boundary and
let v satisfy Hypothesis 3.3.1. Prove that there is a constant § > 0 such that, for each
F e HY(Q), f € H/?(Q) and v € L>®(Q) with ||7/|z~@) < 6, there is a unique
u € HY(Q) obeying

Lau=F-V-4Vu Ru=f

Problem 3.3.7 Let, for i = 1,2, 7; obey Hypothesis 3.3.1, F; € H'(Q), f; € H'/?(0Q)
and wu; be the solution of

Lyui=F,  wly,=Ffi

Prove that there are constants C' and ¢ > 0, depending only on n, 2 and 7;, such that, if
|71 — 72l Lo () <€, then

[ur — uzll1,0 < C[||F1 — B+ £ = fllzoo + (I1F =10 + 1 fill1.0)lln —72HL°°(Q)]

Problem 3.3.8 Let, for each ¢ in a neighbourhood of 0, +; obey Hypothesis 3.3.1,
Fy € HY(Q) and f;, € HY/?(95). Assume that v, is differentiable with respect to t at

t=01in L*>(€). In other words, assume that there is a %(x) = [y ()] € L>(Q)

such that

1<ij<n

|7 = £ (7 = 70)|| o (g = 0

Similarly, assume that F; and f; are differentiable with respect to t at ¢t = 0 in H~1(Q)
and H'/2(0Q), respectively. Let u; be the solution of

Ly, uy = Fy Ut}an = fi

Prove that u; differentiable with respect to t at ¢t = 0 in H!(2) and that

Lyt=F—V-YWVuy  U,g=f

Here X = lim¢ o 1(X; — Xo) in H'(Q) when X = u, in H~ () when X = F and in
H'2(0Q) when X = f.

We will find it useful (see the discussion at the beginning of §4.1) to characterise the
unique solution of the boundary value problem L u = F, u‘ 8q = f, provided by Theorem
3.3.5, as the unique solution to a variational problem.
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Definition 3.3.8 Let F € H'(Q) and denote by P the orthogonal projection from
HY(Q) onto H}(Q) (using the H(Q) inner product). The Dirichlet integral is the map
Dp : HY(Q) — C defined by

De(w)=} [ (@) 52 @52 (@) d'a + Re F(Pa)

1,7=1

Theorem 3.3.9 Let Q be a bounded open subset of R"™ with smooth boundary. Let

o L,: HY(Q) — H (Q) be as in Lemma 5.3.4,

o R:HYQ) — HY2(0Q) be the restriction map of Theorem 2.2.2

o Fe H Q) and f € HY/?(09).
Then u € H'(Q) obeys Lou = F, Ru = f if and only if u is the unique minimizer to
Dp(w) in the set { w e H*(Q) ‘ Rw=f}.

Proof: Let u € H'(Q) be the unique solution to L,u=F, Ru= f provided by Theorem
3.3.5 and let w be any element of H'(Q) that obeys Rw = f. Note that w’ = w —u €
H} (), by part (v) of Theorem 2.2.2. Then

DF(U)) — DF(U) = DF(U+ w’) — DF(U)

LG - n -

—1 i,j Ow’ dw’ n i,j Ou Ow’ n —

_2‘21 Q,y ox; an d x—i_R’e'Zl Q'Y oz, axj d x‘i_ReF(U})
LI= i,j=

By the last statement of Lemma 3.3.4,

- - - n .. -
F(w') = (Lyu)(w') = = (@) o=~ > [ 4" G d'a
1,7=1JQ
SO "
.. A= ya
Dp(w) — Dp(u) = § ‘Zl QW%%%—Z; d"z = [|w'|2 o = lw—ul? g
1,j=

The right hand side is manifestly positive and vanishes only for w = u. So Dp(w) has a
unique minimizer on the set { w € H'(Q) ‘ Rw = f } and that minimizer is u. |

Proposition 3.3.10 (Elliptic Regularity) Let 2 be a bounded open subset of R™ with
smooth boundary, ¢ € IN and v obey Hypothesis 3.3.1. There is a constant C, depending
only on €, Q and ~ such that, for allu € H*(Q), F € H*=2(Q) and f € H'=2(9Q) obeying

Lyu=F Ru=f
we have u € HY(Q) and

[l < C(1F 20+ I1flle-3.00)
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Proof: We proceed by induction. We already know the result for £ = 1. Assume that
we have proven the desired bound for some ¢ € IN. We now prove it for £+ 1. That is, we
assume that F € H=1(Q) and f € H*"2(Q) and that we already know u € H(2) and

(3.3.3) lulleq < C(IFle-2.0 + 1/le-3.00)

We are to prove that u € H**1(Q) and

lulesso < € (IFlle-1.0+ 1 les 3.00)

Let N and, for 1 < i < N, U(p;), Xi,» ¥p; be as in Definition 2.1.20. In particular,
each x; € C5°(U(p;)). Let V be a neighbourhood of 9 on which Zf\il x; = 1. Select a
function ¢ € C§°(€2) that is identically one on Q2 \ V. We prove that each of the N + 1
terms on the right hand side of

N
u:gpu-l—ZXi(l—go)u

i=1
is in H**1(Q) and obeys the desired bound.

The term @u:
Let v = pu. We find a G € H'(R") obeying |G],_, ,, < c([|Flle-1,0 + | flle+1,00)
and
Lowv=G

We also find, in Problem 3.3.9, a 7' that satisfies Hypotheses 3.1.1 and coincides with v on
the support of . It will then suffice to apply either Problem 3.1.5 or part (d) of Problem
3.1.6 with F' = G, u replaced by v, v replaced by 7’ and ¢ replaced by ¢ + 1. To find G,
we just have to compute

T
- ‘anl T [V (@)p(2) G2 ()] + .anl 5 [0 (2)u(2) G ()]
B30 oLt 3 Y@ @) @)+ 3 4 ()3 ()52 (x) + ulyp

ij=1 ij=1
= oF +2 ilwg%g% +ul,p
ij=
=G
Recalling that ¢ € C5°(Q2) and that, by Lemma 2.1.16,
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e multiplication by any function in C*°(Q) is a bounded operator on H? () for all p € Z
e 2 is a bounded operator from HP(2) to HP~1(Q) forallp € Z and 1 < j <n

we have G € H~'(IR") with

1Cle-1 = 1GNe-1.0 < e1 ([P le-r0 + Il + lluli1.0)
<26 C(IFlle-1.0 + IFlle-2.0 + 1fle—3.00) by (3:33)

<41 C(IFle-10 + 1 l-g.00)
Here we have assumed, without loss of generality, that C' > %
The term x;,(1 — ¢)u — algebra:

Fix 1 <ip < N and write x;, = x and ¢, = 9. The strategy for treating this term is
analogous to that we applied to ¢u, but this time we construct a boundary value problem
on IR" and apply Problem 3.2.1. Recall that ¢ is a diffeomorphism from #(p;,) to R"
that maps U(p;,) N Q2 to IR’,. We use x to denote coordinates in U(p;,) and y to denote
coordinates in IR™. Set v = x(1 — ¢)u, w =vo1p~! and

Z 7 Y)) 2L (v () 52 (01 ()

k(=1

By the chain rule

and
i (7 ) Gro (@ W) = Y 9 (W) e () 3 (v ()
(335) j=1 7,m=1
=52 (v~ ()
Hence

i,k,0=1
= o M @5 @)
Y AT ) 2 (0 () 2 (7 ()



For the final equality, we used the product rule (using ~** (¢_1(y))%(¢_1(y)) and

9¢; (¥v7(y)) as the two factors) followed by a second application of (3.3.5) with v(z)

amk

replaced by v%*(z )8” (x), j replaced by i and ¢ replaced by k. Substitute in

% g—MV ( )3—( ) = % S—mv’“"’x(l— )2— % g—mv“ugwx(l—@)

kl=1 k=1 k=1
— (A=) Lu+ > Ex(T—0)+ > M8 G—x(1— @) + uL X (1 — )
ki=1 kf=1
=x(1 - ¢)F +2 .Zlv"’jg—;g—%x(l —¢) +uLyx(1— )
1,j=
to give

Lipsw=G  wige1 = (x(1-¢)f) o™ = (xf)o
(recall that ¢ is supported in the interior of {2) where

G(y) = x(1 — @)F oy + [uL,x(1 — )] op™*

) Zl[ (@) g () g x(@) (1 = (@) 1y

+ 2 MO W) 5 (T W) G g (v ()

i,9,k=1

The term x;,(1 — @)u — bounds:
By part (c) of Lemma 2.1.23 and (3.3.3), we get the following bounds on the various
parts of G.

Ix(1 =) F o™ i1 me < col|Flle-1,0

ImLox(1 =@ o™,y gy <

< esC (1 Flle-2.0+11f i3 o0)

8% @) 3@t = p@)] 0¥,y g < ol 32

< esC(11Flle-2.0+ Il 3.00)

—1,0 = < C3||u||€9

132 067 |,y < ea[l135 Ny + lulle1.0) < 2eslules

< 265C(I1Flle-2.0 + I lle-y.00)
Consequently, by part (a) of Lemma 2.1.16, G € H*"!(IR"}) with
1Glle-1.mr < ea(IFlle-r0+ 1 Flle-20+ 1fl-3.00) < 2ea(1Fle-10+ 1flle-3.00)
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Let U be an open neighbourhood of the support of x whose closure is contained in
U(piy). Then (U) NTRY = (U N Q) is a bounded open subset of IR™ and w vanishes
outside of ¥ (U NKY). Enlarge ¢ (U) NIRY to V, a bounded open subset of IR'} with smooth

boundary.
Y
@ B
U

R

Vv

In Problem 3.3.9, we construct a 4’ that satisfies Hypotheses 3.1.1 and coincides with ¥
on V. Applying part (b) of Problem 3.2.1 with F = G, v = w, v = 7/, f replaced by
(xf)ot~1 and ¢ replaced by £+ 1 gives

HwHé—l—l,IF{i < 65( ||GHe—1,IRi +|xfo 1/1_1|g+%,n_1)

< C6( [ Flle—1,0 + ”f”z-%,aﬂ +|xfo 1/1_1|e+%,n—1)

By Definition 2.1.20,

lwllerrmy < 2e6([1Flle-1.0 + 1flle12.00)

Finally, by part (a) of Lemma 2.1.23, with U/ replaced by V, V replaced by ¢ ~1(V), ¢
replaced by 1! and ¢ replaced by £ + 1,

Ixio (1 = @lullerro = lwotllerr ) < lwllerr,y = llwllerrme
< 2¢6( || Flle-1,0 + ||f‘|e+%,afz)

Problem 3.3.9 Let Q2 be a bounded open subset of IR" with smooth boundary and let
~ obey Hypothesis 3.3.1. Prove that there is a 7’ obeying Hypotheses 3.1.1 that coincides
with v on €.

The next proposition shows that the regularity of v in some region, in the interior of
its domain of definition, is really just determined by the regularity of F' in essentially the

same region.

Proposition 3.3.11 (Interior Regularity) Let Q and Q' be bounded open subsets of
IR"™ with smooth boundaries and Q C . Assume that ~ obeys Hypothesis 3.3.1 in €.
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Let ¢ € IN. There is a constant C, depending only on £, Q, Q' and v such that, for all
u€ HY Q) and F € H2(Q') obeying

Lou=F

we have u € HY(Q) and

lulles < € (I1F N0 + lull 2

Proof: Let x € C§°(IR"), 0 < x < 1 be such that y =1 on Q and supp x C Q'. Set
v = xu. As in the proof of Proposition 3.3.10, we shall shortly find a G € H* 2(IR")
obeying |Gl,_, ,, < ¢(||Flle-2.00 + [|ulle-1,0/) and

Lowv=G

We have already found, in Problem 3.3.9, a + that satisfies Hypotheses 3.1.1 and coincides
with v on the support of x. Then by Problem 3.1.5 with F' = G, u replaced by v and -~y
replaced by ~/

lulles < ol < C(1G]gn + Iol-1) < C(1G], + ol )

(3.3.6)
< O(IFllz0r + lullmror + lull )

It will then suffice to apply induction on ¢ to (3.3.6), using an increasing family
Qcyc - CcQa Y

of bounded open subsets of IR"™ with smooth boundary.
To find G, we just have to replace ¢ by x in (3.3.4). This gives

n ..
Lowv=xF+2 ) 7”32—;% +ulL,x
ij=1

=G

Recalling that x € C5°(€?') and that, by Lemma 2.1.16,
e multiplication by any function in C*°()’) is a bounded operator on HP (') for all
peZ
) gTj is a bounded operator from HP () to HP~1(Q) forallpe Z and 1 <j <n
we have G € H*72(IR") with

|G|£—2,n = [|Glle=2,0 < C( | Flle—2,00 + ”UHZ—LQ’)
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Now we prove, as a corollary to Proposition 3.3.10, regularity up to the boundary, in
the classical sense, of solutions of the Dirichlet problem

Theorem 3.3.12 (Regularity up to the boundary) Let F € C®(Q) and f € C=(99).
Then the solution u to

is in C°°(Q).

Proof: The conclusion follows immediately from Lemma 2.2.14, since we already know,
from Proposition 3.3.10, that u € H*(Q) for all £ € IN. |

§3.4. The Dirichlet to Neumann Map

Let © be a bounded open subset of IR™ with smooth boundary. Denote by n(z) the
unit outward normal to 9 at x € 992. Denote by do(z) the surface measure on 02 and
recall, from Problem 2.1.22, that the norm || - [0.90 on H°(9) is equivalent to

1 z2com = \// )2 doz)

Also recall, from Problem 2.1.24, that there is an isomorphism £ : H~2 (9Q) — Hz (9Q)*

such that
Lrg= [ f@a@) dota)
for all f,g € C*°(00Q).

We assume throughout this subsection, as we did in the last, that v obeys Hypothesis
3.3.1.

Theorem 3.4.1 Let, for each f € C®(00Q), uy € C=(Q) be the solution to
(Lyug)(z) =0 if v el
us(z) = f(x) if © € 02
of Theorem 3.3.12. There is a unique bounded linear map A, : H/2(0Q) — H~/2(9Q)
such that

(3.4.1)

Laglg)= > | 7@ 2L (@)id(z) g(z) do(a)

ij=1Jo0
for all f,g € C>(0K). Here #I(z) refers to the j™ component of f(x). We think of A, f
as mn - 7Vuf}89. Furthermore, if f,g € H/?(9Q) and v, € H'(Q) obeys Rv, = g, then

L ous Ov
La,flg)= > /Q'Y’J T Dzy d"x

4,5=1
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Proof: First consider f,g € C*(99) and let ug, v, € C*°(Q) obey L us =0, Rup = f
and Rv, = g. Then, by the divergence theorem (for the divergence theorem in general
dimension n, see Problem 3.4.1, below),

n

Laslg)= > [ ¥ ()3 (x)vg(x) 7 (x) do()

1,j=1J0Q
j 0
= S [ 5 [ @) B ()] d
i,
_ 1]8Uf 8’09 A" 9 i,j Ou d"
= Zl 9, Oz, @ X T Zl vg(z )axj v (x)axz (z) x
,J ,J
- 3 [yt i
0]

The second sum vanished because L,uy = 0. By part (iv) of Theorem 2.2.2, we may
choose v,

1,2 < C'|gll1/2,00- Then

L4, 1(9) '/ " %1;{ gig dx
1,5=1
< ClHVUfHLz(Q)HVUQHL2(Q)
<cifluglle llvglle

< c2 | flli/2,00 ll9ll1/2.00

by the bound of Theorem 3.3.5. Since C*(99) is dense in H/2(99), the norm of L ¢ is
bounded by cz || f||1/2,00- Since £ is an isomorphism |[A, f||-1/2.00 < c2[|f|l1/2,00. So, by
the BLT theorem, A, has a unique extension to a bounded linear map from H 1/2(09) to
H=2(09).

If f,g € HY/?(99Q) and uy,v, € H(Q) obey L,us =0, Rus = f and Ruv, = g, then,
by continuity,

0 1o}
La,s(g) = 21 VI Gk e A
i,

Remark 3.4.2 Apply Problem 3.1 to each y(x), z € . Let E; denote the infimum
over x € ) of the resulting constants C'; and E5 denote the supremum over z € 2 of
the resulting constants C;. By Remark 3.3.6, the operator norm of A, is bounded by a
constant that depends only on F;, Fy and ().
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Problem 3.4.1 Let 2 < n € IN. Let © be a bounded open subset of IR" with smooth
boundary. Denote by 7(x) the unit outward normal to 92 at x € 92 and by do(x) the
surface measure on 9. Let f(z) = (fj(x))1<j<n be a smooth vector field on Q.

(a) Prove that

S5 [ fi@) (@) dole) = (<17 S [ fi@) dan A Adfy A Adan
i=1Joa i=1Jaq

On the right hand side, the orientation of 02 is such that, for an open neighbourhood
O C IR"™ in which 922N O is given by the equation

Ty = (l‘l, 7‘%@7 y L )7 (.131,"',[%[,"',.’1371)67?,

we have

[ gy dnnendgenende, = (-0 [ g, T1 e
20N0 R pem

1<i<n
iF£L

when € is given by xy > p(x1, -, %o, -+, x,) and

/ g(x) dl‘l/\"'/\d/fjg/\--'/\dl’n:(—1)£_1/ g(m)‘ B [T dx;
80N0O R ze=p(z)

1<i<n
i#£L

when Q is given by xy < @(x1, -, £¢,--+,z,). For a brief introduction to wedge
products and differential forms, see Chapter 7 of [Ar].
(b) Prove that

> | fi@) W (@) doa) = z | S
j=1J0Q

(c) Let v e HY(Q) and, for each 1 < j <n, uj € Hl(Q). Prove that

> @@ de= 5 [ @) @@ dow) - 3 | S d's

=1J90Q

Remark 3.4.3 An alternate strategy for proving that A, is a bounded operator is to
express it in terms of four operators that we already know are bounded.
Two of these operators are related to the restriction operator of Theorem 2.2.2. By

that theorem,
R: HY Q) — HY?(09)

is 1-1, onto and bounded and has a bounded inverse. Here 1. refers to the orthogonal
complement in H(£2) with respect to the (, ) . inner product. Let

R~ : HY2(00) — H Q)Y
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be its inverse operator and
(R™Y)": Hy ()" — H'(09)
be the adjoint of the inverse. That is
(R £.9) 1 90 = (LR '9), 4 for all f € Hy(Q)", g€ HY*(9Q)
Note that if f and uy are as in (3.4.1), then Ruy = f and, by Lemma 3.3.4,
(uf,v), o = —(Lyu)(v) =0
for all v € HE (), so that uy € HH Q)1 and R71f = uy.

The remaining two operators provide isomorphisms from H~/2(9) and H'/2(09),
respectively, to H'/2(99)*. By Problem 2.1.23 or Problem 2.1.24, if f € C'*(9Q), then

Ly:geC™(0Q) — Ls(g)=(f,9)1200)

determines a unique £; € H'/2(9Q)* and furthermore cllfll=1.00 < 1Lfll < ClfII-1 00
By the Riesz representation theorem

(L9)(f) = ([, 9)1/2.00

defines an isomorphism
£: HY2(8Q) — HY2(89)*

In Lemma 3.4.4, below, we show that L5 ;= £(R™Y) R™1f — L. As

1A f11- 3,00 < llLasll < %{HSH IER=IIR

< LR+ C Il g 00

300+ ClIfl-y 00}

boundedness is proven again.
Lemma 3.4.4 For all f € C*(09)

Lag=SR")Rf-Ly
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Proof: Let g € C*°(0%2). Then

(R R 1) (9) = <9,W>1 o0
= (B R£,9)1 o0
= (R~ 1f7 T'9),0
=3 [ @E@E@ e | f@e)

with u = R™'f, v =R g

n n

_ ,j Ou n 1]811, /\j n— 1

= '5_ (8%7 T )vd a:-l-‘g_ gd
2,j=1JQ 3,7=1 8Q

+ fgd* o
o9

By integration by parts. Since L,u = 0 we conclude that

E((R_l)*R_1f> (9) = (Ayf + 159) 1200

as desired. [ ]

Problem 3.4.2
(a) Prove that A, is self-adjoint in the sense that

La,5(9) = La,g(f)

for all f,g € H'/?(09).
(b) Let A be any bounded linear operator from H'/2(99) to H~'/2(9Q). Define the
operator norm

||A||1/2,—1/2 = SHP{ ‘['Af(g)‘ ‘ f,9¢€ Hl/Z(aQ% Hf”l/z,aﬂ = Hng/z,aQ =1 }

Define the quadratic form Q4 : H'/?(9Q) — C associated with A by

Qa(f) = Las(f)

Prove that if A is self-adjoint, in the sense that Laf(g) = Lag(f) for all f,g €
H'2(09), then

HA|’1/2,—1/2 = Sup{ ‘QA(f)‘ ‘ S Hl/z(aﬁ); HfH1/2,8Q =1 }
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Problem 3.4.3 Let € be a bounded open set in IR"™ with smooth boundary. Denote by

BL,y _ 1 the Banach space of bounded linear maps from H2(09Q) to H=/2(09) endowed

with the operator norm.

(a) Let v satisfy Hypothesis 3.3.1. Prove that the map v — A,4, has an analytic
continuation, as a map from a neighbourhood of the origin in L*°(Q2) to BL 11

(b) Let E > 0. Denote by I'g the set of +’s that obey Hypothesis 3.3.1 and also obey

B < 2 i) g < Blel
i,j=

for all x € @ and £ € IR". Prove that the map v — A, has an analytic continuation,
as a map from a neighbourhood of ' in L>(Q) to BL

N|=

1
2

It is immediate from Problems 3.4.3 and 3.3.3 that the map v — A, is continuous
and indeed has a Fréchet derivative at each v € L°°({2) that satisfies Hypothesis 3.3.1. We
next provide a direct proof that v +— A, is continuous and in fact is uniformly continuous
on a large class of v’s.

Theorem 3.4.5 Let 71,72 obey Hypothesis 3.3.1. In particular, let E2 > 0 be such that

LIEP < 3 m@)ieg <BIE?  LEP< S wla)iae < Ble?

,j=1 i,j=1

for all x € Q and £ € R™. Then there is a constant C (2, E) such that

HA’Yl - A’Yz H1/27_1/2 < C(QvE)‘h’l - 72HL°°(Q)

We put the bulk of the proof into the following two lemmas.

Lemma 3.4.6 Let v obey Hypothesis 3.3.1 and let, for each 1 < i,j < n, %I (x) € C>*(Q).
In particular, let m~, Mg > 0 be such that

S (@) EE > my ¢

4,j=1

forallz € Q and £,&' € C". If o € HY(Q) and w € HY(Q) is the solution of

S Bla)TEE | < Myle][¢]

4,j=1

(L)) = > (8932 @) e
ij=1
w(z) =0 if x € 09
Then
vaHL2(Q) = %_fHVJHL%Q)
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Proof: For o0 € C*°(Q), we also have w € C*°(£2), by Theorem 3.3.12. Then, by the
divergence theorem and the assumptions on m. and Mz,

oVl < X [ @32 @FEE ¢ =~ [ w@Tem a

< Mg/Q }Vw(x)} Vo (z)| d"x

< MﬂvaHLz(Q)HVUHm(Q)
by Cauchy—Schwarz. So
m’YvaHL2(Q) < MﬁHVUHLz(Q)

for all o € C°°(Q). This bound extends to all o € H*(£2), since C*°(Q) is dense in H* (),
by Lemma 2.2.13, and w depends continuously on ¢, by Lemma 2.1.16 and Theorem 3.3.5.
|

Lemma 3.4.7 There is a constant C(Q)), depending only on ), such that the following
holds. Let f € HY?(09Q) and F € H'(Q) be the solution of

AF =0 if v € Q)
F(x) = f(z) if © € 002
Let, forv=1,2, v; obey Hypothesis 3.3.1, u; be the solution of
(L, ui)(z) =0 ifv e
ui(z) = f(x) if © € 002
and v; =u; — F. If

m[€]* < i n(@)EL < MER myl¢f® < i Yo () €5 < Mal€|?

ij=1 1,j=1

and
.Zl [yl(x)i’j — 72($)i’j}§ifj < M 5|€)?
1,j=

for all x € Q and £ € R", then, fori=1,2

and

(3.4.4) HV(UI - U2>HL2(Q) < C(Q) 1\74;12 [1 + 17\714_;} Hle/Z,Q
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Remark. The hypotheses m[¢]|? < szzl Ye(m)I €€ < Myl€]?, ¢ = 1,2, immediately

imply that ’Z?J (@) — 'yg(:r:)i’j}&fj’ < (M; + M>)|¢|%. But if 41 and 75 are close
together, we can get ‘ Z” 1 [vl(aj)i’j — vg(a:)i’j]&ﬁj < M o|€]? with My 2 < My + Mo.

Proof: We have that, for i =1, 2,

(Ly,vi) () = —(La, F)(2) ifze€Q
vi(z) =0 if z € 99

So, by Lemma 3.4.6 and the triangle inequality,

IVus

< [14 2]

HVUZHLz(Q) HL2(Q) Q)

By Theorem 3.3.5, with ~ replaced by the identity matrix,

IVE]| 20 <

< CO)1f /2.0

which proves (3.4.2) and (3.4.3).
Now

(Lo (01 = 02))(2) = Ly, 01(2) = Loya(@) + 3 G (247 (2) = 217 (0)] 32 (2) )

By Lemma 3.4.6 and (3.4.3),

IV = w2)ll 2y < 2NV 02+ )| 2y = T2 (V02|

mi

<21+ 22]) fll1 2.0

(@)

This proves (3.4.4), since u; — us = v1 — va, [ |

Proof of Theorem 3.4.5: Let f € H'/?(0Q). By Theorem 3.4.1,

n n
du; 9 J dus 8
Eagl) = Lans(f) = '21 i oa; oay T .Zl 75 0 90, 4T
1,]= 1,j=
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where, for ¢ = 1, 2, u; solve

0 ifxze
f(x) if x € 09)

(L ui) ()

Thus

L, 5 ()~ Lo (1)

n 1,7 i,7\ Ou m n n 1,7 O(u14us) O(ur—u n
[ ) G G dra o 3 [ g Mgt Sl dny
i,j=1JQ ,j=1JQ
< n?llm = el @ IVurlZe o) + EIV (w1 + ua)| 20V (u1 — u2)ll22()
< C(Q, E)||y — ’Y2||L°°(Q)||f||%/2,89

by (3.4.3) and (3.4.4) with My 5 = n?||v1 — 2| (). The theorem now follows by part
(b) of Problem 3.4.2. |

We shall prove, in Theorem 4.3.1 and Corollary 4.4.21,
Theorem 3.4.8 Let

%J(JU) = a1()d; 7;3(33) = a(x)d;

with oy, an € C(Q) bounded below by a strictly positive constant and

s 1 ifi=
W0 ifi

If Ay, = A, then v1 =¥ in Q.

The proof of Theorem 3.4.8 uses a characterization of A, in terms of the variational
problem in Theorem 3.3.9, which we give below, and also uses a reformulation of A, in
terms of Schrédinger operators, that we give in the next subsection.

Definition 3.4.9 We define the quadratic functional Q. : H'2(0Q) — R by

n —-— n S

- Our Ou . i,j Ow O n

_ i,j Our fooan,. 1,j Ow dw

Q)= X | WWEEEE dr = min 3 /7 ow; 0wy 1T
i,j=1JQ R 1,j=1JQ

by Theorem 3.3.9. Here uy € H'(Q) is the solution of L us =0, Ruy = f.
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Proposition 3.4.10 Assume that v, and 5 obey Hypothesis 3.3.1. Then

Ay = Ay, = Q,(f) = Qy,(f) for all f € HY?(02)

Proof: The proof is very much like the argument that an inner product is determined by

Ou; D . .
I E8 20 gny s linear in
Ox; Ox;

n
its associated norm via the polarization identity. Since > fQ v
i,j=1
f and conjugate linear in g

QI +9)-Q(f =g =aRe 3 [ 475 Te

ij=1
Q. +ig) = @y —ig) = atm Y [ 5T 0
ij=1

Hence

3 /wag_fg— @'z = §[Q(f +9) = Q(f — 9) +1Qs (] +ig) — iQ(f — ig)]

7,7=1

and, by Theorem 3.4.1 and the observation that u; = uy,

(3.4.5) La,s(9) = 1[Qr(f +9) = Qy(f = §) +1iQ,(f +19) — iQ, (f —i7)]
Since L is an isomorphism

Ay = Ay, = cAwlf(g) = cAwa(g) for all f,g € Hl/Q(aQ)
= Qy, (f) = Qu,(f) for all f e H'?(00)

§3.5. Schrodinger Operators

It is often easier to deal with differential operators whose highest order derivatives
have constant coefficients. So we shall use Theorem 3.5.9, below, to relate the Dirichlet to
Neumann map for the isotropic conductivity equation V-vyVu = 0 to the Dirichlet to Neu-
mann map for the Schrodinger equation Au + qu = 0 with ¢ = —%. The Schrodinger
operator —ﬁA + ¢ is the analog in quantum mechanics of the classical Hamiltonian
ﬁpQ + q, which represents the sum of the kinetic and potential energies of a particle of
mass m. So it is not surprising that Schrodinger operators have been extensively studied.

See, for example, [CF, RS4]. In this subsection, we just provide a bare introduction.
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When ¢ < 0, the methods of the previous sections lead to similar existence, uniqueness
and regularity results for the boundary value problem

Au~+ qu =10 in u = f on 0f)

See Problems 3.5.2 and 3.5.3. We shall be interested in ¢’s that are not necessarily negative.
This leads to one new phenomenon that we shall get to shortly. To try and reduce the
degree of repetition a bit, we shall even allow g to be complex, and, for some results, not
smooth.

Lemma 3.5.1 Let Q be a bounded open subset of IR"™ with smooth boundary and let
q € L>(Q).
(a) There is a unique bounded linear map L, : H'(Q) — H~1(Q) such that

(Lqu)(v) = /Qv(x) [Au(z) + q(z)u(z)] d"z

for all w € C*(Q) and all v € C§° ().

(b) There is a unique continuous sesquilinear® form
(-0 ) H(Q)xHY(Q) —C

such that

<u,v>q = zé/{l g;ﬁ_ () g;’i (z) d"x + /agz u(x)v(x) d" o —/Qq(x)u(x)v(x) d"x

for all u,v € C=(Q). Here d"~'o denotes the surface measure on OQ. Furthermore

for all u,v € H(Q) and
(Lqu)(v) = = (v, 1),

for allu € HY(Q) and all v € HE ().

Problem 3.5.1 Prove Lemma 3.5.1.

3 “Sesquilinear” just means linear in the first argument and conjugate linear in the second. That is,
(au + Bv,w), = a(u,w),+ 8 (v,w), and (u,av + Bw), = & (u,v),+ B (u,w), for all u,v,w € HY(Q)
and «, 3 € C.
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Lemma 3.5.2 Let Q be a bounded open subset of IR"™ with smooth boundary and let
q € L>(Q).
(a) If Req(x) <0 for almost all x € Q, then there is a ¢ > 0 such that

[ (u, )y | > cllullfq

for all u € HY(Q).
(b) If there is a ¢ > 0 such that ‘(u,u)q‘ > c||u||%g2 for all u € HY(Q), then there are
isomorphisms I, : HY(Q) — HY(Q) and J, : H}(Q) — H}(Q) such that
(u,v), = (u, Iqv), g for all u,v € HY ()
(u,v), = (u, Jgv) q for all u,v € H}(Q)
(¢) If q(x) <0 for almost all x € Q, then ( -, - ), is an inner product and the associated

norm, |[ully = y/(u, u), is equivalent to || - [|1,0-

Proof: (a) Assume that Reg(x) < 0 for almost all x € Q. Then
| (u,u)g | = Re (u,u), = |lull3_4 0 — Re /sz(ﬂﬁ)lu(fﬂ)|2 A"z > ||ull3—g0 > cllul o

since || - |[y=1,0 and || - ||1,o are equivalent.

(b) The arguments for I, and J, are virtually identical, so we only give the former. For
the latter just replace H'(Q) with H}(Q) and I, with J,.

There is a constant C' such that ‘(u,v)q} < Cllulliallv|liq for all u,v € HY(Q).
So the map u — (u,v), is a bounded linear functional on H L(Q) with norm at most

C|lv||1,0- By the Riesz representation theorem, there is a unique w, € H'(£) such that
(u,v), = (U, wy),; o for all u € H'(Q). Set I,v = w,. This map is obviously linear and has
operator norm at most C'. As

cllvlio < [(v,v), | = [ 1), o | < lrellvlie = Ivllie < tllvlie

I, is 1-1 and the operator norm of the inverse is at most %
It remains only to prove that I, is onto. We first show that the range of I, is closed.
If w=limy_, I,ve, then {vy} is a Cauchy sequence because the inverse of I, is bounded.
Because Hl(Q) is complete v = limy_,o vy exists. As I, is continuous w = I,v and the
range of I, is closed. If the range is not all of H'(£2), there is a non zero u € H*(2) that
is orthogonal to the range. But then
cllullf o < [(u,u), | = | (u, Lgu), o[ =0

provides a contradiction.

(c) The claims are obvious from part (b) of Lemma 3.5.1 and part (a) of this Lemma. B
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Problem 3.5.2 Let Q be a bounded open subset of IR™ with smooth boundary and let

q € L>®(Q).

(a) Prove that the map

HY(Q) — H™Y(Q) @ H?(9Q)
U — (Lqu , Ru)
is bounded.

(b) Assume, in addition, that there is a constant ¢ > 0 such that | (u,u), | > c||u||%g2 for
all u € H(Q). Prove that the map of part (a) is also 1-1 and onto with a bounded
inverse. In this case, for each F € H~'(Q) and f € H'/?(0Q) there is a unique
u € HY(Q) such that Au+ qu = F in Q and u‘aﬂ = f. Furthermore, there is a
constant C such that

ullf o < C(IFI? 10+ ||f\|?/2,89)
for all F € H~1(Q) and f € H'/2(0Q).

Problem 3.5.3 Let ) be a bounded open subset of IR" with smooth boundary and ¢ € IN.

Let
{ L>(Q) ife<?2

C'=2(Q) ifl>2
Prove that there is a constant C, depending only on ¢, ¢ and € such that for all u € H*(2),
F e H'2(Q) and f € H2(89) obeying

Lyu=F Ru=f
we have v € H*(Q) and

lulleq < C(IFNe—2.0+ I1flls.00 + lull 2o

The following example shows that the conclusions of part (b) of Problem 3.5.2 cannot

hold for all ¢ € L*(2) or even for all ¢ € C*(9Q).

Example 3.5.3 Let Q = (0,7) C IR. We compute the kernel of the map

HY(Q) — H Q) ® H?(09)
u—  (Lqu, Ru)

in the special case that the function ¢ happens to be a constant, that we call —\. In other
words, we find all u € H() obeying

u'(z) =du(z) for 0 <z < w(0) =u(r) =0
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By Lemma 2.2.14 and Problem 3.5.3, with ' = f = 0, u € C*([0,x]) so that v is
the conventional second derivative of u. The general solution to the ordinary differential
equation u” () = Au(x) is

u(x) = Asin (\/——/\as) + B cos (\/——/\:I:)

The boundary condition u(0) = 0 is satisfied if and only if B = 0. With B = 0, the
boundary condition u(r) = 0 is satisfied if and only either A = 0 or sin (vV/=A7) = 0. The
latter condition is equivalent to

v-aAeZ <— -deIN

So if X is not strictly negative integer, the kernel is trivial. If X is a strictly negative integer,
the kernel has dimension one.

Definition 3.5.4 Let €2 be a bounded open subset of IR with smooth boundary and
let ¢ € L*>°(£2). The number A € C is said to be an eigenvalue of the differential operator
A + g with Dirichlet boundary conditions on 99 if there is a nonzero u € H} () such that
(A + g)u = Au. The vector u is said to be an eigenfunction of A 4 ¢ with eigenvalue A. In
particular, zero is an eigenvalue of the differential operator A + ¢ with Dirichlet boundary
conditions on 9 if and only if the map v € H*(Q) — (Lyu , Ru) has a nontrivial kernel.

We have just seen, in Example 3.5.3, that the eigenvalues of A with Dirichlet boundary
conditions on the boundary of (0, ) are precisely the strictly negative integers. We shall
see below, in Lemma 3.5.6, that, for any ¢ € L*>(Q2), with Q a bounded open set with
smooth boundary, the set of eigenvalues of L, with Dirichlet boundary conditions on 0}
is a discrete subset of C. Furthermore if zero is not such an eigenvalue, the conclusions of
part (b) of Problem 3.5.2 hold. This will be part of Theorem 3.5.8.

Lemma 3.5.5 (The Resolvent of L,) Let 2 be a bounded open subset of R"™ with
smooth boundary and let g € L>°(Q2). Let

Q > |lqll L= (o)

(a) There is a linear transformation R, g : L*(2) — H*(Q) N H(Q), called the resolvent
of A+ q, and a constant C = C(,q, Q) such that

[Rq,qull2,.0 < Cllv||L2(q) for all v € L*(Q)
(A+q—Q)Ryqu=v for all v € L*(Q)
Ryo(A+q—Qu=u for allw € H*(Q) N Hy(Q)
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(b) The map R, is compact as an operator on L?(Q). This means that if {v;}ieN
is any bounded sequence in L*(Q)), then there is a subsequence of {R, quitiew that
converges in L*(Q). Equivalently, if {u;}ice is any sequence in H?(Q) N HY(Q) such
that {(A +q— Q)u; }iew is a bounded subset of L?(S2), then there is a subsequence of
{u;}iew that converges in L?(12).

(c) For any A € C\ {0}, the range of R, — A1 : L?*(Q2) — L*(Q) is the orthogonal
complement of the kernel of Rz — M.

Proof: (a) By hypothesis, Re (¢(z) — Q) < 0 for almost all z € Q. Hence, by part(a)
of Lemma 3.5.2, there is a ¢ > 0 such that ‘(u,u)q_Q‘ > clulli o for all u € H'(Q).
So the conclusions of both parts of Problem 3.5.2 are applicable to ¢ — ) and, for each
v € H1(Q), there is a unique u € H*(Q) such that (A +¢— Q)u = v and Ru = 0. By
part (v) of Theorem 2.2.2, the condition Ru = 0 is equivalent to u € HE(£2), so we may
restrict v to L#(Q2) and set R, gv = u. By part (b) of Problem 3.5.2,

IRgqullie < VO|[vl-1.0 < Vvl 120

By Problem 3.5.3, with ¢ = 2, ' = v, f = 0 and q replaced by ¢ — @, we have that
u € H?(Q) and

|Rg.qvll2.0 < C'([[vllz2) + lullz2@) < C'(Ivllr2 + [ullie) < C'(1+ VC) vl L2

By construction, (A +¢— Q)R,.qv = for all v € L?(Q). For the last claim, observe that
if u e H?(Q)N H(Q), then (A +q— Q)u € L*(Q) and w = R, o(A + ¢ — Q)u obeys
(A+q¢—Q)w = (A+q— Q)u, Rw = 0. As u obeys the same boundary value problem
and as the boundary value problem has a unique solution, R, o(A + ¢ — Q)u = w = u.

(b) Set u; = Rq qui. By part (a),

| s

1o = |Rgouille < VC vl oo

so that {u;}ien is a bounded sequence in HZ (). By Rellich’s theorem (Problem 2.1.15)
there is a subsequence of {u;};cn that converges in L2(1).

To get the second formulation, just set v; = (A + ¢ — Q)u;. Then u; = R, qu;, by the
construction of R, ¢ in the proof of part (a).

(c) The adjoint operator, A*, of any bounded operator A : L?(2) — L?(Q) is determined
by
<Ax,y)L2(Q) = (x, A*y>L2(Q) for all x,y € L?(Q)

We now show that R} 5 = Rg,q. Then the claim will be an immediate consequence of
part (b) of Problem 3.5.4, below.
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Two applications of part (c¢) of Problem 3.4.1 (the divergence theorem) gives

(Rq,QU, ) p2(g) = (Rg,qu, (A+ 7 — Q)RgQu) 2

— /QRQ’QU(x) [A + q(z) — Q)|Rg.qu(z) d"x

_ /Q (A + q(z) — QIR qu(x) Ryqulz) d"z

= (A +q—Q)Rqqu, Rg.Qu) 2(q)
= <U7R¢?7QU>L2(Q)

which is what we wanted to show. The two boundary terms vanished because both R, qv
and Rg gu are in H%(Q) N H}(Q). |

Problem 3.5.4 Let H be any Hilbert space. A linear operator C': H — H is said to be
compact if for each bounded sequence {v;};ev C H, there is a subsequence of {Cv;}iew
that is convergent. See Appendix A for an introduction to compact operators. Let C' be a
compact operator on H.

(a) Set, for each A € €, &y = { v € H | Cv = \v }. If & # {0}, then X is called an
eigenvalue of C' and the nonzero elements of £, are called the eigenvectors of C' with
eigenvalue \. Prove that if £ > 0, then #{ A € C | |\| > ,E\ # {0} } < oo and
furthermore, that if A # 0, then dim £, < cc.

(b) Prove that if A # 0 then the range of C'— A1l is the orthogonal complement of

Ex={veH } C*v=Xv }
Here C*, the adjoint operator of C, is determined by
(Cz,y)py = (2, C*y) for all z,y € H

(c) Give an example of a compact operator C' whose range is not the orthogonal comple-
ment of &, o.

Lemma 3.5.6 (Eigenvalues of L,) Let Q be a bounded open subset of R"™ with smooth
boundary and let ¢ € L>°(Q2). Set

Ex={ueHy( Q) | Lyu=Xu}

For any compact subset K of C, there are only finitely many A\ € K such that €5 # {0}.
Furthermore, £, is finite dimensional for every A € C.
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Proof: Let K be any compact subset of € and let {)\;};ew be any sequence in K. It
suffices for us to exhibit a contradiction to the assumption that there exists a sequence
{ui}iew C HJ(Q) of independent vectors such that Lyu; = A\ju; for all i € IN. By Problem
3.5.3, {u; biew C H2(Q) N H(Q).

Choose ) as in Lemma 3.5.5 and set p1; = A\; — Q. Then L,_gu; = pu;. Since Ly_q
is injective p; # 0. Apply the Gram—Schmidt orthogonalization process to {u;};eN to
construct a sequence {y; }ie;w C Hi(Q) that is orthonormal in L?(Q) with each y; of the
form y; = il ¢ ju;. Setting v; = il ﬁ—;ci,juj we have

j= j=

Lq—qui = Zz_jcm q—QUj = Zﬂzcwuj HiYi
j=1
so that {(A + g — Q)v; }iew is a bounded subset of L?(€2). On the other hand, if £ < i,

i 0 i—1 J4

R — s = Biga 0. Be . Nz_ C s — Be oo,
Vi — Vg — Y = E 11y Ciog U E :uj CejU; — E :C%JUJ = HJ 1)eijuy E :uj C,jUj

J=1 J=1 J=1 J=1

is in the span of {ul, cee ui_l} and consequently is orthogonal to y; in L?(Q). Thus

lvi = vellZa () = llvi = ve = yillZz(q) + 19illZ20) = 19ill72@) =1

and {v; };e;w may not contain any subsequence that converges in L2(f2), in contradiction
to part (b) of Lemma 3.5.5. [ |

Problem 3.5.5 Let H be a Hilbert space and C' : ' H — H a compact operator that obeys

C=C".

(a) Prove that all eigenvalues of C' are real.

(b) Let 1 and @2 be eigenvectors of C' with eigenvalues A\; and \a, respectively. Prove
that if Ay £ A, then ¢ L ©s.

(c) Prove that if H # {0}, then there is an eigenvalue A of C' that obeys || = ||C]|.

(d) Prove that there is an orthonormal basis of H consisting of eigenvectors for C'.

Problem 3.5.6 Let 2 be a bounded open subset of IR"™ with smooth boundary and let
q € L*°(Q) be real valued. In the following “eigenvalue” and “eigenvector” always refer
to eigenvalues and eigenvectors of A + ¢ with Dirichlet boundary conditions on 92, as in
Definition 3.5.4.

(a) Prove that all eigenvalues are real.

(b) Let 1 and @2 be eigenvectors of with eigenvalues Ay and Ag, respectively. Prove that

if Ay # g, then @1 L po.
(c) Prove that there is an orthonormal basis of L?(Q) consisting of eigenvectors of A + q.
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Proposition 3.5.7 Let Q be a bounded open subset of IR"™ with smooth boundary and let
q € L>®(Q). Let
Ke={ueH)Q) | Lu=0}

Then there is a constant ¢ such that the following hold.

(a) dim(K,) = dim(Ky) < oc.

(b) If F € L*(), then there exists a u € H}(Q) such that Lyu = F if and only if F is
orthogonal to Kz in L*(Y), in which case u is unique modulo K,,.

(c) If K, = {0}, then there is a constant ¢ such that, for each F € L*(Q), there exists a
unique u € H}(Q) obeying Lyu = F and this u also obeys

[ullio < cllFll

(d) If K, = {0}, then there is a constant ¢ such that, for each F € H™(), there exists
a unique u € H}(Q) obeying Lyu = F and this u also obeys

[ullLe < cllFll-10

Proof: (a) Since

Liu=0 < 0=L,u=Lsu

We have K, = K, where, by definition, the complex of a subset S of H{ () is just
S = { U ‘ ueS } Thus, for any index set I, {u; }ier is a basis for K, if and only if {u; }icr
is a basis for ICj. In particular, dim(K,) = dim(/Cq).

We now prove by contradiction that dim(KC,) < oco. If ICj is infinite dimensional,
it contains an infinite sequence of independent elements. By applying Gram—Schmidt
orthogonalization, we may construct another infinite set {u;}iew C K, C HS(2) N H?(Q)
such that

o |lug||z2() =1 for all i € IN

o <ui,uj)L2(Q) =0 for all i,j € IN with ¢ # j
Choose ) as in Lemma 3.5.5. Then {(A + ¢ — Q)u; = Lou; — Qu; = —Qu;}ien is a
bounded subset of L2(Q2). By part (b) of Lemma 3.5.5, there is a subsequence of {u;};eN
that converges in L?(Q2). But that’s impossible because |u; — u;||r2(q) = V2 for all i # j.

(b) Necessity: If Lyu=F € L*(Q) and v € H}(£2), then

(F,0) 12y = (Lqu) (D)
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By part (a) of Lemma 3.5.1 and two applications of the divergence theorem,

(Lyu)(0) = /Q@ [Au(z) + g(z)u(z)] d"x = /Q [Av(z) + q(z)v(z)|u(z) d*a
= (Lqv)(u)

for all u,v € C§°(Q). Since C§°(Q) is dense in H}(Q),

(Lqu)(v) = (Lgv)(u)

for all u,v € H(2), by continuity. If v € Kz, then Lzv = 0 and (F,v)p2(0) = 0, s0 F' is
orthogonal to Kg.

Sufficiency: Let F be orthogonal to Kz in L*(2). Choose Q > 0 as in Lemma 3.5.5 and
observe that, for u € H} (),

Liu=F < L, gu=F—Qu < R, o(F —Qu)=u

= [Req+glu=gReoF

(3.5.1)

By part (c) of Lemma 3.5.5, the range of R, o + % is exactly the orthogonal complement,
in L?(Q), of the kernel of R; o + %

We now verify that %R%QF is in the orthogonal complement of the kernel of Rz o+ é
If v is in the kernel of Rg g + 5, then

(3.5.2) [R@Q-i-%}v:O = Rjo(—Quv)=v = Lz qguv=—-Quv = Lsjv=0
o —— ’UGICq

(since v = —QRg.qv, v € H} () is automatic) and
(Rg,QF, U>L2(Q) = (F, RQ,QU>L2(Q) = —é <F7U>L2(Q) =0

since F' 1 Kz by assumption. So R, oF is orthogonal to the kernel of R4 g + é Conse-
quently, there is a u € L?(Q) obeying [Rqq + %}u = éRq,QF and this same w, which is
automatically in Hg(£2) since u = Ry o(F — Qu), obeys Lyu = F.

Uniqueness: For u,u’ € H}(Q),

Liu=Lu <= Li(u—u)=0 < u—1u' €K,

(c) If K, = {0}, then K7 = {0} by part (a). So, by part (b), for each F' € L?(Q2), there
is a unique u € H} obeying L,u = F. The proof of the bound is by contradiction. If the

50



bound is not true, there is a sequence of unit vectors u; € H}(Q) such that L,u; converges
to 0 in L2(2). Choose @ > 0 as in Lemma 3.5.5. Set

V; = Lq_Qui = Lqui — Qul

Then {v;};en is a bounded sequence in L?*(2). By part(b) of Lemma 3.5.5, there is a
subsequence {u;, }se that converges in L?(Q), say to u € L2(Q). Then {v;, }sen converges
to —Qu in L*(Q) and, by part (a) of Lemma 3.5.5, u;, = R, qu;, converges in H}(Q) to
—QR, qu. Thus u € H}(Q) and u = —QR, qu so that R, g + % has a nontrivial kernel.
But this is a contradiction because (3.5.2), with ¢ replaced by g, proves that the kernel of
Ryo+ % is trivial.

(d) If Lyuy = Lyug = F, with uy,us € HJ (), then Ly(u; —u2) =0 and uy — us € Ky, so
solutions must be unique. The proofs of surjectiveness and of the bound are motivated by
the “first resolvent identity”, which is a special case of

A7t B l=A"Y(B-A)B!

By part (b) of Problem 3.5.2 (with f = 0 and ¢ replaced by ¢ — @), the linear map
Ly—g : HY(Q) — H () has a bounded inverse Lo : H1(Q) — H(Q2). By part (c)
of this Proposition, Lq : { u € H}(Q) | Leu € L*(Q) } — L*(Q) has a bounded inverse
L:L*Q) — HYQ). If F e H1(Q), set

w=LoF — QLLQF
Then,
Lyu= Lq,CQF - QLq,C,CQF = Lq_QEQF + QCQf - QLq,CﬁQF
—F+QLof —QLoF =F

so the solution exists and, using ||£|| and ||Lg|| to denote the operator norms of the maps
Lo:H Q) — H}(Q) and Lo : H1(Q) — H}(Q), respectively,

lulig < [[£aFl; o + QlI£LF], o

< |1£aF |, g + @lL] [ £oFll,
< {1+QllellfliceF ], o
<{1+alcl}lcol 17110

(@)

so the desired bound is satisfied.
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Theorem 3.5.8 Let Q be a bounded open subset of IR™ with smooth boundary and let
q € L>(Q). Let L, : H' () — H=1(Q) be the Schridinger operator with potential q defined
in part (a) of Lemma 3.5.1 and R : H*(Q) — HY?(9%) be the restriction map of Theorem
2.2.2. Assume that 0 is not an eigenvalue for L, with Dirichlet boundary conditions. That
is, assume that Kq = { v € Hg(Q) } Lyu=0}={0}.

(a)

(b)

The map
HY(Q) = H Q) @ H?(69)
U — (Lqu , Ru)
s an isomorphism.

Let £ € IN. If £ > 3, assume that ¢ € C*~2(Q). There is a constant C, depending only
on £, Q and q such that, for allu € HY(Q), F € H'2(Q) and f € H"2 () obeying

Lyju=F Ru=f
we have u € HY(Q) and
lullee < C(IF 20+ I1flle-3.00)

Let, for each f € H3/2(0Q), uy € H(Q) be the solution of

(Lqug)(xz) =0 if v el
us(z) = f(x) if © € 002

provided by part (b) of this Theorem, with { = 2. There is a unique bounded linear
map Ny : HY2(0Q) — H=Y2(09Q) such that

La,(g) = ; [ G @) (@) o) dota)

for all f € H3?(0Q) and g € HY?(0K). Furthermore, if f,g € HY?(0Q) and
vy € HY(Q) obeys Rv, = g, then

L Quy D
La,s(9) = /Q [Zl S G — q(@)uyg(2)vg(w)| d"a
1=
Here 2 (x) refers to the i™™ component of n(x), the unit outward normal to O at

z € 09, do(z) refers to the surface measure on 8Q and £ : H=2(0) — H?z(0Q)*
refers to the isomorphism, from Problem 2.1.24, that is determined by

Lrg= /8 f@a(@) do(@)  for all f.g € C<(09)
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Proof: (a) Boundedness was part (a) of Problem 3.5.2.

Injectiveness: If Ru = 0, then u € H}(Q) by part (v) of Theorem 2.2.2. If u € H}(Q) and
L,u =0, then u € K, and so u = 0 by hypothesis.

Surjectiveness and boundedness of the inverse: Let F € H™'(Q) and f € HY/?(09Q).
By parts (iii) and (iv) of Theorem 2.2.2, there is a w € H'(f) such that Rw = f and
lwll1,0 < C'||fll1/2,00- By part (d) of Proposition 3.5.7, there is a v € H{(£2) such that
Lyv=F — Lyw and ||v||1 0 < ¢||FF— Lyw|-1,0. Then u = v+ w obeys

Liu=Lw+Lyow=F Ru=Rv+Rw=0+f=f

and

lullie < llvllve + l[wlle < el F = Lew|[-1,0 + w0

< f|Fl[-1,0 + cerflw

Lo+ [wllie
< c||F|l—1,0+ (L+ccr)C| flli/2,00

(b) The case £ = 1 was proven in part (a). The remaining cases follow from Problem 3.5.3.

(c) The proof of this part of the Theorem is Problem 3.5.7.

Problem 3.5.7 Prove part (c) of Theorem 3.5.8.

Problem 3.5.8 Let €2 be a bounded open subset of IR" with smooth boundary and let
q € L*>*(Q). Let L, : H'(Q) — H~'(Q) be the Schrédinger operator with potential ¢
defined in part (a) of Lemma 3.5.1 and R : H'(Q) — H'/2(0Q) be the restriction map of
Theorem 2.2.2. Do not assume that 0 is not an eigenvalue for L, with Dirichlet boundary
conditions. Let v € H!(Q) obey L,v = 0.

(a) Prove that if w, w’ € H*(Q2) obey Rw = Rw’, then

/ [Vw(z) - Vo(z) — g(z)w(z)v(z)] d"z = / [Vw'(z) - Vo(z) — q(z)w’ (z)v(z)] d*z
Q Q

(b) Prove that
he HY?(8Q) — /Q [Vwy (2) - Vo(z) — g(z)wp (z)v(x)] d"z with wy, € H'(Q), Rw, =h
is a well-defined, bounded linear functional on H'/2(Q) with norm at most
C1+ gl @]llvle
(c) Prove that if v € H?(2), then the linear functional of part (b) is

h e HY?(8Q) — h(:r:)%(x) do(x)
o2
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Theorem 3.5.9 Let Q be a bounded open subset of R"™ with smooth boundary, v € C*°(Q)

. »y /
be strictly positive and set ¢ = — Aﬂi;.

(a) If f € HY?(0Q), then u € HY(Q) is a solution of
V-4Vu =0 inQ u=f on 0N
if and only if w = ~vY2u is a solution of
Aw +qw =0 in w=~Y2f on 00

(b) Let A, be the Dirichlet to Neumann map for the Schridinger operator A + q on €,
defined in part (c) of Theorem 3.5.8 and let A, be the Dirichlet to Neumann map for
isotropic conductivity equation V - yVu = 0 on €0, defined in Theorem 3.4.1. These
two Dirichlet to Neumann maps are related by

Molg) =770 (7 20) + X v 5 |
J:

Proof: (a) By the product rule
Aw=V -Vw=V- V(") =V (v/2Vu+ uVy'/?)
= 71/2Au + 2V71/2 -Vu + uA71/2
— 2 AU 4 V2V Vi w2 A2
= 2Au+~"V2Vry - Vu — wq
= Y2 Ay 472 (V- (vVu) = yAu) — wq
=712V - (7Vu) — wg
Hence
Y2 (Aw + qu) = V - yVu
so that
V-AVu=0 < Aw+quw =0

(b) Set f = ~~1/2g and up = 7_1/2w9. Then, by part (a), uy is the solution of V-4Vus =0
in 2, uy = f on 0N and

n P . n s
Alg) = X2 Gl =32 a0 G (71 uy)]
j=1 o =1
n n
= Z 1/2%“1‘ o j Z 1/227 nj‘ag
J:l =

v TVEAL () + Zl sfy R Gn
J:

oN

VNG )+ X S g
]:

o

o4



In the next chapter, we prove that if two isotropic conductivities v; and 75 in 2
give rise to the same boundary measurements (i.e., A,, = A,,), then 71 = 2. Actually,
because constant coefficient differential operators, like —A, are easier to deal with than
variable coefficient differential operators, like V-4V, we first prove the corresponding result
for Schrodinger operators. Then we use Theorem 3.5.9 to transer the result over to the
orginal conductivity problem. A more detailed outline of this procedure is provided at the
beginning of §4.
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