Appendix SA: Problem Solutions for Appendix A

Problem A.1 Let a < band ¢ < d and let C : [¢,d] x [a,b] — € be continuous. Use the
Arzela—Ascoli theorem to prove that the integral operator

-/ o) f(a) d

is compact as an operator from X = Cfa, b] to Y = Clc, d].
Solution. Let {f;};ew be a bounded sequence in C|a,b]. Then

sup [[fllctae) = sup [fi(z)] < M < o0

a<xz<b

Since C(y, x) is continuous and [c, d] X [a, b] is compact, C(y, z) is bounded. Set

K = sup |C(y, )|

a<x<b
c<y<d

Then

[(Cfi)(y /\Cy, )| 1 filz \dm</Kde<KM(b—a)

so the sequence {C'f;};ew is uniformly bounded. Again, since C(y, ) is continuous and
[c, d] X [a, b] is compact, C(y, x) is uniformly continuous. In particular, for each € > 0 there
is a 6 > 0 such that }K(y,x) —K(y’,x)} <eforalla <z <bandall c <y,y <d with
ly —y'| < d. Consequently

-y <6 = |(CH)) — (Ch) / Cy, 2) — O 2)| | fi(x)| dx

_/stach(b a)e

and the sequence {C'f; }iew is equicontinuous. By the Arzela—Ascoli theorem [F, Theorem
4.43], there is a subsequence of {C'f; };e that converges uniformly on ¢, d]. [ |
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Problem A.2 Prove that any Hilbert—Schmidt operator is bounded.

Solution. If f € L?(Y,dv) and g € L*(X,du), then by Cauchy-Schwarz, applied to the
product measure du(z)dv(y)

(Kf,g)| = ' [ k)55 dute)ivty)
< /X 17 gt V(e du(w)dv(y)

< W fllz2ev,am 19l 2 (vam) 1Bl 22 (x v, dpd)

This implies that K is a bounded operator with norm at most ||k z2(x xv,dudv)-

Problem A.3 Let H be a Hilbert Space. A sequence {f;}.e;wv C H is said to converge
weakly to f € H if

for all g € H.

(a) Give an example of a sequence that converges weakly but not strongly.

(b) Prove that if {f;};cn converges weakly to f, then ||f|| < liminf; . || fi||. Prove that
if {fi}iev converges weakly to f and ||f|| = lim;— oo || fi||, then {f;};ew converges strongly
to f.

(c) Prove that H is weakly sequentially compact. That is, every bounded sequence in H
has a weakly convergent subsequence.

Solution. (a) Let H be any infinite dimensional Hilbert space and let {f;},ew C H be
any orthonormal infinite sequence. If g € H, then

> g f) P <llgl? <00 = Jlim (g, fi) =0
=1

So the sequence {f;};cn converges weakly to zero. On the other hand ||f; — f;|| = V2 for
all # # 7, so the sequence cannot converge strongly.

(b) Assume that {f;};cn converges weakly to f. Then, in particular,

IFI1* = lim (£, fi) < liminf | f][[|fi] = [If | iminf || fi]] = |[f]| < liminf || f;]



Assume, on the other hand, that {f;};ew converges weakly to f and || f|| = lim; . || fi]|-
Then . , . , ,
Jin [[f = £l = Yo (LF7 4 (Lfill™ = CF fi) = (i )
= —[IF17 + lim || f]|? by weak convergence
=0
This is the definition of “{f;} converges strongly to f”.

(c) Let {fi}ienw be a bounded sequence in H and let {e;};c; be an orthonormal basis for
the closure of the span of {f;};c. Since there are countably many f;’s, the index set J
is either finite or countable, even if H is not separable. For each j € J, { (fi,ej) }iG]N is a
bounded sequence in C and so has a convergent subsequence. By taking subsequences of

subsequences, we can find a subsequence {f;, }sren such that

lim <fiev ej>

9i = £—00

exists for all j € J. Furthermore, by Fatou’s lemma,

Do lgilF =37 Jim (e | <Timint D] (fi, ) [ < Tminf ||, [ < o0

jed JjeJ JEJT

so that g = > jes gi€j is a well defined element of H.

We claim that {f;, }rew converges weakly to g. To prove this, we must show that for
each h € H and each € > 0, there is an L > 0 such that } (g,h) = (fi,,h) | <eforall{> L.
Write

(9:h) = (fiesh) = D (g = fireg) less )+ > (9= fureg) (es, h)
Jj€Jo jeJ\Jo
with Jy a finite subset of J, to be specified shortly. The second sum is bounded in magni-
tude by

Z g fze’ej ‘ Z e]? < ||g flg” Z ej:

Jj€J\Jo Jj€JI\Jo Jj€J\Jo

Since

ST e by ||* < Al < oo

JjeJ
we can always choose the finite set Jy sufficiently large that

e < @
> e h) [ < s

Jj€J\Jo




We choose such a Jy. Then the second sum is bounded by §. The first sum is bounded by

g ficves) (e[ < IRIY - L9 — (fioves) |

Jj€Jo J€Jo

By the definition of g;, there is an L > 0 such that

(>1L = \gj—<fiw€j>‘<m

for each j in the finite set Jo. Then, if £ > L, the first sum is strictly smaller than 5 and

}(gvh>_<fie7h>}<5' u

Problem A.4 Prove that any nuclear operator is compact.

Solution. Let -
Kz = Zci zi(z) yi
i=1

be a nuclear operator with {y;},ew a bounded sequence in the Banach space ), {z}}ien
a bounded sequence in the dual space X’ of the Banach space X and {c¢;};ew a set of
complex numbers obeying > . |¢;| < oo.

Let {z,},en be a bounded sequence in X. For each fixed ¢ € IN, {a:;(a:j)}jem is a

bounded sequence in C and so has a convergent subsequence. By taking subsequences of
subsequences, we can find a subsequence {x;, }scnv such that

gi = Jim zi(z;,)

exists for all 7 € IN. Write

X =supla;l, X =swllzily Y =swlul, C=>la
] 1 1 Z

Since
(SA.1) |z} (z;)] < X'X < o0

we have

S el lgil lyill < X'XYC < oo

=1

and >_°° ¢ g; y; converges strongly to a vector g € Y.
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We claim that g = limy_. o, Kxj,. For each I € IN

Hg Kx]z“ - gi — x]e)) Yi

SZ\CH |9 = @i (2)] Nyilly + > leil [lgal + lzi(zs)l] lwilly,
=1

i=I+1

§0Y1121?<XI 9i — @j(x;,)]| + 2X' XY ;l\ci\
<i< Myt

by (SA.1). Let e > 0. Since the series > .=, |¢;| converges there is an I > 0 such that
> Il < gy Since g; = limg_ z(2,) for all i € IN and since I is finite, we can
find an L € IN such that |g; — :)3“)} soy forall £ > L and all 1 <4 < I. Then, for all
{> L,

lg — Kxj,|| < OY 585 +2X'XY jxies = €

as desired. m

Problem A.5 Prove that compact operators are necessarily bounded.

Solution. Let C' be a compact operator from the Banach space X to the Banach space
Y. If C is not bounded, then, for every n € IN there is a unit vector x,, € X such that
|Cxp|ly > n. But then {z,},cn is a bounded subset of X and lim ||Cz,|yy = 0o so no

subsequence of {Cz, },eN can converge.
[ |

Problem A.6 Let H = L?(X, u) for some measure space (X,u). Let f : X — C be a
bounded measurable function on X. Let A be the bounded linear operator on H given by
multiplication by f(x).

(a) Prove that A € o(A) if and only if

Ve>0 p{zeX||flx)-A<e}>0

(b) Prove that A is an eigenvalue of A if and only if
u{xeX}f(x):)\}>0
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(c) Let X be the open interval (0,1), 1 be Lebesgue measure on (0,1) and f(z) = . Find
the spectrum of A, the operator on H given by multiplication by x. Also find all of the
eigenvalues of A.

Solution. (a) Proof that e >0 p{ze X } |f(z) = Al <€} >07 implies “N\ € o(A)”:
The proof is by contradiction. Suppose that A ¢ o(A). Then the operator inverse of
A — M\l exists and is a bounded operator, say with norm a. Let S be a set of finite nonzero
measure such that |f(z) — A| < o for all z € S and let ¢ be the characteristic function of
S. Then [|¢] = v/u(S) and, since | (f(z) — \)é(x)] < 6(a), (A~ A6 < & /u(S).
Consequently, |[(A — AD)¢|| < 5=||¢]. If » = (A — AL)@, then ¢ = (A — )\]1)_17,11 and
|(A- )\]1)_1¢H = ||¢|| > 2al|/(A — A1)¢|| = 2a||®p||. This contradicts ||A — Al|| = a.

Proof that “\ € o(A)” implies Ve >0 pu{ z€ X | |f(z)— A <€} >0": The proof is
again by contradiction. Suppose that € > 0 but u{ = € X | |f(z) — A| <€ } = 0. Then
|f(x) — A| > € for almost all x and the operator of multiplication by W is a bounded
operator with operator norm at most % Furthermore, it is the operator inverse of A — A1l
So A is not in the spectrum of A.

(b) Proof that “u{ = € X } f(z) =X} > 07 implies “\ is an eigenvalue of A”:  Let
S be a set of finite nonzero measure such that f(x) = A for all z € S and let ¢ be the
characteristic function of S. Then ¢ is a nonzero vector but (f(z) — A)¢(z) = 0 for all
x € X. Thus A¢p = A¢ and ¢ is an eigenfunction of A of eigenvalue .

Proof that “\ is an eigenvalue of A” implies “u{ reX } flx) =X } > 07 Let ¢ is an
cigenfunction of A of eigenvalue X. Since A¢ = A¢, the function (f(z) — )¢ (x) must be
zero almost everywhere. If u{ @ € X | f(z) = XA } =0, ¢(z) must itself be zero almost
everywhere. But then ¢ is the zero vector in the Hilbert space, which is forbidden.

(c) The measure of { re X ‘ |z — Al < e } is exactly the length of the intersection of
the interval (0,1) with the disk in C of radius € and centre A. For any fixed A\ € C, this
measure is nonzero for all € > 0 if and only if the distance from A to (0, 1) is zero. That
is, if and only if A € [0,1]. Hence o(A) = [0, 1].

For any complex number A, the set { re X } r=A } consists either of a single point
(if A € (0,1)) or of the empty set (if A ¢ (0,1)). Both have measure zero. So A has no
eigenvalues. [ |

Problem A.7 Let X be a Banach space and ) a proper closed subspace of X. Let
0 < p < 1. Prove that there is a unit vector x € X'\ ) whose distance from ) is at least p.
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Solution. Let Z be any vector in X' \ ) and denote by p its distance
p=int{ -7l |5ey )

from ). Since & € X\ )V and Y is closed, p > 0. Then there is a vector y € ) such that

pflz—yll <5
Then Z — y is again a vector in X'\ ) whose distance from ) is precisely p and x = II§:ZH
is a unit vector in X' \ ) whose distance from ) is precisely ﬁ > p. [ ]

Problem A.8 Let X be an infinite dimensional Banach space. Prove that the identity
operator on X is not compact.

Solution. Since X is infinite dimensional, it contains an infinite sequence {z,}nen of
independent vectors. Denote by X, the span of {x1, 3, -+, z,}. By Problem A.7, there
is, for each n > 2, a unit vector y,, € X,, whose distance from X,,_; is at least % If n > m,
|yn — Ymll > % since Y, € X, C Xp—1. But then {y,},cn is a bounded sequence in X
and {1y, }nen contains no convergent subsequence. So 1 cannot be compact. [ |

Problem A.9 Let X be an infinite dimensional Banach space and C' : X — X a compact
operator. Prove that 0 € o(C).

Solution. If 0 € p(C), then C has a bounded inverse and, by part (c) of Proposition A.5,
1= C~'C is compact. But, by Problem A.8, the identity operator acting on any infinite
dimensional Banach space is never compact, providing a contradiction. [ |

Problem A.10 Let H be a separable Hilbert space and let {e,},en be an orthonormal
basis for H. Let {uy}nen be any sequence of complex numbers that converges to 0. Prove
that the operator defined by

) 00
O( Z O‘4n€n> = Z HnOn€nil
n=1 n=1

is compact and has o(C) = {0}.



Solution. We first prove that C is compact. Set v, = sup,,>, |im|- By hypothesis
lim,, .o vy, = 0. Set, for each N € IN,

o) N
CN( Z anen) — Z HnCn€ni1

Then

€= em( 3 o)

) _

S Vn+41

n=N-+1 n=N-+1 n=N-+1

o0 o0 o0
X onennt]| =] 5 ol S| 3 lal?

O
Y Qneq
n=1

so that C converges in operator norm to C. As Cy is a nuclear operator (use y; = €;41,

zi(x) = (x,e;) and ¢; = p; for 1 < i < N and zero otherwise), it is compact, by Problem

A.4. By part (d) of Proposition A.5, C' is also compact.
We now prove that o(C') = {0}. By Problem A.9, 0 € o(C). By Proposition A.10, any

nonzero A € o(C) must be an eigenvalue of C. Let x = > °

nem On€n be a corresponding

eigenvector. Choose m so that a,,, # 0. Then

(e ] o0
U = (T, €) = (:C, € ) = <§ > unanen+1,em> =1 Y pnn (ent1,€m) =0
n=—m n=m
which is a contradiction. [ |



