The Upside Down Pendulum

Model a pendulum by a mass m that is connected to a hinge by an idealized rod that
is massless and of fixed length ¢. Invert the pendulum and shake the pivot point vertically.

m

h(t)

Suppose that at time ¢, the location of the pivot point is z = 0, y = h(t). Denote by 6 the
angle between the rod and vertical. At time ¢, the position and velocity of the mass are

x(t) = £sinf(t) x(t) = £0(t) cosO(t)

y(t) = h(t) + LcosO(t) 5(t) = h(t) — £0(t) sinO(t)

So the kinetic and potential energies of the mass are

T = Im[i(t)? + y(t)?] = sm[20(t)* + h(t)* — 2¢h(t)0(t) sinb(t)]

U = mgy(t) = mgh(t) + mglcos0(t)
The corresponding Lagrangian is
L£0,0,t)=T—-U = %m[ﬁzéz + h(t)? — 20h(t)0 sin 0] — mgh(t) — mgl cosf
= m[%ZQQQ — Ch(t)fsin® — gl cos b + %h(t)2 — gh(t)]
and Lagrange’s equation of motion is
0=d () _ oL

AT a0
= &m[0°0 — (h(t)sinf] — m[ — Lh(t)0 cos O + gl sinb)]

= m[(?0(t) — Ch(t) sinf(t) — gfsin 0(t)]

0ty — L(g+ h(t)) sin0(t) = 0

In particular, if h(t) = Asin(wt), the equation of motion is

%(t) — 2[g — Aw?sin(wt)] sinO(t) = 0
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The horizontally driven case

For a horizontally driven pendulum, the corresponding equations are

z(t) = h(t) + £sinO(t) () = w(t) + 0(t) cosO(t)
y(t) = LcosB(t) y(t) = —L0(t) sin O(t)

So the kinetic and potential energies and Lagrangian of the mass are

T = Im[a(t)? + y(t)?] = Im[20(t)* + (1) + 200 (t)0(t) cos O(t)]

U =mgy(t) = mg{ cos 0(t)
L£0,0,t)=T—-U = m[%ézéz + ()0 cos 6 — gl cos b + %w(t)z}

and Lagrange’s equation of motion is

0=5(5) — %

= %m[ﬁzé + L (t) cos ] —m[ — Ci(t)0sin O + gt sin 6]

= m[?0(t) + Ci(t) cosO(t) — glsinf(t)]

or
O (t) — 2 sin O(t) + Lio(t) cosO(t) = 0

dt?

In particular, if w(t) = Asin(wt), the equation of motion is

%(t) — t[gsinf(t) + Aw®sin(wt) cos(t)] = 0
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