
 

Towereversibility
Let's assume that X Ct is irreducible and has a stationary
distribution it Assume also that Xco net so that for all
t X KI na

Tho reversed process Now fix a large t and consider the

reverse chain X s c X Lt s for OES Et We first claim
that conditional on I10 the time IT spends in state i

is Exp Vi just like X Indeed
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Theorefone Theo two spends in state i is also Exp it

Moreover note that the embedded chain off is the true
reversal of the embedded chain of X Thus by two results
for discret time MC the embedded chain of has
transitions of pji where T is the stationary distribution9g Ti



of the embedded chain for X which we showed in the

last lecture satisfies IT g I
2

normalizing constant

tho embedded chain of IT has transitions
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Therefore IT is the same as Kif pij 9ij i e

pig TjVjPji Ii Vi Pij IjVjpji
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Ii gig Ig qji
Definition The CALC is true reversible if it has a stationary
distribution it and Tigij Tj qji for all slates iandj

Like in two discrete case The left hand side Tigg Tivipij
can be interpreted as the frequency at which the chain

umps from ie to j and the RHS is Ijgji TjVjpji Reo

frequency at which it jumps from j too

Example Girth and death processes

Proposition Any birth and death process with a stationary
distribution is true reversible

its i

Proofideae Between two transitions i its i its the

process has to go from its i exactly once Hence in the

long run it will jump as many times from i to itt as from
1 to i Moreover for li g I 1 both sides will be 0



TheoMIMISgii s servers now customers arrive at a rate

d Poisson process When n customers are present they leave

at rate pen gyu
if n es

spe if n S all servers are busy

Corollaing For the MING queue if d gu the departuresof
the clients form a Poisson process with rate d
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Let Xlt be the number of customers present at tweet
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THI of people whohave left by timet



zy the proposition Xlt is true reversible Therefore two

reverse process I s has the same rates Vi and transition
probabilities pig

By definition of Xlt
Io times X increases by 1 form a Poisson processof rate d

Therefore Theo timos when IG increases by 1 also form a

Poisson64 process But those are exactly tho truces whom X

decreases by 1 ie a client leaves


