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Last time we deferred branching processes Recall

Definition A branching process or Galton Watson process is a

sequence of random
variables Zn nzo defined by

I i
where Yn are i i d random variables on IN whose law iscalled

the reproduction law of the process Zn is the of individuals
in the n th generation and Yn is the of offspring of the
i the individual of the n th generation

Q The original question asued by Galton and Watson was what is

the probability of extinction of the population
Moregenerally how can we find Pan KJ

Regions o is a recurrent class also absorbing Assuming

Plym o Po 0 Pio Poi 70 so 0 is accessible from all i o

i is transient fi O

Since any finite set of transient
States can only be visited

finitely many times either 2 n is eventually 0 or Zn is



To study the extinction probability for the survival probability we

will use Generating functions

Definition let X be a random variable on IN We call the

Eating function of X the power series
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Two random variables with the same generahcg
functions have the same laws

If X and Y are independent random variables

on IN then Fte f e t Gay t GxHel GyCt
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Proposition let X Xz be ii d r V s with generating function
let N be a r v with generatingfunction RN independent

ofX Xz let F Xt tXN Then GCs Gw Guss



Proofs Gfs E Est E E fest IND

n oE ST IN n PCN n t.ES t itXnJPCN n

nZo GxCs
YpCN n GTCGxlsD

Application to the Branding process
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The generating function of 2n Gncs
is the n th

iterate of the generating functionof Ze
You

Let y PCextinction Choon survival probability t y
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event
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We now study the generating function of
two reproductive

law Gr



For a given random variable X with generating function

G G we have the following proberlies
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We can thus visualize Gn O from the graph of G
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Remains if Po O the population doesnt decrease

n O

Assuming p 0

By convexity y
am Gnco if GHKLjrj.itGjgfz
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Since GKN E You and G al Vor Yon II oil EG
we conclude

Zoonein let pi E YI and T Var Y where T is the
reproductive law of the branching process Theon the probability

of extinction y is the smallest nonnegative root of s Gcs
and
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