



































































































































A classical example of true reversible Me

the Ehrenfest chain 1907 Paul Talian Ehrenfest
todescribe the movements of molecules

Toy model of gas
behaviour in two containers

Consider µ balls distributed in 2 urns

At each step select
a leak at random and move it

to the
other urn

Ly Lef
i

ith

in fiIt 34

tµ
finite state space aperiodic

The chain is ergodic why irreducible positiverecurrent
ergodic

what is the stationary distribution

P Xn til Xu EI Mini Tipi ite Trapani

P Xn i l Xu e i in Ii Mmiy titi.it

for is 0,1 M Ti it
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t n for time reversibility State 0 only receives

jumps from state 1 and only gives jumps to 1

so the jumps O l and jumps 0 are equal
Similarly between every 2 consecutive jumps i ite there
must be exactly one jump ite i

jumps i it will equal jumps it i El hit the

we get detailed balance
doesn't matter
in the limit

letlsre.ly n6ckuWm
MI Mu

Ehrenfest chain is true reversible
1

Check for a loop i ite ith it'sthe same i l Im ith it
itee loopclouewiseandt counterclockwise

doawise piite Pita ite Pitmitica Pini cop.fifF pFEEFIfita i e.i Pitsi
To calculate it we can

either find a solution to the detailed balance

equations Xi pig Xj pji or guessand checka
solution that works each ball should spoud

halftwo time in each
Solving the detailed balance equations

um Aballs is
BmcMiz

Ti Pij Tj pji do only for j ith

III L
otherwise pig 0

Ti Pi ite Titi Pete i

Ti hq Titi.it V i 00,1 M t

Tite Mi IT fi 0,1 M l






































































































































IT My Ito Tz M IT My To
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z2itz

M32 MIL My to

Ti M tI Ii Mitt M MII MI tf a

µ

M i F to

Also III I
20

EE To L To l E.CM L

2M

To In and Ti MI
IonBinlM

Branching process Ross 4.7 but we go into more depth

We conclude our introduction to discrete time Me with

the so called branding process
Such processes originated from

Galton Watson 1874 who

studied the dynamics and extinction of family names of
British nobility

lead to important applications in population genetics ecology
etc






































































































































Zo c Apopulation evolves in
Z 2 A genealogies

y 1 Each individual has a random

23 3
to number of offspring wife same

distribution and independentlyZu I b
the individuals

Zn 01h25 this process can be modeled as

follows

Definition A branching process or Galton Watson process is a

sequence of random variables Zn nzo defined by

t
where Yn are i i d random variables on IN whose law iscalled

the reproduction law of the process Zn is the ofindividuals
in the n th generation and Yn is the of offspring of the
i the individual of the n th generation

Q The original question asued by Galton and Watson was what is

the probability of extinction of the population
Moregenerally how can we find Pan KI

Regains fog is a recurrent class also absorbing Assuming

Plyn o Po 0 Pio Poi 70 so 0 is accessible from all i o

i is transient fi O

Since any finite set of transient
States can only be visited

finitely many times either 2 n is eventually 0 or Zn is


























To study the extinction probability for the survival probability we

will use Generating functions

Definition let X be a random variable on IN We call the

Eating function of X the power series

s IECsx gPCx a Sk

Remand The radius of convergence of Gx is 21 since

Gx l ZPCXa.at L Gx is well defined tf soft r
k to

G o P X O Gi s II Pairs't Gilo path

Gj 1st zPCXae UK e SK
Z G lo PCX

2

co PIX 4
KT

Two random variables with the same generahcg
functions have the same laws

If X and Y are independent random variables

on IN then Fte f e t Gay t GxHel GyCt

Proof GayCt E fit't IE ft't t's Eft'T left
Independence

Gx Gycts
Proposition let X Xz be ii d r V s with generating function

let N be a r v with generatingfunction RN independent

ofX Xz let F Xt tXN Then GCs GN Guss



Proof Gts E Est E Elst IND

n oE ST IN n PCN n E Sx't
it

pCN n

o
G G YpCN n G GCD

Application to the Branding process

Zn Yn a t Sn z t t Yn Zn

GzaCs Gzn Gyo Gza Gg GgCs

Gza GyoGyls Gz Gyo o Gycs

Z Yao n GyoGyo oGycs GnuCs

NTI

Will show PCeatinetion align Gnco


