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We see one last theoretical concopt usefulto compute limiting
probabilities

Glen a M C XoXa Xn we can observe it backwards on thee

I MEYn
Xo

The Manor property pastandfuture are independent givenpresent
is symmetric undor this reversal so of allows to see bk as a MC

Q what is the relation to the original process Can we say
something about limiting probabilities

theorem Green a MC Xn en en with stationary distribution I
Cw ts and with Palo j Tj let Yu Xun n

Thom bn osnen is a MC with stationary distribution IT and

transition probabilities dig PjiI
Ramone the existence of the stationary distribution is necessaryfor
the reversed process to be homogeneous will see this later

Proof D Maroon propertyfor bn
PCYn j I Yu i i Yn z P bn j Ibn i i

byMarcaproperty
lies P Xn n j Xn nti i XnnEz PCEIXN nj.Xnp.mn

PCXw nti E PCEIXN.hn
P Xn n jiXvmn i

PCXw nH i

PCXn n jlXn nm ai P Yu JI Jue i RHS



2 Transition probabilities dig Plynajl yn I see 1

Pan n j XN nazi P Xn n j
P Xn nu i

PjipI Using theassumption that foully

3 IT is stationary III Qij HiPji ZPjiIj
Tj FPji Tj

Till IT T

Definition A M C is true reversible of dig Pij
p

Remarry Wealways have Dii Peg 0 p

In this case IT Peg Tj Pj Hi j thisforms a set of
detailed balance equalities

Interpretationogdetoiledbalance i the proportion of jumps
at statinarity I j Ii Pij

tho proportionof jumps g i f TjPji
Example 1 2 stale MC I e p p

g eng
We know

I GETptt
and Ito fo IT P o so A is reversible

2 RW on triangles of tewz

Ito E ftp.t.pqqen.m.ro
ret

I is doubly stochastic irreducible and ergodic
IT CIz Iz Iz is stationary



itj
M C is reversible ITiPij IjPjiV iij.i.e Pij Pji

let Xn be an irreducible ergodic M C

If we can find thee 20 s t Xi Ry XgPgi fig IX L
then Xi Ii and Theo M C is reversible

Prof If Vigjxipij g.ge thou XiPij xjPji jZpjo j
and Ig I X IT IP T and Qij PiiI Pij

Gameplay Alice has 3 runbtellas total at home and at work
a taros an umbrella fit is raining if there is one
a doesn't tano an umbrella if it is not raining
A rains each trip w p p Cindependently oftwo othertrips
what fraction of time does Smith get wet

Solution Xn umbrellas at current location

stale space 0,1 2,3

t
2pa

p p i p
chain is irreducible and ergodic aperrodor

positive

Answer is to p
probability trans

recurrent

y
where IT is the stationary

time with no distribution
umbrella

To find it we can try to find
a solution to



ti sisIT Tz

so Il 42 43 Ii f To l PSTz

THI p t 3173 1 Tietz Tz p

To If I ftp.T.piytpiytp

To.p Tj


