Outline

» Characteristic time.

» Solving ODEs approximately using Euler's method and a
spreadsheet.

» Solving ODEs using Separation of Variables.
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Characteristic time

Consider the ODE
dx
— = —ax.

dt

—at

v

A solution is x(t) = e

v

Shifting gives a bunch more solutions

y(t) — e—a(t—to) — Ae 9t

What are the units on o7 time L.

Whatis 1/a?  y(1/a) = Ae=®/® = Ale.
So 1/a is like half-life but is “1/e"-life instead. Called mean
life or characteristic time.

v

v

v



Characteristic time

Compare this to half-life:

A
y(t) = Aeetre = 2

5"
e dhy/2 — 5
—atyp = Iog% = —log 2.
tip = %Iog 2.

So characteristic time is only a factor of log 2 different from
half-life.
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) L. . dx .
What if your equation is not linear? Say i f(x) with a steady
state at xss. How “long” does it take to get to the steady state?

Linearize the equation near the steady state:

dx / — £
dt F(x) =~ fxss) + F(Xss) (X = xs5) = 1 (Xss) (x — Xss).

Cleaner approximate equation:

d
d—); = a(x — b).

Solution: x(t) = Ae + b.
Steady state: xss = b.

Stability: stable if a < 0.

. 1 1
Characteristic time; 7= — = = — .
a '(Xss)
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Solving an ODE approximately - Euler's method

Consider the ODE q
Ix
— = f(x, t).
dt (X7 )
» To solve an ODE exactly, follow a slope field continuously.

» To solve an ODE “numerically”, follow a slope field discretely.

A




Solving an ODE approximately - Euler's method

» Starting at (o, x0), use the slope field at that point to linearly
approximate the solution so that

X1 = Xo + f(Xo, to)(tl — to).

Xp = X1 + f(Xl, tl)(tg — t]_).

J
/-{'
.X/' X 4
/ 3
X, X, X,
t, ot ottt ot

Now, to the spreadsheet...
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How not to solve a differential equation

;
> Z— is NOT A FRACTION (even in Physics class).

X
» What is Jess really doing when he changes this:

dx _
dt

/1dx:—/kdt?
X

—kx

into this:
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» Example: g(x) = logx is the inverse function of f(x) = e*.
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Derivatives of inverse functions

Example: g(x) = log x is the inverse function of f(x) = e*.

v

v

This means f(g(x)) = x.

v

Suppose we know the derivative of f(x).

d X
af(x) = e~

What is the derivative of h(x) = f(g(x)) = e8(x)?

v

diih(X) = :gf (g(x»%g(x) = e£Mg’(x)

v

d
But h(x) = —h(x) =1.
ut h(x) = x so ™ (x)

v

Sog'(x) =1/ <:gf(g(x))> - 1/eg(X) —



Derivatives of inverse functions

X

» Example: g(x) = log x is the inverse function of f(x) = e*.
» This means f(g(x)) = x.
» Suppose we know the derivative of f(x).
d X
af(x) = e~
» What is the derivative of h(x) = f(g(x)) = e8(x)?
d d d
= - = = — e8(¥) g/
SH0) = A e0) (0 = g ()
> But h(x) = xso ih(x)—l
u = ™ =1
> So g'(x) =1/ <:gf(g(x))> =1/e80) = 1/x.



Derivatives of inverse functions

1
» In general, if f(g(x)) = x then g'(x) = 4———

s f(e())

» Try using this to find the derivative of arcsin x.
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Solving differential equations

v

Want to solve %x(t) = f(x(t)).
d

1
f(x(t)) dt

v

Equivalent to x(t) =1 provided f(x(t)) # 0.

, : d 1
Suppose we can find a function F such that d—F(x) = —.
X

(x)

v

Then %F(x(t)) = %F(x(t)) : ix(t) =1

dt
That means F(x(t)) =

v

v



Solving differential equations

d
» Want to solve ax(t) = f(x(t)).
1

» Equivalent to @) %x(t) =1 provided f(x(t)) # 0.
d 1

» Suppose we can find a function F such that —F(x) = —.
dx (x)

d d d
» Then EF(X(t)) = aF(x(t)) : Ix(t) =1
» That means F(x(t)) =t + C and we have only to solve this

for x(t).
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Solving differential equations

d
Example: ax(t) = —k x(t)

1 d
- = — —k
~ x(t) dtx(t)
d
= In|x(t)] = —k

= |X(t)’ — e—kt+C — eCe—kt
= x(t) = +eCe " = D™k

Try %X(t) = —k x(t)*.



