Schoenfeld (1992) Learning to think Mathematically: Problem solving, metacognition, and sense-making in mathematics

Goals: 

1) to outline what it means to think mathematically 

2) to summarize the lit. relevant to understanding mathematical thinking and problem solving 

3) to point to new directions in research

S.’s view of what means to think mathematically (rephrased)

“Mathematics is a social activity in which scientists (trained practitioners) engages in the science of patterns with systematic attempts (based on observation, study, experimentation) to determine the nature/principles of regularities in systems defined theoretically (pure math) or models of systems abstracted from real life (applied math). The tools of mathematics are abstraction, symbolic representation, symbolic manipulation. Learning to think  mxathematically means:

(a) developing a mathematical point of view — valuing the

processes of mathematization and abstraction and having the predilection to

apply them, and 

(b) developing competence with the tools of the trade, and using

those tools in the service of the goal of understanding structure — mathematical

sense-making.”

Part I : toward an understand of mathematical thinking

*) Problems and problem solving: conflicting definitions …

*) Traditional uses of problem solving 

*) Problem solving = tasks required to be done = means to a focused end 

historical review by Stanic & Kilpatrick (1989)….

*) Mathematician’s perspectives 

mathematics as an activity (Polya), important role of engagement, ie active engagement of discovery which takes place largely by guessing, so math is akin to the physical sciences in its dependence on guessing, insight, and discovery.

*) Enculturation and cognition 

an emerging body of literature conceives of mathematics learning as an inherently social and cognitive activity, an essentially constructive activity instead of an absorbitive one. In short, learning is culturally shaped and defined: people develop their understandings of any enterprise from their participation in the "community of practice" within which that enterprise is practiced.
*) On problems as practice 

A discussion of Milne’s style problems, why they don’t work

*) Mathematics … searching for patters

Review of how the traditional focus on the content aspect of mathematics has shifted to the process aspects

*) Goals for instructions

List of goals for mathematics instructions set by the Mathematical Association of America’s Committee on the Teaching of Undergraduate Mathematics

Part II : A framework for exploring mathematical cognition

Historical review of studies and general trends in the study of mathematical thinking and problem solving. 

Wundt (1879) first modern psychologist (in Germany): first to employ methods of experimentation and introspection (self-reports of intellectual processes)

William James (1890) first major American psychologist

E.L. Thorndlike (1901), James’ student, challenged the hypothesis of mental discipline ( = the mental discipline associated with doing mathematics trains the mind, making one a better thinker), argued that the benefits attributed to the study of mathematics were correlational: students with better reasoning skills tended to take mathematics courses. 

J. Waston (1930), Skinner later (1974) main exponent of behaviorists: mind, consciousness, and all related phenomena were banished; psychology was the be entirely concerned with external behavior and not try to analyzed the workings of the mind that underlay this behavior.

Piaget (1928/30) established the basis for the constructivist perspective in which individuals do not perceive the world directly, instead they perceive interpretations of it that are mediated by the interpretative frameworks that the individuals have developed. 

The Gestaltists: Wertheimer, Duncker, Hadamard (~1945): were concerned with structure and deep understanding, their primary methodological tool was introspection, so vulnerable to attack on the basis of the methodology’s lack of reliability and validity. They also lacked a theory of mental mechanism while the behaviorists could claim that stimulus-response chains were modeled on neuronal connections. They had a four-step model of problem solving: saturation, incubation, inspiration, verification. 

Polya (1945), his work was compatible with the Gestaltists’ work but more prescriptive, a la Descartes. 

Renewed advent of mentalism and downfall of behaviorism: Information processing (IP) approach to cognition (mid 1950’s), followed then by the development of artificial intelligence programs to solve problems. Simon (1979) for discussion:  information processing work meets the behaviorists’ standards because problem solving (computer-based) programs produced problem solving behavior, however the theories and methodologies of the information processing school were fundamentally mentalisitc, ie grounded in the theories of mentalistic psychology and using observations of humans engaged in problem solving to infer the structure of their mental problem solving strategies.  An emphasis on cognitive processes emerged and began to dominate in psychological studies of mind. However, work in IP remained narrow in focus: they were interested in the “architecture of cognition” (and machine) = the structure of memory, of knowledge representations, knowledge retrieval mechanisms, and problem solving rules. 

Metacognition (~1970) became a major topic. Definition:

a) individuals’ declarative knowledge about their cognitive processes

b) self-regulatory procedures, including monitoring and on-line decision-making

c) beliefs and affects and their effects on performance

Enculturation (mid-to-end 1980’s), unification of aspects of cognitive and social perspectives on human behavior in the theme of enculturation = learning is a social act, taking place in a social context, one must consider learning environments as cultural contexts and learning as a cultural act. 

Research in mathematics:

Kilpatrick (1978,1985) gave a range of definitions of “problem solving”

Carpenter (1985) presented detailed data on children’s use of strategies for solving word problems

Heller & Hungate (1985) worked within the “expert-novice” paradigm for identifying the productive behavior of competent problem solvers and using such behavior as a guide for instruction for novices

Mayer (1985?) discussed the application of schema theory, within the expert-novice paradigm

Kaput (1985?) discussed issues of representation and their role in understanding

Shaughnessy (1985?) studied misconceptions

Schoenfeld (1985) analized the roles of metacognition and beliefs.

Thompson (1985) studied teacher beliefs and their effect on instruction. 

One sees the evolution of overarching frameworks, such as cognitive apprenticeship, that deal with individual learning in a social context. There is no coherent explanatory frame at present, ie a principled explanation of how the varied aspects of mathematical thinking and problem solving fit together, but there is general agreement on the importance of 5 aspects of cognition

1. the knowledge base

Main questions of research on human cognitive processes: 1) how is information organized and stored in the head 2) what comprises understanding 3) how do individuals have access to relevant information?

Mainstream idea: humans are information processors and construct symbolic representations of the world in their minds. So thinking about and acting in the world consist respectively of operating mentally on those representations, and taking actions externally that correspond to the results of our mind’s internal working. (some researchers don’t agree, see Pea 1989 who discussed the idea of distributed cognition, and others – see “situated cognition”)

Questions specific to mathematics: 

a) what information relevant to the mathematical situation or problem at hand does the individual possess?

Answer: here is a knowledge inventory or contents of memory (some of this content may not be true, individuals brings misconceptions to problem situations)

informal knowledge (general intuitions/notions about domain specific facts)

facts and definitions      
|      they are right or wrong, or if applied correctly,

algorithmic procedures     | ( they yield correct results 

routine procedures

|

relevant competencies
| ( they are likely to work, but with no guarantees 


b) how is knowledge organized, accessed, and used?

Model: Humans are information processors acting on the basis of their coding of stimuli. Structure: 

World ( stimuli ( registered in sensory buffer ( converted and moved to STM ( LTM

(STM = short-term memory or working memory, which is limited in capacity)

(LTM = long-term memory, permanent knowledge repository)

Access to knowledge occurs by chunks, also called scripts (Schank & Abelson, 1977), frames (Minsky, 1975), schemata (Hinsley, Hayes & Simon 1977). Basic idea:

People abstract and codify their experiences and the codifications of those experiences shape what people see and how they behave when they encounter new situations related to the ones they have abstracted and codified. 

In summary, 

*) expertise in various domains depends on having access to a large number (~50,000) of chunks of knowledge in LTM, and this takes a long time to develop.

*) often what appears to be strategy use is no more than reliance on well-developed knowledge chunks of the type “in this well-recognized situation, do the following”. These chunks or schemata are the basis for routine performance in familiar territory, but reliance on them in crude form – “when you see these features in a problem, use this procedure” – may produce surface manifestations of competent behavior. However, that performance may, if not grounded in an understanding of the principles that led to the procedure, be error-prone and easily forgotten. Mayer (1985), Sowder (1985)

2. Problem solving strategies (heuristics)

Polya (1945) planted the seed of the problem solving movement of the 80’s. Here we review research a) exploring the efficacy of heuristics, and b) the real-world implementation of problem solving instruction.

Polya’s short dictionary of heuristic: exploiting analogy, auxiliary elements, decomposing and recomposing, induction, specialization, variation, working backwards.

Exploring the efficacy of heuristics: In the 70’s there was little empirical evidence to back up the sense that heuristics could be used as vehicles to enhanced problem solving. The critique of Polya’s strategy approach continued in the 80’s, but with a more positive view. They described them as descriptive rather than prescriptive, That is, the characterizations of these strategies allowed one to recognize them when they were being used, but did not provide the amount of detail that would enable people who were not already familiar with the strategies to be able to implement them. Studies who presented similar conclusions are Silver (1979, 1981), Heller & Hungate (1985). The latter recommended the following for developing strategies as well as routine techniques: a) make tacit processes explicit b) get students talking about processes c) provide guided practice d) ensure that component procedures are well learned e) emphasize both qualitative understanding and specific procedures.

Real-world implementation of problem solving instruction: Many textbooks contain problem solving sections in which students are given drill-and-practice on simple versions of Polya-type strategies. They are shown a strategy, given practice exercises using the strategy, given homework using the strategy, and tested on the strategy. But when strategies are used in this way, they are no longer heuristics in Polya’s sense, they are mere algorithms. Problem solving, in the spirit of Polya, is learning to grapple with new and unfamiliar tasks, when the relevant solution methods are not known. When students are drilled in solution procedures like this, they are not developing the broad set of skills Polya and others have in mind. Even with good material, the task of teaching heuristics with the goal of developing the kinds of flexible skills Polya describes is a sometimes daunting task. True problem solving is as demanding on the teacher as it is on the students. From Burkhardt (1988):

*) teachers must perceive the implications of students’ different approaches, whether they may be fruitful and if not what might make them so

*) teachers must decide when to intervene and what suggestions will help the students while leaving the solution in their hands

*) teachers will often be in a position of not knowing all the answers, which is unusual and uncomfortable for many

3. Self-regulation, or monitoring and control

Monitoring and assessing progress “on line” and acting in response to the assessments of on-line progress are the core components of self-regulation. 

During the 1970’s research in different domains converged on self-regulation as a topic of importance. They showed that the ability and predilection to plan, act according to plan, and take “on line” feedback into account in carrying out a plan seem to develop with age (in children). Over the same time period, researchers in artificial intelligence came to recognize the necessity for “executive control” in their work. Paralleled work in the mathematics education literature concluded that “it’s not just what you know; it’s how, when, and whether you use it.” 

Detailed description of two sets of studies conducted by Schoenfeld is presented. The focus on self-regulation was very explicit, the time devoted to helping students develop self-regulating skills was substantial and the results were positive. The study methodology was the novice-expert comparison: expert mathematics spend a lot of time trying to make sense of the problem, and by monitoring their solution with care, pursuing interesting leads and abandoning paths that didn’t seem to bear fruit, they manage to solve problems that are left unsolved by novices. He claims (and shows results from observations) that such self-regulating skills can be learned as a result of explicit instruction that focuses on metacognitive aspects of mathematical thinking. That instruction takes the form of “coaching” with active interventions as students work on problems (in groups). 

Typical questions by the instructor 


Another study by Lester, Garofalo & Kroll (1989) on metacognition: the goal of their class intervention was to foster students’ metacognitive development. They had the teacher (a) serve as external monitor during problem solving, (b) encourage discussion of behaviours considered important for the internalization of metacognitive skills, and (c) model good executive behaviour. Nice table at page 65. Their main conclusions are 

a) control processes and awareness of cognitive processes develop concurrently with an understanding of mathematical concepts

b) to improve problem solving skills students must practice on a variety of problems on a regular basis and for a long time

c) metacognition instruction is most effective when it takes place in a domain specific context

d) problem solving instruction is likely to be most effective when it is provided in a systematically organized manner under the direction of the teacher

e) it is difficult for the teacher to maintain the roles of monitor, facilitator, and model with the class, especially if students have problems with basic subject matter

f) small-group activities are not necessary effective, research is inconclusive

g) assessment practices must reward and encourage the kinds of behaviours we wish students to demonstrate

4. Beliefs and affects

Beliefs: to be interpreted as an individual’s understandings and feelings that shape the ways that the individual conceptualizes and engages in mathematical behavior.

Historically there has always been a clear distinction between the cognitive and affective domains. Concepts such as mathematics anxiety resided in the affective domain and were measured by questionnaires dealing with how individual feels about mathematics; concepts such as mathematical achievement and problem solving resided within the cognitive domain and were assessed by tests focusing on matter knowledge alone. 

Three parts:

a) student beliefs: 

- mathematics problems have one and only one right answer

     - there is one correct way to solve any math problem (shown by teacher)

     - ordinary students cannot expect to understand mathematics; they expect to

       memorize it and apply learned knowledge mechanically

     - mathematics is a solitary activity, done by individual in isolation

     - should take 5 or less minutes to solve a problem if you have understood the   

      underlying concepts

    -  the mathematics learned in school has little to do with the real world

    - formal proof is irrelevant to processes of discovery or invention

b) teacher beliefs: they are important because a teacher’s sense of the mathematical enterprise determines the nature of the classroom environment that the teacher creates., that environment in turn shapes students’ beliefs about the nature of mathematics. 

c) Societal beliefs: beliefs held by parents, teachers, children about the nature of mathematics learning, beliefs about what is possible, what is desirable, what is the best method for teaching mathematics

5. Practices: some examples of successful teaching practices

What exactly are you doing? Can you describe it precisely?


Why are you doing it? How does it fit into the solution?


How does it help you? What will you do with the outcome when you obtain it?











