
WORKSHOP 2·8
Solutions

Warm-up Problem

Draw the graph of any function in the first quadrant going through the origin. Suppose your horizontal
axis describes the population of a particular generation, and your vertical axis describes the population
of the generation that follows that. Pick a point on your curve, and come up with a story explaining
why that point is a good model for some particular species.

Solution
This is highly dependent on the graph that you draw first, but there are usually two cases. The first when
the next generation has a higher value than the previous generation could mean that, for example, the
environment of a fungus culture has enough space and nutrients to grow in population. The second case,
where the previous generation is greater than the next generation could be explained by a bad box office
performance of a sequel to a critically panned movie.

Main Problem

Question: The model

P (x) =
35x

(1 + x)5

describes the population of a particular species the generation following a generation of population x
(The units of P and x are in millions). Find and identify all local extrema values, inflection points and
determine the asymptotic behaviour of the function as the population x grows arbitrarily large. Think
about what it means to have a sustainable population. Is there such a population in this model?

Bonus:
Sketch the graph of P (x), indicating local extrema and inflection points.

Solution
First we have to notice that normally the domain of the function P (x) would be all real numbers except for
x = −1, where we would have a division by zero. However, the context of the problem fixes the domain to
all x ≥ 0, because we wish to deal with positive populations. Any critical and inflection points that would
be negative can thus be ignored (including x = −1) and we will only check for asymptotic behaviour when
x is very large and positive.
To find the critical and inflection points we will need the first two derivatives, which we will achieve using
the product rule:

P ′(x) =
35(1 + x)5 − 35x · 5(1 + x)4

(1 + x)10

P ′(x) =
35(1 + x)− 35 · 5x

(1 + x)6

P ′(x) =
35(1− 4x)

(1 + x)6
.

Note that simplifying the fraction will allow us to find the critical point more easily and will make for a



second derivative that is easier to compute:

P ′′(x) =
−35 · 4(1 + x)6 − 35(1− 4x) · 6(1 + x)5

(1 + x)12

P ′′(x) =
−35(4 + 4x− 6 + 24x)

(1 + x)7

P ′′(x) =
−35(−20x + 10)

(1 + x)7

P ′′(x) =
350(2x− 1)

(1 + x)7
.

To find the critical points we have to set P ′(x) = 0 and solve for x. Note that the denominator is never zero
in the domain x > 0. We get that

1− 4x = 0

x =
1

4
.

To identify the critical point we can either use the first or second derivative test. Substituting x = 1/4 into
the second derivative will yield a negative number, as only 2x− 1 is negative and the other factors (350 and
1 + x) are both positive. This means that the function is concave down at the critical point and it is thus a
local maximum. If we wante4d to use the first derivative test we would have to see that the first derivative
goes from positive before x = 1/4 to negative after the critical point, due to the sign change of the factor
1− 4x. This also yields a local maximum. We can compute the value of the function at that maximum:

P (1/4) =
35
4(

1 + 1
4

)5
P (1/4) =

35 · 45

4 · 55
=

1792

625
≈ 2.867.

The inflection points are found where the second derivative is zero, so we set P ′′(x) = 0 and solve for x.
Once again only the factor 2x− 1 goes through zero in our domain:

2x− 1 = 0

x =
1

2
.

Having previously checked the concavity at x = 1/4 we know that P (x) goes from concave down to concave
up at the inflection point at x = 1/2. We can substitute into the function to obtain P (1/2) = 560

243 ≈ 2.3045.
Lastly we need to verify the asymptotic behaviour as x goes to positive infinity

lim
x→∞

P (x) = lim
x→∞

35x

(1 + x)5
= lim

x→∞

35

x4
= 0.

The second equality comes to the fact that x + 1 behaves almost like x for very large values of x. We have
thus a horizontal asymptote as x grows large at y = 0.
To sketch the graph, we need a curve that starts at the origin that is increasing and concave down until about
the point (1/4, 2.867), then decreasing and concave down until the inflection point at about (1/2, 2.3045),
then decreasing and concave up asymptotically getting closer to y = 0 as x grows arbitrarily large. This can
be seen in a computer calculated graph in the figure below, with the critical point in red and the inflection
point in green.
Finally, we need to determine if there is any sustainable population. What it means to have a sustainable
population is up for discussion. A very rigid definition could be that a population is sustainable if it remains



Figure 1: Graph of P (x) with local maximum in red and inflection point in green.

the same from generation to generation, or P (x) = x. This is called a fixed point and we may solve for its
value:

35x

(1 + x)5
= x

35 = (1 + x)5, if x 6= 0

1 + x =
5
√

35

x =
5
√

35− 1 ≈ 1.0362.

If our population is about 1.0362, it will remain like that indefinitely. Note that if x = 0 we also have
P (x) = x, so extinction is also sustainable. Another definition of a sustainable population would be any
population that does not tend towards extinction after many generations.
Another definition of sustainability is any population that will attract nearby populations to itself. We can
try by evaluating P (x) for a value close to our fixed point, say P (1), then use the output as our new input,
P (P (1)), then P (P (P (1))), and so on. This will give us the population over every generation starting at
x = 1 and if the population tends towards our fixed point near 1.03, it will be stable. For the first few values,
we obtain the following populations:

P (1) ≈ 1.09

P (P (1)) ≈ 0.95

P (P (P (1))) ≈ 1.18.

If we kept computing iterations we would have seen that the population gets farther and farther away from
our fixed point, so it isn’t stable. The same computations close to x = 0 also yield an unstable fixed point.
We can see this on a graph with the curves of P (x) and x superimposed and connecting each iteration
with the other. We get this by connecting the point (1, P (1)) to (P (1), P (1)) by a horizontal line, then
(P (1), P (1)) to (P (1), P (P (1))) and we repeat with every iteration. This creates a cobweb diagram and



clearly shows that populations go away from our fixed point close to x = 1.03. The diagram is illustrated
below.

Figure 2: Cobweb diagram starting at x = 1.


