
WORKSHOP 2·3
Solutions

Warm-up

Question: Suppose this classroom is sealed, and water begins to seep in at a rate of 1 m3/min. How
quickly is the water rising?

Solution: We first begin with a diagram. Let’s assume the classroom is a prism with its base with the
shape of the floor and suppose that the floor of the class is roughly rectangular of Area A, We can assume
it is roughly rectangular with surface area A.

A

h

The height of water h(t) will rise as we add water in the room. What we are looking for is the rate of change
of that height.
We also know that at a given time the total volume of water in the room is given by the function V (t) = A·h(t)
and we know that its derivative is V ′(t) = 1 m3/min.
If we take the derivative of the volume formula, we get:

V ′(t) = A · h′(t).

Thus we may find the rate of change of height of water:

h′(t) =
V ′(t)

A
=

1 m3/min

A
.

The floor area will be measured in m2 so we get a compatible rate of change for height of m/min.

Main Problems

1. Open a window in this classroom, and observe the rectangle of “opened window”. Now close the
window slowly, and note that the perimeter and the area of this rectangle decreases. Suppose the area
of the “opened window” changes at a rate of 0.1 metres squared per second. Determine how quickly
the perimeter of the “opened window” is decreasing when the window is halfway down.

We wish to know the rate of change of the perimeter length P ′(t), in red in the diagram.

We know that the area decreases by 0.1 metres squared per second, that is

A′(t) = −0.1
m2

s
.

We also know that the area of the opened window is given by

A(t) = l · h(t),



h(t)

l

P (t)

where l is the constant width of the window and h(t) is its height (dependent on time).

We also know that the perimeter of the open window is given by the following formula

P (t) = 2l + 2h(t).

If we take the derivative of both the area and the perimeter, we get

A′(t) = l · h′(t)

P ′(t) = 2h′(t).

Thus we only need to find a value for h′(t) to find the rate of change of the perimeter.

We already have a value for A′(t), so we may solve for h′(t):

h′(t) =
A′(t)

l
=
−0.1m2

s

l
.

The rate of change of the perimeter is then given by

P ′(t) =
−0.2m2

s

l
.

the width l is measured in distance units and thus the units are compatible. Note that it does not
matter what the actual height of the window is, the perimeter will decrease the same way.

2. Draw a large upside-down isosceles triangle on the chalkboard at the front of the class. Then cover the
triangle by pulling down the chalkboard above it. Note that as you do so, you “shrink” the size of the
triangle. Suppose you pull down the chalkboard at a rate of 1/3 metres per second. Determine how
quickly the area of the triangle is shrinking one second after you begin to cover the triangle.



h(t)

A(t)

L

H

l(t)

Solution: We begin with a diagram:

We set the length base of the triangle at L and its height at H. h(t) indicates the height of the front
chalkboard from the tip of the triangle at a given time. A(t) is the area of the triangle still visible
under the front board.

For this problem we wish to find the rate of change of the area A′(t).

We know that the height of the board decreases at a rate of

h′(t) =
1

3
m/s.

after one second, the height of the board will be at the position h(1) = H − 1
3 m. Also, the shrunk

triangle will have a base of length l(t) and its area will ge given by the formula

A(t) =
l(t)h(t)

2
.

The rate of change of that area can be found using the product rule:

A′(t) =
l′(t)h(t) + l(t)h′(t)

2
.

At t = 1 second, we will need the value of l(1) and its derivative to find the solution.

The shrunk triangle and the original triangle are similar to each other, so the ratio of their sides’
lengths are equal:

L

H
=

l(t)

h(t)
.



We can then solve for l(t) and its derivative:

l(t) =
Lh(t)

H

l′(t) =
Lh′(t)

H
.

Substituting back into the A′(t) formula and setting t = 1, we obtain:

A′(1) =
l′(1)h(1) + l(1)h′(1)

2

=
Lh′(1)h(1)

H

=
L

H
· 1

3
m/s · (H − 1/3 m).

The units are compatible with a rate of change of a surface area (meters squared by seconds).

3. Suppose two students, each at opposite corners of the room, walk along the wall in opposite directions
at a constant speed of 3/4 metres per second. How fast is the distance between them changing two
seconds after they begin to walk?

Solution: We begin with a diagram: Where L and W are the room’s width and length, d(t) is the

W

d(t)L
h(t)

distance between the two persons and h(t) is the distance between them in the orientation they are
walking on.



We wish to know the rate of change of the distance between the two d′(t) after two seconds.

We know that the distance d(t) is given by the Pythagorean theorem:

d(t) =
√
W 2 + h(t)2.

We may find its derivative:

d′(t) =
h(t)h′(t)√
W 2 + h(t)2

.

To solve the problem we need to know more about the distance h(t). In that direction, the two students
walk towards each other at a speed of 3/4 meters per second, thus this distance shrinks by 1.5 meters
per second, so we have

h′(t) = −1.5 m/s.

After two seconds, this distance becomes

h(2) = H − 3 m.

To find the solution we substitute back in the formula for d′(t) at t = 2:

d′(2) =
h(2)h′(2)√
W 2 + h(2)2

=
(H − 3 m) · (−1.5 m/s)√

W 2 + (H − 3 m)2
.

Extra Problem

We are filling a pool with water. When full the pool has a rectangular shape with a width of 3 meters and
a length of 10 meters and its depth depends on the position along its length as follows:

D(x) =

{
1
2x + 1 if 0 ≤ x ≤ 6

4 if 6 < x ≤ 10.

Find the rate of change in the level of water after 10 minutes and after 15 minutes if we are filling at a rate
of 6 meters cubed per minute.

Extra Problem Solution:

First of all here is a diagram of the pool:

h(t)

x

l(t)

V (t)

1 m

4 m

4 m

We need to find the rate of change of water level in the pool at 10 and 15 minutes. Those are represented
by h′(10) and h′(15) respectively.



We know that the rate of change of the volume is constant and is

V ′(t) = 6 m3/min.

We also know that under the h(t) = 3 line the Volume of water is given by the formula:

V (t) =
(4 + l(t)) · h(t) · 3

2
,

where l(t) is the length of surface water at time t. This the area of the trapezoid in the diagram times the
width of 3 meters. The function l(t) is given by the following piecewise function:

l(t) =

{
4 + 2h(t) if h(t) < 3

10 if 3 ≤ h(t) ≤ 4

The first case was derived from the two point method for the line equation. When the water level is at
h(t) = 0, the length is at 4 meters and at h(t) = 3 it is at 10 meters.
The derivative of the volume function is then

V ′(t) =
l′(t) · h(t) · 3 + (4 + l(t)) · h′(t) · 3

2
.

At 10 minutes, the total amount of water in the pool is 10 ∗ 6 = 60 meters cubed, which is in the first case
of l(t), because when h(t) = 3 the volume of water is (10 + 4) · 3 · 3/2 = 63. At this time the level of water
is given by solving the following equation:

60 =
(4 + 4 + 2h(t)) · h(t) · 3

2
,

which gives h(t) = 2
√

6− 2 and, consequently, l(t) = 4
√

6. We can then use this on the rate of change of the
volume to get:

6 = V ′(10) =
2h′(10) · h(10) · 3 + (4 + l(10)) · h′(10) · 3

2

= h′(t)

(
2h(10) · 3 + (4 + l(10)) · 3

2

)
h′(t) =

12

(4
√

6− 4) · 3 + (4 + 4
√

6) · 3
≈ 0.204.

At 15 minutes the total volume is at 90 meters cubed which is in the second case of the l(t)function. At that
point l(t) remains constant and l′(t) = 0. The volume above h(t) = 3 is 27 meters cubed, which gives us

h(15) = 27/3/10 + 3 = 3.9

Over the line h(t) = 3, the volume formula becomes

V (t) = 63 + 10 · 3 · (h(t)− 3)

and its rate of change
V ′(t) = 30h′(t)

so we get

h′(15) =
6

30
= 0.2.

The rates of changes h′(10) and h′(15) should be in units of distance over time.


