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Science One - Mathematics December Exam, December 9th, 2016
Duration: 150 minutes

This test has 11 questions on 13 pages, for a total of 77 points.

• Read all the questions carefully before starting to work.

• All questions require a full solution; you should give complete arguments and explanations
for all your calculations; answers without justifications will not be marked.

• Continue on the back of the previous page if you run out of space.

• Attempt to answer all questions for partial credit.

• This is a closed-book examination. None of the following are allowed: documents,
cheat sheets or electronic devices of any kind (including calculators, cell phones, etc.)

First Name: Last Name:

Student-No: Section:

Signature:

Question: 1 2 3 4 5 6 7 8 9 10 11 Total

Points: 6 6 6 6 8 12 6 9 6 6 6 77

Score:

Student Conduct during Examinations

1. Each examination candidate must be prepared to produce, upon the
request of the invigilator or examiner, his or her UBCcard for identi-
fication.

2. Examination candidates are not permitted to ask questions of the
examiners or invigilators, except in cases of supposed errors or ambi-
guities in examination questions, illegible or missing material, or the
like.

3. No examination candidate shall be permitted to enter the examination
room after the expiration of one-half hour from the scheduled starting
time, or to leave during the first half hour of the examination. Should
the examination run forty-five (45) minutes or less, no examination
candidate shall be permitted to enter the examination room once the
examination has begun.

4. Examination candidates must conduct themselves honestly and in ac-
cordance with established rules for a given examination, which will
be articulated by the examiner or invigilator prior to the examination
commencing. Should dishonest behaviour be observed by the exam-
iner(s) or invigilator(s), pleas of accident or forgetfulness shall not be
received.

5. Examination candidates suspected of any of the following, or any other
similar practices, may be immediately dismissed from the examination
by the examiner/invigilator, and may be subject to disciplinary ac-
tion:

(i) speaking or communicating with other examination candidates,
unless otherwise authorized;

(ii) purposely exposing written papers to the view of other exami-
nation candidates or imaging devices;

(iii) purposely viewing the written papers of other examination can-
didates;

(iv) using or having visible at the place of writing any books, papers
or other memory aid devices other than those authorized by the
examiner(s); and,

(v) using or operating electronic devices including but not lim-
ited to telephones, calculators, computers, or similar devices
other than those authorized by the examiner(s)(electronic de-
vices other than those authorized by the examiner(s) must be
completely powered down if present at the place of writing).

6. Examination candidates must not destroy or damage any examination
material, must hand in all examination papers, and must not take any
examination material from the examination room without permission
of the examiner or invigilator.

7. Notwithstanding the above, for any mode of examination that does
not fall into the traditional, paper-based method, examination candi-
dates shall adhere to any special rules for conduct as established and
articulated by the examiner.

8. Examination candidates must follow any additional examination rules
or directions communicated by the examiner(s) or invigilator(s).
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1.6 marks Determine whether each of the following statements is true or false. If it is true, provide
justification. If it is false, provide justification or a counterexample.

(a) True/False. An equation of the tangent line to the curve y = x2 at (−2, 4) is
y − 4 = 2x(x + 2).

(b) True/False. There exists a function f such that f(x) > 0, f ′(x) < 0, and f ′′(x) > 0 for
all x.

(c) True/False. Below is a table of values for a function f .

t -2 -1 0 1 2 3 4
f(t) 4 -1 3 8 1 1 -5

Then f must be zero at at least three points in the interval (−2, 4).
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2. (a)6 marks Evaluate lim
h→0

f(x + h)− f(x)

h
if f(x) = etan x.

(b) An object of mass M (in kg) moving on a line is subject to a force (in N) F = −kx−cv,
where x is its position (in m), v is its velocity (in m/s), and k and c are constants (with
units of N/m and Ns/m respectively). If the initial position is x(0) = 2, the initial
velocity is v(0) = 4, and M = 1, k = 2, c = 1 (and assuming Newton’s second law
holds), estimate the object’s position 0.5 s later using a Taylor polynomial of degree 2.

(c) Suppose a quantity q(t) decreases in time according to the model q′ = −kq, where k is
a positive constant. Suppose it takes 3 days for a certain amount of q to decrease to a
third of the original amount. Find k.
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3.6 marks A rectangular block with square base is being slowly squeezed in such a way that its volume
remains constant, while its height h is decreasing and the edge x of its base is increasing
(assume it maintains its box-like shape as it’s being squeezed). What is the height of the
block (in terms of x) at the instant when both h and x are changing at the same rate (in
absolute value)?
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4. (a)6 marks Suppose a curve is described by the equation x2 + (y + 1)ey = 5, find the slopes of the
tangent lines to the curve at the points where y = 0.

(b) If y(x) = (ln(x))e(x2)

, find y′(x) (for x > 1).
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5.8 marks Evaluate the following limits if they exist. If a limit does not exist, determine whether or
not it is (positive or negative) infinity. Justify your answers.

(a) lim
x→π/2

1− sinx

1− cos2x

(b) lim
t→0+

t ln t

(c) lim
u→∞

[ln(2 + u2)− ln(1 + u2)]

(d) lim
x→0

x2 cos

(
20π

x

)
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6.12 marks Consider the curve y = f(x) given by

f(x) = (1 + ex)−2,

answer the following questions. Show your work and justify your answers.

(a) Find all vertical asymptotes, if they exist.

(b) Find all horizontal asymptotes, if they exist.

(c) Find intervals of increase/decrease.

(d) Find local maxima and minima, if they exist.
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(e) Find intervals where the functions are concave up/down.

(f) Find all inflection points, if they exist.

(g) Sketch the graph of f , indicating all features you identified above (e.g. indicate the
coordinates of relevant points on the axes). Your sketch does need not be to scale.
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7.6 marks The gravitational attraction of the earth on a mass m at a distance r from the centre of the
earth is a continuous function F (r) given for r ≥ 0 by

F (r) =


mgR2

r2
if r ≥ R

mkr if 0 ≤ r < R.

where R is the radius of the earth, and g is the acceleration due to gravity at the surface of
the earth.

(a) Find the constant k.

(b) Draw a rough sketch of the function F (r). Make sure you identify the coordinates of
relevant points.

(c) Show that, as a mass m moves away from the surface of the earth in an outward direction
(i.e. away from the centre of the earth), the gravitational attraction F on the mass decreases
at twice the rate at which F decreases if the mass were to move away from the surface of
the earth in an inward direction (i.e. towards the centre of the earth).
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8.9 marks Consider the first-order, autonomous differential equation

dy

dt
= ky − cy2,

where k and c are non-negative constants.

(a) Find the equilibria (constant solutions), and draw a rough graph of a few representative
solutions y = y(t). Make sure to identify the equilibrium solutions on your diagram.

(b) Now take k = c = 1, and use the Euler method with step size ∆t = 1/4 to approximate

the solution at t = 1/2 of the initial value problem
dy

dt
= y − y2, y(0) = 2.

(c) Now take k = 0, c = 1, and solve exactly the initial value problem
dy

dt
= −y2, y(0) = 2.
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9.6 marks Among all isosceles triangles of given perimeter, find the triangle with the greatest area.
(Recall an isoscele triangle has two sides of equal length).
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10.6 marks Consider two functions f and g that are differentiable everywhere and such that the equation
f(x) = g(x) has two solutions.

(a) Prove that there exists (at least) one solution to the equation f ′(x) = g′(x).

(b) Show that there exist two numbers a and b so that the function

z(x) =

{
f(x) if x ≤ a

g(x) + b if x > a

is continuous and differentiable everywhere.
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11. (a)6 marks The Taylor polynomial of degree n for ln(x) centred at x = 1 is

Tn(x) = x− 1

2
x2 +

1

3
x3 − 1

4
x4 + · · ·+ (−1)n+1 1

n
xn.

Find the value of
d100

dx100
(ln(x)) at x = 1.

(b) The Taylor polynomial of degree n for ey centred at y = 0 is

Tn(y) = 1 + y +
1

2
y2 +

1

3!
y3 +

1

4!
y4 + · · ·+ 1

n!
yn.

Find the value of
d12

dx12
(e−x4

) at x = 0.

(c) Evaluate lim
x→0

[
ln(1 + x4) + e−x4 − 1

x12

]
.
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