Last topic: sequences, series, power series, Taylor series...

L ... (%, n=0,1,23,..)

1
e sequences: 1, 1, 5> &1 240 1007 ol

— how does the n-th term of a sequence behave as n — oco?

e series (infinitesums): 1+ 1+ 3+ 14+ L+ 35+ (=e)

— its “partial sums” form a sequence:
L,1+1=2141+3=3 1+14+3+2=13

— what does it mean to add together infinitely many numbers?

o power/Taylor series: 1+ x + 5x% + x5 4 gy x* + 55x° + -
(=€)
— such a series gives a function of x (or does it?)

— which functions can be represented as series?
— connect back to calculus: differentiate, integrate...



Sequences

A sequence (or infinite sequence) is an ordered list of numbers
with a first element, but no last element:

d1,d2,d3,d4, "+ = {aN};..;l = {an}

(that is, a function whose domain is the set of positive integers).

c B L35 b g
.1,_;g,_%,%,—5@“.:%:4—3”7n:OJJ,“
o —E, B _%7 16, . {—28}5°,, hydrogen energy levels
e 2 3 5 7 11,13, 17, ... : a, = n-th prime number

)

N



1,1,2, 3,5, 8, 13,...

(Fibonacci ) 55

h
an)

/s
QZl

—a1=1,a=1anda,=a,_1+a, o forn>?2

(1+v5)"—(1-v/5)"

— in fact: a, =

2,7,1,8,28,1,8, .

1, 3, 6, 10, 15, 21,...

n

J— Tn

k=1

2n/5

digits of e = 2.7182818284 -

(triangular numbers)

S k=1n(n+1)

1, 11, 21, 1211, 111221, 312211, 13112221, ...

— hint: say it out loud



Convergence of sequences

Example: how does the n-th term of the sequence
2 3 45 6 7 8 9 10 ?
5, 20 & 30 100 13> 14> 16 1g--- behave as n — oo7

a, = ”;;1 2 + 5 1 tends toward as n — oo.

We say a sequence {a,} converges to the limit L, and write

lim a, =1L if:
n—oo

e ‘“we can make a, as close as we like to L by taking n large
enough”; that is,
e for every € > 0, there is an integer N such that
n>N = |a,—L|<e.
If a sequence does not converge to a limit, we say it diverges.

(If lim a, = +00 we may say the sequence diverges to +0¢.)
n—o0

[ ]
e if a, = f(n) where f = f(x) is a function on the real line and

limy_o0 f(x) = L, then lim, o a, = L

limits of sequences obey all the same rules as limits of functions



Determine if each sequence converges, and if so find its limit:

L |

2. ap=cos (L), a,=cos(nm), a,= cos(2nr)
34rmo s o 23t L

4. ap =In(n+1) —In(n)

5. ap=(1+12)"

6. {7}



[y

2 . n”? 1 1 _
{n2—:n+1} ) nII_U;o n2+n+1 - nll_glo 1+1 + = 13040
( ap = cos(mr) ap = cos(2nm) :

(7) = cos(0) =
{cos(nm)} = {~1,1, 1,1,—,1,...}

{cos(2nm)} ={1,1,1,1,1,1,...} converges to

nyoo . 2 3 ,4 .5
{r"}yo o o, Pt

diverges if r < —1 or r > 1, converges to if r=1,
H H n __
and if |r| < 1, nl;rr;(}r =0]

~ap=In(n+1)—In(n): a,=In(" 1) =In(1+ 1) converges

n

toIn(1) = @

1

. 1\n . In(1+i) -3
an=(1+1) "“gc'“( n) = Jlim = = lim e
_ _ 1
(I'Hépital) = Ier;o 1= =1, so n||~>moo ap=e" =|e]
{ } 0<a,= [Z" 1"n2---%] % < % so by ‘squeeze’,
lim a, =
n—oo
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Series

4

£
PR
£
Can we add together together infinitely many numbers?
Try
1 +1 +1 4+ 1+ 1 4+ -+ 7
sums: 1 2 3 4 5

No! The running sum increases to oco.

If A is twice as fast as T, the fraction of the initial gap to T that A

makes up is:
1

1 1 1 1
+ + 3 + % +*t 5 +t & *t o ot

N[
D=

sums: 0.500 0.750 0.875 0.938 0.969 0.984 0.992 ---

The running sum seems to settle down, tending, perhaps, toward 1.
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A series (or infinite series) is an expression of the form

o
Yaj=art+atatata+---
Jj=1

We make sense of a series by considering its partial sums:

n
Spi=y a=ar+a+---+ap1+an
Jj=1

The partial sums themselves form a sequence of numbers:

S1=a1, S =ay+a, s3=a+a+az, Szg=---.

Lets,=ai1+ax+...+an—1+ a, be the n-th partial sum of

o0
a series ) a;. We say this series converges to the sum s if
J=1
o0
lim s, =s| Then we write Yaj=s|
n—o0 _]_1

If lim s, does not exist, we say the series diverges.
n—00




Examples

o S k=1+2+34+4+5+--
si=1,5%=1+2=3,53=1+24+3=6,...,s,=2n(n+1)

and nhj;o 2n(n+1) does not exist (= +00), so .37, k diverges

o j’il(—l)f:—1+1—1+1—1+1—---
sequence {s,} of partial sums {-1, 0, -1, 0, —1, ...}
does not converge, so Zf.;(_l)j diverges

These two series cannot possibly converge for a simple reason:
the terms (the amount we add at each step) don't tend to zero!
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o0
Theorem: if ) a; converges, then lim a; = 0.
j=1 J—oo

Proof: s, = 21’7:1 ap (n-th partial sum). Then s, —s,_1 = a,,, so
lim, oo an =lim, o0 sy — limp_sooSp_1 =5s—s=0. O

We can rephrase this as a simple “test” for convergence of a series:

o0

If lim ax # 0 (or does not exist), then ) ay diverges.
k—00 k=1
coyoo k(k42) e k(k42) e K242k
Example: >~ *k13) - kIme k3)2 = kll)moo Creito

. 1+2 . . .
= |lim —*%5+ =1+#0, so this series diverges.
o Eng Tl g
Warning: this test does not work in the opposite direction! There
are series whose terms go to zero, but the series still fails to
converge. An example is the “harmonic series”

Zj’iljl,:1+%+%+%+--- (more on this later...)
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Geometric Series

A geometric series (with “common ratio” r) is

Jj=0

[y

j=

(e e] . o0 )
atar+ar+ard+art+.. =Y adl =3 ar

Examples we've already seen today:

e r=1a=1 Zj’iol-(l)j:1+1+1+--- diverges

1 1. 1/1\/j-1 _ 1\J
er=5a=3 >2350G) =X203)
4—4*&
1 1 1 1 1 I _
:§+Z+§+176+372+”. _&aa =1 77
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For which values of r does the geometric series
atartar’+ard+art+. .. (1 +r+rP+r34rt Z arl™t

converge? And to what sum?

First test: is lim a’"1 =07 Onlyif -1 <r<1.
Jj—o0

If =1 < r <1, we compute the partial sums (blackboard):

a(l—r")

n
sn:ZarJ_l:a+ar+ar2+~--+ar”_1: 1
—r

Jj=1

and so lim,_so Sp = ﬁ Summary:

0 .
The geometric series Y ar/~! = atar+ar’>+ard+ar* 4 -
Jj=1

&S] .
e converges, if |r| < 1, with 3 ar/~! = -2

j=1
o diverges, if [r| > 1
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