using Ma.SS Formu.las ‘l’o Enumcra+c
De-‘:‘mi*c Quadm-"ic Farms

o-F Class Number One :

Avs (integer - valued ) saﬂrg'/'. form
Q(R) = Z e xix;

is a homogeneous polynemial
of degrece R 1n n variables
with coelicients ¢ ,;€Z.
We can alse express Qi) as o
Symmetric (Hessian) matrix
A = (o) = (3 5 @) € Symf@)
with even diagenal entries.

Exi QXY = x™+ xy+y*

1, Hessian ﬂ""

a=[1i] = L4
€ Sym,(Z)



We can G'SO ‘“ﬁnk o-p Q as Jcscr:‘lu'n’
.
o la#icehz in a Lixed 7ugdr.i-ic
vector space (v, @) = (@, Q).

L:lL.C(QE x’:,.gy'c)

Far a.n/ rinj R,“' we can consider

Q(f) as a guajraiu ‘f::m o_\_l_gf&
by ;onsider'mg s 60¢[-Ficicn+ <; €R.

Tn the laflice perspective this

CD?'C’PO%JS +O ;onsiJeﬁn’ ‘f"e
lathice” L@R in the guadctic

Space (QC*)ER , 0\.



Eguivalence of Quadratic Forms:
We say That two guadrafic forms
Q@ and @' are eguivalent over R
and write Q3 Q" if there is

Some invert“ib’& R" linear claamae

of variables TE€GL, (R) so
that Q%) = QTR as
guadratic forms over R.

Ev: (x')‘+(y')"~ x% (xe)" = Axrxy +y*

(s tod =[5 =] [R50
E . x'l."’ .. X“l’(3 ) — x?—_'_: 2 R
= 7 F? 5 y Q:Pu”bxk
of @'
u»dg,f_

From the ma{‘rix per:rec‘l‘i\Ig we
have A'=tTAT, but on lattices
We're ‘For’g‘#;n; a60u+ +"I¢ bd‘)s,



Given a 3aae‘fahc form O, we define
the class of @ 4o be the set
of all @5Q and the genus of @
(denoted Gen(@)) as the set of
all @ which are everywhere loclly
ezm'va’en?" +o Q, meaning that
e’ [« @' @  for all primec ped
{- Q' RQ
Them(Siegel): There are only finitely

many c.,asSes in ée.n(Q).

wWe denote by h(a) the number
of classes in Gen (Q), called

the class number of Q.




Lo al a\.mA, »_él"L‘l R

pre sgp"’a"iﬂﬂns :

wz Scy ‘H&a* Gl [&lpba”y) r_e_hresen'!'s

meZ £ IReZ” so +hat
QX)) =m, and say that Q@
locally represents wm if 3 %X,eZ]
so that QX)) =m $£or all

p’aces v of @®.

Let VQ(M)3= #{Yéln‘ Q(:'G:m?,
For @ (Poshto‘ve) Je-(:m‘wle we
see that rglm)< 0 VmezZ,

Tn +this case we Ccanr de-(ine

“'he +‘ﬁe+a seri:ecs 0'( (4 b/

B,():= rytm) &

/ m 20
This )S & modu/ar ‘fcrm.

€ M., (Nx)



G’CNUS anJ C/ass Inv.ar.’an'/‘s‘

Hasse -

@ Q'€ Genl@) Z=(v,&) ~ (v,a")

So <l ra‘hon_al invcrian‘l’s are

al so 3enus invam‘am‘s.

Ex: detla)e @%")a, Hasse

:n vea riants

Si)nﬂturg e Z. CPG‘&I})

@ Q'cGen (@) = det(A) = det(A")

Sica &' =STer “Z
= det (A') = det(T) " det(A)

But det(T) € Z}

= det(A) and det(A') €Z

have the same p—Jivw'L.').}
P +the Same Ssigh.

= det (A) = det(A').
G Q3@ = (ylm)= rylm) VmelZ
=> 6,()=gy(=).



Lonseguences of Ala)ed:

& yOCQ”y reprc.sen‘ls m

=2 @ ferrcsen"'s » (,lobﬁ”y)

® ea(%) 18 an Eisenslein $er3¢$

* The circle method gives

an exact -rcrmu(a. <Far

b 'rl'oere is o ".'nmrle ‘Foqwlé
'FoV‘ rQ(m) as o Sum
over divisars o'( .

Bu: @= ,(z-»yz-l»-z‘-l- w

V'Q(MS 8- 2 4

o<ccllm
G+

o0

Th.“ ke Th€ ade’?c “SYmme‘{‘rzc space
2% op(@)\ % 4S)/ stab, ) | =

Vg ()



Pf a +Iv€
mn"c.

HOW many (c'asses O'CSA?uana‘{'a

-Forms ho.\le class num&er o.ne?

Ma nus = On’y ‘Mi"e(/ many in
3% by
( Mass F°""“l"> nz3 var'nblc.s, GnJ

need n < 3F,

Watsorm => need n <10, and hsts
19605 + 703
(")’ "“‘"“") most of them Hor

+’ mat:mal -?v
| abics each R <10,

Gevrstein = n216t+Y = h@)2p(#)
(':?‘3“::{) £or amf, ‘i’o”‘a/// vee! F,

IQHQCLS

So need n £ 36.

Pheufber = Ounly -ﬁn#‘e/’ mary Q
(nn-q by

Mass Fomu!.) over q” +o‘f‘a”y

real numbcr "ieldt !



Mass Formulas-'

ASS&;m?n; R s Je-f'mh"c, we Je-ﬁne
i

* s :

=2-T g (@*

where +the local Jens:’"ly B, (a)

K Je-('oneet b/

B (@):=tlim  vol(Q7(U))

Truzger Tyl (a)
U —=iat

V\/lﬂe re Q<> A€ Sym, (Z) olefines

M, (R 2 Sym,, (R)
X > *xax.

For VsP Prime,, we can ww'v‘re

the local density more simply as

# § K€ M, (#p°a) | XAx=A}

PP(Q) = -;j' ] inn

¢ =» 00




Wlﬂcln con be comfu‘}‘eel at
all but ‘ﬁnh“e,’ many places
by Hensels Lemma, and if

1;4’ 2-cdet(A) then +he

limi4 st+abilizes of o=4.
# O5 (F,)

> @ = =

2

T"ﬂs tells ws ‘Hﬂff' ‘f'he 3n«r3ni¥e
Proa‘uc{' for Mass*(@) is
generically o product like

Since over F;, ( ; e ‘
there 18 only _—> f a)- 3(¥) ( l) ;f

one or‘f’ho)mﬂl

proup 1€ 0 1ol o $02) - $(4)- - P -2) L0, %)

odd,

.ﬁ :
but twe i€ n 1seven i
W‘\ere X is Ssome iuqJnﬂ"‘g LM,
."‘./Cr‘

éle +¢r minecl b)/ Je‘/‘(A).



Enplicit Mass Formula " Highlights"
* Local Adensities £or P>2 (Pall, 'és)

awndl 'For P =2 (\lJa"’Son, ‘?‘6)/&

in Ferms of locel Tordan Form.

* Con wey +Sle¢ne, ‘\5f ;)v& a C—orrec*

un‘rmveu ﬁérmu’a (‘cr a" loco/

Acusidics, o‘i‘-(er'm; 'cmu Uc‘bdhz/a

Sl‘\’nmura ?)vcs an ev.’:/i:h" -pmr»w’q
oveér

-For maximel Iq‘ﬂ'o(.es ;‘l’oﬁl&
reel Liclds F ( 99)

s Gﬁu;’“,;yu ;.'ovg an extenchd

Je‘zmhl‘-
-Fm'm«lc ‘por mo.x'umc/ ’47}:“8‘/
- F

(‘,”a for Heynitianw for»:.’).
(‘01)



Bt @=xyH2’ => n=3

dganliibt L : +
Mass (@)= = |5, (D) Tore) - e

where

7\;'-"'-'{?:, i€ aniso. dim (V)=3
= (£ awso. lim (V) =1
and Si= {,mm p st pldeta)
e awide. glie iGia)d
2 S=fa} and A= F=2
= Mass (@)

Check’: #AF(@)= £ 2"n!

=+ -4& = 2¢

Ths proves +het Jz(@\f—i, or
Ch&ékb +‘!¢ nN&ss :‘PMK,‘» o"

we knew this zndgpenolen"'ly.



Afi‘H‘\mg‘/’_i4 Bounols WLC'CN nes:.
g'mco. n s OJJ, ‘f"we classes ano(

Prorer c.las:es aruie_,(g. sc

Ala)=1 => Mess*(@) =

#HAH(R)
m
| ) / é’
‘ - .
D5 MWE e N . Z

PeS
However, the &£actor Ap = %ﬁ'éz

£ p>2, and Ap will contain
Som(::‘%rime fockors thet are not
killed by the remaining prodect
f( Pe.S' 1S Vevy /n;e.

= Eg—'— < a4

=> pii <H4§
=7 F <499 Lo all Plaln"(a)

ternery

So ‘,’herg are -(‘.na”'clr manYAﬁqurc’tic
fpeces (v,a) with a class #d max'/ 4

letlice .



D Enumerate guadratic spaces (4@)
which could support o
maximal lattice L of
class wnum ber one.

@ Construct o moximel lattice

oen each (V,Q).

@ Check £ A(L)=1 by

testing Mass  v.s. #Aut.

Enumerate all possille

nom- maximel locel lattice

+ypes on (V,Q) sn‘is-(}tnj
‘H'\e mwass eli)i’Lilf"/ +CS"'.

( Mass € —/N,— or Mass < ,L)



F‘indv‘.g% a Maximal Lattice :
@ Compute elementary divisors
of L¥/L (wrl. A€Sy~ (@)
@ Find o "Watson" guper lattice

containing L , so +he
elementary divisors of
L¥/L  are square-£ree,
@ lock $£or totally 1sotrepic
Subspaces of YV ove i
foe ol Pl #(L%.).
® Use 2-neighbors +o find an
even latltice, it which

corresponds 4o e

?ua d rq‘!’)c ‘porm,



Mra‘l’ic S‘P‘&ﬂ

= Constructive Hasse-Minkowsk: /g

= Moximal lattice £finding.

= Local invariants (stdes GHy)

= Local +ests C(amiso clim *;ws/@',)
Sguere Classes:

= Over local + global £iclds

= Hilbert Symbsl

= Weck approx. for I»e.l-;/.lu//a
Quedratic Forms:

A'“/ == Ne'l"!bor me‘ﬂwol ‘For -r'"'Ji"j
CS¢+GHY
mass all classes in Gen(a)
£ormulss
and

Sfuial — S‘P;nor Genera in Gen (Q)
values

of !(s)&L(s,x) — AM"DMOV]’LNM -ﬁhdin’



C& u‘f'a‘/'?ona, Challe naes:

) G

> Dealing with non-£ree latlices
over #fields F witihn L(F)>4.
= Computing locel masses ot Sla
e her 2 s ramified.
= Llocal -Global £ur (v,@) /f
—  Maximel lattice Finding (12 - neyis, )
—> Exact special values of
Se(m) and L (m,%),
= Euumeration of otell real F

with bounded root s,
(Vo);lﬂ")



Future Directions:
F?ndin’ 4’04’4”)/ cle-(ini',‘e. CJ‘SS number

one forms £or other 9ra,.urs./
Adelic Tnterpretations:
@ T(e\) = #
&S Mass Formula

— Known

- =/ Cla n
@ go\Gw/i = g ina

“objects”.

é!_: 6 = utn (H) s Hermi‘lliaw (orms
H o-( clacs # 4.
?

G = Ga —_— Octonion orders
ot +7f¢ #4
?
¢ = Fq G- == rreulen‘Hu, orders
of ‘f)'fe # 4.

G= 0,,(&\ e auaJra‘{‘iC forms
Q of class =



I:n‘f'er‘g r&i% C(aéics 1n & Genus':

és linear alge.braic 9’7 ac"t}ay

as 1semetries on (V cf)/F
Cwe,”
GAA = aJG(:z-a"L;on of & :l .lx ,T;.. Glola)

/ 3 ruc.a"ure ‘ﬁk"‘
= -FT 6\! with Lattice with
v

extra & ‘/"radlvm

i nJuCQJ ‘(mm

all but finitely many (v, &)
cemronen*s S"’ab;'iv}iu) (L/-‘f).

Now &Gan acts on laftices 1n (v, &)

by R 'OCA' non-arclﬁmealean CC*-CH
L le=e==> L’
L™ 3 3
() (Lp) —>(g5L4) .

Then the Gy -orbit of L is the
set of lattices 1n (V, %) which
are /ou”y isomorphic 4o (L&)
We eull +his the genus of &, %),



c Ga
Le."’ K:= S‘l’ﬁb,“(l,‘f) be +he adelic

sta bilizer of (L,‘P). Then

)
64‘\ /K > Genus
of L

\Gﬁh/ =l Classes in the
G & Genus of L

R

-8 - ok Fim’#‘e’y man
Finite se# = by reJ«a{;on

o f points +h¢or/

When 1s there Jud‘ one p‘*?

‘rlne.re are o»’, -Cinf‘}‘cly
many Suclq K over a” ‘#‘oﬁhll/
coall wauabias ikl o

Wc Cen:bélcw only ‘hﬂ“a/;y rca/ F since
we WQw‘}' év +b be camrac?t ¢+

all archimedean places.



ﬁm& wea Numkirf':s QMJ M:ss Formulas_.'

G= Conned‘eJ S¢mi—sim.-ple linear

"’ebr‘aic ’roup /F
Y(6):= vol (fr\c‘“) i S 4 pigy

number

To define phy on G we choose a
set of locel Haar meosures
M, on F,, and choose any
+op - degree (left) invarviant
nen—VQn'osl-.in) diferential
Mgl o L o o EF s

T‘nis ?ives o6 measure Myon 6,“

Tamn)"wq . U G ( 'c‘*s
measure anJepenJenf o‘ 7% w‘wicl\ Is . 4, “iny,

=> Measure on GF\GZ».



To

JQNVQ & mMeass ‘(crmu'a -:mm ]

known Tana,ayg number, write

bn=H G ak |, k=St )
Assume

: K is cp-ﬁ
= T6)= vol (¢ \6n)

!.-;! vel (65\6’ = K)

= u Vel ((}F\Gpﬂg"‘d;.')

r

= !:! vel ((an Q;Ka‘-")\a Ka.)
Autll;) < oo
- ) . 3 1
vol (aKea™') ‘Z; * Atz
! 1
= vol (K) - Z_ ARAL+Y(L,)

L=

-t

v i <l
= ; m‘—)- =& 7'(6')'\/0,(")'
=2 Tl
= 2T pleIY:



B AR

4pm

Doug Ulmer (Georgia Tech)
Constructing elliptic curves of high
rank over function fields

3:15pm

Jonathan Hanke (Athens)
Using mass_formulas to enumerate
defimite quadratic forms of class
number one

N

at the Emory University
Math & Science Center W201

Athens-Atlanta Number Theory Seminar
Tuesday, October 20, 2009



