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0. Introduction

Let k be a non-archimedean locally compact �eld andG the group of k-rational
points of a reductive algebraic group de�ned overk. A (complex) admissible represen-
tation of G is a pair (�; V ) whereV is a vector space overC and � is a homomorphism
from G to GLC (V ) such that

(a) eachv 2 V has an open isotropy subgroup | i.e., � is smooth, and
(b) for any open subgroupK , the spaceV K of K -�xed vectors has �nite dimen-

sion.
It is my intention in this paper to lay a part of the foundations of the theory

of such representations (therefore complementing work of Harish-Chandra, Jacquet,
and Langlands|[20], [22], [23]).

If P is a parabolic subgroup ofG with Levi decompositionP = MN and modulus
character � P , and (�; U ) is an admissible representation ofM , then � determines
as well a unique representation ofP trivial on N since M = P=N. One de�nes
the (normalized) representation induced by� from P to G to be the right regular
representation ofG on the spacei G

P � of all locally constant functions f : G �! U
such that f (pg) = � (p)� P (p)1=2f (g) for all p 2 P and g 2 G. BecausePnG is
compact, it is not di�cult to show that i G

P � is an admissible representation (2.4.1).
If � is an admissible representation, one may de�ne itscontragredient, which is

again admissible. The contragredient ofi G
P � is i G

P e� (3.1.2).
There exists a form ofFrobenius reciprocity: for any smooth G-representation� ,

one has a natural isomorphism of HomG(�; i G
P � ) with HomP (�; �� 1=2

P ) (2.4.1).
If ( �; V ) is any smoothG-representation andP = MN a parabolic subgroup ofG,

one de�nesV(N ) to be the subspace ofV generated byf � (n)v � v : n 2 N; v 2 Vg,
and one de�nesVN to be V=V(N ). This is the space of a smooth representation� N of
M , and it has a universal property: ifU is any space on whichN acts trivially, then
HomN (V; U) �= HomC (VN ; U). This implies a second form of Frobenius reciprocity:

HomG(�; i G
P � ) �= HomM (� N ; �� 1=2

P ) (3.2.4):

The VN -construction was used to some extent in Jacquet-Langlands[23], but �rst
seriously discussed in Jacquet's Montecatini notes [22], at least for G = GL n , where
Jacquet falls only slightly short of proving thatwhen� is admissible, so is� N (3.3.1).
Coupled with the more elementary observation thatif � is �nitely generated so is
� N , this becomes one of the cornerstones of the theory of admissible representations.

One basic fact is thatthe functor V  VN is exact (3.2.3).
For the group G = PGL 2, it was probably �rst realized by Mautner that there

are irreducible admissible representations ofG which have no embeddings into an
i G

P � (where P is here the Borel subgroup ofG, and � may be assumed to be one-
dimensional). Generalizing this phenomenon, one calls a �nitely generated admis-
sible representation of arbitraryG absolutely cuspidalif there are no non-trivial G-
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morphisms into any representation of the formi G
P � with P proper in G and � an

admissible representation ofM . Equivalently, (�; V ) is absolutely cuspidal if and
only if VN = 0 for all unipotent radicals N of proper parabolic subgroups.

The irreducible absolutely cuspidal representations may be characterized also as
those whose matrix coe�cients have compact support modulo the center ofG (5.3.1).
This fact may be used to show thatthey are both projective and injective in a suitable
category ofG-modules(5.4.1).

In [22], Jacquet did prove (forG = GL n ) that for any irreducible admissible repre-
sentation � there exists at least oneP and one irreducible absolutely cuspidal� such
that � may be embedded into iG

P � (5.1.2).
The VN -construction also plays a role in theasymptotic behavior of matrix coef-

�cients. This is best expressed like this: letN � be the unipotent opposite toN .
Then there is a canonical non-degenerate pairingh ; i N of VN with eVN � which is
characterized by the property that for v 2 V and ev 2 eV with imagesu 2 VN and
eu 2 eVN � there exists� > 0 such that for alla 2 A � (� ) (seex1.4 for notation) one has
h� (a)v; evi = h� N (a)u; eui N (x4.2).

This makes possible acriterion for square-integrability in terms of the spacesVN

(4.4.6), and also �gures in the proof of the result mentionedearlier about the support
of the matrix coe�cients of an absolutely cuspidal representation.

The main results of this paper depend on almost everything mentioned so far, and
are concerned with the composition series of the representation i G

P � . If A is the
maximal split component of the center ofM and WA is the Weyl group ofA, then
the �nal result is this:

(a) If � is an irreducible absolutely cuspidal representation ofM , then the length
of i G

P � is at most card(WA ) (7.2.3);
(b) if � is any irreducible composition factor of iGP � then there existsw 2 WA

and a G-embedding of� into i G
P w� (7.2.2).

(The latter makes sense becauseWA is also N (M )=M, and for m 2 M one has
m� �= � . In this rather strong form, this result is due to Harish-Chandra, although
others had proven weaker and related verions.) From this onededuces thatany
�nitely generated admissible representation has �nite length as aG-module (6.3.10).

The proof of this main result is rather long and complicated.I �rst prove a weaker
result in x6 involving the associates of a parabolic, use this to prove the square-
integrability criterion (also in x6), and use this in turn to prove the �nal version in
x7. If G has semi-simple rank one, however, the argument is not so complicated, and
it may be instructive to sketch it here:

(1) There is only one conjugacy class of proper parabolic subgroups, of the form
P = MN whereM is compact modulo its center. Thus, the representation�
is �nite-dimensional.

(2) Using the Bruhat decompositionG = P wP [ P, where w is the non-trivial
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element of the Weyl group, one has a �ltration 0$ I w $ I = i G
P � of I as a

P-space, whereI w is the subspace of functions inI vanishing alongP. The
corresponding �ltration of I N may be described explicitly; it �ts into an exact
sequence

0 �! (w� )� 1=2
P �! I N �! �� 1=2

P �! 0
of M -spaces.

(3) If � is an irreducible composition factor ofI , then � cannot be absolutely
cuspidal, because if it were one could apply the projectivity of absolutely
cuspidals to obtain an embedding of� into I . Thus by Jacquet's result,� has
an embedding into somei G

P � , and in particular, by Frobenius reciprocity, � N

has �� 1=2
P as anM -quotient.

(4) But then by exactness of the functor�  � N , �� 1=2
P must be either �� 1=2

P or
(w� )� 1=2

P , proving part of the main result.
(5) The same argument shows that if 0$ I 1 $ I 2 $ I were a composition series,

then on the one hand (I 1)N , (I 2=I1)N , and (I=I 2)N would all be nonzero, but
on the other hand only two are allowed to be non-trivial, a contradiction.

Another class of results contained inx6 concernsintertwining operators and irre-
ducibility of representations induced from parabolic subgroups.

As a minor application of the general theory, I include inx8 a discussion of the
Steinberg representationof G (thereby justifying claims made in an earlier paper
[14]).

In x9 I work out an elementary example, that ofthe unrami�ed principal series of
SL2, in some detail.

Very few of the results in this paper are entirely mine. A number of the basic
ideas may be found in Jacquet-Langlands [23] and Jacquet [22]. Many results were
discovered independently by Harish-Chandra (and given in acourse of lectures at the
Institute for Advanced Study, 1971-72; this course is partly summarized in [20], and
details will presumably appear eventually1). Others are completely his. For example,
the results ofxx7.1{7.2 were communicated to me by him in correspondence; I would
like to thank him for allowing me to include them here. The idea of the canonical
liftings in x5 arose from my attempts to understand his theory of the constant term
in [20]. And I have incorporated suggestions of his throughout.

Several other points were also discovered independently byBernstein and Zelevin-
skii (see [1] and [2]), Baris Kendirli [24], Hideya Matsumoto ([26], [27]), Olshanskii
[28], Allan Silberger [30], Graham Williams [31], and Norman Winarsky [32].

I would like to thank James Arthur, Armand Borel, Roger Howe,Herv�e Jacquet,
Robert Langlands, Rimhak Ree, and Allan Silberger for invaluable advice and sugges-
tions. I hope I have given them the proper credit in the body ofthe paper. Finally,

1We should cite Silberger here.



THEORY OF ADMISSIBLE REPRESENTATIONS|DRAFT 1 May 1995 5

thanks are due to both Matsumoto and Deligne for pointing outerrors in earlier
versions.

The �rst version of this paper was written in the spring of 1974 while at the
Institute for Advanced Study in Princeton, where I was supported by a National
Science Foundation grant, and a second was written one year later in Bonn, where I
was supported partly by the Sonderforschungsbereich at theMathematisches Institut
and partly by the National Research Council of Canada. I am grateful to all these
organizations.
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1. Preparation

1.1. Let a be any �nite dimensional real vector space, and further let

a� = the real dual of a;
� = a reduced root system in a� (assumed to spana� );
� + = a choice of a set of positive roots in �

(I write � > 0 for � 2 � + );
� � = � � + ;
� = the simple roots in � + ;
S = the set

n
w�

�
�
� � 2 �

o
of re
ections

corresponding to the elements of �;
W = the Weyl group of � (acting on both

a and a� and generated byS);

For each � � �, let a� be
n

x 2 a
�
�
� � (x) = 0 for all � 2 �

o
(and if � = f � g, write

a� , and call this a root hyperplane). We will write � > 0 if � > 0 for each� 2 �.
For � � �, let

� � = the subset of � of linear combinations of the roots in �;
� +

� = � + \ � � ;
� �

� = � � \ � � ;
W� = the subgroup of W generated by

n
w�

�
�
� � 2 �

o
:

Every element of � � vanishes ona� , so that � � may be identi�ed with a subset
of (a=a� )� , and in fact it de�nes a root system in this space. Every element of W�

acts trivially on a� , and therefore acts naturally ona=a� , and in fact W� is the
Weyl group of � � . (Use [10] for a general reference.)

For every w 2 W, let � w be the set
n

� 2 � +
�
�
� w� 1� < 0

o
. The cardinality of � w

is also the length`(w) of w | i.e., the length of a minimal expression for w as a
product of elements ofS [10, Cor. 2, p. 158]. Note thatw is determined by � w (by
5.2 of [5]).

Lemma 1.1.1. For any w1; w2 2 W the following are equivalent:
(a) `(w1w2) = `(w1) + `(w2);
(b) � w1w2 = w1� w2 [ � w1 ;
(c) � w1 � � w1w2 and w1� w2 > 0.

Proof. The equivalence of (a) and (b) is Lemma 3.4 of [5]. That (b) implies (c) is
immediate, and the converse is almost as elementary.

The set � w has a geometrical meaning: one knows that the open cone

C =
n

x 2 a
�
�
� � (x) > 0 for all � 2 �

o
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is a fundamental domain forW, or more precisely that asw ranges overW the
conewC ranges over the connected components ofareg (the regular points of a) =
a r [ � 2 � a� . Now eacha� is in fact determined by exactly one positive� , and the
correspondence� 7! a� is a bijective correspondence between �w and the set of root
hyperplanes separatingwC from C. In particular, the number of these separating
hyperplanes is equal tò (w).

Lemma 1.1.2. Let � be a non-empty subset of �. There exists in any left coset of
W� in W a unique elementw characterized by any of these properties:

(a) For any x 2 W� , `(wx) = `(w) + `(x);
(b) w� > 0;
(c) The elementw is of least length inwW� .

This is Proposition 3.9 of [5].

Proposition 1.1.3. Let � ; 
 be non-empty subsets of �. In every double coset in
W� nW=W
 there exists a uniquew characterized by any of these properties:

(a) The elementw has least length inW� wW
 ;
(b) It has least length in W� w and also inwW
 ;
(c) w� 1� > 0 , w
 > 0.

Proof. Exercise 3, p. 57, of [10] says that every double coset has an element of least
length, and also that (a) and (b) are equivalent. Lemma 1.1.2implies that (b) and
(c) are equivalent.

The previous two results say that the projections fromW to W=W
 , W� nW, and
W� nW=W
 all have canonical splittings. Let [W=W
 ], etc., be their images. Thus,
[W=W
 ] =

n
w 2 W

�
�
� w
 > 0

o
, [W� nW] =

n
w 2 W

�
�
� w� 1� > 0

o
, and [W� nW=W
 ] =

[W=W
 ] \ [W� nW].
For each � � �, let w`; � = w`; �

� 1 be the longest element inW� (and let w` be
w`; � ). The elementw`w`; � clearly lies in [W=W� ], and in fact it is the longest element
there. More precisely:

Proposition 1.1.4. Let � be a subset of �, write w0 for w`w`; � , and let � be
w0(�) � �. Then

(a) � w0 = � + r � +
�

;
(b) For any w 2 [W=W� ], `(w0) = `(w0w� 1) + `(w).

Proof. Sincew0(�) = �, it is clear that � w0 � � + r � +
�

. But 1.1.2a, implies that
`(w0) = `(w` )+ `(w`; � ), while that same result together with [10, Cor. 4, p. 20] (which
says the length of an element inW� is the same inW as in W� ) imply that this in
turn is equal to the cardinality of � + r � +

�
, and this proves (a).

To prove (b), apply 1.1.1(c). If w� > 0, then ww� 1
0 (�) > 0, so that � w0w � 1 �

� + r � +
�

= � w0 , which is the �rst half of the criterion. To prove w0w� 1� w > 0:
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� 2 � w if and only if � > 0 and w� 1� < 0. But w� 1� < 0 if and only if w� 1� 2
� � r � �

� or w� 1� 2 � �
� ; if w� 1� 2 � �

� then � 2 w� �
� � � � , a contradiction. Thus

w� 1� 2 � � r � �
� and w0w� 1� > 0 by (a).

If � is a subset of �, the subset � = w`w`; � (�) = w` (� �) is called its conjugate
in �.

1.2. Continue the notation of x1.1. If � and 
 are subsets of �, they are called
associatesif the set W(� ; 
) =

n
w 2 W

�
�
� w
 = �

o
is not empty. For any � � �,

let f � g be the set of its associates.
What I shall do now is describe the connected components of each areg

� = a� r
[ � 2 � r � � (a� \ a� ) and at the same time show how one can express the elements of
W(� ; 
) in a manner analogous to the way in which one expresses elements of W
as a product of elements inS. These results, as far as I know, are essentially due to
Langlands | see Lemma 2.13 of [25] | but I learned them, more or less in the form
in which I present them, from James Arthur.

Let me �rst recall some extremely elementary ideas from [10](exercises at the end
of IV). Let V be a �nite dimensional vector space,H a set of hyperplanes passing
through the origin such that V r [ H 2H H is a union of simplicial cones. The con-
nected components ofV r [ H 2H H are calledchambersof V associated toH. An
(irredundant) gallery in V is a sequence of chambersC0; C1; : : : ; Cn such that no
two successive chambers are the same, but the pair does sharea common face. The
integer n is the length of the gallery, and it is said to be a gallery betweenC0 and
Cn . A minimal gallery is one of least length between its ends. Thedistancebetween
chambers is the length of a minimal gallery between them, andis also equal to the
number of hyperplanes inH separating them.

I apply these ideas to the spacesa� (� � �) and the hyperplanes of the form
a� \ a� (� 2 � r � � ). The coneC� =

n
x 2 a�

�
�
� � (x) > 0 for all � 2 � r �

o
is

a chamber ina� , and the height of any other chamber is de�ned to be its distance
from C� . The coneC� lies on the boundary of the coneC de�ned after x1.1 (which
now becomesC; ) and more generally the closure ofC� is the disjoint union of the
C
 with � � 
.

Observe that if w 2 W(� ; 
) then w takesa
 to a� and chambers to chambers.

Proposition 1.2.1. Subsets � ; 
 � � are associate if and only if there existsw 2 W
with wa
 = a� .

Proof. One way is of course trivial. For the other, supposewa
 = a� , and let w0

be the element of least length in the cosetW� wW
 . Then sinceW
 acts trivially on
a
 , w0a
 = a� as well, hencew0� 
 = � � . Now by 1.1.2,w0
 � � +

� , and hence
w0� +


 � � +
� ; similarly, w0

� 1� +
� � � +


 , so that w0� +

 is actually equal to � +

� . But
� consists precisely of the indecomposable elements of �+

� and similarly for 
 and
� +


 .
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Proposition 1.2.2. Let � be a subset of �. Every chamber of a� is equal towC


for a unique associate 
 of � and w 2 W(� ; 
).

Proof. First suppose thatC is a chamber ofa� distinct from C� but sharing a face
with it. Since the closure ofC� is the union of theC� with � � �, this face equals
C� where � = � [ f � g for some� 2 � r �. Let 
 be the conjugate of � in � and
let w0 be w`; � w`; � (so that w0

� 1a
 = a� ). I claim that C = w0
� 1(C
 ). In order

to prove this I must show (i) w0
� 1C
 and C� have the faceC� in common and (ii)

w0
� 1(C
 ) 6= C� . The �rst holds simply becausew0 2 W� and hence takesC� to itself.

For the second, letx 2 C� be given, so that� (x) > 0. Since� 2 � r �, w0� < 0
(1.1.4(a)), and hence� w0� lies in � + r � +


 . Therefore (� w0� )(w0x) = � � (x) < 0
and w0x cannot lie in C
 and thereforex 62w0

� 1C
 .
The proof proceeds by induction on the height of the chamberC. If ht( C) > 1,

then there will exist C1 sharing a face withC such that ht(C1) = ht( C) � 1. By
the induction assumption, there existw1 and 
 1 such that C1 = w1C
 1 . But then
w� 1

1 C1 = C
 1 and w� 1
1 C lies in a
 1 sharing a face with, but not equal to,C
 1 . By

what I have just done,w� 1
1 C = wC
 for suitable w and 
. Hence C = w1wC
 .

For uniqueness, suppose 
1 and 
 2, w1 and w2 are such that w1C
 1 = w2C
 2 .
Then w� 1

1 w2C
 2 = C
 1 and w� 1
1 w2
 2 = 
 1. This implies that w� 1

1 w2� > 0 for every
� > 0, which in turn implies that w� 1

1 w2 = 1 and w1 = w2.

Corollary 1.2.3. If � is maximal proper in �, then � and � are the only associates
of �.

Proof. In this casea� is a line;C� is half of it and (w`w`; � )� 1C� is the other half.

If � is a maximal proper subset of 
 � �, then I call the element w`; 
 w`; � the
correspondingelementary conjugation. The proof of 1.2.2 also shows:

Lemma 1.2.4. Let � be a subset of �. If w1C
 1 and w2C
 2 are neighboring but
distinct chambers ofa� , then 
 1 is maximal proper in � = 
 1[ 
 2, 
 2 is its conjugate
in � and w� 1

1 w2 is the corresponding elementary conjugation.

Let C� = C0; C1; : : : ; Cn be a gallery ina� with (say) Ci = wi C
 i . If x i = w� 1
i � 1wi

for i > 0, then eachx i is an elementary conjugation, by 1.2.4, and clearlywn =
x1 : : : xn . The proof of 1.2.2 in fact even shows:

Proposition 1.2.5. For a given w 2 W(� ; 
), the above correspondence is a bijec-
tion between the set of galleries betweenC� and wC
 and the representations ofw
as a product of elementary conjugations. In particular,w has such a representation
of minimal length equal to the height ofwC
 .

If C0; C1; : : : ; Cn is a gallery betweenC� and wC
 with (say) Ci = wi C
 i , I call
the corresponding representation ofw primitive if 
 i is never equal to 
 i � 1.
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Corollary 1.2.6. If � and 
 are associates, then there exists at least one element
in W(� ; 
) with a primitive representation as a product of elementary conjugations.

Proof. If w = x1x2 : : : xn and � i = � i � 1 for somei then x1 : : : x̂ i : : : xn also lies in
W(� ; 
).

Does there ever exist more than one primitive element inW(� ; 
)?
For w 2 W(� ; 
), de�ne the heightht( w) of w to be that of wC
 . (This depends

on �, not just w or W(� ; 
). Example: � = � or ; .)

Proposition 1.2.7. Let � 1; � 2; � 3 be associates,w = w2w1 with w1 2 W(� 1; � 2),
w2 2 W(� 3; � 2). If ht( w) = ht( w2) + ht( w1) then `(w) = `(w2) + `(w1).

Proof. It su�ces to proceed by induction, and assume thatw1 is an elementary
conjugation.

For any w in someW(� ; 
), let 	 w for the moment be the set of those hyperplaces
in a� separating C� from wC
 . Then in analogy with 1.1.1, one has ht(w2w1) =
ht( w2) + ht( w1) if and only if 	 w2 [ w2	 w1 � 	 w2w1 . Applying 1.1.1 itself, what I
want to show is that (i) any root hyperplane separatingw2C; from C; also separates
w2w1C; from C; and (ii) if H is a root hyperplane separatingw1C; from C; then
w2H separatesw2w1C; from C; .

Lemma 1.2.8. Let � and 
 be associates in �, and let w 2 W(� ; 
).
(a) If � 2 � + r � +

� is such thata� \ a� separateswC
 from C� , then a� separates
wC; from C; .

(b) If � 2 � + is such that a� separateswC; from C; , then either � 2 � +
� or

� 2 � + r � +
� and a� \ a� separateswC
 from C� .

This is elementary, and the proofs of claims (i) and (ii) follow directly from it.
One can prove similarly:

Proposition 1.2.9. Let � ; 
 � � be associates, w 2 W(� ; 
). Then ht( w`w`; 
 ) =
ht( w`w`; 
 w� 1) + ht( w).

Note that this at least makes sense becausew`w`; 
 takes 
 to its conjugate 
 in
�. The geometric interpretation of 1.2.9 is that w`w`; 
 takes C
 to � C
 .

1.3. In this section, supposek to be any �eld. I shall refer to algebraic groups
de�ned over k by boldface2 letters with k as subscript, and the group ofk-rational
points of that group by the same letter in ordinary type, again with k as subscript.
When confusion is unlikely, I shall drop the subscript. ThusGk or G and G k or G.

Let G be a connected reductive group de�ned overk. If P is a parabolic subgroup,
I shall let NP be the unipotent radical of P, MP a reductive subgroup ofP with
P = NP MP a Levi decomposition,P � the opposite ofP, N �

P the unipotent radical

2Between here and 1.3.1, I'm not sure just which letters should be in boldface.
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of P � . AP the maximal split torus in the centre of MP . I again often drop the
subscripts.

If P; is a minimal parabolic ofG and A ; a maximal split torus of P; , recall that a
root of G with respect to A ; is any non-trivial rational character � of A ; such that
the eigenspaceg� =

n
x 2 g

�
�
� Ad(a)x = � (a)xg for all a 2 A ;

o
in the Lie algebrag of

G is not trivial. It is said to be positivewith respect to P; if g� � n , the Lie algebra
of N ; . The roots may be considered to be embedded in the vector space X (A ; ) 
 R,
whereX (A ; ) is the group of rational characters ofA ; , and these form a root system.
Let � be the reduced set of roots corresponding to this | i.e. t hose� such that
� 6= � 2 for any root � | and � + = � +

P;
the set of positive roots in � (with respect

to P; ), � the set of simple roots in � + , etc.
For � � �, let A � be the connected component of the identity in\ � 2 � ker(� ),

M � = ZG(A � ), P� the standard parabolic corresponding to �, N � its unipotent
radical. Thus P� = G and A � is the maximal split torus in the centre ofG. The
Weyl group of � is naturally isomorphic to N (A ; )=M; , and eachW� (notation as in
x1.1) is naturally isomorphic to (N (A ; ) \ M � )=M; . Note that M 
 sits canonically in
M � for 
 � �.

Proposition 1.3.1. If � ; 
 are subsets of �, then one has a disjoint union decom-
position

G =
a

P� wP


wherew ranges over the set [W� nW=W
 ].

Recall from x1.1 that [W� nW=W
 ] is a particularly good choice of representatives
in N (A ; ), but here this is of little importance.

Proof. One knows that (G; P; ; N (A ; ); S) form a Tits system. Lemma 1.1.3 and [10,
Remark 2, p. 28] imply the proposition.

Recall from section 3 of [4] that associated to each reduced root � is a subgroup
N � of G whose Lie algebra isg� + g2� (of courseg2� may be trivial) and such that
N ; is the product of all the N � (� 2 � + ), in any order. The unipotent radical of
eachP� is equal to

Q
N � (� 2 � + r � +

� ) and N ; \ M � is equal to
Q

N � (� 2 � +
� ).

For any � ; 
 � � and w 2 W the canonical projection induces an isomorphism
Y

� 2 � + r � +



w � 1 � 62� + r � +
�

N �
��! (wN� w� 1 \ N 
 )nN 
 :

In the case where � = 
 = ; , I write this last as Nw , which is also equal to
Q

N �

(� 2 � w). It follows from the remarks of section 3.2 of [5] that forw 2 [W� nW=W
 ]
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the product map induces an isomorphism

P� � f wg �
Y

� 2 � + r � +



w � 1 � 62� + r � +
�

N �
��! P� wP
 :

It follows immediately from the proceeding remarks and 1.1.1 that:

Proposition 1.3.2. If u; v are elements ofW with `(uv) = `(u)+ `(v) and x 2 N (A ; )
representsu, then the map (nu; nv) 7! xnvx � 1nu is a bijection betweenNu � Nv and
Nuv .

It also follows immediately that:

Proposition 1.3.3. Let � ; 
 � � be subsets of �, w 2 [W� nW=W
 ].
(a) The subgroup (w� 1P� w \ P
 )N 
 is the standard parabolic corresponding to

w� 1� \ 
;
(b) Its radical is generated byN 
 and w� 1N � w \ N ; , and w� 1N � w \ N ; , and its

reductive component isw� 1M � w \ M 
 ;
(c) The group w� 1P� w \ M 
 is parabolic in M 
 with radical w� 1N � w \ M 
 and

reductive componentw� 1M � w \ M 
 .

Two parabolic subgroups ofG are calledassociatesif their reductive components
are conjugate.

Proposition 1.3.4. Let � ; 
 be subsets of �. The following are equivalent:
(a) The groupsP� and P
 are associate;
(b) The groups A � and A 
 are conjugate;
(c) The sets � and 
 are associate;

Proof. Conditions (a) and (b) are clearly equivalent. That (c) implies (b) is trivial. If
(b) holds, andgA� g� 1 = A 
 , then by [2, Corollary 4.22] one may assumeg 2 N (A ; ).
Apply 1.2.1 to the image ofg in W.

It will be useful to observe that ifw 2 W(� ; 
) then � w is equal to the set �+ r � +
� ,

sincew� 1� �
� � � �


 .

Proposition 1.3.5. Let � ; 
 ; � be associates in �, u 2 W(� ; 
) ; v 2 W(
 ; �),
ht( uv) = ht( u) + ht( v). Then P� uP
 � P
 vP� = P� uvP� .

Proof. This follows from the remark just made, one of the remarks made just after
1.3.1, and 1.3.2.
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1.4. For the rest of section 1, and indeed most of this paper, letk be a non-
archimedean locally compact �eld,O its integers, and} its prime ideal, and G a
connected reductive group de�ned overk.

Let P; be a minimal parabolic inG (and assume notation as in sectionx1.3). For
each� in (0; 1] and each � � � de�ne A �

� (� ) to be
n

a 2 A �

�
�
� j� (a)j � � for all � 2 � r �

o
:

I write simply A �
� for A �

� (1). Of courseA �
� (� 1) � A �

� (� 2) for � 1 � � 2, and one has
therefore in some sense a nested set of neighborhoods ofA � \at 0". If P is any
parabolic ofG, chooseg 2 G such that gP g� 1 = P� for � � �, and de�ne A � (� ) to
be g� 1A �

� (� )g. Since the conditionsgP g� 1 = P, gAg� 1 = A imply that g 2 M , this
de�nition is independent of the choice ofg.

Lemma 1.4.1. If N is any unipotent group de�ned overk, then there exist in N
arbitrarily large compact open subgroups.

Proof. This is clearly true of the subgroup ofGLn consisting of unipotent upper
triangular matrices, and any other unipotent group has an embedding into this one
for a suitable n.

Proposition 1.4.2. Suppose` to be a �nite extension of k, G` = Gk � `, P a
parabolic subgroup ofG and P` = Pk � `, etc. Then A �

k = A` \ Ak , and furthermore:
(a) For any � 1 there exists� 2 such that A �

k (� 2) � A �
` (� 1) \ Ak ;

(b) For any � 1 there exists� 2 such that A �
` (� 2) \ Ak � A �

k (� 1).

Proof. De�ne groups A �
� (� )� similar to the A �

� (� ):

A �
� (� )� =

n
a 2 A

�
�
� j� (a)j for all � 2 � + r � +

�

o
:

(They will only be used in this proof.) It is clear that A �
� (1)� = A �

� (1), that A �
� (� )� �

A �
� (� ), and that for every � 1 there exists� 2 such that A �

� (� 2) � A �
� (� 1)� . Furthermore,

because the restrictions of the� in � + r � +
� are precisely the eigencharacters of the

representations ofA � on n� (the Lie algebra ofN � ), it is clear that, in the present
terminology, A �

� ;k (� )� = A �
� ;` (� )

� \ Ak . The proposition is immediate from these
remarks.

Proposition 1.4.3. If P is a parabolic subgroup ofG and N1 and N2 are two open
compact subgroups ofN , then there exists � > 0 such that a 2 A � (� ) implies
aN2a� 1 � N1.

Proof. First assumeG to be split over k, P; a minimal parabolic, P = P� for some
� � �. Then N =

Q
N � (� 2 � + r � +

� ), and sinceA = A � acts via � on eachN � ,
the proposition is clear.

In general, let ` be a �nite extension of k such that G` = Gk � ` is split; let
P` = Pk � `, etc. By 1.4.2 one can �ndN2;` compact and open inN` containing N2;
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let N1;` be compact and open inN` such that N1;` \ Nk � N1. By the preceding case
one can �nd � � such that whenevera 2 A �

` (� � ), aN2;` a� 1 � N1;` . Apply 1.4.2(a).

If P is a parabolic subgroup ofG and K is a compact open subgroup, one says
that K has anIwahori factorization with respect to P if (i) the product map is an
isomorphism ofN �

K � MK � NK with K , whereN �
K = N � \ K , etc., and (ii) for every

a 2 A � , aNK a� 1 � NK , a� 1N �
K a � N �

K .

Proposition 1.4.4. Let P; be a minimal parabolic subgroup ofG. There exists a
collection f K ngn� 0, which forms a neighborhood basis of the identity such that

(a) Every K n is a normal subgroup ofK 0;
(b) If P is parabolic subgroup containingP; then K n has an Iwahori factorization

with respect to P;
(c) If P = MN is a parabolic subgroup containingP; then MK has an Iwahori

factorization with respect to M \ P; .

Proof. Assume �rst that G is split over k. Then according to [16, XXV.1.3], there
exists a smooth group schemeGO over Spec(O) such that G �= GO � Spec(k). If R is
any ring supplied with a homomorphism fromO to R, let G(R) be the group ofR-
valued points onGO , and similarly for any group subscheme ofGO . For each integer
n � 0, let G(} n ) be the kernel of the reduction homomorphism:G(O) �! G(O=} n ),
and similarly for any group subscheme ofGO . (I take } 0 to be O.)

Let P; ;O be a minimal parabolic group subscheme ofGO , K 0 the inverse image
in G(O) of P; (O=} ). It is essentially proven in [21] (in the proof of Theorem 2.5),
that K 0 has an Iwahori factorization with respect to any parabolicP containing P; .
More precisely,K 0 = N �

1 M0N0 where N �
1 = N �

1 (} ), N0 = N (O), and M0 is the
inverse image inM0 of (P; \ M )(O=} ). The same is true of everyK n = G(} n ),
with N �

n = N � (} n ), etc., and therefore this sequence satis�es the conditions of 1.4.4.
Since every parabolic subgroup ofG is conjugate to one obtained fromGO , this proves
1.4.4 in this case.

Now let G be the k-points of an arbitrary reductive group de�ned overk, P a
minimal parabolic subgroup. Let`=k be a �nite Galois extension with Galois group
Gal(`=k) such that G � ` = G` is split over `. Let f K `;n g be a sequence satisfying
1.4.4 forP` = P � `, and de�ne K n to be K `;n \ G. The sequencef K ng is clearly a
basis of the neighborhoods of 1 inG.

Proof of (a): for k 2 K n , one hask = n� mn with n 2 N`;n , etc. But then for
� 2 Gal(`=k), k = k� = ( n� )� m� n� . SinceP is de�ned over k, so isN � , etc. Since
N �

` \ M ` N` = f 1g one has (n� )� = n� , etc. This implies that n� , etc., are in fact inG,
hence inG\ K `;n , and shows thatK n satis�es property (i) of an Iwahori factorization.
The remainder of 1.4.4 is proved similarly (using 1.4.2 at one point).
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One can use results from [13] to obtain �ner results, but at the cost of complication.
Other elementary derivations of 1.4.4 have been given by Harish-Chandra and also
by Deligne [17].

Lemma 1.4.5. Suppose that the center ofG is anisotropic. Then there exists a
maximal compact subgroupK � G such that (a) G = P K for any parabolic subgroup
P; (b) A ; (O) � K ; and (c) G = KA �

; K , with the map a 7! KaK establishing a
bijection betweenK nG=K and A �

; =A; (O).

Proof. Set A = A ; for convenience. LeteG be the simply connected covering of the
derived group ofG, � : eG �! G the canonical projection, eA the maximal split torus
of eG over A. By assumption � j eA is an isogeny. De�ne fN to be N ( eA)= eA(O). Let B
be an Iwahori subgroup in eG compatible with eA (see [12] and [13] for notation and
statements I give here).

Since the bornology ofeG is that of compact subsets, 3.5.1 of [13] implies that� is
B-adapted (see 1.2.13 of [13]).

Since the canonical morphism from the direct product of the center of G and eG
into G is both central and surjective, 3.19 of [6] together with itsproof imply that
Z (A)=� (Z ( eA))Z �= G=� ( eG)Z , and this implies that � is fN -adapted (see 1.2.13 of
[13]).

The group G acts on the building associated to (eG; eB; fN ). Let N be the stabilizer
of the apartment A corresponding to eA | i.e., N is the normalizer of eA in G, which
amounts as well to the normalizer of� ( eA) in G. But since the Zariski closure of
� ( eA) is A, and � ( eA) is Zariski-dense inA, this is also the normalizer ofA in G. This
implies that � is of connected type (see 4.1.3 of [13]).

The remarks in 4.4.5 of [13] together with the proposition in4.4.6 of [13] imply
that if K is the stabilizer of a special point inA (see 1.3.7 of [13]) it satisi�es the
conditions of the proposition.

Proposition 1.4.6. Let G be arbitrary. There exists an open subgroup �� G such
that

(a) G = � A �
; �;

(b) A ; (O) � �; and
(c) � =(� \ Z ) is compact.

Proof. Let G = G=A � ,  : G �! G. Then  induces an isomorphismG=A�
�= G

by 15.7 of [3], and the groupG satis�es the hypotheses of 1.4.5. LetK be the group
given there, and de�ned � to be  � 1(K ).

Note that � �ts into an exact sequence

1 �! A � �! � �! K �! 1

and that furthermore � even contains all of Z .
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1.5. If P = MN is any parabolic subgroup ofG, let � P be its modulus character:
P �! C � , p 7�! j det Adn(p)j, where n is the Lie algebra ofN . It is trivial on N ,
hence essentially a character ofM .

Assign G a Haar measure.

Lemma 1.5.1. If P is a parabolic subgroup ofG and K 0 a compact open sub-
group with an Iwahori factorization with respect to P, then for a 2 A � one has
measK 0aK 0 = � � 1

P (a)measK 0.

Proof. The map k1ak2 7�! k1 induces an isomorphism between the setsK 0aK 0=K0

and K 0=(K 0 \ aK 0a� 1). But since a 2 A � , K 0 \ aK 0a� 1 = N �
0 M0(aN0a� 1) and

[K 0 : K 0 \ aK 0a� 1] = [ N0 : aN0a� 1] = � � 1
P (a).

Proposition 1.5.2. Let P be a parabolic ofG, K any compact open subgroup.
There exist constantsC2 � C1 > 0 such that for anya 2 A � one has

C1� � 1
P (a) � meas(KaK ) � C2� � 1

P (a)

Proof. Let K 0 be an open subgroup ofK with an Iwahori factorization with respect
to P, and let C be [K : K 0]. Assume for convenience that meas(K 0) = 1.

First: meas(KaK ) � C� � 1
P (a). This follows from

meas(KaK ) = [ K : K \ aKa � 1]

� [K : K 0 \ aK 0a� 1]

= [ K 0 : K 0 \ aK 0a� 1][K : K 0]

= C� � 1
P (a)

by 1.5.1.
Next: meas(KaK ) � C � 1� � 1

P (a). One has an injection fromK 0=(K 0 \ aKa � 1)
into K=K \ aKa � 1, so that meas(KaK ) � [K 0 : K 0 \ aKa � 1]. But one also has
1 � [K 0 \ aKa � 1 : K 0 \ aK 0a� 1] � C which together with 1.5.1 implies the claim.

1.6. Let P ; be a �xed minimal parabolic of G, etc.
A rational character ofG is ak-morphism fromG to Gm , and of course determines

a map onk-rational points G �! k� . For any G let X (G) be its group of rational
characters.

Lemma 1.6.1. Any rational character of G is determined by its restriction to A � .

Recall that A � is the maximal split torus in the center ofG.

Proof. Let Gder be the derived group ofG, T the torus quotient G=Gder, and T s the
maximal split quotient of T (see [18, XXII.6]). Any rational character ofG factors
through the projection G �! T s, and the restriction of this projection to A � is
an isogeny. The map fromX (T ) to X (A � ) is thus an injection of one lattice into
another.
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For each � � �, let 
 � be the rational modulus character ofP � : 
 � (p) =
det Adn� (p). If for each � 2 � one lets m(� ) be the dimension of the� -eigenspace
g� in g, then according to 1.6.1 and the de�nition of the roots,
 � is characterized
as the unique rational character ofM � restricting to

Q
� m(� ) (� > 0) on A � . Since

A � is the connected component of\ � 2 � ker(� ):

Proposition 1.6.2. For � � 
 � �, the restriction of 
 � to M 
 is equal to 
 
 .

A complex character ofG is a continuous homomorphism fromG to C � . (If I
write of a character without quali�cation, I shall mean a complex one. Note that
I do not require a character to beunitary | i.e., have its image in the unit cir-
cle). If 
 : G �! Gm is a rational character ofG and � : k� �! C � is a complex
character ofk� , then the composition is a complex character ofG which I shall call
� � 
 : G �! k� �! C � . In particular one may choose� to be the modulusx 7! j xj,
and one thus obtains thenorm or modulusj
 j of 
 : x 7�! j 
 (x)j. For example, the
modulus� � of P� is the usual modulus one refers to in connection with Haar measure
on P� .

One can describe the group of complex characters ofG to some extent by means of
results in [6]. LetGu be the subgroup ofG, hence ofGder, generated by the elements
in the unipotent radicals of the minimal parabolics inG ([6] 6.2). Then the restriction
of any complex character ofG to Gu is trivial ([6] 6.4) so that it must factor through
the projection: G �! G=Gu.

Let E = G=Gu. I claim now that there exists in E a maximal compact subgroup
E0 such that the quotient E=E0 is a free abelian group of rank equal to the dimension
of the maximal split quotient Ts of G. First of all, one knows ([6] 6.14) thatGu is
closed inG and that Gder=Gu is compact. Further, one has the exact sequences

1 �! Gder �! G �! T �! 1

1 �! T0 �! T �! T=T0 �! 1

whereT0 is maximal compact in T, andT=T0 is a lattice of rank equal to the dimension
of Ts. De�ne E0 to be the inverse image inE of T0.

A complex character ofG is said to beunrami�ed if it is trivial on E0. A choice of
basis forE=E0 gives an isomorphism of the groupX nr (G) of unrami�ed characters of
G with ( C � )r (r = dim Ts) so that X nr (G) has naturally the structure of a complex
analytic group of dimensionr (and this structure is of course independent of the
choice of basis). The unitary characters ofX nr (G) form a real analytic subgroup of
this isomorphic to a product ofr unit circles.
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2. Elementary results about admissible representations

Throughout this section, let G be an arbitrary locally compact Hausdor� group
such that the compact open subgroups form a basis for the neighborhoods of the
identity. This condition is satis�ed if and only if G has compact open subgroups and
they are all pro�nite. It is also satis�ed for any closed subgroup of G, in particular
for its center Z .

Seex3 of [3] for related matter.

2.1. Let F be an arbitrary �eld of characteristic 0. Let (�; V ) be a representation
of G on a vector spaceV de�ned over F . If K is any subgroup ofG, de�ne V K to
be

n
v 2 V

�
�
� � (k)v = v for all k 2 K

o
. De�ne ( �; V ) to be a smooth representation if

everyv 2 V lies in V K for some open subgroupK . This is equivalent to the condition
that � be continuous with respect to the discrete topology onV.

De�ne ( �; V ) to be admissible if it is smooth and if in addition V K has �nite
dimension for every open subgroupK ; irreducible if there are no properG-stable
subspaces;�nitely generated if there exists a �nite subset X � V such that the
smallest nonzeroG-stable subspace containingX is all of V .

If H is a subgroup ofG, then a representation ofG is said to beH -�nite if every
vector is contained in a �nite-dimensionalH -stable subspace.

If X is any subset ofV, then the G-space generated byX is the smallest G-
stable subspace containingX , and is also the subspace of vectors inV of the form
P

ci � (gi )x i , with gi 2 G and x i 2 X .
If � is an involution of F , then (�; V ) is said to beunitary with respect to � if there

exists aG-invariant anisotropic form on V, Hermitian with respect to � . If F = C,
then the involution will be understood to be conjugation.

There are a number of smooth representations associated to the action of the
group on itself. De�ne C1 (G; F ) to be the space of all locally constant functions
f : G �! F ; C1

u (G; F ) to be thosef 2 C1 (G; F ) such that for some compact open
subgroupK , f (k1gk2) = f (g) for all k1; k2 2 K , g 2 G (these are theuniformly locally
constant functions.) De�neC1

c (G; F ) to be
n

f 2 C1 (G; F )
�
�
� f has compact support

o
.

One hasC1
c � C1

u , clearly. For f 2 C1 (G; F ) and g 2 G, de�ne Rgf and Lgf by
the respective formulas

(Rgf )(x) = f (xg) and (Lgf )(x) = f (g� 1x):

These operators de�ne smooth representations ofG, called respectively theright
regular and left regular representations,on both C1

u (G; F ) and C1
c (G; F ).

From x3 on, I shall assumeF to be C (or, occasionally,R), but this is mostly a
matter of convenience in notation, as will be explained later, and it is probably worth
something to know that results may be formulated without this assumption. I should
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add that the possibility of using quite general �elds of de�nition has not been, as far
as I know, seriously exploited (see, however, [16] and [29]).

If ( �; V ) is a representation overF , then for any �eld extension E=F one obtains
the obvious extended representation (�; V 
 F E).

Proposition 2.1.1. If ( �; V ) is a representation ofG over F and E=F is a �eld
extension, then (�; V ) is

(a) smooth;
(b) admissible;
(c) �nitely generated;

if and only if ( �; V 
 E) is.

Proof. The basic observation is that ifK is any subgroup ofG, then

(V 
 E)K = V K 
 E:

Certainly, the right-hand side is contained in the left. Forthe opposite inclusion, let
P

vi 
 x i be �xed by K . One may assume thex i to be linearly independent overF .
But then � (k)(

P
vi 
 x i ) =

P
vi 
 x i implies that

P
(� (k)vi � vi ) 
 x i = 0, which in

turn implies that � (k)vi = vi .
From this, the proposition is clear.

A representation (�; V ) is said to be absolutely irreducibleif for every extension
E=F, (�; V 
 E) is irreducible.

Proposition 2.1.2. If � is smooth, then it is K -�nite for every compact open sub-
group K .

Proof. For every v 2 V, there exists a subgroupK 1 of �nite index in K such that
v 2 V K 1 . Thus, K � v is a �nite set, and generates a �nite-dimensionalK -stable
subspace.

Proposition 2.1.3. If H is any closed subgroup ofG such that H=H \ Z is compact,
then any admissible representation ofG is H -�nite. In particular, any admissible
representation isZ -�nite.

Proof. If ( �; V ) is an admissible representation ofG, then for each compact open
subgroupK , V K is �nite-dimensional and Z-stable. This proves the last statement.
If H satis�es the hypotheses of the proposition andK is any compact open subgroup
of G, then the image ofK \ H in H=H \ Z has �nite index. Thus the space spanned
by the elements

n
h � v

�
�
� h 2 H; v 2 V K

o
is �nite-dimensional.
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Assign G a rational Haar measure,i. e., one such that for some (hence any) com-
pact open subgroupK one has meas(K ) 2 Q. (Without further mention, all Haar
measures will be assumed to be rational.) If (�; V ) is a smooth representation ofG
and K is a compact open subgroup, de�ne the operatorP K by the formula

P K (v) =
R

K � (k)v dk
measK

:

The smoothness of� implies that this is essentially a �nite sum, hence makes sense.
The operator P K is the projection ofV onto V K . If V (K ) is the kernel ofPK , then
it may also be described as the space spanned by the vectors ofthe form � (k)v � v.
One hasV = V K L

V(K ) as representations ofK .

Proposition 2.1.4. Let (�; V ) be a smooth representation andK a compact open
subgroup ofG. Then � is admissible if and only if the restriction of� to K is a
direct sum of irreducible �nite-dimensional representations, each isomorphism class
occurring with �nite multiplicity.

Proof. Assume� admissible. If K 1 is an open normal subgroup ofK , one hasV =
V K 1

L
V(K 1), each summand beingK -stable. The groupK 1 of course acts trivially

on V K 1 , which may then be considered a representation ofK=K 1, hence a direct
sum with �nite multiplicities of irreducible representations of K . An application
of Zorn's Lemma then enables one to decomposeV as a direct sum of irreducible
�nite-dimensional smooth representations ofK .

Finite multiplicity follows from the fact that any given smooth �nite-dimensional
representation must have some normal openK 1 in its kernel.

The converse is clear.

Proposition 2.1.5. If ( �; V ) is admissible and unitary, with Hermitian form (u; v),
and U is any G-stable subspace ofV, then U? =

n
v 2 V

�
�
� (u; v) = 0 for all u 2 U

o

is alsoG-stable, andV = U
L

U? .

The proof is straightforward.

Proposition 2.1.6. The categories of smooth and admissible representations ofG
are abelian categories.

This is trivial.

Proposition 2.1.7. Let (� i ; Vi ) ( i = 1; 2; 3) be smoothG-representations,K a com-
pact open subgroup ofG. If V1 �! V2 �! V3 is an exact sequence ofG-morphisms,
then the sequenceV K

1 �! V K
2 �! V K

3 is exact as well.

Proof. Given v 2 V K
2 whose image inV3 is 0, choosev1 2 V1 with image v in V2.

Then P K (v1) lies in V K
1 and still has imagev.
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Proposition 2.1.8. If ( � i ; Vi ) ( i = 1; 2; 3) are smooth representations ofG and the
sequence ofG-morphisms

0 �! V1 �! V2 �! V3 �! 0

is exact, then� 2 is admissible if and only if� 1 and � 3 are.

Proof. By 2.1.7.

De�ne now a character of G to be a smooth one-dimensional representation. It
thus amounts to a homomorphism fromG to F � , with open kernel. (Since any
homomorphism fromG to C � continuous with respect to the usual topology onC
has this property, the de�nition here does not contradict that in 1.6.2.) If � is an
involution of F , then the character � : G �! F � is unitary if and only if � (G) �n

x 2 F
�
�
� xx � = 1

o
. If ( �; V ) is any smooth representation and� is a character, one

de�nes (� 
 �; V ), or sometimes (� � �; V ), to be the representation ofG on the same
space, takingg to � (g) � � (g).

If ( �; V ) is Z -�nite and ! is a character ofZ , then for each integern � 1 de�ne

V!;n =
n

v 2 V
�
�
� (� (z) � ! (z))nv = 0 for all z 2 Z

o
;

and also de�ne

V!; 1 =
[

n2 N

V!;n ;

V! = V!; 1:

Each V!;n is G-stable. The representation (�; V ) is called an ! -representation if
V = V! .

Proposition 2.1.9. Assume that F is algebraically closed and thatV is Z -�nite.
Then

(a) One has a direct sum decompositionV =
L

V!; 1 ;
(b) If V is �nitely generated, then there are only a �nite number of! with V!; 1 6=

0, and there existsn such that V!; 1 = V!;n for each! .

Proof. By standard facts about commuting families of operators on �nite-dimensional
spaces.

Proposition 2.1.9(b) implies that there exists a �nite �ltr ation of V whose factors
are ! -representations for certain! .

For a given ! , the smooth and admissible! -representations clearly form abelian
categories, in analogy with 2.1.6.

If ( �; V ) is any smooth representation ofG, de�ne its dual (b�; bV) to be the repre-
sentation t � (g� 1) on the algebraic dual bV of V , and de�ne its contragredient (e�; eV)
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to be the restriction of b� to the subspaceeV of elements ofbV �xed by some open sub-
group. Thus, e� is smooth. For any compact open subgroupK , bV K is the algebraic
dual of V K , and of course also equal toeV K . This proves:

Proposition 2.1.10. The following are equivalent:
(a) � is admissible;
(b) e� is admissible;
(c) the contragredient of e� is isomorphic to� .

Proof. Clear.

One has, of course, the canonical embedding of� into ee� .

Proposition 2.1.11. The functor �  e� is contravariant and exact.

If ( �; V ) is smooth andU is any subset ofV, de�ne

U? =
n

ev 2 eV
�
�
� ev(x) = 0 for all x 2 U

o
:

Note that we had previously de�nedU? to be a subspace ofV in the case where� is
unitary. It turns out that our new de�nition is compatible wi th the old one: if (�; V )
is admissible and unitary, then the Hermitian form onV allows us to identify V with
eV.

Proposition 2.1.12. Suppose (�; V ) to be an admissible representation andU a
G-stable subspace ofV . Then U? � eV is isomorphic to the contragredient ofV=U.

Corollary 2.1.13. The admissible representation� is irreducible if and only if e� is.

The proofs are straightforward.

Proposition 2.1.14. Suppose that (�; V ) is a unitary admissible representation of
G. Then it is G-isomorphic to a direct sum of irreducible admissible unitary rep-
resentations, each isomorphism class occurring with �nitemultiplicity. If G has a
countable basis of neighborhoods at the identity, then the direct sum is countable.

Proof. Let K be a compact open subgroup, and �rst assume thatV is generated by
V K . We prove by induction on the dimension ofV K that V is the direct sum of a
�nite number of irreducible admissible representations. Since V is �nitely generated,
an application of Zorn's Lemma guarantees that it has some irreducible quotient U,
which is generated byUK . The representation onV will then be (by Proposition
2.1.5) the direct sum ofU1 and U?

1 , whereU1 is the kernel of the natural map from
V to U, and we may apply induction toU1.

In the general case, the above implies that for each compact open subgroupK , the
subspace ofV generated byV K is a �nite direct sum of irreducible unitary admissible
representations. Another application of Zorn's Lemma, letting K range over the set
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of compact open subgroups ofG, will �nish the proof of the �rst claim. The �nal
remark is elementary.

(The �rst application here of Zorn's Lemma is unnecessary; instead one may apply
the considerations ofx2.2.)

Proposition 2.1.15. If ( �; V ) is irreducible, unitary, and admissible, then (up to
scalar multiplication) there is only oneG-invariant Hermitian inner product on V.

2.2. For each compact open subgroupK de�ne the Hecke algebraH F (G; K ) to be
the space of all functionsf : G �! F of compact support such thatf (k1gk2) = f (g)
for all k1; k2 2 K , g 2 G. Assign to it the convolution product

(f 1 � f 2)(g) =
Z

G
f 1(gg� 1

0 )f 2(g0) dg0:

This algebra has as identity the element (measK )� 1 chK (where chK is the charac-
teristic function of K ). De�ne H F (G) to be

S
K H F (G; K ). The convolution de�nes

a product on this, but there is no identity unlessG is discrete. The spaceH F (G) is
the same asC1

c (G; F ).
For each character! of Z , de�ne H F;! (G; K ) to be the space of functionsf : G �! F

such that f has compact support moduloZ , f is bi-K -invariant, and L zf = ! (z)f
for all z 2 Z . Convolution is de�ned by the formula

(f 1 � f 2)(g) =
Z

G=Z
f 1(gg� 1

0 )f 2(g0) dg0:

(Note that this is well-de�ned.) De�ne H F;! (G) to be
S

K H F;! (G; K ).
If ( �; V ) is any smooth representation ofG, then the spaceV becomes anH F (G)-

module by the formula

� (f )v =
Z

G
f (g)� (g)v dg;

which makes sense because the integral is essentially a �nite sum. The algebra
H F;! (G) acts similarly on smooth! -representations3.

We shall often drop the reference toF if confusion is unlikely.
WheneverA and B are smoothG-representations, HomG(A; B ) will denote the set

of linear maps fromA to B which commute with the action ofG.

Proposition 2.2.1. If ( � i ; Vi ) ( i = 1; 2) are two smooth representations ofG, then
the natural map induces an isomorphism of HomG(V1; V2) with HomH (G)(V1; V2). A
similar statement is true for ! -representations andH ! .

3From now on we will adopt the convention that if S is subset ofG which is bi-invariant under
some compact open subgroupK of G, then � (S) denotes the action of chS as an element ofH F (G).
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Proof. A G-morphismf : V1 �! V2 is clearly anH(G)-morphism as well. Conversely,
supposef : V1 �! V2 is an H(G)-morphism. Supposev 2 V1 and g 2 G. Choose a
compact openK such that v 2 V K

1 , � 1(g)v 2 V K
1 , f (v) 2 V K

2 , and � 2(g)( f (v)) 2 V K
2 .

Then � 1(g)v = meas(KgK )� 1� 1(KgK )v, and

f (� 1(g)v) =
f (� 1(KgK )v)
meas(KgK )

=
� 2(KgK )f (v)
meas(KgK )

= � 2(g)f (v):

If ( �; V ) is a smooth representation ofG, and K is a compact open subgroup, then
the spaceV K is stable underH(G; K ).

Proposition 2.2.2. Suppose (� i ; Vi ) ( i = 1; 2) are smooth representations ofG, and
K is a compact open subgroup ofG. If

(i) V1 is generated as aG-space byV K
1 and

(ii) every nonzeroG-stable subspace ofV2 contains a non-zero vector �xed byK ,
then

HomG(V1; V2) �= HomH (G;K )(V K
1 ; VK

2 ):

Proof. The map from left to right is the obvious one. The rest of the proof is word-
for-word the same as in [15, pp. 33{34]4. (I should mention that the argument there
was inspired by the proof of [23, Lemma 7.1].)

A result similar to that in 2.2.2 holds for ! -representations andH ! (G; K ).
The following may make condition (ii) in 2.2.2 more reasonable:

Lemma 2.2.3. Suppose that (�; V ) is an admissible representation ofG. Then V
is generated byV K as aG-space if and only if eV satis�es the condition that every
non-zeroG-stable subspace ofeV contains a non-zero vector �xed byK .

Proof. Suppose thatV is generated as aG-space byV K , and let U be a G-stable

subspace ofeV such that UK = 0. If U? is the annihilator of U in V �=
eeV, then

(V=U? )K �= eUK = 0. Thus by 2.1.7, V K = ( U? )K , and sinceV K generatesV,
V = U? , and U = 0. The converse argument is similar.

Proposition 2.2.4. Let (�; V ) be a smooth representation ofG, and K a compact
open subgroup. Then

(a) If ( �; V ) is irreducible, then V K is an irreducible module overH(G; K );
(b) If V satis�es the conditions (i) and (ii) of Proposition 2.2.2 and V K is an

irreducible H(G; K )-module, then the representation (�; V ) is irreducible.

4Should we include the proof?
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Proof. Say (�; V ) is irreducible. Let U be any non-zeroH(G; K )-stable subspace
of V K . Then U must generateV as a G-space, and everyv 2 V is of the form
P

� (gi )ui , with gi 2 G, ui 2 U. Now if u 2 V K and g 2 G, then PK (� (g)u) di�ers
from � (KgK )u only by a constant. Thus, with v as above,

P K (v) =
X

P K (� (gi )ui ) =
X

(constant) � � (Kg i K )ui ;

which lies in U sinceU is H(G; K )-stable. Thus V K � U and in fact V K = U. This
proves (a).

Conversely, assume (i) and (ii) to hold andV K to be an irreducibleH(G; K )-space.
If U is any non-zeroG-stable subspace ofV , then by (ii) UK 6= 0. By hypothesis,
UK = V K . But then by (i), U = V. This proves (b).

Remark 2.2.5. The same reasoning shows that a smooth representation (�; V ) is ir-
reducible if and only if there exists a set of compact open subgroups f K � g forming
a basis of neighborhoods of the identity and such that eachV K � is an irreducible
H(G; K � )-module.

Proposition 2.2.6. If F is algebraically closed and (�; V ) is a smooth irreducible
representation ofG, then it is absolutely irreducible.

Proof. Let K be a compact open subgroup such thatV K 6= 0. Then V K is an irre-
ducible H(G; K )-module by 2.2.4(a). IfE=F is any �eld extension, then conditions
(i) and (ii) of Proposition 2.2.2 hold for V 
 E. Thus, by 2.2.4(b), in order to know
V 
 E is irreducible, it su�ces to show that (V 
 E)K is irreducible overH E (G; K ).
By [7, x1.2, Proposition 3, p. 9], the commutant ofH E (G; K ) in V K 
 E K is E, since
that of H F (G; K ) in V K is F . By the proof of 2.1.1,V K 
 E K = ( V 
 E)K . Apply
[7, x7.3, Theorem 2, p. 87] to �nish the proof.

This is due to A. Robert in [29].
The point of 2.2.6 is that fromx3 on, whereF will be C, one doesn't have to worry

about the distinction between irreducibility and absoluteirreducibility.

2.3. If ( �; V ) is an admissible representation ofG, then for every f 2 H (G) the
operator� (f ) has �nite rank, and one may therefore speak of its trace. Thefunctional
on H(G) which takes f to the trace of � (f ) is called thedistribution character of � ,
and referred to as ch� . Of course, since the de�nition of� (f ) depends on the choice
of a Haar measure forG, so does the de�nition of the distribution character.

Proposition 2.3.1. If f � 1; � 2; : : : ; � ng is a set of inequivalent irreducible admissible
representations ofG, then the functionals f ch� 1 ; : : : ; ch� n g are linearly independent.

Proof. This is [23, Lemma 7.1]. (Note that part of this proof alreadyoccurs in that
of 2.2.2.)
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Corollary 2.3.2. If ( � 1; V1) and (� 2; V2) are two irreducible admissible representa-
tions with the same distribution character, then they are isomorphic.

Proof. Clear.

Corollary 2.3.3. Let (� 1; V1) and (� 2; V2) be two admissible representations of �nite
length asG-spaces. Then they have the same irreducible composition factors (with
multiplicities) if and only if their distribution characte rs are the same.

Proof. One way is clear, since it is straightforward to show that if

0 �! V1 �! V �! V2 �! 0

is an exact sequence of admissibleG-representations, then the distribution character
of V is the sum of those ofV1 and V2.

If ( �; V ) is now any admissible representation of �nite length, de�ne (� ss; V ss) to
be the representation ofG on the direct sum of the irreducible composition factors of
V. (It is a semisimpleG-space.) Then� and � ss have the same characters, by what
I have just remarked, and the conclusion of the corollary is merely that � ss

1
�= � ss

2 .
Thus, it su�ces to assume that � 1 and � 2 are semisimple. But in this cases one
may apply 2.3.2 and an inductive argument. (This is of coursea rather well-known
argument.)

2.4. If H is a closed subgroup ofG and (�; U ) a smooth representation ofH , de�ne
IndG

H � to be the space of all functionsf : G �! U such that
(i) f (hg) = � (h)f (g) for all h 2 H , g 2 G, and
(ii) for some compact open subgroupK of G, Rk f = f for all k 2 K .

De�ne c-IndG
H � to be the subspace of IndGH � of functions with compact support

moduloH . The groupG acts on both of these byR (the right regular representation).

Theorem 2.4.1. Let H be a closed subgroup ofG, (�; U ) a smooth representation
of H . Then

(a) IndG
H � and c-IndG

H � are smooth representations ofG;
(b) the maps � : Ind � �! U and � c : c-Ind � �! U, de�ned by f 7�! f (1G), are

surjective H -morphisms;
(c) the restriction of � (or � c) to any non-trivial G-subspace of Ind� (or c-Ind � )

is non-trivial;
(d) if H nG is compact and (�; U ) is admissible, then Ind� = c-Ind � is admissible;
(e) (Frobenius reciprocity) if (�; V ) is any smoothG-representation, then compo-

sition with � induces an isomorphism of HomG(V;Ind � ) with HomH (V; U).

Proof. (a) is immediate from the de�nitions.
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For (b): One has �( Rhf ) = f (h) = � (h)�( f ). To see that � c (hence �) is
surjective, chooseu 2 U and let K be a compact open subgroup ofG such that
u 2 UK \ H . De�ne f on G by

f (g) =

8
<

:
� (h)u if g = hk, h 2 H , k 2 K ;
0 if g 62HK .

This lies in c-Ind� and hasu as its image under �c.
For (c): If V is any nontrivial G-stable subspace of Ind� , choosef 6= 0 in V. Then

f (g) 6= 0 for someg 2 G, hence �( Rgf ) 6= 0, but one also hasRgf 2 V.
For (d): If K is any compact open subgroup ofG, X a �nite subset of G, and U0

a �nite-dimensional subspace ofU, de�ne

I (K; X; U 0) =
n

f 2 (Ind � )K
�
�
� f (X ) � U0; f has support inHXK

o
:

This space clearly has �nite dimension. Assume (�; U ) to be admissible. LetK be a
compact open subgroup ofG, chooseX such that HXK = G, let L =

T
x2 X xKx � 1,

and let U0 = UL \ H . Then (Ind � )K � I (K; X; U 0), and hence Ind� is admissible.
For (e): Composition with � gives a map from HomG(V;Ind � ) to HomH (V; U). To

de�ne an inverse map, letf : V �! U be an H -morphism. De�ne the G-morphism
� from V to Ind � to be that which takes v 2 V to � v , where � v(g) = f (� (g)v).
(� v 2 Ind � since� is smooth.) It is clear that f 7�! � works, since �(� v) = f (v).

Let � H be the modulus characterH �! Q � . Assume that G is unimodular.

Theorem 2.4.2. Let H be a closed subgroup ofG, (�; U ) a smooth representation
of H . If � = c-Ind G

H � , then e� �= IndG
H e�� H .

Proof. For any f 2 C1
c (G), de�ne the operator P � by the formula

(P � f )(g) =
Z

H
� H (h)� 1f (hg) dr h;

where dr h is a right Haar measure onH . The map P � is clearly a surjection from
C1

c (G) to c-IndG
H � H . A slight modi�cation of well-known results in [8] shows that

there exists on c-IndGH � H a unique G-invariant functional I � such that for all f 2
C1

c (G), Z

G
f (g) dg = I � (P � f ):

Since e� 
 � H
�= HomH (�; � H ) as an H -space, there is a pairing of� with e� 
 � H

giving rise to anH -morphism

� 
 (e� 
 � H ) �! � H :

Let h!; e! i � denote the image of (!; e! ) under this pairing. If � 2 V = c-Ind �
and � 2 Ind ( e� 
 � H ), then de�ne h�; � i � 2 Ind � H by h�; � i � (g) = h� (g); �( g)i � .
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The map (�; �) 7�! h �; � i = I � (h�; � i � ) is a G-invariant pairing, de�ning also a G-
morphism from IndG

H (e� 
 � H ) to eV. To �nish the proof, one may show quite easily
that this induces an isomorphism of (IndGH (e� 
 � H ))K with eV K for each compact
openK .

Corollary 2.4.3. HomG(c-IndG
H �; F ) �= HomH (�; � H ).

Proof. This follows from the more general fact that if (�; U ) is any smooth H -
representation, then

(IndG
H � )G �= UH :

The proofs of the following are trivial:

Proposition 2.4.4. Let H be a closed subgroup ofG, (� i ; Ui ) ( i = 1; 2) smooth
representations ofH . To eachH -morphismf : U1 �! U2 is associated a canonicalG-
morphism Ind (f ) : Ind � 1 �! Ind � 2. The map Ind (f ) is a surjection, or an injection,
if and only if f is. The functor �  Ind � is exact.

Proposition 2.4.5. Let H2 � H1 be closed subgroups ofG, (�; U ) a smooth repre-
sentation of H2. Then IndG

H 2
� �= IndG

H 1
(IndH 1

H 2
� ).

2.5. We have a natural pairing

h ; i : V 
 eV �! F

given by hv; evi = ev(v).
Let (�; V ) be a smooth representation ofG, v 2 V, ev 2 eV. The matrix coe�cient

of � associated tov and ev is the function cv;ev(g) = h� (g)v; evi .

Lemma 2.5.1. One has, for everyg 2 G:

c� (g)v;ev = Rgcv;ev

cv;e� (g)ev = Lgcv;ev

This is trivial.

Corollary 2.5.2. The function cv;ev is uniformly smooth. For a �xed ev 2 eV, the map
v 7�! cv;ev is a G-morphism from (�; V ) to (R; C1

u (G)), and for a �xed v 2 V the
map ev 7�! cv;ev is a G-morphism from (e�; eV) to (L; C 1

u (G)).

Now assumeF to be R or C. Let ! : Z �! F � be a character. If (�; V ) is an
admissible ! -representation ofG, it is said to be square-integrable moduloZ (but
later we will often just say \square-integrable") if j! (z)j = 1 for every z 2 Z and if
for every v 2 V and ev 2 eV, the function jcv;ev(g)j is square-integrable onG=Z.



THEORY OF ADMISSIBLE REPRESENTATIONS|DRAFT 1 May 1995 29

Proposition 2.5.3. If ( �; V ) is an irreducible admissible! -representation withj! j =
1, then in order for it to be square-integrable moduloZ , it is necessary and su�cient
that for one nonzerov0 2 V and one nonzeroev0 2 eV the matrix coe�cient cv0 ;ev0

is
square-integrable onG=Z.

Proof. Let V0 be the space of allv such that cv;ev0
is square-integrable onG=Z. Then

V0 6= 0 since v0 2 V0, and it is clearly G-stable, hence all ofV. Treat eV similarly.

This is a well-known result.

Proposition 2.5.4. If ( �; V ) is an irreducible admissible square-integrable represen-
tation of G, then it is unitary.

Proof. Chooseev0 6= 0 in eV. De�ne an inner product by the formula

(u; v) =
Z

G=Z
h� (g)u; ev0i h� (g)v; ev0i dg:

The integral converges by the Schwarz inequality, and clearly de�nes a G-invariant
positive de�nite inner product.

This is also well known.

2.6. If G1 and G2 are two topological groups, their direct product is locallypro�nite
if and only if eachGi is. Assume this to be the case, and letG = G1 � G2.

Lemma 2.6.1. If K 1 � G1 and K 2 � G2 are compact open subgroups andK =
K 1 � K 2, then H(G; K ) is naturally isomorphic to H (G1; K 1) 
 H (G2; K 2).

This is straightforward.

Lemma 2.6.2. Let (� 1; V1) and (� 2; V2) be smooth representations ofG1 and G2,
respectively, and let (�; V ) = ( � 1 
 � 2; V1 
 V2). Let K 1 � G1 and K 2 � G2 be
compact open subgroups andK = K 1 � K 2. Then the natural injection of V K 1

1 
 V K 2
2

into V K is an isomorphism.

Proof. To see this, use the fact thatV K = PK (V).

Proposition 2.6.3. If ( � 1; V1) and (� 2; V2) are irreducible (resp. absolutely5 irre-
ducible) smooth representations ofG1 and G2, respectively, then (� 1 
 � 2; V1 
 V2)
is an irreducible (resp. absolutely irreducible) smooth representation ofG.

5I still think this isn't the right way to say it. What Casselma n proves is exactly the proposition
with the word \absolute" deleted. His proof has nothing to do with absolute irreducibility. Maybe
we should have a remark that this result implies a similar oneabout absolute irreducibility. This
will also solve the problem of how to handle the numerous instances of \absolutely" in this and the
next proof.
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Proof. The smoothness is immediate.
If K 1 � G1 and K 2 � G2 are compact open subgroups andK = K 1 � K 2, then by

2.6.2, (V1 
 V2)K �= V K 1
1 
 V K 2

2 as a module overH(G; K ) �= H(G1; K 1) 
 H (G2; K 2).
By [7, x7.3, Theorem 2, p. 87], this is an irreducible module. Since the subgroups
K 1 � K 2 form a basis for the neighborhoods of 1 inG, one may apply Remark
2.2.5.

Proposition 2.6.4. If ( �; V ) is an irreducible (resp. absolutely6 irreducible) admis-
sible representation ofG, then there exist irreducible (resp. absolutely irreducible)
admissible representations (� 1; V1) and (� 2; V2) of G1 and G2 (respectively) such that
� �= � 1 � � 2.

Proof. Let K = K 1 � K 2 be a compact open subgroup such thatV K 6= 0. By 2.2.4,
this is an irreducible module overH(G; K ). It is �nite-dimensional, so that by [7,
x7.3, Theorem 2, p. 87 andx7.7, Proposition 8, p. 93]7, there exists an irreducible
module U1 over H(G1; K 1) such that V K �= U1 
 HomH (G1 ;K 1)(U1; V K ) as a module
over H(G; K ). Let U2 = HomH (G1 ;K 1)(U1; VK ).

De�ne ( � 2; V2) to be the obvious representation ofG2 on HomH (G1 ;K 1)(U1; VK 1 ),
and de�ne (� 1; V1) to be that of G1 on HomG2 (V2; V). Neither of these spaces is
trivial. There is a canonical non-trivial map fromV1 
 V2 to V.

It is immediate that sinceV is smooth, so isV2. Furthermore, for any compact open
subgroup L2 � G2, V L 2

2
�= HomH (G1 ;K 1)(U1; VK 1 � L 2 ), which by the results from [7]

already mentioned is an absolutely irreducible module overH(G2; L2), sinceV K 1 � L 2

is absolutely irreducible overH(G; K 1 � L2). By Remark 2.2.5, then,V2 is absolutely
irreducible.

Let f : V2 �! V be any element ofV1, and choosev2 2 V2 nonzero. Thenf (v2)
lies in someV L 1 since V is smooth. But sinceV2 is irreducible, v2 generatesV2

as a G2-module and f (V2) � V L 1 as well. ThereforeV1 is smooth, sinceV L 1
1

�=
HomG2 (V2; VL 1 ).

6See previous footnote.
7It's not obvious to me that the references say what Casselmansays they say, although they are

certainly close. Here are the relevant results:
Theorem 2. Let A and B be K -algebras. Let M and N be nonzero modules overA and B ,

respectively. Then

(a) M 
 N is simple (resp. semisimple)) M and N are simple (resp. semisimple).
(b) Let M and N be simple, E and F the \�eld commutants" of M and N (�elds aren't

necessarily commutative),S and T the centers ofE and F . Then M 
 N is simple , E 
 F
is a �eld.

Proposition 8. Let A and B be K -algebras, P a simple A 
 B -module of �nite dimension
over K . Then there exist simple modulesM and N (over A and B , respectively) such that P is
isomorphic to a quotient of M 
 N . M and N are uniquely determined up to isomorphism.

Casselman doesn't just use the existence ofM and N ; he assumes thatN has a certain form.



THEORY OF ADMISSIBLE REPRESENTATIONS|DRAFT 1 May 1995 31

In particular, HomG2 (V2; VL 1 ) 6= 0 for suitably small L1. Consider the restriction
map from this space to HomH (G2 ;K 2)(U2; VL 1 � K 2 ). It is an H (G1; L1)-morphism. It
is an injection, for if f : V2 �! V L 1 were 0 onU2 then f = 0, since V2 is irreducible.
But by [7] again, this latter H(G1; L1)-module is absolutely irreducible. Since this is
true for all suitably small L1, Remark 2.2.5 implies thatV1 is absolutely irreducible.

ThereforeV1 
 V2 is irreducible overG and since the canonical map fromV1 
 V2

to V is non-trivial, it is an isomorphism.

2.7. Let X be any complex analytic space.
A holomorphic sheafof admissible representations ofG over X , or an analytic

family of such parametrized byX , consists of a pair (�; V) where V is an analytic
sheaf overX and � is a representation ofG in the ring of analytic endomorphisms of
V such that

(a) the sheafV is the direct limit of the subsheavesVK , as K ranges over the
compact open subgroups ofG and

(b) each VK is coherent.
In this situation, each stalk Vx is the direct limit of the stalks VK

x and likewise the
�bre Vx = Vx=mxVx is the direct limit of the �bres V K

x = VK
x =mxVK

x . Each �bre is
also, in the obvious way, the space of an admissible representation of G.

Each operator� (g) de�nes an analytic morphism fromVK to VgKg � 1
. For compact

K , the projection operator PK is an analytic morphism fromV to VK . For each
f 2 H (G; K ) the endomorphism� (f ) : VK �! V K is an analytic morphism.
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3. Representations induced from parabolic subgroups

From now on,k will be a �xed locally compact non-archimedean �eld,G the group
of k-rational points of a connected reductive groupG de�ned over k. Also, all of our
vector spaces will be complex.

I remark that by density results of [3], the center ofG consists of thek-rational
points of the center ofG.

3.1. Let P be a parabolic subgroup ofG, with Levi decomposition P = MN . If
(�; U ) is a smooth representation ofM , it de�nes as well a smooth representation
of P, since P=N �= M . In this situation, I shall de�ne an induced representation
which di�ers slightly from the one I de�ned in x2. This is because I shall not be
concerned with the rationality of representations, and shall be concerned with a
certain symmetry which is rather awkward to express in the old notation.

Therefore, let� P be the modulus characterP �! M �! C � of P (so that � P (mn) =
j det Adn(m)j, wheren is the Lie algebra ofN ). De�ne i G

P � now to be what I de�ned
as IndG

P (�� 1=2
P ) in x2.4, so that for every f 2 i G

P � one hasLpf = � � 1� � 1=2
P (p)f for

every p 2 P. This is known asnormalized induction.
If ( �; U ) is admissible, then so isi G

P � , by 2.4.1, sincePnG is compact.
If P is a minimal parabolic subgroup and� is irreducible (hence necessarily �nite-

dimensional) theni G
P � is said to be a representation in theprincipal series of G.

SupposeK to be a good compact subgroup ofG, so that one has an Iwasawa
decompositionG = P K (see [10,x4.4]). Let K P = K \ P, and let (s; U) be the
restriction of (�; U ) to K P .

Proposition 3.1.1. The restriction of i G
P � to K is isomorphic toi K

K P
s.

Proof. The K -isomorphism is given by the restriction of an element ofi G
P � to K .

This is surjective for obvious reasons, and injective because of the Iwasawa decom-
position.

Proposition 3.1.2. The contragredient ofi G
P � is isomorphic toi G

P e� .

Proof. This follows from 2.4.2 and the fact thatPnG is compact.

Let K be a good compact subgroup ofG, hu1; u2i � the pairing of U with eU given
by

(� 
 � 1=2
P ) 
 (e� 
 � 1=2

P ) �! � P :

Proposition 3.1.3. For f 1 2 i G
P � , f 2 2 i G

P e� , one has

hf 1; f 2i =
Z

K
hf 1(k); f 2(k)i � dk:
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Proof. Refer back to the proof of Theorem 2.4.2, where the fact thati G
P e� is the

contragredient of i G
P � was proven. From that proof, it clearly su�ces to show that

for f 2 i G
P � 1=2

P , I � (f ) =
R

K f (k) dk. But one may show easily that if one de�nesI �
� (f )

to be
R

K f (k) dk for any f 2 i G
P � 1=2

p , then for any f 2 C1
c (G) one has

Z

G
f (g) dg = I �

� (P� f );

and this shows thatI �
� = I � .

Proposition 3.1.4. The representationi G
P � is unitary if � is.

Proof. Since� is unitary, � is isomorphic to the contragredient of its conjugate, and
3.1.2 implies the same fori G

P � . The fact that I � is a positive functional implies that
this isomorphism induces a positive de�nite Hermitian inner product on i G

P � .

This explains the new normalization of induction.

3.2. I shall give now a new formulation of Frobenius reciprocity for P and G. First
of all, of course, one must take into account the new normalization of i G

P � . But there
is also a second and less obvious point to introduce and I digress slightly to make it.

AssumeN to be for the moment any locally compact group such that the compact
open subgroups form a basis of the neighborhoods of the identity, and possessing
arbitrarily large compact open subgroups as well. This means that if X is any
compact subset ofN then there exists a compact open subgroupN0 containing X .
This condition is satis�ed, for example, if N is the set of k-rational points of a
unipotent group de�ned overk.

Let (�; V ) be a smooth representation ofN . For a compact subgroupN0 � N ,
de�ne V(N0) to be

n
v 2 V

�
�
�

R
N0

� (n)v dn = 0
o
. De�ne V(N ) to be

S
V(N0), the

union over all compact open subgroupsN0 of N . By the assumption onN , this is a
subspace ofV .

Proposition 3.2.1. The spaceV(N ) may also be characterized as the subspace of
V spanned by the elements

n
� (n)v � v

�
�
� n 2 N; v 2 V

o
.

Proof. The subspace is contained inV(N ), for if n 2 N and v 2 V, then there exists
a compact open subgroupN0 with n 2 N0, and � (n)v � v 2 V(N0).

For the opposite inclusion, supposev 2 V(N ), and choose two compact open
subgroupsN0 � N1 such that v 2 V N0 \ V(N1). Then

0 =
Z

N1

� (n)v dn = (constant) �
X

N1=N0

� (n)v

so that
v = (constant) �

X

N1=N0

(� (n)v � v):
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De�ne VN to be V=V(N ).

Corollary 3.2.2. If U is any space on whichN acts trivially, then the canonical
projection V �! VN induces an isomorphism of HomN (V; U) with HomC (VN ; U).

Proof. Clear.

If P is some group in whichN is normal, and (�; V ) is a smooth representation of
P, the spaceVN becomes naturally the space of a representation (� N ; VN ) of P=N.
One might call this the Jacquet moduleof (�; V ) associated toP.

Proposition 3.2.3. If U �! V �! W is an exact sequence of smoothN -spaces,
then UN �! VN �! WN is also exact.

Proof. One may assume

0 �! U �! V �! W �! 0

exact. It is then elementary, applying 3.2.1, that

UN �! VN �! WN �! 0

is exact, and it su�ces to show that UN �! VN is injective. This follows from the
fact that, by its de�nition, U(N ) = U \ V(N ).

This result really amounts to the claim that H1(N; U) = 0, where U is a smooth
N -space, since after allUN = H0(N; U).

Let now P be a parabolic subgroup ofG with unipotent radical N , and (�; U ) a
smooth representation ofM �= P=N.

Theorem 3.2.4 (Frobenius reciprocity). If ( �; V ) is a smooth representation of
G, then the P-morphism � : ( R; i G

P � ) �! (�� 1=2
P ; U) de�ned by f 7�! f (1) induces an

isomorphism of HomG(V;i G
P � ) with HomM (VN ; U), whereU is given theM -structure

�� 1=2
P .

Proof. This is immediate from 2.4.1(e) and 3.2.3.

Corollary 3.2.5. If there exists a non-zeroG-morphism from (�; V ) to i G
P � , then

VN 6= 0.

Proof. This follows from 3.2.4, or also from 2.4.1(c) and 3.2.3.
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3.3. The following result is one of the cornerstones of the subject. It was suggested
by a result of Harish-Chandra ([20, Theorem 4]); the original result leading to it is
Jacquet's ([22, Theorem 5.1]); and the brief proof is due to Borel.

Theorem 3.3.1. Let P be a parabolic subgroup ofG with Levi decomposition
P = MN , and let (�; V ) be a smooth representation ofG. If ( �; V ) is a �nitely
generated (resp. admissible) representation ofG, then (� N ; VN ) is a smooth and
�nitely generated (resp. admissible) representation ofM .

Proof. In either case, the smoothness of (� N ; VN ) is clear. Let X be a �nite subset of
V generating it as aG-space. LetK be a compact open subgroup such thatX � V K .
Let � be a �nite subset of G such that P� K = G. Then it is easy to see that sinceV
is the linear span of� (G)X , VN is generated as anM -space by the image of� (�) X .
Hence, (� N ; VN ) is �nitely generated. This proves the �rst claim.

As an ampli�cation, suppose thatK is a good compact subgroup ofG.

Proposition 3.3.2. If ( �; V ) is any smooth representation ofG, P a parabolic sub-
group of G, and U a K -stable subspace ofV generating it as aG-space, then the
image ofU generatesVN as anM -space.

Proof. Clear, from the fact that G = P K .

Let us now prove the admissibility claim of 3.3.1. What I shall actually show is
something more precise. The claim is implied by 1.4.4 and this:

Theorem 3.3.3. Let (�; V ) be an admissible representation ofG, K 0 a compact
open subgroup ofG with an Iwahori factorization K 0 = N �

0 M0N0 with respect to P.
Then the canonical projection fromV K 0 to V M 0

N is surjective.

I begin the proof of this with a useful technical result.

Theorem 3.3.4 (Jacquet's First Lemma). With hypotheses as in 3.3.3, suppose
that v 2 V M 0N �

0 . Then v0 = PK 0 (v) is alsoP N0 (v), and v � v0 2 V(N0).

Proof. SinceK 0 is compact and isomorphic toN0 � M0 � N �
0 , one has

v0 = (constant) �
Z

N0

dn(
Z

M 0N �
0

� (nm)v dm)

= (constant) �
Z

N0

� (n)v dn

since � (m)v = v for m 2 M0N �
0 . The last claim follows immediately from the fact

that v0 = PN0 (v).

Corollary 3.3.5. Hypotheses as in 3.3.3. ThenV K 0 has the same image inVN as
V M 0N �

0 .

Proof. This follows sincev and v0 have the same image inVN .
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To return to the proof of 3.3.3: Let �U be any �nite-dimensional subspace ofV M 0
N ,

and let U � V M 0 be any �nite-dimensional subspace ofV mapping onto �U. One can
�nd a compact open subgroupN �

1 � N � such that U � V M 0N �
1 . Choosea 2 A such

that a� 1N �
0 a � N �

1 (by 1.4.3). Then � (a)U � V M 0N �
0 , since if u 2 U and n 2 N �

0 ,
one has� (n)� (a)u = � (a)� (a� 1na)u = � (a)u. Hence the image of� (a)U, which
is � N (a) �U, is contained in the image ofV K 0 by 3.3.5. This latter image, hence�U,
has dimension bounded by that ofV K 0 . Since (�; V ) is admissible, this dimension
is �nite. Therefore, so is the dimension ofV M 0

N . Taking �U to be V M 0
N , we see that

� N (a)V M 0
N is in the image ofV K 0 . But � N (a)V M 0

N = V M 0
N . This proves 3.3.3 and also

3.3.1.
It is often useful to know:

Proposition 3.3.6. Let (�; U ) be an irreducible admissible representation ofM ,
K 0 = N �

0 M0N0 a compact open subgroup with an Iwahori factorization with respect
to P such that UM 0 6= 0. If V 6= 0 is a G-stable subspace ofi G

P � , then V K 0 6= 0.

Proof. Apply 2.4.1(c) to see that � : V �! U is non-zero, hence a surjection. The
map � N : VN �! U is therefore also a surjection, and by 3.3.3 the composition
V K 0 �! V M 0

N �! UM 0 is surjective. Hence,V K 0 6= 0.

Corollary 3.3.7. With the hypotheses as in 3.3.6, the spaceeI = i G
P e� is generated

by eI K 0 .

Proof. This follows from 2.2.3, 3.1.2, and 3.3.6.

3.4. Let P be a parabolic subgroup ofG. Recall from x1.6 that the set X nr (M ) of
unrami�ed characters ofM possesses a natural complex analytic structure.

If ( �; U ) is any admissible representaton ofM , de�ne a sheaf I � over X nr (M )
by the condition that for any open X � X nr (M ) the space �(X; I � ) is that of all
f : X � G �! U such that

(a) for any � 2 X , g 2 G, p 2 P one hasf (�; pg ) = ��� 1=2(p)f (g);
(b) there exists an openK � G such that for all � 2 X , g 2 G, k 2 K one has

f (�; gk ) = f (�; g );
(c) if K is as in (b) then for every �xedg 2 G the function � 7�! f (�; g ) 2 UgKg � 1 \ M

is analytic.
The group acts on this sheaf by right regular representations: Rgf (�; x ) = f (�; xg ).

Proposition 3.4.1. The sheafI � with this action of G de�nes a holomorphic sheaf
of admissible representations ofG whose �bre at � 2 X nr (M ) is isomorphic toi G

P �� .

Proof. Straightforward.
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Since the representationsi G
P �� may be identi�ed asK -representations (3.1.1), the

subsheavesI K
� are not just coherent but in addition locally free, and isomorphic to

OX nr (M )(i G
P (� )K ).

Next comes what is in some sense a converse to this. If (�; V) is any holomor-
phic sheaf of admissible representations ofG with base some spaceX , then since
the representation on each �(U;V) is smooth, the sheafVN is de�ned by the formula
�( U;VN ) = �( U;V)N , and de�nes a holomorphic family, at least, of smooth repre-
sentations ofM , whose �bre at x 2 X is isomorphic to (Vx)N (where Vx is the �bre
of V at x). Substantially the same argument used to prove Theorem 3.3.1 together
with standard facts about coherent sheaves will then prove:

Theorem 3.4.2. The holomorphic sheaf (� N ; VN ) of representations ofM is admis-
sible.
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4. The asymptotic behavior of matrix coefficients

This section pursues a question suggested by the proof of Theorem 3.3.3 and some
results of Harish-Chandra.

4.1. Fix a minimal parabolic subgroupP; of G, let P be any parabolic subgroup
containing P; , and let P = MN be a Levi factorization. Let (�; V ) be an admissible
representation ofG. Let K 0 be a compact open subgroup ofG possessing an Iwahori
factorization K 0 = N0M0N �

0 with respect to P (according to 1.4.4, one can choose
arbitrarily small such groups). Assume a Haar measure onG such that meas(K 0) = 1.

Lemma 4.1.1. If v 2 V K 0 has imageu in VN , then for any a 2 A � (as de�ned in
x1.4), the elementPK 0 (� (a)v) has image� N (a)u.

Proof. One has � (a)v 2 V M 0N �
0 . Therefore, by Jacquet's First Lemma (3.3.4),

PK 0 (� (a)v) = PN0 (� (a)v), so that � (a)v and P K 0 (� (a)v) have the same image in
VN .

Theorem 4.1.2 (Jacquet's Second Lemma). Let N0, N1 be compact open sub-
groups ofN , v 2 V(N1), and m 2 M such that mN1m� 1 � N0. Then PN0 (� (m)v) = 0.

Proof. One has

P N0 (� (m)v) = (constant) �
Z

N0

� (n)� (m)v dn

= (constant) � � (m)
Z

m � 1N0m
� (n)v dn

= 0

becauseN1 � m� 1N0m.

Suppose now thatN1 is a compact subgroup ofN such that V K 0 \ V (N ) � V(N1).

Corollary 4.1.3. If a 2 A � is such that aN1a� 1 � N0, then PK 0 (� (a)v) = 0 for all
v 2 V K 0 \ V(N ).

Proof. By Jacquet's First Lemma (3.3.4),P K 0 (� (a)v) = PN0 (� (a)v). By his Second,
this in turn is zero.

For eacha 2 A � , de�ne V K 0
a to be PK 0 (� (a)V K 0 ) = � (K 0aK 0)V . (To interpret the

right-hand side, recall that by our convention fromx2.2, we really mean the action
via � of the characteristic function ofK 0aK 0.)

Proposition 4.1.4. If a is in A � , then the projection from V K 0
a to V M 0

N is a surjec-
tion. If aN1a� 1 � N0 then V K 0

a \ V(N ) = 0 and the projection is an isomorphism.
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Proof. Let u lie in V M 0
N . Then � N (a� 1)u also lies inV M 0

N , and therefore by Theorem
3.3.3 there existsv 2 V K 0 with it as image in VN . By 4.1.1, then, P K 0 (� (a)v) has
imageu in VN .

AssumeaN1a� 1 � N0, and v 2 V K 0
a \ V (N ), say v = P K 0 (� (a)v0) with v0 2 V K 0 .

Then v lies in V(N1) and v = P N0 (� (a)v0), so that

0 =
Z

N1

� (n1)(
Z

N0

� (n0)� (a)v0 dn0) dn1

= (constant) �
Z

a� 1N0a
� (n)(

Z

N0

� (n0)� (a)v0 dn0) dn

= (constant) � � (a)
Z

a� 2N0a2
� (n)(

Z

a� 1N0a
� (n0)v0 dn0) dn

= (constant) � � (a)
Z

a� 2N0a2
� (n)v0 dn:

Thereforev0 lies in V(N ) as well, hence inV(N1), so that by 4.1.3,

v = PK 0 (� (a)v0) = 0 :

Lemma 4.1.5. For a1; a2 2 A � one has this identity in H(G; K 0):

chK 0a1K 0 � chK 0a2K 0 = chK 0a1a2K 0 :

Proof. As sets, one hasK 0a1K 0 � K 0a2K 0 = K 0a1a2K 0 because fork0 = n0m0n�
0 one

has
a1k0a2 = a1n0a� 1

1 � a1a2 � m0 � a� 1
2 n�

0 a2

which is in K 0a1a2K 0. But by 1.5.1 the measures agree as well. (For my purposes
here the agreement as sets is all that is required.)

Proposition 4.1.6. For all a 2 A � with aN1a� 1 � N0, the spacesV K 0
a are identical.

Proof. For all a1, a2 satisfying the hypothesis, the producta1a2 also satis�es it. By
4.1.5,� (K 0a1K 0) takes V K 0

a2
onto itself and into V K 0

a1a2
. HenceV K 0

a1a2
� V K 0

a2
. By 4.1.4,

the two spaces have the same dimension, hence are equal. Similarly, V K 0
a1a2

= V K 0
a1

.

Following this, de�ne V K 0
A � to be the subspace ofV K 0 equal to V K 0

a for all a 2 A �

with aN1a� 1 � N0.

Lemma 4.1.7. For any a 2 A � , � (K 0aK 0) is an isomorphism ofV K 0
A � with itself.

Proof. The spaceV K 0
A � is stable under this map by 4.1.5. Since the space is �nite-

dimensional, it su�ces to prove that the map is an injection. Say, then, that
PK 0 (� (a)v) = 0 for some v 2 V K 0

A � . The image ofP K 0 (� (a)v) in V M 0
N is 0 as well,

but this is just � N (a) applied to the image ofv by 4.1.1. Therefore the image ofv in
V M 0

N is 0 and by 4.1.4v itself is 0.
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According to 4.1.4 the canonical projection fromV to VN induces an isomorphism
of V K 0

A � with V M 0
N . The inverse of this isomorphism is called thecanonical lifting from

V M 0
N to V K 0

A � . (Note that according to 1.4.3 there will exist� > 0 such that a 2 A � (� )
implies aN1a� 1 � N0.)

This \canonical lifting" is not independent of the choice ofK 0. More precisely, let
K 0

0 � K 0 be two subgroups with Iwahori factorizations. Then it is notgenerally true
that V K 0 \ V K 0

0
A � = V K 0

A � .

Proposition 4.1.8. If v 2 V K 0
A � and v0 2 V K 0

0
A � have the same image inVN , then

v = PN0 (v0) = P K 0 (v
0):

Proof. Let N 0
1 be chosen large enough so thatV(N ) \ V K 0

0 � V (N 0
1), and choose

a 2 A � so that aN 0
1a� 1 � N 0

0. According to 4.1.7, there existv0 2 V K 0
A � and v0

0 2 V K 0
0

A �

such that v = PK 0 (� (a)v0), v0 = PK 0
0
(� (a)v0

0). If v0 has imageu0 and v0
0 has imageu0

0
in VN , then v and v0 have images� N (a)u0 and � N (a)u0

0, by 4.1.1. Thereforeu0 = u0
0,

and hencev0 � v0
0 2 V(N ) \ V K 0

0 . But then by 4.1.3, PK 0
0
(� (a)v0 � � (a)v0

0) = 0, or

P K 0
0
(� (a)v0) = P K 0

0
(� (a)v0

0) = v0:

Sincev0 is �xed by K 0, � (a)v0 and hencePK 0
0
(� (a)v0) = v0 are both �xed by M0N �

0 .
Jacquet's First Lemma implies then that

PN0 (v0) = PK 0 (v0)

= PK 0 (PK 0
0
(� (a)v0)) = v:

4.2. Let P be a parabolic subgroup ofG and (�; V ) an admissible representation
of G.

Note that for the representation (e�; eV) and parabolic P � , the set A � must be
replaced byA+ = ( A � )� 1.

Lemma 4.2.1. If K 0 is a subgroup with an Iwahori factorization with respect toP,
v 2 V K 0

A � , and ev 2 eV K 0 \ eV(N � ), then hv; evi = 0.

Proof. ChooseN1 so that V K 0 \ V (N ) � V(N1), N �
1 so that eV K 0 \ eV(N � ) � eV(N �

1 ),
and a 2 A � so that a� 1N �

1 a � N �
0 . Choosev0 2 V K 0

A � such that v = P K 0 (� (a)v0)
(4.1.7). Then

hv; evi = hPK 0 (� (a)v0); evi

= hv0; PK 0 (� (a� 1)ev)i

= 0

by 4.1.3 applied to eV.



THEORY OF ADMISSIBLE REPRESENTATIONS|DRAFT 1 May 1995 41

Lemma 4.2.2. Suppose thatK 0
0 � K 0 are two subgroups with Iwahori factorizations

with respect to P, and v0 2 V K 0
0

A � , ev0 2 eV K 0
0

A + , v 2 V K 0
A � , ev 2 eV K 0

A + , and assume that
v � v0 2 V(N ) and ev � ev0 2 eV(N � ). Then

hv; evi = hv0; ev0i :

Proof. From 4.1.8,v = PN0 (v0). Therefore,

hv; evi = hPN0 (v
0); evi

= hv0; evi

and

hv; evi � h v0; ev0i = hv0; ev � ev0i

= 0

by 4.2.1.

One may thus de�ne acanonical pairing of VN with eVN � according to the formula

hu; eui N = hv; evi

wherev, ev are any two canonical lifts ofu; eu.

Proposition 4.2.3. The canonical bilinear form onVN � eVN � is characterized unique-
ly by the property that for any v 2 V, ev 2 eV with images u 2 VN , eu 2 eVN � there
exists � > 0 such that for anya 2 A � (� ) one has

h� (a)v; evi = h� N (a)u; eui N :

Proof. That the canonical bilinear form has this property follows from 4.2.1. To see
that it is uniquely determined by this property, let B be a bilinear form onVN � eVN �

with this property, and supposeK 0 to be a compact open subgroup possessing an
Iwahori factorization with respect to P. One can �nd � > 0 such that

(i) for all v 2 V K 0 , ev 2 eV K 0 with images u 2 VN , eu 2 eVN � , and a 2 A � (� ), one
hash� (a)v; evi = hPK 0 (� (a)v); evi = B(� N (a)u; eu) and

(ii) V K 0
a = V K 0

A � for a 2 A � (� ).
But then PK 0 (� (a)v) is a canonical lift of � N (a)u, and since� N (a) is surjective on
V M 0

N this implies that for all u 2 V M 0
N and eu 2 eV M 0

N � with canonical lifts v 2 V K 0 and
ev 2 eV K 0 one hasB(u; eu) = hv; evi .

Theorem 4.2.4. The canonical bilinear form onVN � eVN � is M -invariant and non-
degenerate.
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Proof. For any m 2 M the bilinear form B(u; eu) = h� N (m)u; � N (m)eui N has the
characteristic property of 4.2.3, thus is the same as the canonical form.

For the non-degeneracy: Supposeu 2 VN to be such that hu; eui N = 0 for all
eu 2 eVN � . Let v 2 V K 0

A � be a canonical lift ofu. Then 4.2.3 implies thathv; evi = 0 for
every ev 2 eV K 0 , hencev = 0. Therefore u = 0 as well.

Corollary 4.2.5. The contragredient of the representation (� N ; VN ) of M is isomor-
phic to (e� N � ; eVN � ).

4.3. Let (�; V ) be an admissible representation ofG. Let P; be a minimal parabolic
subgroup, � a set of simple roots associated toA ; and P; . Let K 0 be a compact open
subgroup ofG possessing an Iwahori factorization with respect to all theparabolics
containing P; (arbitrarily small such K 0 exist according to 1.4.4).

It is immediate that for any � � � and � > 0,

A �
� (� ) � A �

; �
n

a 2 A �
;

�
�
� j� (a)j � � for all � 2 � r �

o
:

Conversely:

Lemma 4.3.1. Let � be a subset of �. For any � 1 > 0 there exists� 2 > 0 such thatn
a 2 A �

;

�
�
� j� (a)j � � 2 for all � 2 � r �

o
is contained inA �

� (� 1) � A �
; .

Proof. Since the product morphism fromA � � A � r � to A ; is an epimorphism, the
image of the product of the latticesA � =A� (O) � A � r � =A� r � (O) in A ; =A; (O) has
�nite index. One may therefore �nd a �nite set a of representatives of the cokernel
lying in A �

; . If � 0 is the minimum value ofj� (a)j as� ranges over � r � and a over a,
then the set

n
a 2 A �

;

�
�
� j� (a)j � �� 0 for all � 2 � r �

o
is contained inA �

� (� ) � A �
; .

Lemma 4.3.2. Let � be a subset of �, P = P� . For any v 2 V K 0 there exists� > 0
such that whenevera 2 A �

; satis�es the condition j� (a)j � � for all � 2 � r �, then
� (K 0aK 0)v 2 V K 0

A � .

Proof. Let � 1 > 0 be small enough so thatV K 0
a = V K 0

A � for a 2 A � (� 1), and let � 2 be
as in 4.3.1. Then fora 2 A �

; such that j� (a)j � � 2 for all � 2 � r �,

� (K 0aK 0)v 2 � (K 0A
� (� 1)K 0)� (K 0A

�
; K 0)V (by 4.1.5)

� � (K 0A
� (� 1)K 0)V = V K 0

A � :

Theorem 4.3.3. Let � be a subset of �, P = P� , and let v 2 V, ev 2 eV be given
with imagesu 2 VN , eu 2 eVN � . There exists� > 0 such that whenevera 2 A �

; satis�es
j� (a)j � � for all � 2 � r �, then h� (a)v; evi = h� N (a)u; eui N .

Proof. This follows immediately from the construction of the canonical pairing h ; i N

and 4.3.2.
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For each � � � and � in (0; 1], de�ne � A �
; (� ) to be

(

a 2 A ;

�
�
�
�
�

j� (a)j � � for � 2 � r �,
� < j� (a)j � 1 for � 2 �

)

:

This is a subset ofA �
; stable under multiplication by A �

� , and for any � one sees that
A �

; is the disjoint union of the � A �
; (� ) as � ranges over all subsets of �.

Corollary 4.3.4. Let v 2 V, ev 2 eV be given. For � � � let u� , eu� be their images
in VN �

, eV
N �

�
. There exists� > 0 such that for any � � � and a 2 � A �

; (� ) one has

h� (a)v; evi = h� N � (a)u� ; eu� i N � :

Proof. Let � be the minimum of the� guaranteed by 4.3.3 as � ranges over all subsets
of �.

4.4. The next few results (4.4.1 through 4.4.3) are technical andelementary. I will
not give proofs8.

If X is a set on which a groupH acts, then a function F : X �! C is said to
be H -�nite if it and its H -translates span a �nite-dimensional subspace of the space
of all complex-valued functions onX . SupposeH is abelian. Then the characters
associated to anH -�nite F are the generalized eigencharacters of the representation
of H on this �nite-dimensional space. If� 1; : : : ; � m are the characters associated to
F then there exist `1; : : : ; `m 2 N such that

Q
(h � � i (h)) ` i F = 0 for all h 2 H .

Lemma 4.4.1. Suppose thatF : Zn �! C is Zn -�nite, and let p > 0. Then the
restriction of jF (x)jp to N n is summable if and onlyj� (x)j < 1 for all nonzero
x 2 N n and � associated toF .

Now let V be a vector space overR, L a lattice in V , and f 1; : : : ; f n elements of
the dual lattice which form a basis for the linear forms onV. Let I = f 1; 2; : : : ; ng
and for eachJ � I , and eachc = ( c1; : : : ; cn ) 2 R n with all ci � 0 let

VJ =
n

v 2 V
�
�
� f i (v) = 0 for all i 2 J

o
;

L J = L \ VJ ;
V + =

n
v 2 V

�
�
� f i (v) � 0 for all i

o
;

VJ
+ = VJ \ V + ;

M = the sublattice spanned by theL J , as J
ranges over all subsets ofI with card(J ) = n � 1;

J V(c) =
n

v 2 V
�
�
� 0 � f i (v) < c i for i 2 J

o
;

J V + (c) =

(

v 2 V

�
�
�
�
�

f i (v) � ci for i 2 I r J
0 � f i (v) < c i for i 2 J

)

:

8Reference?
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De�ne J L+ (c) as J V + (c), etc. The vector subspaceVJ has dimension equal to (n �
card(J )), so that if card(J ) = n � 1, L J has rank one overZ. The lattice M is of
�nite index in L, and eachM +

J is isomorphic toN n� card(J ) . The vector spaceV itself
is V; , and for any c as aboveV + is equal to the disjoint union of theJ V + (c) as J
ranges over all subsets ofI . The group L J acts on the setJ V(c).

Lemma 4.4.2. For eachJ � I and c 2 R n with all ci � 0, there exists a �nite set
� such that J L+ (c) =

Q
� 2 � (� + M J

+ ).

The above two results combine to give:

Lemma 4.4.3. Let F : J L+ (c) �! C be the restriction to J L+ (c) of an L J -�nite
function on J L(c), p > 0. Then jF jp is summable onJ L+ (c) if and only if for each
nonzerox 2 L J

+ and � associated toF , j� (x)j < 1.

For the rest of this section, I continue the notation ofx4.3.

Proposition 4.4.4. Let � be a subset of �, 0 < � � 1, p > 0. Let F : � A �
; (� ) �! C

be such that
(a) F is the restriction to � A �

; (� ) of an A � -�nite function;
(b) there exists a unitary character! : A � �! C � such that RaF = ! (a)F for

all a 2 A � ;
(c) there exists an open subgroupA � A ; (O) such that RaF = F for all a 2 A.

Then jF jp is summable on� A �
; (� )=AA � if and only if j� (a)j < 1 for every a 2

A �
� r A ; (O)A � and every character� of A � associated toF .

Proof. Let L be the lattice A ; =A; (O)A � , V = L 
 R, and de�ne for each� 2 � a
function f � : A ; �! Z by f � (a) = � logq j� (a)j, where q is the order of the residue
�eld. To this situation one may apply the previous results|f or example, eachJ L+ (c)
may be identi�ed with some � A �

; (� )=A; (O)A � . Now the function jF j may be con-
sidered as a function on� A �

; (� )=AA � , which �bres naturally over � A �
; (� )=A; (O)A �

with �nite �bres. The proposition follows therefore from an immediate generalization
of 4.4.3.

Corollary 4.4.5. Let � be a subset of �, 0 < � � 1, p > 0, K a compact open
subgroup ofG. Let F be a function onK � � A �

; (� ) � K whose restriction � to � A �
; (� )

satis�es (a) and (b) of 4.4.4. ThenjF jp is integrable modZG if and only if for every
character � associated to � and a 2 A �

� r A ; (O)A � , j�� � 1=p(a)j < 1.

This follows from 4.4.4 together with 1.5.2. (Note that condition (c) of 4.4.4
automatically holds here9.)

If P is a parabolic subgroup ofG and (�; V ) an admissible representation ofG,
then according to 3.3.1 the representation (� N ; VN ) is admissible as well. By 2.1.9
this representation is a direct sum of subrepresentations (VN )�; 1 , � ranging over a

9In other words, F is automatically uniformly locally constant. Is this obvio us?
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set of characters of the center ofM . I call the restriction to A of the characters�
such that (VN )�; 1 6= 0 the central characters of� with respect to P. (These are
what Harish-Chandra callsexponentsin [20].) If � is an ! -representation for the
character ! of ZG, then � jA\ ZG = ! jA\ ZG for any central character� . If P1 � P2 are
two parabolics then� N1

�= (� N2 )N1 \ M 2 , so that if � 1 is a central character of� with
respect toP1 then � 1jA 2 is a central character with respect toP2.

Theorem 4.4.6. Let ! be a character ofZG. If ( �; V ) is an admissible! -representation
of G, then it is square-integrable if and only if

(a) ! is unitary;
(b) for every � � �, if � is a central character of� with respect to P� then

j�� � 1=2
; (a)j < 1 for all a 2 A �

� r A ; (O)A � .

Proof. The condition (a) is trivially necessary. Suppose it then tohold.
Let � be a subgroup of G as in 1.4.6 such that
(i) � =A� is compact;
(ii) A ; (O) � �;
(iii) G = � A �

; �.

Let v 2 V, ev 2 eV be given, and considercv;ev(g) = h� (g)v; evi . Let K be a compact
open subgroup ofG, normal in �, such that v, ev are �xed by K . If f 
 i g is a set of
representatives of �=KA � , then G =

`
K
 i A �

; 
 j K , so that jcv;ev j is square-integrable
on G=Z if and only if it is on each K
 i A �

; 
 j K=A � . In order to prove that the
conditions imply square-integrability, one may thereforereplacev, ev by the 
 j v, 
 � 1

i ev
in turn and consider onlycv;ev on KA �

; K=A � . But to this one may apply 4.3.4 and
4.4.5.
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5. Absolutely cuspidal representations

5.1. An admissible representation (�; V ) is said to beabsolutely cuspidal(or, by
Harish-Chandra in [20],super-cuspidal) if for any proper parabolic subgroupP = MN
in G, V = V(N ) and henceVN = 0. If P1 � P2 are two parabolic subgroups, then
N2 � N1 and V(N2) � V (N1), so that in order to check this condition, it su�ces to
consider only maximal proper parabolics. IfP1 and P2 are conjugate thenV(N1) is
conjugate to V(N2), so that it also su�ces to consider only a �xed element of each
conjugacy class.

Proposition 5.1.1. If ( �; V ) is an admissible representation ofG, then it is abso-
lutely cuspidal if and only if for any proper parabolic subgroup P and any admissible
representation (�; U ) of M one has HomG(V;i G

P � ) = 0.

Proof. The necessity follows from 3.2.5. The su�ciency follows from 3.2.4 and 3.3.1,
since one always has aG-morphism from V to i G

P (� N � � 1=2
P ) which is non-trivial if

VN 6= 0.

Theorem 5.1.2 (Jacquet). If ( �; V ) is an irreducible admissible representation of
G, then there exists a parabolic subgroupP and an irreducible absolutely cuspidal
representation (�; U ) of M such that (�; V ) may be embedded intoi G

P � .

Proof. Let r be the semisimplek-rank of G. We proceed by induction onr . For
r = 0, G has no proper parabolic subgroups, so all admissible representations are
absolutely cuspidal. (Note that whenr = 0, G=Z is compact.)

Assumer > 0. If (�; V ) is absolutely cuspidal, one is through. If not, then there
exists some parabolicP with VN 6= 0. The representation� N is both admissible and
�nitely generated by 3.3.1, so that it possesses a non-trivial irreducible admissible
quotient (�; W ). By 3.2.4, there exists an embedding of� into i G

P (�� � 1=2
P ). Now the

semisimple rank ofM is less thanr , so that by the induction hypothesis there exists a
parabolic subgroupQ of M , with Levi decompositionQ = MQNQ , and an irreducible
admissible representation (�; U ) of MQ such that �� � 1=2

P may be embedded intoi M
Q � .

Apply 2.4.4 and 2.4.5 to prove the theorem.

5.2. The following is also due to Jacquet:

Theorem 5.2.1. Suppose that (�; V ) is an absolutely cuspidal representation ofG.
For v 2 V, ev 2 eV, the matrix coe�cient cv;ev has compact support onG modulo Z .

Proof. Let P; be a minimal parabolic subgroup ofG, � the set of positive simple roots
corresponding toP; , � the group given in 1.4.6. Note that by 2.1.3, any admissible
representation ofG is �-�nite.

Since the split componentA � of the center ofG is equal to the connected compo-
nent of

T
� 2 � ker(� ), the theorem will follow from this claim: There exists� > 0 such

that for all g 2 � a� with j� (a)j < � for some� 2 �, cv;ev(g) = 0.
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To prove this claim: Let � be an element of �, P the standard parabolic subgroup
corresponding to � r f � g. It is a maximal proper parabolic subgroup. Since (�; V )
is absolutely cuspidal,V = V(N ). Fix v 2 V, ev 2 eV, and chooseN1 � N2 compact
open subgroups ofN such that for every 
 2 �, � (
 )v 2 V(N2) and � (
 )ev 2 eV N1 .
Choose� P > 0 such that if a 2 A �

; and j� (a)j < � P , then aN2a� 1 � N1. If g = 
 1a
 2,
with a 2 A �

; (� P ), then one can apply Jacquet's Second Lemma (4.1.2) to see that10

h� (g)v; evi = h� (
 1a
 2)v; evi

= h� (a)� (
 2)v; e� (
 � 1
1 )evi

= 0:

(One could also apply 4.3.3 here.)
Let � be the minimum of the� P thus chosen, asP ranges over the set of all standard

maximal proper parabolic subgroups ofG. The claim is clearly satis�ed by� .

Lemma 5.2.2. There is no Lemma 5.2.2.

Corollary 5.2.3. Suppose that (�; V ) is an irreducible absolutely cuspidal! -rep-
resentation ofG, where! is a unitary character ofZ . Then (�; V ) is unitary.

Proof. A matrix coe�cient of compact support modulo Z is obviously square-integ-
rable moduloZ . The result follows from 2.5.4.

Proposition 5.2.4. If ( �; V ) is an irreducible absolutely cuspidal11 representation
of G, then there exists a real constantd� > 0 such that for any u; v 2 V, eu; ev 2 eV,
one has Z

G=Z
h� (g)u; euih� (g� 1)v; evi dg = d� 1

� hu; evihv; eui :

Proof. Note that the integral makes sense by 5.2.1.
For eachv0 2 V, eu0 2 eV, the pairing which takesu 2 V and ev 2 eV to

Z

G=Z
h� (g)u; eu0ih� (g� 1)v0; evi dg

is, as one can check,G-invariant, hence a multiple c(v0; eu0) of the canonical pairing.
Furthermore, the pairing taking v 2 V and eu 2 eV to c(v; eu) is also bilinear and
G-invariant, hence some multiple of the canonical pairing. Thus, one has

Z

G=Z
h� (g)u; euih� (g� 1)v; evi dg = c� hu; evihv; eui

for some constantc� .

10Perhaps this will be clearer if we cite 4.1.3.
11This result and its proof are valid for square-integrable representations.
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Assume for the moment that! is unitary. Then by 5.2.3, (�; V ) is unitary as well,
say with inner product u � v. Fix eu, ev for the moment and letu0; v0 2 V be such that
for all x 2 V, x � u0 = hx; eui and x � v0 = hx; evi . The formula already established gives

c� (u � v0)(v � u0) =
Z

G=Z
(� (g)u � u0)( � (g� 1)v � v0) dg

=
Z

G=Z
(� (g)u � u0)(� (g)v0 � v) dg

(which is the usual Schur orthogonality for unitary representations). One sees that
c� > 0 by setting u = v0 and v = u0.

Before completing the proof, we'll need the following result:

Lemma 5.2.5. If ( �; V ) is any smooth ! -representation ofG, then there exists a
unique positive real-valued character� of G such that the restriction of � 
 � to Z
is unitary.

Proof. What must be shown is that there exists a unique positive character � of G
such that ! � (� jZ ) is a unitary character ofZ . Now G has a maximum torus quotient
T; the canonical morphism fromG to T induces an isogeny ofZ . If Z0 and T0 are
the maximal compact subgroups ofZ and T, then the groupsZ=Z0 and T=T0 are free
modules overZ of the same rank, and the canonical map fromZ=Z0 to T=T0 is an
injection with �nite cokernel. The character j! j on Z=Z0 therefore extends uniquely
to a positive character ofT=T0. Take � to be its inverse.

To complete the proof of 5.2.4, let (�; V ) be given, and choose� so� 
 � is unitary.
The constantc� 
 � will work for � as well as� 
 � , and is positive. Letd� = c� 1

� 
 � .
The constant d� in 5.2.4 is called theformal degreeof (�; V ). It depends only on

� and on the normalization of Haar measure. Harish-Chandra has recently12 shown
that if the characteristic of the �eld of de�nition of G is 0, then one may normalize
the measure onG such that d� 2 N for every absolutely cuspidal� .

5.3. I give here some new characterizations of absolutely cuspidal representations.

Theorem 5.3.1. Let (�; V ) be an admissible representation ofG. The following are
equivalent:

(a) (�; V ) is absolutely cuspidal;
(b) ( e�; eV) is absolutely cuspidal;
(c) for every v 2 V, ev 2 eV the matrix coe�cient cv;ev has compact support modulo

Z .
12Not recently. PS will �nd a reference.
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Proof. The equivalence of (a) and (b) is immediate from Theorem 4.2.3.
That (a) implies (c) is just 5.2.1. For the converse: Supposethat for every v 2 V,

ev 2 eV, cv;ev has compact support moduloZ . Then for everyv 2 V, ev 2 eV, and every
parabolic subgroupP in G, there exists� > 0 such that h� (a)v; evi = 0 for a 2 A � (� ).
Fix for the moment a compact open subgroupK 0 with an Iwahori factorization with
respect toP. Then there exists� > 0 such that for everyv 2 V K 0 , ev 2 eV K 0 , and
a 2 A � (� ), we haveh� (a)v; evi = 0, and this in turn implies that for every v 2 V K 0

and a 2 A � (� ), we have P K 0 (� (a)v) = 0. This implies that V K 0
A � (seex4) is zero.

Thus, letting K 0 vary and applying 4.1.4, we see thatVN = 0. SinceP was arbitrary,
(�; V ) is absolutely cuspidal.

5.4. Recall fromx2 that if ! is a character ofZ , then the smooth! -representations
of G form an abelian category.

Theorem 5.4.1. If ( �; V ) is an absolutely cuspidal! -representation, then it is pro-
jective and injective in this category.

Proof. I shall �rst prove projectivity, and start with the case where (�; V ) is irre-
ducible. Let (�; U ) be any smooth! -representation,F : U �! V a G-surjection. I
must show that there exists aG-morphism �: V �! U splitting F .

Choose nonzeroev0 2 eV and v0 2 V such that hv0; ev0i = d� (see 5.2.4). For
any v 2 V, let � v be the function cv;ev0

: g 7�! h � (g)v; ev0i . Because� is an ! -
representation, it follows from 2.5.1 and 5.2.1 thatv 7�! � v is a G-morphism from
(�; V ) to (R; H ! � 1 (G)). Identify V with its image in H ! � 1 (G). De�ne the projection
P : H ! � 1 �! V by the formula P f (y) = (� v0 � f )(y). Then

P f (y) =
Z

G=Z
� v0 (x)f (x � 1y) dx

=
Z

G=Z
� v0 (yx)f (x � 1) dx

=
Z

G=Z
f (x � 1)(Rx � v0 )(y) dx:

The last formula shows thatP(H ! � 1 ) � V ; the �rst implies that P is a G-morphism:
P(Rgf ) = Rg(P f ). Furthermore, if f = � v lies in V , then

P f (y) =
Z

G=Z
h� (x)v0; ev0ih� (x � 1y)v; ev0i dx

= d� 1
� hv0; ev0ih� (y)v; ev0i

= h� (y)v; ev0i

= � v(y)

by 5.2.4 and the choice ofv0, ev0. In other words, P f = f for f 2 V .
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Recall (�; U ) and F : U �! V. Chooseu0 2 U with F (u0) = v0. Let � be the
map from H ! � 1 to U, taking f to � ( �f )u0, where for anyf 2 H ! � 1 (or C1 (G), for
that matter) �f (x) = f (x � 1). One can check easily that this is aG-morphism. And
one can also check that the diagram

H ! � 1

��

�

��
��

��
��

��
��

��
�

��

P

88
88

88
88

88
88

88
8

U //F
V

is commutative, which implies that the composition � = � � � : V �! U splits F .
Now assume (�; V ) to be an arbitrary absolutely cuspidal! -representation. LetK

be some compact open subgroup ofG, V0 the G-stable subspace generated byV K .
This is �nitely generated, hence has an irreducible (absolutely cuspidal) quotient,
which is in fact isomorphic to a summand ofV0 by the case we have just dealt with.
An induction argument implies that V0 is a �nite direct sum of irreducible absolutely
cuspidal representations. If one applies Zorn's Lemma, letting K vary, one obtains:

Proposition 5.4.2. Any absolutely cuspidal ! -representation is a countable direct
sum of irreducible absolutely cuspidal representations.

This clearly implies projectivity for all absolutely cuspidal ! -representations.
For injectivity: Let ( �; U ) be any smooth! -representation andF : V �! U a G-

injection. I must construct � : U �! V splitting F . But now one has a dual map
eF : eU �! eV, which splits by what I have just shown, say by a mape�. But then one

also hasee� : eeU �! eeV splitting eeF : eeV �! eeU. However, eeV �= V and one has a canonical

embedding ofU into eeU, so that one may de�ne � as ee� jU .

Corollary 5.4.3. If P is a proper parabolic subgroup ofG and (�; U ) is an irreducible
admissible representation ofM , then no irreducible composition factor ofi G

P � is
absolutely cuspidal.

Proof. Let V0 be aG-stable subspace ofi G
P � , (�; V ) an irreducible absolutely cuspidal

representation ofG, and F : V0 �! V a G-morphism. If F 6= 0, then F splits by 5.4.1.
But this implies that ( �; V ) is isomorphic to a subspace ofi G

P � , a contradiction to
5.1.1.

Corollary 5.4.4. Assume� to be an admissible representation ofG of �nite length,
whose composition series is multiplicity-free and whose irreducible composition fac-
tors are absolutely cuspidal. Then� is in fact isomorphic to the sum of its irreducible
composition factors.
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Proof. Applying 2.1.9, one may assume that for some character! of Z , each compo-
sition factor is an ! -representation. By an induction argument, one is reduced to the
case where the length of� is two, i.e., one has an exact sequence

0 �! � 1 �! � �! � 2 �! 0

where � 1 and � 2 are both irreducible absolutely cuspidal! -representations, and� 1

and � 2 are not isomorphic. Now for anyz 2 Z , the map v 7�! � (z)v � ! (z)v from
the space of� into itself factors through � 1 and de�nes in fact aG-morphism from� 2

to � 1, which by assumption must be null. Therefore� itself is an ! -representation,
and one can apply 5.4.1 to �nish the proof.
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6. Composition series and intertwining operators I

I shall show here among other things that every �nitely generated admissible rep-
resentation has �nite length; this will fall out from an analysis of the Jacquet module
for a representationV induced from a parabolic subgroup ofG. This analysis also
relates to G-morphisms between various induced representations and allows one a
re�nement of the earlier criterion for square-integrability.

6.1. I shall �rst prove some fairly technical results, related tosome results of Bruhat
in [11]. Let X be an analytic variety over thep-adic �eld k, Y an analytic subvariety
of X . SupposeH is a k-analytic group acting onX and taking Y to itself, such that

(i) H acts freely and properly onX and
(ii) for each x 2 X , the map h 7�! h � x is an immersion ofH .

Then by [9, x6.2], the quotientH nX of X by H exists and is also an analytic variety,
and contains the quotientH nY as an analytic subvariety. The projection fromX to
H nX makesX into a principal bundle with H as �bre. Local analytic sections of
this projection exist everywhere onH nX .

Suppose (�; U ) is a smooth representation ofH . De�ne I 1
c (� jH; X ) to be the space

of locally constant sections, of compact support, of the vector bundle associated to
the H -spaceU and the principal bundle X . Explicitly, this consists of functions
f : X �! U which are locally constant and of compact support moduloH , such
that f (hx) = � (h)f (x) for all h 2 H and x 2 X . One may also de�ne spaces
I1
c (� jH; X r Y) and I1

c (� jH; Y ).

Lemma 6.1.1. The sequence

0 �! I1
c (� jH; X r Y) �! I1

c (� jH; X ) �! I1
c (� jH; Y ) �! 0

is exact.

Proof. Injectivity is clear.
Supposef 2 I1

c (� jH; X ) and f jY = 0. Since f has compact support onX modulo
H , and is locally constant, there exists a �nite set of compactopen setsX i � X
such that supp(f ) � HX i and f jX i is constant. Sincef jY = 0, one may assume
X i \ Y = ; for eachi . Thus, f lies in I1c (� jH; X r Y).

Supposef 2 I1
c (� jH; Y ). One has a �nite disjoint set of compact open setsYi � Y

such that supp(f ) �
S

HYi and f jYi is constant. The projection of eachYi onto H nY
is open. Because local sections overH nY exist, we may �nd disjoint compact sets
Z j � Y such that

(i) the restriction of the projection from Y to H nY is an isomorphism on each
Z j ;

(ii) supp(f ) �
S

HZ j ;
(iii) f is constant on eachZ j .
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One may then �nd disjoint compact open setsX j � X such that
(i) the restriction of the projection to eachX j is an isomorphism;
(ii) X j \ Y = Z j ;
(iii) for each h 2 H , if hX i \ X j is nonempty, then so ishYi \ Yj .

Extend f in the obvious way toX j , again to HX j , then to
S

HX j . The function in
I1
c (� jH; X ) one obtains then has imagef in I 1

c (� jH; Y ).

6.2. In this section, let P be any locally compact group such that the compact open
subgroups form a basis of neighborhoods of the identity, letQ be a closed subgroup,N
a normal closed subgroup with arbitrarily large compact open subgroups, and assume
QN closed. In particular, N is unimodular. Let (�; U ) be a smooth representation
of Q. Then one has the representation (� Q\ N ; UQ\ N ) of Q=Q \ N , which may also
be considered as a representation ofQN=N � P=N sinceQN=N �= Q=Q\ N .

Let � be the modulus character ofQ on Q \ N nN . It is trivial on Q \ N .

Proposition 6.2.1. One has

(c-IndP
Q � )N

�= c-IndP=N
QN=N � Q\ N �:

Proof. In several stages:
(i) For u 2 U, let �u be its image inUQ\ N . Since anyf 2 c-IndP

Q � has compact
support modulo Q, for any p 2 P the function Rpf jN has compact support modulo
Q \ N . Also, for q 2 Q \ N , n 2 N , and p 2 P one hasf (qnp) = � (q)f (np) = f (np).
Thus the integral

�f (p) =
Z

Q\ N nN
f (np) dn

is well-de�ned.
(ii) For n 2 N , a change of variable in the integral shows that for allp 2 P,

�f (np) = �f (p). Thus, �f may be considered as a function onP=N.
(iii) For q 2 Q,

�f (qp) =
Z

Q\ N nN
f (nqp) dn

=
Z

Q\ N nN
f (q � q� 1nq � p) dn

= � Q\ N (q)� (q) �f (p):

(iv) The function �f clearly has compact support moduloQN on P.
(v) From (ii){(iv) one sees that f �! �f is a map from c-IndP

Q � to c-IndP=N
QN=N � Q\ N .

It is a P-morphism, clearly, and factors through aP=N-morphism from (c-IndP
Q � )N .

(vi) Now to see that f 7�! �f is surjective.
Let x 2 P be given. LetK be a compact open subgroup ofP and u an element

of U �xed by xKx � 1 \ Q. Then (xKx � 1 \ Q)(Q \ N ) is the inverse image of the
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image ofxKx � 1 \ Q in Q=(N \ Q); thus, if K 0 � K is a compact open subgroup
small enough so that the image of (xK 0x � 1)N \ Q in Q=(Q \ N ) is contained in that
of xKx � 1 \ Q, one has (xK 0x � 1)N \ Q � (xKx � 1 \ Q)(Q \ N ). Choose such aK 0.
De�ne a function � : P �! UQ\ N to be 0 outsideQNxK 0 and equal to (� Q\ N � )(q)�u
at qnxk 2 QNxK 0. The space c-IndP=N

Q=(Q\ N ) � Q\ N � , with proper identi�cations, is
spanned by such elements, so it su�ces to �ndf 2 c-IndP

Q � with �f = � . But now
de�ne f to be 0 o� QxK 0 and equal to � (q)u at qxk. Then for nx = qxk one has
q = nxk � 1x � 1, hence, by assumption onK 0, q 2 (xKx � 1 \ Q)(Q \ N ), so that
f (nx) = � (q)u = �u. Thus �f is equal to some scalar multiple of� .

(vii) The map f 7�! �f is injective. For this, we need a few preliminary results:

Lemma 6.2.2. If N0 is any compact open subgroup ofN and K is a compact sub-
group of P, then there exists a compact open subgroup ofN containing N0 and
normalized byK .

Proof. The set
S

k2 K kN0k� 1 is compact, hence by the assumption onN contained in
some compact open subgroupN1 of N . The group

T
k2 K kN1k� 1 contains N0 and is

thus open, but it is also clearly compact andK -stable.

Corollary 6.2.3. The element f 2 c-IndP
Q � has image 0 in (c-Ind� )N (i.e., lies in

(c-Ind � )(N )) if and only if for every p 2 P there exists a compact open subgroup
Np � N such that

R
Np

f (np) dn = 0.

Proof. The function f lies in (c-Ind � )(N ) if and only if there exists a compact open
subgroupN0 � N such that for everyp 2 P

Z

N0

f (pn) dn = 0:

Therefore, if f 2 (c-Ind � )(N ) one may chooseNp = pN0p� 1.
Conversely, letf be given and assume that for everyp 2 P there exists anNp satis-

fying the conditions in 6.2.3. ChooseK compact and open such thatf 2 (c-Ind � )K .
For any p 2 P, the Lemma implies that one may �nd a compact open subgroup
N0 � N such that

R
N0

f (pkn) dn = 0 for every k 2 K . If X is compact andf has
support on QX , one may (again by the Lemma) �nd a compact openN1 � N such
that

R
N1

f (xn) dn = 0 for all x 2 X . But now consider the functionf N1 =
R

N1
Rn f dn .

Since f has support onQX , f N1 has support onQXN 1. But by the construction
of N1, for any x 2 X and n1 2 N1,

R
N1

f (xn1n) dn = 0. Hence f N1 = 0 and
f 2 (c-Ind � )(N1).

Now to attack the injectivity of f 7�! �f . Suppose�f = 0. In particular, �f (1) = 0,
which means that

R
(Q\ N )nN f (n) dn = 0. Choose a compact open subgroupN0 of N
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such that the support of f jN lies in (Q \ N )N0. Then
Z

N0

f (n) dn =
Z

(N0 \ Q)nN0

Z

N0 \ Q
f (n1n2) dn1 dn2 = 0;

which means that
R

N0
f (n) dn lies in U(Q \ N ). Thus,

R
N0

f (n) dn 2 U(N1) for some
compact open subgroupN1 � Q \ N . If one chooses a compact open subgroup
N 0

0 � N containing N1N0, then one has
R

N 0
0

f (n) dn = 0.
This argument applies toRpf as well, which guarantees that the condition of 6.2.3

holds, and hencef 2 (c-Ind � )(N ).
The proof of Proposition 6.2.1 is complete.

Remark 6.2.4. The map f 7�! �f , and therefore the isomorphism of 6.2.1, depends
on the choice of a measure on (Q \ N )nN . Otherwise, it is canonical.

6.3. Return to the notational conventions ofxx3{5 (so that in particular G is the
group of rational points of a reductive group de�ned over thep-adic �eld k). Fix a
minimal parabolic P; and a maximal split torus A ; � P; , and let � be the corre-
sponding set of simple roots.

Fix also for a while (through the proof of 6.3.6) subsets �; 
 � �. Given this
choice, letC(w) be the double cosetP� wP
 ; recall that G is the disjoint union of the
C(w) as w ranges over [W� nW=W
 ] (as de�ned in x1.1). De�ne a partial ordering
on [W� nW=W
 ] as follows:x < y if C(x) is contained in the closure ofC(y). Thus,
1 is minimal with respect to this ordering.

For eachw 2 [W� nW=W
 ], let Gw be the union of theC(x) with x > w . It is open
in G, and if x > y then Gx � Gy. For any subsetR � [W� nW=W
 ], let GR be the
open set

S
w2 R Gw . It is also the union of all setsC(x) where x > w for somew 2 R.

If x is a minimal element ofR, then the intersection ofGR with the closure ofC(x)
is just C(x) itself, which is therefore closed inGR . A subset S � R is said to be
minimal if all its elements are minimal; in this circumstance, the intersection ofGR

with the union of the closures of theC(x) (x 2 S) is simply the union of the C(x)
(x 2 S), which is again closed inGR .

For each w 2 [W� nW=W
 ], let d(w) be the dimension of the algebraic variety
P� nP� wP
 over k. As a particular case of the above de�nitions, forn � 0 one may
take R to be the set of allw with d(w) � n. In this case we writeGn for GR . Of
course,Gn+1 � Gn , and G = G0.

Now let (�; U ) be an admissible representation ofM � , and let I = I (� ) be i G
P�

� .
For any w 2 [W� nW=W
 ] de�ne I w to be the subspace off 2 I with support on
Gw, and similarly de�ne I R for R � [W� nW=W
 ]. Each I R is stable under P
 .
The subspacesI w de�ne on I a decreasing �ltration of P
 -spaces indexed by the
partially ordered set [W� nW=W
 ]. It is di�cult to describe the whole space I as
a P
 -module, which is unfortunately useful in many applications, but it is not so
di�cult to determine the graded modules associated to the �ltration.
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First of all, for each w 2 [W� nW=W
 ] de�ne Jw to be (in the notation of x6.1)
I1
c (�� 1=2

� jP� ; P� wP
 ). (Of course this de�nition depends in reality on the double
coset P� wP
 .) Then letting H = P� one may apply 6.1.1 and the above remarks
immediately to obtain:

Proposition 6.3.1. Let R be any subset of [W� nW=W
 ], S a minimal subset ofR,
and let R0 =

n
x 2 [W� nW=W
 ] r S

�
�
� x > w for somew 2 R

o
. Then the sequence

0 �! I R0 �! I R �!
M

w2 S

Jw �! 0

is exact.

In particular one may takeR = S = f wg, and then one obtains the exact sequence

0 �!
M

x>w
x 6= w

Jx �! I w �! Jw �! 0:

As another special case one may letR =
n

w
�
�
� d(w) � n

o
and S =

n
w

�
�
� d(w) = n

o
.

In this case I write I R as I n . The proposition then gives a decreasing �ltrationf I ng
indexed byN , with

I n=In+1
�=

M

d(w)= n

Jw :

Second, the spacesJw may be described more explicitly. For eachx 2 G, let
x � 1(�� 1=2

� ) be the representation ofx � 1P� x on the same space as that of� which
takes p to �� 1=2

� (xpx� 1). The isomorphism class of this representation depends only
on the cosetP� x, but the representation itself will in general depend on theparticular
x, and it is important to keep this in mind.

De�ne for eachx 2 G the representationJx of P
 :

Jx = c-Ind P

x � 1P� x\ P


x � 1(�� 1=2
� ):

There is a possibility of confusion with previous notation,but it is not too serious:

Proposition 6.3.2. Let w be an element of [W� nW=W
 ], x any element ofP� wP
 .
The map taking f to � f , where

� f (p) = f (xp);

induces an isomorphism ofJw with Jx .

The proof of this is straightforward.
Propositions 6.3.1 and 6.3.2 together provide the description I have already men-

tioned of the gradedP
 -module associated to the �ltration of I (� ) by [W� nW=W
 ].
The next step is to determine the corresponding Jacquet modules.
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Proposition 6.3.3. Let w be an element of [W� nW=W
 ], x 2 N (A ; ) representing
w. Then

(Jx)N 

�= c-IndM 


x � 1P� x\ M 

� M � \ xN 
 x � 1 � 1=2;

where� is the modulus of the unique rational character ofx � 1P� x\ M 
 which restricts
to Y

� 2 � + r � +



w� 2 � � r � �
�

� m(� )
Y

� 62� + r � +



w� 2 � � r � �
�

� � m(� )

on A ; , wherem(� ) is as de�ned in x1.6.

I shall �rst interpret this. The group P; \ M 
 is a minimal parabolic ofM 
 and
the corresponding set of simple roots is 
. The groupx � 1P� x \ M 
 is the standard
parabolic corresponding tow� 1� \ 
, with radical x � 1N � x \ M 
 and reductive
componentx � 1M � x \ M 
 (see 1.3.3). Similarly, the groupxP
 x � 1 \ M � is a standard
parabolic in M � , corresponding to � \ w
, with radical xN 
 x � 1 \ M � and reductive
component xM 
 x � 1 \ M � . The representation � M � \ xN 
 x � 1 may be considered as
a representation of the latter, hence also ofxP
 x � 1 \ M � . Thus x � 1(� M � \ xN 
 x � 1 )
is to be considered as a representation ofx � 1M � x \ M 
 or of x � 1P� x \ M 
 , and
c-IndM 


x � 1P� x\ M 

x � 1(� M � \ xN 
 x � 1 )� 1=2 is at least of a familiar sort if the� factor makes

sense, which I shall show in a moment. In particular, Ind and c-Ind are the same.
The proof is not much longer than the statement. LetP = P
 , Q = x � 1P� x \ P
 ,

N = N 
 in 6.2.1. Note that QN=N �= Q=(Q \ N ) �= x � 1P� x \ M 
 and that
P=N �= M 
 . One obtains quickly that

(Jx )N 

�= IndM 


x � 1P� x\ M 

x � 1(� M � \ xN 
 x � 1 )(w� 1� 1=2

� )


where 
 is the modulus character ofx � 1P� x \ P
 acting on N 
 =(x � 1P� x \ N 
 ).
It remains only to examine the character (w� 1� 1=2

� )
 more closely.
The character 
 is the norm of the rational character

det Adn
 =det AdAd( x � 1 )p� \ n


wherep� is the Lie algebra ofP� , n� that of N � . The character (w� 1� 1=2
� )
 is thus

the square root of the norm of the rational character equal to
Y

� 2 � + r � +
�

w� 1� m(� )
Y

� 2 � + r � +



w� 2 � � r � �
�

� 2m(� )
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on A ; (and by 1.6.1 this determines it as a rational character ofx � 1P� x \ M 
 ). This
in turn is equal to

Y

� 2 � � r � �
�

� � m(� )
Y

� 2 � + r � +



w� 2 � � r � �
�

� 2m(� )

=
Y

� 2 � + r � +



w� 2 � � r � �
�

� m(� )
Y

� 62� + r � +



w� 2 � � r � �
�

� � m(� )

which is the formula in the proposition.

Corollary 6.3.4. Suppose� is absolutely cuspidal,w 2 [W� nW=W
 ], and x is an
element ofN (A ; ) representingw. Then

(a) one has (Jx)N 
 = 0 unlessw� 1� � 
;
(b) when w� 1� � 
, one has

(Jx)N 

�= (i M 


x � 1P� x\ M 

x � 1� )� 1=2


 :

Proof. Part (a) is easy, since if� is absolutely cuspidal then� M � \ xN 
 x � 1 = 0 unless
M � \ xN 
 x � 1 is trivial, and this is equivalent to the inclusionsM � � xM 
 x � 1 or
w� 1� � 
.

Part (b) is a matter of computing the � -factor correctly. By the de�nition of
normalized induction, what must be shown is that

(Jx )N 

�= IndM 


x � 1P� x\ M 

(x � 1� )� 1=2;

where � is now the norm of the rational character which restricts to
Y

� 2 � + r w � 1 � +
�

� m(� )

on A ; . Now if w� 1� � 
 then w� 1� +
� � � +


 and w� 1� �
� � � �


 . Hence for � 2
� + r � +


 , w� 2 � + r � +
� or � � r � �

� , and according to 6.3.3 the proper� -factor is
the norm of

Y

� 2 � + r � +



w� 2 � � r � �
�

� m(� )
Y

� 2 � � r � �



w� 2 � � r � �
�

� � m(� )
Y

� 2 � 

w� 2 � � r � �

�

� � m(� )

(note that there is no � 2 � +

 such that w� 2 � � r � �

� )

=
Y

� 2 � + r � +



� m(� )
Y

� 2 � +



w� 2 � + r � +
�

� m(� )

=
Y

� 2 � + r � +



� m(� )
Y

� 2 � +

 r w � 1 � +

�

� m(� ) :
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The next result summarizes what the results so far say about the spaceI N 
 when
� is absolutely cuspidal.

Theorem 6.3.5. Let � ; 
 be subsets of �, and let � be an absolutely cuspidal
representation ofM � , I = i G

P�
� . There exists a �ltration

0 � I n ` � � � � � I 0 = I

by P
 -stable subspaces such that (I n=In+1 )N 

�= (I n )N 
 =(I n+1 )N 
 is isomorphic to

the direct sum
L

(Jw)N 
 , the sum ranging overw 2 [W� nW=W
 ] with d(w) = n.
Furthermore:

(Jw)N 

�=

8
<

:
0 if w� 1� 6� 

i M 


w � 1P� w\ M 

w� 1� if w� 1� � 
 :

The use of elements ofW rather than representing elements inN (A ; ) is justi�ed
because it is only a matter of isomorphism class.

The only new ingredient here is that a �ltration of I gives one ofI N 
 as well, and in
such a way that Gr(I N 
 ) �= Gr(I )N 
 . This follows from the exactness of the functor
(3.2.3).

Theorem 6.3.6. Let � ; 
 be subsets of �, and let � be an irreducible absolutely
cuspidal representation ofM � . If � is an irreducible composition factor ofi G

P�
�

and � an irreducible absolutely cuspidal representation ofM 
 such that � may be
embedded intoi G

P

� , then there existsw 2 W(� ; 
) (i.e., w 2 N (A ; ) such that

w� 1M � w = M 
 ) with w� 1� �= � .

Proof. The assumption on� implies, by Frobenius reciprocity (3.2.4), that there
exists a non-trivial M 
 -morphism from � N 
 to �� 1=2


 . Therefore, �� 1=2

 occurs as a

composition factor ofI N 
 (where I = i G
P�

� ), hence of some (Jw)N 
 with w� 1� � 


(6.3.4). But (Jw)N 
 is isomorphic to i M �
w � 1P� w\ M �

w� 1�� 1=2

 , so that by 5.4.3 if �� 1=2




is a composition factor thenw� 1� = 
 and � �= w� 1� .

Corollary 6.3.7. Let � be a subset of �, and let � be an irreducible, absolutely
cuspidal representation ofM � . Then i G

P�
� has �nite length. If � is an irreducible

composition factor then there exist 
 � � and w 2 W(� ; 
) such that � has an
embedding intoi G

P

w� 1� .

Proof. If � is an irreducible composition factor, then according to 5.1.2 there exist

 � � and an irreducible, absolutely cuspidal representation� of M 
 with � � i G

P

� .

Apply 6.3.6 to conclude the proof of the second claim.
To see that i (� ) has �nite length: If U $ V are G-stable subspaces ofI = i (� ),

then there exists a �nitely generated non-trivial subspaceof V=U, and by Zorn's
Lemma an irreducible quotient of that. Therefore if one is given an ascending chain
I 1 � I 2 : : : one can, if necessary, replace it by anotherI 1 � J1 � I 2 � J2 � : : : where
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Ji =I i is irreducible. For any 
 � � one has a corresponding chain of Jacquet modules
(I i )N 
 � (Ji )N 
 , and (Ji )N 
 =(I i )N 


�= (Ji =I i )N 
 by 3.2.3. By 6.3.5�, this chain is of
�nite length. If the original chain were in�nite, then by 5.4 .3 there would be some

 � � for which the chain of associated Jacquet modules is of in�nite length, and
this would be a contradiction. A similar argument shows thatthe descending chain
condition holds, so thatI has a Jordan-H•older composition series.

Corollary of the Corollary 6.3.8. Let P be any parabolic subgroup ofG. If � is
any admissible representation ofM of �nite length, then i G

P � has �nite length.

Proof. See 2.4.4 and 2.4.5.

When � is irreducible and absolutely cuspidal, one can obtain easily from the
proof of 6.3.7 that the length ofi G

P�
� is bounded by the product of the number of

associates of � and the order ofW(� ; �), but a stronger bound will be given later.
When � = ; , however, the bound here is already the best possible one that can be
obtained by these techniques:

Corollary 6.3.9. If � is an irreducible, admissible (hence, �nite-dimensional)repre-
sentation of M ; , then

(a) the length of i G
P;

� is at most the order of the Weyl group;
(b) if � is an irreducible composition factor ofi G

P;
� then there existsw 2 W and

an embedding of� into i G
P;

w� .

This was proven independently by Matsumoto [27] and Silberger [30] when� is
unrami�ed. Other results of this section have been proved independently by Bernstein
and Zelevinskii [2].

Theorem 6.3.10. Any �nitely generated admissible representation ofG has �nite
length.

Proof. Let � be the given representation. By 2.1.9, there exists a �nite composition
series for� , each factor of which is an! -representation for some character! of ZG.
Thus, one may assume� itself to be an ! -representation.

Proceed by induction on the rank ofGder. If this is 0, then Gder is compact and
any �nitely generated admissible representation is �nite-dimensional. For arbitrary
G, let P1; : : : ; Pn be representatives of all the conjugacy classes of maximal proper
parabolics of G, and � i = � N i . By 3.3.1, each of these is �nitely generated and
admissible, hence by the induction assumption each is of �nite M i -length. But then
by 6.3.8 eachI i = i G

Pi
� i has �nite length. By Frobenius reciprocity there exists a

canonicalG-morphism from � into each I i , hence one into
L

I i . It remains to show
that the kernel of this map has �nite length. This kernel, however, is absolutely
cuspidal, by remarks made inx3.2, and by 5.4.1 a summand of� . Therefore it is
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�nitely generated, and by 5.4.2 a �nite direct sum of irreducible absolutely cuspidal
representations.

To conclude this section, I mention a sort of converse to 6.3.7 (due, I imagine13, to
Harish-Chandra):

Theorem 6.3.11. Suppose �; 
 � � to be associate, � a �nitely generated abso-
lutely cuspidal representation ofM � , w 2 W(� ; 
). Then the irreducible composition
factors of i G

P�
� and i G

P�
w� 1� are the same.

Proof. There are many possible proofs, but the briefest is to observe that the char-
acters are the same (see 2.3.3, [22, Theorem 9.2(iii)], and [19]).

6.4. Let the notation be as inx6.3. Let (�; U ) be an irreducible absolutely cuspidal
representation ofM � , I = i G

P�
� . Because of Frobenius reciprocity, the structure of

I N 
 is related to G-morphisms fromI to representations induced fromP
 . I want to
make this more explicit.

De�ne W(� ) to be
n

w 2 W(� ; �)
�
�
� w� �= �

o
and call � regular if W(� ) = f 1g.

(Indeed, for this de�nition � need not be absolutely cuspidal.)

Proposition 6.4.1. Assume that � is regular and that 
 is an associate of �. Then
I N 
 is isomorphic to the direct sum

M

w2 W (� ;
)

(w� 1� )� 1=2

 :

It is allowable to use elements ofW rather than representatives inG because it is
only a matter of isomorphism.

Proof. The proposition follows from 6.3.5, 6.3.6, and 5.4.4.

In other words, the �ltration of I N 
 by the (I n)N 
 splits, and I N 
 is isomorphic to
the associated graded representation, when� is regular. (It is not necessary that�
be regular in order for 6.4.1 to hold, but there are certainlyexamples where� is not
regular and 6.4.1 does not hold. Seex9.)

For the remainder ofx6.4, assume� to be regular.
Let me be more precise and restate slightly results fromxx6.1{6.3. Let 
 be an

associate of �. Recall from x6.3 that Gw is then the union
S

x>w P� xP
 , that I w is
the subspace of allf 2 I with support in Gw, and that Jw = I 1

c (�� 1=2
� jP� ; P� wP
 ).

Restriction determines a canonicalP
 -morphism from I w to Jw, which is surjective.
Its kernel is

P
Jx (x > w , x 6= w). This in turn determines an M 
 -morphism

from (I w)N 
 to (Jw)N 
 . Recall that (Jw)N 
 = 0 unless w 2 W(� ; 
), and that if
w 2 W(� ; 
) then there exists an isomorphism of (Jw)N 
 with ( w� 1� )� 1=2


 . I want

13Can we �nd out?
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to describe this isomorphism explicitly because there are two choices to be made in
obtaining it which I want to keep track of.

The �rst choice is of an elementx 2 N (A ; ) representing w. This gives the iso-
morphism of Jw with Jx given by f 7�! � f . The second choice is of a measuredn
on (x � 1N � x \ N 
 )nN 
 , which is isomorphic to the groupNw � 1 (see x1.3). This
determines an isomorphism of (Jx )N 
 with ( x � 1� )� 1=2


 : it takes � 2 Jx to
Z

(x � 1N � x\ N 
 )nN 


Rn � dn:

Let � x � 1 ;dn : (I w)N 
 ! (Jx )N 
 �! (x � 1� )� 1=2

 be the composition of the various

maps. Proposition 6.4.1 then says two things:

(1) the morphism � x � 1 ;dn splits uniquely, so that (x � 1� )� 1=2

 occurs as a subrepre-

sentation of (I w)N 
 ;
(2) the inclusion of (x � 1� )� 1=2


 � (I w)N 
 into I N 
 also splits, so that there exists a
unique extension of �x � 1 ;dn to all of (I )N 
 . This, and the corresponding map
from I to (x � 1� )� 1=2


 , I shall also call � x � 1 ;dn .
There is a relationship with results of Bruhat in [11]. LetC1

c (G; U) be the space
of all locally constant functions fromG to U of compact support. There is an almost
canonicalG-surjection from C1

c (G; U) to i G
P�

�

P � f (g) =
Z

P�

� � 1� 1=2(p)f (pg) dp:

The composition
C1

c (G; U) �! I �! I N 
 �! (x � 1� )� 1=2



corresponds to a distribution onG with values in HomC (U; U) satisfying certain
equations concerning left and right multiplication by elements ofP� and P
 . Viewed
in these terms, the content of 6.4.1 is that a certain distribution de�ned initially only
on Gw actually extends covariantly to all ofG.

Fix now measures on eachN � (� 2 �) and hence on each product
Q

N � . I will
drop the subscripts referring to measure from now on.

For any x 2 N (A ; ) with image w 2 W(� ; 
) de�ne Tx � 1 (� ) (often just Tx � 1 )
to be the G-morphism from i G

P�
� = I (� ) to i G

P

x � 1� corresponding to theM 
 -

morphism � x � 1 : I (� )N 
 �! (x � 1� )� 1=2

 (recall that � is assumed regular). OnI w,

� x � 1 is de�ned by the formula

� x � 1 (f ) =
Z

Nw � 1

f (xn) dn;

and in fact it may be de�ned by this formula on a somwhat largerspace. For each
w 2 [W� nW=W
 ] let G��

w be the complement inG of the closure ofP� wP
 and let
G�

w be the union of this with P� wP
 itself. De�ne I ��
w and I �

w to be the subspaces
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of I (� ) consisting of functions with support onG��
w and G�

w , respectively. Because
P� wP
 is closed inG�

w, the restriction of any f 2 I �
w to P� wP
 has compact support

modulo P� . This remark together with 6.3.1 implies:

Lemma 6.4.2. For any f 2 I �
w ,

� x � 1 (f ) =
Z

Nw � 1

f (xn) dn:

The map � x � 1 induces an isomorphism ofI �
w=I ��

w with Jx .

For the next results, recall �rst of all from 1.3.2 that if u and v are elements ofW
with `(uv) = `(u) + `(v) and x 2 N (A ; ) representsu, then the map

(Nu; Nv) �! xN vx � 1Nu

is a bijection ofNu � Nv with Nuv . Recall, second, fromx1.2 the notion ofheight and
its connection with length inW. For any x 2 N (A ; ) representingw 2 W, let � � (x) be
the Radon derivative or modulus factor of the transformation Ad(x) : N � �! Nw� ,
so that d(xnx � 1) = � � (x) dn.

Lemma 6.4.3. Assume that �, 
, and � are associates in �, u 2 W(� ; 
), v 2
W(
 ; �) with ht( uv) = ht( u) + ht( v), and x 2 N (A ; ) representing u. Then Tx � 1

takes I �
uv and I ��

uv to I �
v and I ��

v , respectively.

Proof. By 1.3.5, P� uvP� = P� uP
 � P
 vP� , and similarly for their closures. Forf
to be in I ��

uv means that f = 0 on P� uvP� . Hence for anyg 2 P
 vP� , Rgf = 0 on
P� uP
 , so that Rgf lies in I ��

u and

Tx � 1 f (g) = � x � 1 (Rgf ) =
Z

Nu � 1

f (xng) dn:

However, the restriction ofRgf to Nu � 1 \ P� uP
 is zero and so is this integral, so
that Tx � 1 f 2 I ��

v . Something similar works forI � .

Theorem 6.4.4. Assume that �, 
, and � are associates in �, let u 2 W(� ; 
) and
v 2 W(
 ; �) be such that ht( uv) = ht( u) + ht( v), and let x; y 2 N (A ; ) representu
and v. Then

Ty � 1 Tx � 1 =
Y

�> 0
u�< 0

� � (y� 1)� 1Ty � 1x � 1 :

Proof. Since allG-morphisms fromi G
P � to i G

P (y� 1x � 1� ) are scalar multiples ofTy � 1x � 1 ,
it su�ces to prove that for all f 2 i G

P �

Ty � 1 Tx � 1 f (1) =
Y

�> 0
u�< 0

� � (y� 1)� 1Ty � 1x � 1 f (1);
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or that
� y � 1 (Tx � 1 f ) =

Y

�> 0
u�< 0

� � (y� 1)� 1� y � 1x � 1 (f ):

Furthermore, it su�ces to prove this only for f 2 I �
uv . But for these (applying

6.4.3):

� y � 1 (Tx � 1 f ) =
Z

N v � 1

(Tx � 1 f )(yn1) dn1

=
Z

N v � 1

� x � 1 (Ryn1 f ) dn1

=
Z

N v � 1

dn1

Z

Nu � 1

f (xn2yn1) dn2

which by 1.3.2 and the de�nition of the � � is
Y

� > 0
u�< 0

� � (y� 1)� 1
Z

N v � 1u � 1

f (xyn) dn

=
Y

� > 0
u�< 0

� � (y� 1)� 1� y � 1x � 1 (f ):

Remark 6.4.5. The operators Tx � 1 (� ) depend analytically on � . Recall �rst of all
that the set of unrami�ed charactersX nr (M ) has a complex analytic structure (x1.6)
and hence so does the setX � of representations ofM of the form �� , � 2 X nr (M ).
The group W(� ; �) acts analytically on this, and the set of regular representations
X reg

� in this family is the complement of an analytic subset. The family i G
P�

(�� ) is
an analytic family over X � (x3.4) and so is the restriction toX reg

� . Furthermore, for

 � �, the family i (�� )N 


is an analytic family of admissible representations ofM 


over X � , and all the �ltrations of I w(�� ) are also analytic. OverX reg
� one has an

analytic splitting of I (�� )N 
 as a direct sum of families isomorphic tow� 1(�� )� 1=2



(w 2 W(� ; �)) and hence the projections � x � 1 are analytic as well. In more down-
to-earth terms: for a �xed f 2 C1

c (G; U) the image off under the composition

C1
c (G; U)

P���! I (�� ) �! I (�� )N 


� x � 1
�! U

varies holomorphically with � .

6.5. One consequence of the results so far inx6 is a re�nement of the earlier criterion
for square-integrability. Continue the previous notation.

Theorem 6.5.1. Suppose that� is irreducible and embedded ini G
P�

� , where� is an
absolutely cuspidal representation ofM � . Then in order for � to be square-integrable
mod ZG it is necessary and su�cient that
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(a) � jA � is unitary and
(b) for every 
 � � associate to � and every central character � of � with respect

to P
 , j�� � 1=2(a)j < 1 for all a 2 A �

 r A ; (O)A � .

Proof. According to 6.3.5, if 
 � � does not contain an associate of � then � N 
 = 0.
If 
 does contain an associate of �, say �, then 6.3.5 implies that any central character
of � with respect to P
 is also one forP� . Apply 4.4.6.

Note that the case � = ; is particularly simple.

6.6. I include here some relatively elementary consequences about irreducibility of
representations induced from parabolic subgroups. We retain the earlier notation.

The �rst result is due to Bruhat [11].

Theorem 6.6.1. If � is an irreducible, unitary, regular admissible representation of
M � (not necessarily absolutely cuspidal) theni G

P�
� is irreducible.

Proof. Because� is unitary, so isI = i (� ). Any G-subspace is therefore a summand,
and it has only to be shown that EndG(I ) �= C, or, by Frobenius reciprocity, that
I N � contains�� 1=2

� exactly once in its composition series. Now Proposition 6.3.3 gives
a composition series forI N � whose factors are indexed by [W� nW=W
 ] but are not
necessarily irreducible: tow 2 [W� nW=W
 ], one associates the factor

(Jw)N �
�= IndM �

w � 1P� w\ M �
(w� 1� M � \ wN � w � 1 )� 1=2

where� is the modulus of the rational character
 of w� 1M � w \ M � which restricts
to Y

� 2 � + r � +
�

w� 2 � � r � �
�

� m(� )
Y

� 62� + r � +
�

w� 2 � � r � �
�

� � m(� )

on A ; .
If �� 1=2

� is to occur as a composition factor, then since� jA � is unitary, this rational
character must be
 � itself. Therefore:

Y

� 2 � + r � +
�

� m(� ) =
Y

� 2 � + r � +
�

w� 2 � � r � �
�

� m(� )
Y

� 62� � r � �
�

w� 2 � + r � +
�

� m(� )

=
Y

� 2 � + r � +
�

w� 2 � � r � �
�

� m(� )
Y

� 2 � + r � +
�

w� 2 � + r � +
�

� m(� )
Y

� 2 � �
w� 2 � + r � +

�

� m(� )

or
Y

� 2 � + r � +
�

w� 2 � �

� m(� ) =
Y

� 2 � �
w� 2 � + r � +

�

� m(� ) :
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But since roots in � � are trivial on A � , the right-hand side is also. The left-hand side
must therefore be trivial, which happens if and only if the set

n
� 2 � + r � +

�

�
�
� w� 2 � �

o

is empty. Thus w� 1� � � � � , and sincew� 1� > 0, w� 1� = �.
The assumption of regularity now implies thatw = 1, and this concludes the

proof.

Assume now that� is an irreducible, absolutely cuspidal, regular admissible repre-
sentation ofM � (not necessarily unitary). Ifw = w`w`; � , then w� = ��, the conjugate
of � in �; if x 2 N (A ; ) representsw, then Tx � 1 (x� )Tx (� ) is a G-morphism from
i (� ) to itself, hence a scalar multiple, say
 (� ), of the identity.

Theorem 6.6.2. The representationi (� ) is irreducible if and only if 
 (� ) 6= 0.

Proof. Note that no Tx is trivial, since it is constructed by Frobenius reciprocity from
a non-trivial M � -morphism.

If 
 (� ) = 0, then Tx (� ) cannot be an isomorphism, since otherwiseTx � 1 (x� ) would
be trivial. Therefore either the kernel ofTx (� ) is a non-trivial subspace ofi (� ), in
which case of coursei (� ) is reducible, or its image is a non-trivial subspace ofi (x� ),
in which case the latter is reducible. We then apply 6.3.11 tosee that i (� ) is also
reducible.

If i (� ) is reducible, then it has a non-trivial irreducible quotient, say � , which by
6.3.7 may be embedded in somei (y� 1� ), where y 2 N (A ; ) represents an elementu
of someW(� ; 
) for some 
 � �. The G-morphism

i (� ) : � �! i (y� 1� )

must be a scalar multiple ofTy � 1 , and is neither trivial nor an isomorphism. Now
according to 1.2.9, ht(w) = ht( wu) + ht( u� 1), so that by 6.4.4,Tx and Txy Ty � 1 agree
up to a nonzero scalar. ThereforeTx is likewise neither trivial nor an isomorphism.
But then Tx � 1 (x� )Tx (� ) cannot be an isomorphism, so
 (� ) = 0.

Note that by 6.4.5 the condition 
 (� ) = 0 is analytic. Furthermore, since by 6.6.1

 (� ) 6= 0 for unitary � and since there will exist� 2 X nr (M � ) such that �� is unitary,
the representationsi (� ) are generically irreducible.
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7. Composition series and intertwining operators II

In this section I give re�nements of the main theorems ofx6. Fix a minimal
parabolic P; .

The results ofxx7.1{7.2 are entirely due to Harish-Chandra (correspondence, 1972).

7.1. Let P be a maximal proper parabolic, say corresponding to � = � r f � g.
Let �P be the unique standard parabolic conjugate toP � , the opposite ofP. It
will correspond to the subset�� = � w` �, where w` is the longest element inW. If
w`; � is the longest element inW� , then this subset is alsow`w`; � �. The element
w = ( w`w`; � )� 1 lies in W(� ; ��). There are two cases which must be considered:
either P = �P, in which caseP is said to be self-dual, orP 6= �P. In either case, �P
is associate toP by w, and �P is the only associate ofP by 1.2.3. In the �rst case,
W(� ; �) = f 1; wg while in the secondW(� ; ��) = f wg.

The split torus A=A� is one-dimensional.
Let � be an irreducible absolutely cuspidal representation ofM . The restriction

of � to A will be a scalar character. LetI = i G
P � .

Lemma 7.1.1. (a) If P = �P, then I N �ts into an exact sequence

0 �! (w� 1� )� 1=2
P �! I N �! �� 1=2

P �! 0;

(b) If P 6= �P, then I N
�= �� 1=2

P and I �N
�= (w� 1� )� 1=2

�P .

Proof. This follows from 6.3.5.

Corollary 7.1.2. The length of I is at most 2.

Proof. Suppose one has a composition series 0$ I 1 $ I 2 $ I 3 = I . According to
6.3.7 and 1.2.3, ifU is I 1, I 2=I1, or I 3=I2, then by 3.2.4 eitherUN or U �N is nonzero.
This is a contradiction, by 7.1.1 and 3.2.3.

Proposition 7.1.3. Suppose that� jA is unitary and that j� (a)j < 1 for a 2 A � r
A ; (O)A � . Then any proper subrepresentation� � I is square-integrable modZG.

Proof. First supposeP = �P. Since the quotient I=� must have (I=� )N 6= 0 by
6.3.7 and 1.2.3, and there exists a non-trivial map from� N to �� 1=2

P by Frobenius
reciprocity, one has� N = �� 1=2

P by 7.1.1(a). The condition of 6.5.1 is thus satis�ed.
SupposeP 6= �P. Here, similar reasoning shows that� N

�= �� 1=2
P and � �N = 0, so

once again the condition of 6.5.1 holds.

Theorem 7.1.4. SupposeP 6= �P. Then I is irreducible.
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Proof. According to 5.2.5, one may as well assume thatI jA � , hence� jA � , is unitary.
Since I is irreducible if and only if eI is, one may also assume thatj� (a)j < 1 for
a 2 A � r A ; (O)A � . Then by 7.1.3 and its proof, if � is an irreducible subspace
of I , one has� N 6= 0 and � �N = 0, and � is square-integrable, hence unitary. Thus
� is isomorphic to the conjugate ofe� . By 4.2.5, however, e� N � is isomorphic to
the contragredient of � N , hence is nonzero. But sinceN � is conjugate to �N , this
implies that e� �N 6= 0, hence the conjugate ofe� �N is nonzero, and �nally � �N 6= 0, a
contradiction.

Corollary 7.1.5. If P = �P, then one hasi G
P � �= i G

�P w� 1� for all irreducible abso-
lutely cuspidal � .

Proof. Since I �N
�= (w� 1� )� 1=2

�P , there exists a non-trivial G-morphism from i (� ) to
i (w� 1� ). By 7.1.4, it has no kernel and is surjective.

7.2. SupposeP� to be an arbitrary standard parabolic, corresponding to � � �,
and (�; U ) an irreducible absolutely cuspidal representation ofM � .

Theorem 7.2.1. For 
 associate to � and w a primitive element of W(� ; 
), one
has i G

P�
� �= i G

P

w� 1� .

Proof. Applying 1.2.6, we can use 7.1.5.

Corollary 7.2.2. If � is an irreducible composition factor ofi G
P�

� , then there exists
w 2 W(� ; �) such that � may be embedded intoi G

P�
w� 1� .

Proof. According to 6.3.7, there existP
 and w 2 W(� ; 
) such that � may be
embedding toi G

P

w� 1� . Apply 7.2.1.

This is a re�nement of 6.3.7. The promised re�nement of 6.3.8is:

Corollary 7.2.3. The length of i G
P�

� is at most the order ofW(� ; �).

Theorem 7.2.4. Let K 0 = N �
0 M0N0 be an Iwahori factorization with respect toP�

of a compact open subgroup ofG, and assume thatUM 0 6= 0. If V is any composition
factor of i G

P�
� , then V K 0 6= 0.

Proof. This follows from 3.3.6 and 7.2.2.
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7.3. For each � � �, let f � g be the equivalence class of subsets associate to �.
If � is an irreducible admissible representation, it is said to be of type f � g if there

exists 
 2 f � g and an irreducible absolutely cuspidal representation� of M 
 such
that � has an embedding intoi G

P

� . According to 7.2.1, this holds for all 
 2 f � g

if it holds for one. According to 6.3.6, the type of� is uniquely determined.
An arbitrary admissible representation of �nite length is said to be of type f � g if

every irreducible composition factor is.

Theorem 7.3.1. If � is a �nitely generated admissible representation, then there
exists a unique set of representations

n
� f � g

o
� � � such that

(a) � �=
L

� f � g and
(b) each � f � g is of type f � g.

Proof. The argument is the same as that of Theorem 6.3.10; apply the above remarks
as well.

If P is the parabolic corresponding to � and � is an irreducible representation
of M , let f � g be the equivalence class of representationsf w� gw2 W (� ;�) . If � is an
irreducible admissible representation, I say that� is of type f � g if � N has �� 1=2

P as
a composition factor for some� 2 f � g. According to 6.3.6, then, all irreducible
composition factors of� N are of this form.

If � is an arbitrary admissible representation of �nite length,it is said to be oftype
f � g if each irreducible composition factor is.

Theorem 7.3.2. If � is a �nitely generated admissible representation of typef � g,
then there exists a unique �nite set of typesf � g and a unique set of representationsn
� f � g

o
such that

(a) � �=
L

� f � g and
(b) each � f � g is of type f � g.

Proof. Apply the following result.

Lemma 7.3.3. Suppose� 1, � 2, and � 3 are all �nitely generated admissible represen-
tations of type f � g �tting into an exact sequence

0 �! � 1 �! � 2 �! � 3 �! 0:

Suppose that� 1 is of type f � g but that no factor of � 3 is. Then the sequence splits.

Proof. Arguing as in 5.4.4, we conclude that the sequence

0 �! (� 1)N �! (� 2)N �! (� 3)N �! 0

splits, and in particular there exists a projection from (� 2)N to (� 1)N . Corresponding
to this is a morphism from � 2 to i G

P (� 1)N � 1=2
P . One can check that the image is

isomorphic to � 1 and the kernel to� 3.
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8. An example: the Steinberg representation

Here I will justify the announcements in [14].

8.1. Fix a minimal parabolic P; . For each � � �, de�ne the G-representation� �

to be
C1

c (P� ; G) �= i G
P�

� � 1=2
� :

For � � 
 one has a canonical inclusion� 
 � � � . In particular, � � is the trivial
representation ofG, contained in all other � � .

Lemma 8.1.1. One has

(� � )N ;
�=

M

w2 [W=W � ]

(w� 1� � 1=2
; )� 1=2

; :

Proof. From 6.3.5, one obtains a �ltration of (� � )N ;
indexed by [W=W� ], with the

factor associated tow isomorphic to (w� 1� � 1=2
; )� 1=2

; . This �ltration splits since all
these characters ofM ; are distinct.

Note that this result is stated incorrectly in [14] (Proposition 2).
De�ne the Steinberg representationto be � = � ; =

P
� 6= ; � � .

Lemma 8.1.2. The Jacquet module� N ;
is isomorphic to� ; .

Proof. From the injections of each� � into � ; , one has corresponding injections of
each (� � )N ;

into ( � ; )N ;
, and � N ;

is the quotient of (� ; )N ;
by the sum of the images

for � 6= ; . Since the onlyw 2 W such that w� < 0 for all � 2 � is w` , 8.1.1 implies
the lemma.

Theorem 8.1.3. The representation� is irreducible and square-integrable modZG.

Proof. It has no proper quotient by 6.3.7 and 8.1.2. It is square-integrable modZG

by 6.5.1.
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9. Another example: the unramified principal series of SL2

9.1. Let � be a generator of the prime ideal ofO, and let q be the order of the
residue �eld. Let

G = SL2(k);

A =

(  
a 0
0 a� 1

! �
�
�
�
�

a 2 k�

)

;

A � =

(  
a 0
0 a� 1

! �
�
�
�
�

0 < jaj � 1

)

;

N =

(  
1 x
0 1

! �
�
�
�
�

x 2 k

)

;

P = AN ;

W = N (A)=A = f w; 1g where w =

 
0 1

� 1 0

!

;

K = G(O) =

(  
a b
c d

!

2 G

�
�
�
�
�

a; b; c; d2 O

)

;

B =

(  
a b
c d

!

2 K

�
�
�
�
�

c 2 }

)

;

P(O) etc. = P \ G(O) etc.

The e�ect of w on A is to take

 
a 0
0 a� 1

!

to

 
a� 1 0
0 a

!

.

One also has various decompositions:

G = NAK (Iwasawa)
G = KA � K (Cartan)
G = P wP [ P (Bruhat)
K = BwB [ B:

The subgroupB is called theIwahori subgroupof G, and has an Iwahori factorization
with respect to P.

I shall actually need an explicit form of the Bruhat decomposition:

Lemma 9.1.1. If c 6= 0, then (with ad � bc= 1):
 

a b
c d

!

=

 
1 ac� 1

0 1

!  
� c� 1 0

0 � c

!  
0 1

� 1 0

!  
1 dc� 1

0 1

!

:

This gives not only the Bruhat decomposition forG, but also the decomposition
K = BwB [ B as well, and one step further:
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Corollary 9.1.2. One hasK = P(O)wN (O) [ B .

SinceA �= k� , the characters ofA may (and will) be identi�ed with the characters
of k� . In particular one has the modulus� : x 7�! j xj, which turns out to be the
modulus � 1=2

P as well, and its complex powers� s : x 7�! j xjs. These complex powers
are precisely the unrami�ed charactersX nr (A). Since jxj = q� n if x = � n , the true
parameter space ofX nr (A) is C=(2�i= logq)Z. The unitary characters correspond to
purely imaginary s. The elementw 2 W acts onX nr (A) by taking s to � s, and has as
�xed points s = 0 and s = �i= logq. Corresponding tos = 0 is the trivial character of
A, and to s = �i= logq the quadratic character sgnnr : � n 7�! (� 1)n (which by class
�eld theory corresponds to the unrami�ed quadratic extension of k).

9.2. I want to discuss inx9 the representationsI s = i G
P � s. The �rst remark is that

they all have isomorphic restrictions toK :

Proposition 9.2.1. The restriction of I s to K is isomorphic to the space of all locally
constant functionsf : K �! C such that f (pk) = f (k) for all p 2 P(O), k 2 K .

The K -morphism from one to the other is simply the restriction of functions in I s

to K , which is an isomorphism because of the Iwasawa decomposition. (This result
is a special case of 3.1.1.)

Corollary 9.2.2. For any s, I K
s

�= C and I B
s

�= C2.

The second isomorphism follows from the fact thatK = P(O)wN (O) [ B =
P(O)wB [ B. Explicitly, one has the function � K = � K;s :

� K (nak) = � s+1 (a) for n 2 N; a 2 A ; k 2 K

as a basis forI K
s , and the functions� 1, � w :

� 1(nak) =

8
<

:
� s+1 (a) k 2 B
0 k 62B

� w(nak) =

8
<

:
0 k 62BwB
� s+1 (a) k 2 BwB ,

as a basis forI B
s . Another way to describe these elements is as follows: one has a

projection P s from C1
c (G) to I s:

P sf (x) =
Z

P
� � s+1 (a)f (px) dp
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and

� K = P s(chK )

� 1 = P s(chB )

� w = P s(chBwB ):

Proposition 9.2.3. If ( �; V ) is any admissible representation ofG, then the canon-
ical projection is an isomorphism ofV B with V A(O)

N .

Proof. Surjectivity follows from 3.3.3. For injectivity, it su�ce s to prove that, in the
terminology of x4.1, V B = V B

A � , or that for any a 2 A � the operator � (BaB ) is
invertible. However, as one can easily check, in the Hecke algebraH(G; B) one has
the identity

ch2
BaB � (q � 1) chBaB � qchB = 0

(assuming meas(B) = 1 for the moment), and this does it, since chB is the identity
element of the Hecke algebra.

Corollary 9.2.4. If ( �; V ) is an irreducible admissible representation ofG, then
V B 6= 0 if and only if � embeds into someI s.

Proof. This follows from 9.2.3 and Frobenius reciprocity.

Incidentally, the proof of injectivity in 9.2.3 (which works for more general groups)
is due to Borel.

9.3. A �rst result on the structure of ( I s)N is an immediate corollary of the results
of x6.3:

Proposition 9.3.1. There is an exact sequence:

0 �! � � s+1 �! (I s)N �! � s+1 �! 0:

As an exercise, one might try to prove this directly. I shouldmention that the map
from (I s)N to � s+1 is induced byf 7�! f (1) and is therefore canonical, but that the
injection of � � s+1 into ( I s)N depends on several choices I have made. To be precise,
let I w;s be the subspace ofI s of functions with support on P wP; the map

� w;s(f ) =
Z

N
f (wn) dn

then induces the isomorphism of (I w;s)N with the A-representation� � s+1 . I will need
later the observation that if Dw;s is the composition

C1
c (P wP) P s�! I w;s �! � � s+1

then
Dw;s(f ) =

Z

P wP
�( x)f (x) dx;
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where � is the function on P wP = P wN de�ned by

�( nawn1) = � � s+1 (a)

and the measure onP wP is the unique multiple of the measure induced by the Haar
measure onG (P wP is open inG) such that meas(P(O)wN (O)) = 1. The multiple
is therefore (q+ 1) =q. In particular, the measure ofB is now taken to be 1=q.

If � s is regular, the exact sequence in 9.3.1 splits, and one has therefore
(1) an extension of �w;s to all of I s;
(2) an extension ofDw;s to all of C1

c (G);
(3) a G-morphism Tw;s from I s to I � s such that

Tw;sf (1) = � w;s(f ) ( f 2 I s)

or

Tw;s(P sf )(1) = Dw;s(f ) ( f 2 C1
c (G)):

The operator Tw;s is a G-morphism, in particular a K -morphism, so it takes� K;s

to a scalar multiple of � K; � s.

Proposition 9.3.2. For s regular, one has

Tw;s(� K ) = c(s)� K

with

c(s) =
1 � q� 1� s

1 � q� s
:

Proof. SinceTw takes� K to a multiple of � K , and � K (1) = 1, one only has to evaluate

� w;s(� K ) = Dw;s(chK ):

Furthermore, since �w;s depends holomorphically ons, one only has to evaluate this
for an open subset of complexs.

Now what happens is that the integral above de�ningDw;s on C1
c (P wP) actually

converges for allf 2 C1
c (G) as long as Re(s) > 1, and that this integral de�nes the

extension to all ofC1
c (G) giving rise to Tw;s. I shall not prove this explicitly, because

it will actually fall out of the calculation below:

Dw;s(chK ) =
Z

BwB \ P wP
�( x) dx +

Z

B \ P wP
�( x) dx:

Because (9.1.1)BwB = P(O)wN (O) � P wP and � � 1 on P(O)wN (O) (9.1.1
again), the �rst integral is just meas(BwB ) = 1. For the second, expressB as the
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disjoint union of the setsBn =

(  
a b
c d

!

2 B

�
�
�
�
�

c 2 } n r } n+1

)

n� 1 and P(O). Then

B \ P wP is exactly the union of theBn , so one must evaluate
1X

n=1

Z

B n

�( x) dx:

Step (1): According to 9.1.1 once more, � = j� � n j � s+1 = qn(� s+1) on Bn . Step (2):
The set

S
n� m Bn is a subgroup ofB of index qm� 1, so that

measBn = ( q� (n� 1) � q� n )measB

= ( q� (n� 1) � q� n )(1=q)

= ( q � 1)=qn+1 :

Therefore, the above sum is
1X

n=1

((q � 1)=qn+1 )(qn )� s+1 =
q � 1

q
� q� s

1X

n=0

q� ns

=
(1 � q� 1)q� s

1 � q� s

and

c(s) = 1 +
(1 � q� 1)q� s

1 � q� s
=

1 � q� 1� s

1 � q� s
:

Corollary 9.3.3. If s is regular, thenI s is reducible only whens = � 1.

This follows from 6.6.2, because
 (s) = c(s)c(� s) is 0 only whens = � 1.
What happens ats = � 1 has been discussed inx8. The representationI � 1 contains

the trivial representation and the quotient is the Steinberg representation. SinceI 1 is
the contragredient ofI � 1, it contains the Steinberg representation and has the trivial
representation as quotient. Incidentally, the sequence

0 �! C �! I � 1 �! St �! 0

does not split, as one can prove easily.

9.4. The case ofs irregular is more delicate.
Let me continue to assume thats is regular at �rst. Since I B

s
�= (I s)N

�= � � s+1 �
� s+1 , there exist two elementsf 1;s and f w;s in I B

s dual to the � x;s |i.e., such that
� x(f y) = � xy . The elementf 1;s will depend ons, but it turns out that f w;s is in some
sense independent ofs.

Lemma 9.4.1. For any regular s, f w;s = � w;s.
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Proof. One has

� 1(� w) = � w(1) = 0

� w(� w) =
Z

N
� w(wn) dn =

Z

N (O)
dn = 1:

Lemma 9.4.2. For any regular s, one has

� 1 = f 1 + ( c(s) � 1)f w

� w = f w :

Proof. The second equation is in 9.4.1. For the �rst, clearly �1(� 1) = 1, while to �nd
� w(� 1) one merely notices that� 1 = � K � � w and applies 9.3.2.

Lemma 9.4.3. For any regular s and any a 2 A � , one has

� s(BaB )f 1 = � s+1 (a)f 1

� s(BaB )f w = � � s+1 (a)f w

Proof. This follows from 4.1.1.

Proposition 9.4.4. For any s at all and a 2 A � , one has

� s(BaB )� 1 = � s+1 (a)� 1 + ( c(s) � 1)(� � s+1 (a) � � s+1 (a)) � w

� s(BaB )� w = � � s+1 (a)� w:

Proof. Because the action ofH(G; B) on I B
s varies holomorphically withs, it su�ces

to prove this for regular s. But for regular s, one has

� 1 = f 1 + ( c(s) � 1)f w

� 1 = f w (9:4:2)

� s(BaB )� 1 = � s+1 (a)f 1 + ( c(s) � 1)� � s+1 (a)f w

� s(BaB )� w = � � s+1 (a)f w

and then uses 9.4.2 to express thef x in terms of the � x again.

Let  1,  w be the images in (I s)N of � 1, � w. Because of 4.1.1, Proposition 9.4.4
tells what a 2 A � does to� 1, � w. If one then specializes to the irregulars, one gets:

Proposition 9.4.5. With respect to the basis 1,  w of (I s)N one has:
(a) When s = 0,

� N (a) =

 
jaj 0

2(1 � q� 1)jaj logq jaj jaj

!

;
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(b) When s = ( �i= logq),

� N (a) =

 
jaj sgnnr (a) 0

0 jaj sgnnr (a)

!

:

Here sgnnr is the character corresponding to (�i= logq).

Corollary 9.4.6. The representationI s is
(a) irreducible whens = 0;
(b) reducible, and in fact a direct sum of two irreducibles, when s = ( �i= logq).

Proof. SinceI s is unitary in each case, it su�ces to see whether or not HomG(I s; I s) =
C in each case. By Frobenius reciprocity, one only has to decide whether or not (I s)N

is a semi-simple representation ofA, and 9.4.5 answers this.
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List of symbols

a, a� 6
� , � + , � � 6
� 6
W 6
S 6
a� , a� 6
� � , � +

� , � �
� 6

W� 6
� w 6
`(w) 6
areg 7
[W� nW=W
 ] 7
w` , w`; � 7
� 8
W(� ; 
) 8
areg

� 8
ht( w) 10
A � , M � , P� , N � 11
A �

� (� ), A �
� 13

� P , � � 16

 � 17
m(� ) 17
X nr (G) 17
V K 18
C1 (G; F ), C1

u , C1
c 18

Rg, Lg 18
PK 20
U? (unitary case) 20
V!;n , V!; 1 , V! 21
(e�; eV) 21
U? (nonunitary case) 22
H F (G; K ) 23
chK 23
H F (G) 23
H F;! (G; K ), H F;! (G) 23
HomG(A; B ) 23
ch� 25
IndG

H � 26
c-IndG

H � 26

�, � c 26
P � 27
I � (functional) 27
hv; evi 28
cv;ev 28
i G

P � 32
V(N0), V(N ) 33
VN 34
I � (sheaf) 36
V K 0

a 38
V K 0

A � 39
A+ 40
� A �

; (� ) 43
VJ 43
L J 43
V + 43
VJ

+ 43
M J 43
J V(c) 43
J V + (c) 43
J L+ (c) 44
d� 47
I1
c (� jH; X ) 52

Gw , GR 55
d(w) 55
Gn 55
I (� ) 55
I w , I R 55
Jw 56
I n (n 2 N ) 56
Jx 56
W(� ) 61
� x � 1 ;dn 62
Tx � 1 (� ) 62
G�

w , G��
w 62

I �
w , I ��

w 62

 (� ) 66
�P 67
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