INTRODUCTION TO THE THEORY OF ADMISSIBLE
REPRESENTATIONS OF p-ADIC REDUCTIVE GROUPS

W. CASSELMAN

Draft: 1 May 1995

Preface

This draft of Casselman's notes was worked over by the Senaime Paul Sally in
1992{93. In addition to Sally, participants included Je Adler, Peter Anspach, John
Boller, Neil Chriss, Stephen DeBacker, Bill Graham, Jasondvy, Alan Roche, and
Colin Rust. Although we made hundreds of changes, we did notter any of the
methods used or the numbering of any results. Casselman hasther approved nor
disavowed the end product.

Several mathematical and stylistic questions have been paside for another day,
which has not yet arrived. These are all indicated in footn@s.

Contents
0. Introduction
1. Preparation
2. Elementary results about admissible representations 18
3. Representations induced from parabolic subgroups 32
4. The asymptotic behavior of matrix coe cients 38
5. Absolutely cuspidal representations 46
6. Composition series and intertwining operators | 52
7. Composition series and intertwining operators Il 67
8. An example: the Steinberg representation 70
9. Another example: the unramied principal series of S, 71
List of symbols 78
References 79



2 W. CASSELMAN|DRAFT 1 May 1995

0. Introduction

Let k be a non-archimedean locally compact eld and> the group of k-rational
points of a reductive algebraic group de ned ovek. A (complex) admissible represen-
tation of G is a pair (;V ) whereV is a vector space ove€ and is a homomorphism
from G to GL¢ (V) such that

(a) eachv 2 V has an open isotropy subgroup | i.e., is smooth and
(b) for any open subgroupK , the spaceVX of K - xed vectors has nite dimen-
sion.

It is my intention in this paper to lay a part of the foundations of the theory
of such representations (therefore complementing work ofaHsh-Chandra, Jacquet,
and Langlands|[20], [22], [23]).

If P is a parabolic subgroup of5 with Levi decompositionP = MN and modulus
character p, and (;U ) is an admissible representation oM, then determines
as well a unique representation oP trivial on N sinceM = P=N. One de nes
the (normalized) representation induced by from P to G to be the right regular
representation ofG on the spacei$ of all locally constant functionsf : G! U
such that f (pg) = (p) p(p)*2f(g) for all p 2 P and g 2 G. BecausePnG is
compact, it is not di cult to show that i$ is an admissible representation (2.4.1).

If is an admissible representation, one may de ne itsontragredient which is
again admissible. The contragredient ofs isi§ e (3.1.2).

There exists a form ofFrobenius reciprocity. for any smooth G-representation ,
one has a natural isomorphism of Hog( ; i $ ) with Homp(; Fl,zz) (2.4.1).

If ( ;V ) is any smoothG-representation and® = MN a parabolic subgroup ofG,
one de nesV(N) to be the subspace oV generated byf (n)v. v:n2 N;v 2 Vg,
and one de nesVy to be V=V(N). This is the space of a smooth representatiory of
M, and it has a universal property: ifU is any space on whictN acts trivially, then
Homy (V; U) = Homc (Vy; U). This implies a second form of Frobenius reciprocity

Homg(; iS )= Homy( n; 2°) (3.2.4)

The Vy -construction was used to some extent in Jacquet-Langlan§a3], but rst
seriously discussed in Jacquet's Montecatini notes [22}], laast for G = GL ,,, where
Jacquet falls only slightly short of proving thatwhen is admissible, so is y (3.3.1).
Coupled with the more elementary observation thaif is nitely generated so is

N, this becomes one of the cornerstones of the theory of adnibiés representations.

One basic fact is thatthe functorV  Vy is exact (3.2.3).

For the group G = PGL ,, it was probably rst realized by Mautner that there
are irreducible admissible representations @& which have no embeddings into an
iS (where P is here the Borel subgroup of5, and may be assumed to be one-
dimensional). Generalizing this phenomenon, one calls aitaly generated admis-
sible representation of arbitraryG absolutely cuspidalf there are no non-trivial G-
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morphisms into any representation of the formi s with P proper in G and an
admissible representation oM. Equivalently, (;V ) is absolutely cuspidal if and
only if Vy = 0 for all unipotent radicals N of proper parabolic subgroups.

The irreducible absolutely cuspidal representations may leharacterized also as
those whose matrix coe cients have compact support modulbe center ofG (5.3.1).
This fact may be used to show thathey are both projective and injective in a suitable
category ofG-modules(5.4.1).

In [22], Jacquet did prove (forG = GL ) that for any irreducible admissible repre-
sentation there exists at least on® and one irreducible absolutely cuspidal such
that may be embedded intoSi (5.1.2).

The Vy -construction also plays a role in theasymptotic behavior of matrix coef-
cients. This is best expressed like this: leN be the unipotent opposite toN.
Then there is a canonical non-degenerate pairiny ; iy of Vy with ¥y which is
characterized by the property thatfor v 2 V and e 2 ¥ with imagesu 2 Vy and
B2 ¥y there exists > 0 such that for alla2 A () (seexl.4 for notation) one has
h (a)v;ei = h y(a)u;aiy (X4.2).

This makes possible ariterion for square-integrability in terms of the spaced/y
(4.4.6), and also gures in the proof of the result mentioneéarlier about the support
of the matrix coe cients of an absolutely cuspidal represetation.

The main results of this paper depend on almost everything mioned so far, and
are concerned with the composition series of the represeta iS . If A is the
maximal split component of the center oM and W, is the Weyl group ofA, then
the nal result is this:

(@) If is an irreducible absolutely cuspidal representation ™, then the length
of ig is at mostcard(Wa,) (7.2.3);

(b) if is any irreducible composition factor of § then there existsw 2 Wy
and a G-embedding of intoiSw (7.2.2).

(The latter makes sense becaus#/, is alsoN(M)=M, and form 2 M one has
m = . In this rather strong form, this result is due to Harish-Chadra, although
others had proven weaker and related verions.) From this omgeduces thatany
nitely generated admissible representation has nite legth as aG-module (6.3.10).

The proof of this main result is rather long and complicated! rst prove a weaker
result in x6 involving the associates of a parabolic, use this to provéda square-
integrability criterion (also in x6), and use this in turn to prove the nal version in
X7. If G has semi-simple rank one, however, the argument is not so qaivated, and
it may be instructive to sketch it here:

(1) There is only one conjugacy class of proper parabolic ggfoups, of the form
P = MN whereM is compact modulo its center. Thus, the representation
is nite-dimensional.

(2) Using the Bruhat decompositionG = PwP [ P, wherew is the non-trivial
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element of the Weyl group, one has a Itration 0 I, $ 1 = i$ ofl asa
P-space, wherd , is the subspace of functions i vanishing alongP. The
corresponding Itration of Iy may be described explicitly; it ts into an exact
sequence

0l (W) 21 Iy! 210
of M -spaces.

(3) If is an irreducible composition factor ofi, then cannot be absolutely
cuspidal, because if it were one could apply the projectiyitof absolutely
cuspidals to obtain an embedding of into | . Thus by Jacquet's result, has
an embedding into somé$ , and in particular, by Frobenius reciprocity,

has &7 as anM -quotient.
1=2

(4) But then by exactness of the functor N ézz must be either ;° or

(w ) &7, proving part of the main result.

(5) The same argument shows that if & I; $ I, $ | were a composition series,
then on the one hand (1)n, (I12=I1)n, and (1=l )y would all be nonzero, but
on the other hand only two are allowed to be non-trivial, a camadiction.

Another class of results contained irx6 concernsintertwining operators and irre-
ducibility of representations induced from parabolic sutmups.

As a minor application of the general theory, | include irx8 a discussion of the
Steinberg representationof G (thereby justifying claims made in an earlier paper
[14]).

In X9 | work out an elementary example, that othe unrami ed principal series of
SL,, in some detail.

Very few of the results in this paper are entirely mine. A numér of the basic
ideas may be found in Jacquet-Langlands [23] and Jacquet [221any results were
discovered independently by Harish-Chandra (and given in@urse of lectures at the
Institute for Advanced Study, 1971-72; this course is pastlsummarized in [20], and
details will presumably appear eventually). Others are completely his. For example,
the results ofxx7.1{7.2 were communicated to me by him in correspondence; buld
like to thank him for allowing me to include them here. The ida of the canonical
liftings in x5 arose from my attempts to understand his theory of the corat term
in [20]. And | have incorporated suggestions of his throught

Several other points were also discovered independently Bgrnstein and Zelevin-
skii (see [1] and [2]), Baris Kendirli [24], Hideya Matsumat ([26], [27]), Olshanskii
[28], Allan Silberger [30], Graham Williams [31], and NormmaWinarsky [32].

| would like to thank James Arthur, Armand Borel, Roger Howe Hene Jacquet,
Robert Langlands, Rimhak Ree, and Allan Silberger for invabble advice and sugges-
tions. | hope | have given them the proper credit in the body othe paper. Finally,

1We should cite Silberger here.
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thanks are due to both Matsumoto and Deligne for pointing outerrors in earlier
versions.

The rst version of this paper was written in the spring of 194 while at the
Institute for Advanced Study in Princeton, where | was suppaed by a National
Science Foundation grant, and a second was written one yeatdr in Bonn, where |
was supported partly by the Sonderforschungsbereich at thdéathematisches Institut
and partly by the National Research Council of Canada. | am gteful to all these
organizations.
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1. Preparation
1.1. Let A be any nite dimensional real vector space, and further let

Ad = the real dual of &;
= areduced root system in & (assumed to spard );
* a choice of a set of positive roots in
(Iwrite > Ofor 2 *);

—_ 1 H + .
= the simple roots in ¥

S = theset w 2 of re ections
corresponding to the elements of ;

W = the Weyl group of (acting on both
d and A and generated byS);

n [0}
For each ,let A be x2A (x)=0forall 2 (and if = f g, write
A , and call this a root hyperplane). We will write > 0if > 0 foreach 2 .
For , let
the subset of of linear combinations of the roots in ;
+ \ ;

\ ) n (0]

the subgroup of W generated by w 2

w

Every element of  vanishes ondA , so that may be identi ed with a subset
of (A=A ) , and in fact it de nes a root system in this space. Every elenm¢ of W
acts trivially on @ , and therefore acts naturally ond=a , and in fact W is the
Weyl group of . (Use [10] for a general reference.)

Foreveryw 2 W, let ,, betheset 2 * w ! < 0. The cardinality of
is also the length”(w) of w | i.e., the length of a minimal expression for w as a
product of elements ofS [10, Cor. 2, p. 158]. Note thatw is determined by , (by
5.2 of [5]).

Lemma 1.1.1. For any wy;w, 2 W the following are equivalent:

(@) “(wawp) = “(wy) + “(Wp);
(b) W1W»2 = Wl W2 [ Wl;
(C) W1 W1W>2 and Wl Wy > O

Proof. The equivalence of (a) and (b) is Lemma 3.4 of [5]. That (b) ines (c) is
immediate, and the converse is almost as elementary]

The set , has a geometrical meaning: one knows that the open cone
n 0]
C= x2ad (x)>0forall 2
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is a fundamental domain forW, or more precisely that asw ranges overW the
conewC ranges over the connected components & (the regular points of Q) =
ar [ » A . Now eachd is in fact determined by exactly one positive , and the
correspondence 7! A is a bijective correspondence between, and the set of root
hyperplanes separatingvC from C. In particular, the number of these separating
hyperplanes is equal to (w).

Lemma 1.1.2. Let be a non-empty subset of . There exists in any left coset of
W in W a unique elementw characterized by any of these properties:

(@ Forany x 2 W , “(wx) = “(w)+ (X);

(b) w > 0;

(c) The elementw is of least length inwW .

This is Proposition 3.9 of [5].

Proposition 1.1.3. Let ; be non-empty subsets of . In every double coset in
W nW=W there exists a uniquew characterized by any of these properties:

(&) The elementw has least length inW wWw ;
(b) It has least length inW w and also inwW ;
cw?! >0,w >0.

Proof. Exercise 3, p. 57, of [10] says that every double coset has #&meent of least
length, and also that (a) and (b) are equivalent. Lemma 1.1.Bnplies that (b) and
(c) are equivalent. [

The previous two results say that the projections fronw to W=w , W nW, and
W nW=W  all have canonicgl splittings. |.et W=W ], etc., bejtheir images. Thus,
W=W]= w2W w >0,[WnW]= w2W w?! >0,andW nW=W ]=
[W=W ]\ [W nW].

For each , let w. = w. !Dbe the longest element ilNV (and let w- be
w- ). The elementw-w-. clearly lies in W=W ], and in fact it is the longest element
there. More precisely:

Proposition 1.1.4. Let be a subset of , write wp for ww- , and let be
wWo() . Then

@ w= "r =
(b) For any w 2 [W=W ], “(wg) = “(wow 1)+ “(w).

+

Proof. Sincewg() = , it is clear that “r I. But 1l.1.2a, implies that
“(Wp) = “(w:)+ “(w-. ), while that same result together with [10, Cor. 4, p. 20] (wich
says the length of an element iW is the same inW as in W ) imply that this in

turn is equal to the cardinality of * r X, and this proves (a).

To prove (b), apply 1.1.1(c). Ifw > 0, thenwwy () > 0, so that ., 1

+

r L=\, Which is the rst half of the criterion. To prove wow * ,, > 0:
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2 yifandonlyif > Oandw ! < 0. Butw ! < Oifandonlyifw * 2

r orw?! 2 ifw?! 2 then 2w , a contradiction. Thus
wl 2 r andwogw ' > Oby(a). O
If is a subset of , the subset = ww:. ()= w( )is calledits conjugate

in .

1.2. Continue the notation of x1.1. If and arg subsets of , they are called
associatedf the setW( ;)= w2W w = iIs not empty. For any ,
let f g be the set of its associates.

What | shall do now is describe the connected components ofckad® = aQ r
[ o, (A& \ a)and at the same time show how one can express the elements of
W ( ;) in a manner analogous to the way in which one expresses elemts of W
as a product of elements ir. These results, as far as | know, are essentially due to
Langlands | see Lemma 2.13 of [25] | but | learned them, more or less in the form
in which | present them, from James Arthur.

Let me rst recall some extremely elementary ideas from [1Q¢xercises at the end
of IV). Let V be a nite dimensional vector spaceH a set of hyperplanes passing
through the origin such thatV r [ 4,4 H is a union of simplicial cones. The con-
nected components oV r [ 4,4 H are calledchambersof V associated toH. An
(irredundant) gallery in V is a sequence of chambeiGy; Cy;::: ;C, such that no
two successive chambers are the same, but the pair does stm@mmon face. The
integer n is the length of the gallery, and it is said to be a gallery betweei, and
C,. A minimal gallery is one of least length between its ends. Thiistancebetween
chambers is the length of a minimal gallery between them, arid also equal to the
number of hyperplanes irH separating them.

| apply these ideas to the space® ( , ) and the hyperplanes of the fgrm
al\a (2 r ) TheconeC = x2ad (x)>O0forall 2 r is
a chamber inA , and the heightof any other chamber is de ned to be its distance
from C . The coneC lies on the boundary of the con&€ de ned after x1.1 (which
now become<C.) and more generally the closure o€ is the disjoint union of the
C with

Observe that ifw 2 W( ;)then wtakesd tod and chambers to chambers.

Proposition 1.2.1. Subsets ; are associate if and only if there existsw 2 W
with wa = a .

Proof. One way is of course trivial. For the other, supposw@ = A , and let wy

be the element of least length in the cos&/ wW . Then sinceW acts trivially on

ad,wd = A as well, hencew, = . Now by 1.1.2,wq *, and hence

wo * *. similarly, wp 1 * ", so that wg * is actually equal to *. But
consists precisely of the indecomposable elements of* and similarly for and
N

O
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Proposition 1.2.2. Let be a subset of . Every chamber of @ is equal towC
for a unique associate of and w2 W( ;).

Proof. First suppose thatC is a chamber ofd distinct from C but sharing a face
with it. Since the closure ofC is the union of theC with , this face equals
C where = [f gforsome 2 r . Let be the conjugate of in and

let wo be w. w.. (sothatwy '@ = @ ). | claim that C = wy *(C ). In order
to prove this | must show (i) wo !C and C have the faceC in common and (ii)
Wy }(C ) 6 C . The rst holds simply becausewy 2 W and hence take€ to itself.
For the second, letx 2 C be given, sothat (x) > 0. Since 2 r , wo < 0
(1.1.4(a)), and hence wy liesin *r *. Therefore ( wy )(WoX) = x)<O0
and wox cannot lie in C and thereforex 62v, 1C .

The proof proceeds by induction on the height of the chambeZ. If ht(C) > 1,
then there will exist C; sharing a face withC such that ht(C;) = ht( C) 1. By
the induction assumption, there existw; and ; such that C; = w;C ,. But then
w; ’C; = C , and w, !C lies in @ , sharing a face with, but not equal to,C ,. By
what | have just done,w; 'C = wC for suitablew and . Hence C = w;wC .

For uniqueness, suppose; and ,, w; and w, are such thatw,;C , = w,C ,.
Thenw; 'w,C , = C , andw; 'w, , = ;. This implies that w; 'w, > 0 for every

> 0, which in turn implies that w, 'w, =1 and wy = w,. [

Corollary 1.2.3. If is maximal properin ,then and  are the only associates
of .

Proof. In this cased is aline;C is half of it and (w-w-. ) 1C—is the other half.

If is a maximal proper subset of , then | call the element w-. w- the
correspondingelementary conjugation The proof of 1.2.2 also shows:

Lemma 1.2.4. Let be a subset of . If w;C ;, and w,C , are neighboring but
distinct chambers ofa , then is maximal properin = [ ,, »isitsconjugate
in and w;, 'w, is the corresponding elementary conjugation.

Let C = Cy;Cy;:::;C, be agalleryind with (say) C; = wiC .. If xj = w, Lw;
for i > 0, then eachx; is an elementary conjugation, by 1.2.4, and clearlw, =
X1:::Xn. The proof of 1.2.2 in fact even shows:

Proposition 1.2.5. For a givenw 2 W( ; ), the above correspondence is a bijec-
tion between the set of galleries betwee@ and wC and the representations ofv
as a product of elementary conjugations. In particularw has such a representation
of minimal length equal to the height ofwC .

If Co;Cy;:::;C, is a gallery betweenC and wC with (say) C; = w;,C , | call
the corresponding representation ofv primitive if ; is never equal to ; ;.
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Corollary 1.2.6. If and are associates, then there exists at least one elemat
in W( ;) with a primitive representation as a product of elementary conjugations.

Proof. If w = X1X,:::X, and ; = ; 1 for somei then x1:::% :::X, also lies in
W( ;) O

Does there ever exist more than one primitive element W ( ; )?
Forw 2 W( ;), de ne the heightht(w) of w to be that of wC . (This depends
on , notjust worW( ;). Example: = or ;)

Proposition 1.2.7. Let 4; ,; 3 be associatesw = wow; with wy 2 W( 1; »),
Wy 2 W( 3; ). If ht(w) = ht( w,) + ht( wy) then “(w) = “(w;) + ~(wy).

Proof. It suces to proceed by induction, and assume thatw; is an elementary
conjugation. O

For any win someW( ; ), let , for the moment be the set of those hyperplaces
in d separatingC from wC . Then in analogy with 1.1.1, one has ht{,w;) =
ht(w,) + ht( wy) if and only if , [ W2 w, wowy - Applying 1.1.1 itself, what |
want to show is that (i) any root hyperplane separatingv,C. from C. also separates
wo,w;C. from C. and (ii) if H is a root hyperplane separatingv;C. from C. then
w,H separatesw,w;C. from C..

Lemma 1.2.8. Let and be associatesin ,andlet w2 W( ;).

@ If 2 *r Tissuchthatd \ A separatesvnC fromC ,thend separates
wC. from C..
(b) If 2 * is such thatd separateswC. from C., then either 2 * or
2 *r Tandd \ A separateswnC from C .

This is elementary, and the proofs of claims (i) and (ii) fobw directly from it.
One can prove similarly:

Proposition 1.2.9. Let ; be associates,w 2 W( ;). Then ht( ww-. )=
ht(w-w-. w 1)+ ht( w).

Note that this at least makes sense becausew- takes to its conjugate in
. The geometric interpretation of 1.2.9 is that w-w-. takesC to C-.

1.3. In this section, supposek to be any eld. | shall refer to algebraic groups
de ned over k by boldface letters with k as subscript, and the group ok-rational
points of that group by the same letter in ordinary type, agai with k as subscript.
When confusion is unlikely, | shall drop the subscript. Thuss, or G and G or G.
Let G be a connected reductive group de ned ovek. If P is a parabolic subgroup,
| shall let Np be the unipotent radical of P, Mp a reductive subgroup ofP with
P = NpMp a Levi decomposition,P the opposite ofP, N, the unipotent radical

2Between here and 1.3.1, I'm not sure just which letters shoud be in boldface.
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of P . Ap the maximal split torus in the centre of Mp. | again often drop the
subscripts.

If P. is a minimal parabolic ofG and A. a maximal split torus of P., recall that a
root of G with respggt to A. is any non-trivial rational chargcter of A, such that
the eigenspacg = x2 g Ad(a)x= (a)xgforalla2 A. inthe Lie algebrag of
G is not trivial. It is said to be positive with respect to P. if g n, the Lie algebra
of N.. The roots may be considered to be embedded in the vector spac(A.) R,
whereX (A.) is the group of rational characters ofA., and these form a root system.
Let be the reduced set of roots corresponding to this | i.e. those such that

8 2foranyroot |and * = [ the set of positive roots in (with respect
to P.), the set of simple rootsin *, etc.
For , let A be the connected component of the identity in , ker( ),

M = Zg(A ), P the standard parabolic corresponding to , N its unipotent
radical. Thus P = G and A is the maximal split torus in the centre ofG. The
Weyl group of is naturally isomorphic to N (A.)=M., and eachW (notation as in
x1.1) is naturally isomorphic to N (A.)\ M )=M.. Note that M sits canonically in
M for

Proposition 1.3.1. If ; are subsets of , then one has a disjoint union decom-
position a

G= PwP
wherew ranges over the setW nW=W ].

Recall fromx1.1 that [W nW=W ] is a particularly good choice of representatives
in N (A.), but here this is of little importance.

Proof. One knows that G; P.;N(A.);S) form a Tits system. Lemma 1.1.3 and [10,
Remark 2, p. 28] imply the proposition. O

Recall from section 3 of [4] that associated to each reducedot is a subgroup
N of G whose Lie algebra iz + g, (of courseg, may be trivial) and such that
N. is the product oé alltheN ( 2 *), in any order. The unipcs)tent radical of
eachP isequalto™N ( 2 *r *)andN.\ M isequalto™N ( 2 7).
For any ; and w2 V¥ the canonical projection induces an isomorphism

N ' (wNw? N)N :
2 fr 7
wle2*r *
In the case where = = ;, | write this last as N,,, which is also equal toQ N
( 2 ). Itfollows from the remarks of section 3.2 of [5] that fow 2 [W nW=W ]
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the product map induces an isomorphism
Y
P f wg N I P wP:

2 *r *
wle2*r *

It follows immediately from the proceeding remarks and 1.1.that:

Proposition 1.3.2. If u; v are elements oW with “(uv) = "(u)+ (v)andx 2 N(A.)
representsu, then the map (y;ny) 7! xnyx n, is a bijection betweenN, N, and
Nuv-

It also follows immediately that:

Proposition 1.3.3. Let ; be subsets of , w2 [W nW=W].
(a) The subgroup (v P w\ P )N is the standard parabolic corresponding to
wl\;

(b) Its radical is generated byN andw !N w\ N.,andw !N w\ N., and its
reductive component isw M w\ M ;

(c) The groupw P w\ M is parabolicinM with radical w N w\ M and
reductive componentw ‘M w\ M .

Two parabolic subgroups ofG are calledassociatesf their reductive components
are conjugate.

Proposition 1.3.4. Let ; be subsets of . The following are equivalent:

(a) The groupsP and P are associate;
(b) The groupsA and A are conjugate;
(c) The sets and are associate;

Proof. Conditions (a) and (b) are clearly equivalent. That (c) imples (b) is trivial. If
(b) holds, andgA g = A , then by [2, Corollary 4.22] one may assumg2 N (A.).
Apply 1.2.1 to the image ofg in W. O

+

It will be useful to observe thatifw 2 W( ; )then , is equal tothe set *r :
sincew 1

Proposition 1.3.5. Let ; ; be associatesin , u2 W( ;) ;v 2 W( ;),
ht(uv) = ht( u) + ht( v). ThenP uP P vP =P uvP .

Proof. This follows from the remark just made, one of the remarks madjust after
1.3.1,and 1.3.2. O
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1.4. For the rest of section 1, and indeed most of this paper, l& be a non-
archimedean locally compact eld,O its integers, and} its prime ideal, andG a
connected reductive group de ned ovek.

Let P. be a minimal parabolic inG (and assume notation as in sectionl1.3). For
each in (0;1] and each dene A ()tobe

n 0
a2A | (9] forall 2 r

| write simply A for A (1). Of courseA (1) A () for ; 2, and one has
therefore in some sense a nested set of neighborhood#of\at 0". If P is any
parabolic of G, chooseg 2 G such thatgPg = P for ,anddene A ()to

beg A ()g. Since the conditionsgPg ' = P, gAg ' = A imply that g 2 M, this

de nition is independent of the choice ofg.

Lemma 1.4.1. If N is any unipotent group de ned overk, then there exist in N
arbitrarily large compact open subgroups.

Proof. This is clearly true of the subgroup ofGL, consisting of unipotent upper
triangular matrices, and any other unipotent group has an ebedding into this one
for a suitablen. O

Proposition 1.4.2. Suppose’ to be a nite extension ofk, G- = G, *, P a
parabolic subgroup ofG andP- = Py 7, etc. ThenA, = A-\ Ay, and furthermore:

(a) For any ; there exists , such thatA, ( 2) A.( 1)\ Ag;
(b) For any ; there exists , such thatA. ( 2)\ Ax A (1)

Proof. De ne groupsA () similar to the A ():
n (0]

A()= a2A j (@jforall 2 *r " :

(They will only be used in this proof.) Itis clear thatA (1) = A (1),that A ()

A (), and that for every ; there exists , suchthatA (,) A (1) . Furthermore,
because the restrictions of the in *r ¥ are precisely the eigencharacters of the
representations ofA onn (the Lie algebra ofN ), it is clear that, in the present
terminology, A () = A .() \ Ax. The proposition is immediate from these
remarks.

Proposition 1.4.3. If P is a parabolic subgroup ofs and N; and N, are two open
compact subgroups ofN, then there exists > 0 such thata 2 A () implies
aNa 1 Nj.

Proof. First assumeQG to be split over k, P. a minimal parabolic,P = P for some

.Then N= "N ( 2 *r '), andsinceA= A actsvia on eachN ,
the proposition is clear.
In general, let” be a nite extension ofk such that G- = G¢  is split; let

P-= Py ,etc. By 1.4.2 one can ndN,: compact and open inN- containing N;
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let N1~ be compact and open ifN- such thatN;-\ Ny  Nj;. By the preceding case
one can nd such that whenevera2 A. ( ), aN,ra ! Ni.. Apply 1.4.2(a). O

If P is a parabolic subgroup ofG and K is a compact open subgroup, one says
that K has anlwahori factorization with respect to P if (i) the product map is an
isomorphism ofN, My Nk with K, whereN, = N \ K, etc., and (ii) for every
a2 A ,aNga?l Ng,aNga Ng.

Proposition 1.4.4. Let P. be a minimal parabolic subgroup of5. There exists a
collectionfK g, o, Which forms a neighborhood basis of the identity such that

(a) Every K, is a normal subgroup oK ;

(b) If P is parabolic subgroup containing?. then K, has an lwahori factorization
with respect to P;

(c) If P = MN is a parabolic subgroup containing?. then My has an lwahori
factorization with respect toM \ P..

Proof. Assume rst that G is split over k. Then according to [16, XXV.1.3], there
exists a smooth group schem&g over SpecQ) such that G = Go Speck). If R is
any ring supplied with a homomorphism fromO to R, let G(R) be the group ofR-
valued points onGg, and similarly for any group subscheme d&o. For each integer
n 0, letG(}") be the kernel of the reduction homomorphismG(O) !  G(O=}"),
and similarly for any group subscheme dBo. (Il take } ° to be O.)

Let P..o be a minimal parabolic group subscheme &g, K, the inverse image
in G(O) of P.(O=}). Itis essentially proven in [21] (in the proof of Theorem 3),
that Ko has an Ilwahori factorization with respect to any parabolid® containing P. .
More precisely,Ko = N; MgN, whereN; = N; (}), No = N(O), and My is the
inverse image inMy of (P. \ M)(O=}). The same is true of everyK, = G(} "),
with N, = N (} "), etc., and therefore this sequence satis es the conditisrof 1.4.4.
Since every parabolic subgroup @ is conjugate to one obtained frono, this proves
1.4.4 in this case.

Now let G be the k-points of an arbitrary reductive group de ned overk, P a
minimal parabolic subgroup. Let'=k be a nite Galois extension with Galois group
Gal('=k) such that G " = G- is split over . Let fK-,g be a sequence satisfying
144 forP-=P °,and deneK, to beK-,\ G. The sequencdK g is clearly a
basis of the neighborhoods of 1 i.

Proof of (a): fork 2 K,, one hask = n mn with n 2 N-,, etc. But then for

2 Gal('=k), k=k =(n ) m n . SinceP is de ned overk, so isN , etc. Since
N.-\ M-N- =flgonehasf ) = n ,etc. Thisimpliesthatn , etc., are infactinG,
hence inG\ K-.,, and shows thatK ,, satis es property (i) of an Iwahori factorization.
The remainder of 1.4.4 is proved similarly (using 1.4.2 at enpoint). O
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One can use results from [13] to obtain ner results, but at th cost of complication.
Other elementary derivations of 1.4.4 have been given by Hsin-Chandra and also
by Deligne [17].

Lemma 1.4.5. Suppose that the center ofG is anisotropic. Then there exists a
maximal compact subgrougK G such that (a) G = PK for any parabolic subgroup
P; (b) A;(O) Kj;and (c) G = KA. K, with the map a 7! KaK establishing a
bijection betweenK nG=K and A. =A (O).

Proof. Set A = A. for convenience. Let8 be the simply connected covering of the
derived group of G, : G ! G the canonical projection,A the maximal split torus
of G over A. By assumption | is an isogeny. De nelN to be N (&)=£(O). Let B

be an Iwahori subgroup in€& compatible with & (see [12] and [13] for notation and
statements | give here).

Since the bornology ofS is that of compact subsets, 3.5.1 of [13] implies that is
B -adapted (see 1.2.13 of [13]).

Since the canonical morphism from the direct product of theenter of G and G
into G is both central and surjective, 3.19 of [6] together with itgroof imply that
Z(A)= (Z(R))Z = G= (®)Z, and this implies that is N -adapted (see 1.2.13 of
[13]).

The group G acts on the building associated to®; B; N). Let N be the stabilizer
of the apartment A corresponding toX | i.e., N is the normalizer of& in G, which
amounts as well to the normalizer of (X) in G. But since the Zariski closure of

(K)is A, and (&) is Zariski-dense inA, this is also the normalizer ofA in G. This
implies that is of connected type (see 4.1.3 of [13]).

The remarks in 4.4.5 of [13] together with the proposition irt.4.6 of [13] imply
that if K is the stabilizer of a special point inA (see 1.3.7 of [13]) it satisi es the
conditions of the proposition. O

Proposition 1.4.6. Let G be arbitrary. There exists an open subgroup G such
that

@ G= A ;

(b) A.(O) ;and

(c) =( \ Z)is compact.
Proof. Let G = G=A , :G! G. Then induces an isomorphisnG=A = G
by 15.7 of [3], and the groupG satis es the hypotheses of 1.4.5. Lat be the group

given there, and de ned to be (K).
Note that ts into an exact sequence

11 A ! I K1 1
and that furthermore even contains all ofZ.



16 W. CASSELMAN|DRAFT 1 May 1995

1.5. If P = MN is any parabolic subgroup ofG, let p be its modulus character:
P! C,p7!'j detAd,(p)j, wheren is the Lie algebra ofN. It is trivial on N,
hence essentially a character dfl .

Assign G a Haar measure.

Lemma 1.5.1. If P is a parabolic subgroup ofG and K, a compact open sub-
group with an Iwahori factorization with respect to P, then for a 2 A one has
measK gaKo = ,(a)measK o.

Proof. The map kiak, 7! k; induces an isomorphism between the seksyaK =Ky
and Ko=(Ko\ aKpa ). But sincea 2 A , Ko\ aKga ! = Ny Mg(aNoa 1) and
[Ko: Ko\ aKpa 1] =[Np : aNpa 1] = pl(a). ]

Proposition 1.5.2. Let P be a parabolic of G, K any compact open subgroup.
There exist constantsC, C; > 0 such that for anya2 A one has
C: p'(a) measkaK) C;p'(a)

Proof. Let Ky be an open subgroup oK with an Ilwahori factorization with respect
to P, and let C be K : Ky]. Assume for convenience that meals() = 1.
First: measKaK ) C ,%(a). This follows from

measKaK ) =[K : K\ aKa 1]
[K 1Ko\ aKoa 1]
=[Ko: Ko\ aKpa '[K : K]
=C p'(a)
by 1.5.1.
Next: measKaK) C ! .%(a). One has an injection fromK,=K,\ aKa ?)

into K=K \ aKa 1!, so that measKaK ) [K,: Ko\ aKa 1]. But one also has
1 [Ko\ aKa ':Kg\ aKpa 1] C which together with 1.5.1 implies the claim. [

1.6. Let P. be a xed minimal parabolic of G, etc.

A rational character of G is ak-morphism fromG to G,,, and of course determines
a map onk-rational points G! k . For any G let X (G) be its group of rational
characters.

Lemma 1.6.1. Any rational character of G is determined by its restriction to A
Recall that A is the maximal split torus in the center ofG.

Proof. Let G%' be the derived group ofG, T the torus quotient G=G%", and T s the
maximal split quotient of T (see [18, XXII.6]). Any rational character ofG factors
through the projection G ! Tg, and the restriction of this projection to A is
an isogeny. The map fromX (T) to X (A ) is thus an injection of one lattice into
another. O
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For each , let be the rational modulus character ofP : (p) =
detAd, (p). If foreach 2 one lets m( ) be the dimension of the -eigenspace
g in g, then according to 1.6.1 and the de nition oEthe roots, is characterized
as the unique rational character oM restricting to m) (> 0)onA . Since
A is the connected component of , ker( ):

Proposition 1.6.2. For , the restriction of to M is equal to

A complex character ofG is a continuous homomorphism fronG to C . (If |
write of a character without quali cation, | shall mean a conplex one. Note that
| do not require a character to beunitary | i.e., have its image in the unit cir-

cle). If :G! Gy is arational character ofGand :k ! C is a complex
character ofk , then the composition is a complex character a& which | shall call
:G! k ! C . Inparticular one may choose to be the modulusx 7!jxj,

and one thus obtains thenorm or modulusj j of :x 7! (x)j. For example, the
modulus of P is the usual modulus one refers to in connection with Haar meare
onP .

One can describe the group of complex characters®fto some extent by means of
results in [6]. LetGY be the subgroup ofG, hence ofG%", generated by the elements
in the unipotent radicals of the minimal parabolics inG ([6] 6.2). Then the restriction
of any complex character ofs to G" is trivial ([6] 6.4) so that it must factor through
the projection: G ! G=G".

Let E = G=G". | claim now that there exists inE a maximal compact subgroup
Eo such that the quotient E=Ej is a free abelian group of rank equal to the dimension
of the maximal split quotient Tg of G. First of all, one knows ([6] 6.14) thatG" is
closed inG and that G%'=G" is compact. Further, one has the exact sequences

11 G*1 G!r T! 1
11 To! T! T=Tp! 1

whereTy is maximal compact in T, andT =T is a lattice of rank equal to the dimension
of Ts. De ne Eq to be the inverse image irE of T.

A complex character ofG is said to beunrami ed if it is trivial on Eg. A choice of
basis forE=E gives an isomorphism of the grouX,,(G) of unrami ed characters of
G with (C )" (r =dim T) so that X ,(G) has naturally the structure of a complex
analytic group of dimensionr (and this structure is of course independent of the
choice of basis). The unitary characters ok, (G) form a real analytic subgroup of
this isomorphic to a product ofr unit circles.
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2. Elementary results about admissible representations

Throughout this section, let G be an arbitrary locally compact Hausdor group
such that the compact open subgroups form a basis for the neimprhoods of the
identity. This condition is satis ed if and only if G has compact open subgroups and
they are all pro nite. It is also satis ed for any closed subgoup of G, in particular
for its center Z.

Seex3 of [3] for related matter.

2.1. Let F be an arbitrary eld of characteristic 0. Let (;V ) be a representation
of G on a vector space/ de ned oyer F. If K is any subgroup ofG, de ne V¥ to
be v2V (k)v=vforallk2 K . Dene (;V ) tobe asmoothrepresentation if

everyv 2 V lies in VK for some open subgrouf . This is equivalent to the condition
that be continuous with respect to the discrete topology oW .

Dene (;V ) to be admissibleif it is smooth and if in addition VX has nite
dimension for every open subgrouf ; irreducible if there are no properG-stable
subspaces; nitely generated if there exists a nite subset X V such that the
smallest nonzerdG-stable subspace containing is all of V.

If H is a subgroup ofG, then a representation ofG is said to beH - nite if every
vector is contained in a nite-dimensionalH -stable subspace.

If X is any subset ofV, then the G-space generated b is the smallest G-

table subspace containing<, and is also the subspace of vectors M of the form

¢ (g)x;, with g 2 Gandx; 2 X.

If is an involution of F, then (;V ) is said to beunitary with respect to if there
exists aG-invariant anisotropic form onV, Hermitian with respectto . If F = C,
then the involution will be understood to be conjugation.

There are a number of smooth representations associated toet action of the
group on itself. De ne C! (G;F) to be the space of all locally constant functions
f:G! F;Cl(G;F)tobethosef 2 C! (G;F) such that for some compact open
subgroupK, f (kigky) = f (g) forall ky; k2 2 K, g 2 G (these are theuniformly locally,
constant functions.) De neC! (G;F)tobe f 2 C! (G;F) f has compact support.

One hasC! Cl, clearly. Forf 2 C! (G;F) and g2 G, de ne Ryf and L4f by
the respective formulas

(Rgf )(x) = f(xg) and (Lgf)(x)= f(g X):

These operators de ne smooth representations @, called respectively theright
regular and left regular representations,on both C! (G;F) and C} (G;F).

From x3 on, | shall assumé- to be C (or, occasionally,R), but this is mostly a
matter of convenience in notation, as will be explained lateand it is probably worth
something to know that results may be formulated without thé assumption. | should
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add that the possibility of using quite general elds of de ntion has not been, as far
as | know, seriously exploited (see, however, [16] and [29])

If (;V ) is arepresentation over, then for any eld extension E=F one obtains
the obvious extended representation (V ¢ E).

Proposition 2.1.1. If ( ;V ) is a representation ofG over F and E=F is a eld
extension, then (;V ) is

(a) smooth;

(b) admissible;

(c) nitely generated,;

ifand only if (;V  E)is.
Proof. The basic observation is that ifK is any subgroup ofG, then

(v E)=vVvK E:

gertainly, the right-hand side is contained in the left. Forthe opposite inclusion, let
Vi X; be xed by K. One may assume the; tq be linearly independent overr.
Butthen (K)( vi x;)= v; X;impliesthat ( (k)vi Vi) x; =0, whichin
turn implies that (k)v; = v;.
From this, the proposition is clear. O

A representation (;V ) is said to beabsolutely irreducibleif for every extension
E=F, (;V E)isirreducible.

Proposition 2.1.2. If is smooth, then it isK - nite for every compact open sub-
group K.

Proof. For everyv 2 V, there exists a subgrougK; of nite index in K such that
v 2 VK1, Thus, K v is a nite set, and generates a nite-dimensionalk -stable
subspace. O

Proposition 2.1.3. If H is any closed subgroup 0B such thatH=H\ Z is compact,
then any admissible representation o6 is H- nite. In particular, any admissible
representation isZ - nite.

Proof. If ( ;V ) is an admissible representation oG, then for each compact open
subgroupK , VX is nite-dimensional and Z-stable. This proves the last statement.
If H satis es the hypotheses of the proposition an is any compact open subgroup
of G, then the image ofkK \ H in H=H \ Z has nite index. Thus the space spanned

by the elements h v h2 H;v 2 VK is nite-dimensional. O
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Assign G a rational Haar measure,i. e., one such that for some (hence any) com-
pact open subgroupK one has mead() 2 Q. (Without further mention, all Haar
measures will be assumed to be rational.) If;(V ) is a smooth representation of5
and K is a compact open subgroup, de ne the operatd® by the formula

R
(k)vdk
Pk(v)= £ 2"

(V) measK
The smoothness of implies that this is essentially a nite sum, hence makes ssa.
The operator P is the projection of V onto VK. If V(K) is the kernel of Pk, then

it may also be deLscribed as the space spanned by the vectorghaf form (k)v v.
One hasV = VK = V(K) as representations oK .

Proposition 2.1.4. Let ( ;V ) be a smooth representation and a compact open
subgroup of G. Then is admissible if and only if the restriction of to K is a
direct sum of irreducible nite-dimensional representatins, each isomorphism class
occurring with nite multiplicity.

Proolf. Assume admissible. IfK, is an open normal subgroup oK, one hasV =
VK1 V(K,), each summand being -stable. The groupK ; of course acts trivially
on VK1, which may then be considered a representation &f=K ;, hence a direct
sum with nite multiplicities of irreducible representations of K. An application
of Zorn's Lemma then enables one to decompoSeas a direct sum of irreducible
nite-dimensional smooth representations oK .

Finite multiplicity follows from the fact that any given smooth nite-dimensional
representation must have some normal opef; in its kernel.

The converse is clear. [

Proposition 2.1.5. If ( ;V ) is admissible and unjtary, with Hermitian form (u; v},
and U is any G-stable subslf)ace of/,thenU? = v2V (u;v)=0forallu2 U
is alsoG-stable, andV = U~ U~

The proof is straightforward.

Proposition 2.1.6. The categories of smooth and admissible representations @f
are abelian categories.

This is trivial.

Proposition 2.1.7. Let( i;V) (i =1;2;3) be smoothG-representations K a com-
pact open subgroup ofc. If V;!' Vo, !  Vszis an exact sequence d@b-morphisms,
then the sequenc&/X | VX I V¥ is exact as well.

Proof. Given v 2 VX whose image inVs is 0, choosev; 2 V; with image v in V..
Then Py (v;) lies in V¢ and still has imagev. O



THEORY OF ADMISSIBLE REPRESENTATIONS|DRAFT 1 May 1995 21

Proposition 2.1.8. If ( i;V;) (i =1;2;3) are smooth representations o6 and the
sequence o5-morphisms

o!' wvi!' WwW!I V!l 0
is exact, then , is admissible if and only if ; and 3 are.
Proof. By 2.1.7. O

De ne now a character of G to be a smooth one-dimensional representation. It
thus amounts to a homomorphism fromG to F , with open kernel. (Since any
homomorphism fromG to C continuous with respect to the usual topology orC
has this property, the de nition here does not contradict that in 1.6.2.) If is an
ipvolution of F, then the character : G! F is unitary if and only if (G)

x2F xx =1 .If(;V)isany smooth representation and is a character, one
de nes ( ;V ), or sometimes ( ;V ), to be the representation ofG on the same

space, takinggto (g) (9Q).
If (;V )is Z-nite and ! is a character ofZ, then for each integem 1 de ne

Ir]v2V ( (2 !(z))”v:OforaIIZZZO;

Vin =
and also de ne
[
V!; 1 = V!;n ;
n2N
Vi = Vi

Each V.., is G-stable. The representation (V ) is called an! -representation if
V=V.

Proposition 2.1.9. Assume thatF is algebraically closed and thatv is Z- nite.
Then

: . L
(&) One has a direct sum decompositiohN = V.1 ;
(b) If V is nitely generated, then there are only a nite number of! with V., 6
0, and there existsn such that ;. ; = V,,, for each! .

Proof. By standard facts about commuting families of operators onnite-dimensional
spaces. [

Proposition 2.1.9(b) implies that there exists a nite Itr ation of V whose factors
are ! -representations for certain .

For a given! , the smooth and admissible -representations clearly form abelian
categories, in analogy with 2.1.6.

If (;V ) is any smooth representation of3, de ne its dual (§ ¥) to be the repre-
sentation! (g 1) on the algebraic dual¥ of V, and de ne its contragredient (¢ ¥)
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to be the restriction of b to the subspaced of elements o xed by some open sub-
group. Thus, e is smooth. For any compact open subgroufl , ¥¥ is the algebraic
dual of VX, and of course also equal t§% . This proves:

Proposition 2.1.10. The following are equivalent:
(@) is admissible;
(b) e is admissible;
(c) the contragredient ofe is isomorphic to .

Proof. Clear. O
One has, of course, the canonical embedding ofinto €.
Proposition 2.1.11. The functor e is contravariant and exact.

If (;V )is smooth andU is any subset oV, de ne
[0}

n
U?= €2V ¢(x)=0forall x2 U :

Note that we had previously de nedU” to be a subspace o¥ in the case where is
unitary. It turns out that our new de nition is compatible wi th the old one: if (;V )
is admissible and unitary, then the Hermitian form onv allows us to identify V with
Y.

Proposition 2.1.12. Suppose (V ) to be an admissible representation and) a
G-stable subspace o . Then U? ¥ is isomorphic to the contragredient ofv=U.

Corollary 2.1.13. The admissible representation is irreducible if and only if e is.
The proofs are straightforward.

Proposition 2.1.14. Suppose that (;V ) is a unitary admissible representation of
G. Then it is G-isomorphic to a direct sum of irreducible admissible unity rep-
resentations, each isomorphism class occurring with nitenultiplicity. If G has a
countable basis of neighborhoods at the identity, then theigect sum is countable.

Proof. Let K be a compact open subgroup, and rst assume that is generated by
VK. We prove by induction on the dimension oV¥ that V is the direct sum of a
nite number of irreducible admissible representations. iBceV is nitely generated,
an application of Zorn's Lemma guarantees that it has somer@ducible quotient U,
which is generated byUX. The representation onV will then be (by Proposition
2.1.5) the direct sum ofU; and U, where U, is the kernel of the natural map from
V to U, and we may apply induction toU;.

In the general case, the above implies that for each compagien subgroupK , the
subspace o¥ generated byWK is a nite direct sum of irreducible unitary admissible
representations. Another application of Zorn's Lemma, léhg K range over the set
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of compact open subgroups d&, will nish the proof of the rst claim. The nal
remark is elementary. O

(The rst application here of Zorn's Lemma is unnecessarynstead one may apply
the considerations of2.2.)

Proposition 2.1.15. If ( ;V ) is irreducible, unitary, and admissible, then (up to
scalar multiplication) there is only oneG-invariant Hermitian inner product on V.

2.2. For each compact open subgroud de ne the Hecke algebraHr (G; K) to be
the space of all functiond : G! F of compact support such thatf (k;gky) = f ()
for all k;;k, 2 K, g2 G. Assign to it che convolution product

(fa 2@ = 11(9% ") 2(go) dgp:

This algebra has as identity the element (rrgea‘é) Lche (where chk is the charac-
teristic function of K). De ne Hg(G) to be ¢ He(G; K). The convolution de nes
a product on this, but there is no identity unlessG is discrete. The spacdir(G) is
the same a<C! (G;F).

For each charactet ofZ, de ne Hg, (G; K) to be the space of function§ : G! F
such that f has compact support modulaZ, f is bi-K -invariant, and L,f = ! (2)f
for all z2 Z. Convolution is de ned gy the formula

(fr fa)(@)= __ fi(9% )f2(%) dgy:

. S
(Note that this is well-de ned.) De ne Hg, (G) to be ¢ Heg, (G; K).
If ( ;V ) is any smooth representation of5, then the spaceV becomes arH (G)-
module by the formula 7

(fv="_1(9 (gvdg;

which makes sense because the integral is essentially a enisum. The algebra
He. (G) acts similarly on smooth! -representations.

We shall often drop the reference té if confusion is unlikely.

WheneverA and B are smoothG-representations, Homg(A; B) will denote the set
of linear maps fromA to B which commute with the action ofG.

Proposition 2.2.1. If ( ;V;) (i =1;2) are two smooth representations o6, then
the natural map induces an isomorphism of Hog(Vi; V) with Homy ) (Vi; Vo). A
similar statement is true for! -representations andH, .

3From now on we will adopt the convention that if S is subset ofG which is bi-invariant under
some compact open subgroufK of G, then (S) denotes the action of cly as an element ofH ¢ (G).
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Proof. A G-morphismf : V; ! Vs clearly anH (G)-morphism as well. Conversely,
supposef : Vi !V, is an H(G)-morphism. Supposev 2 V; and g 2 G. Choose a
compact operK such thatv 2 V¢, 1(g)v2 Vf, f(v) 2 VS, and »(g)(f (v)) 2 V.
Then 1(g)v =meas(KgK) ! 1(KgK)v, and
f(1(KgK)v)
measKgK)
2(KgK)f (v)
measKgK )
= 29)f(v): O
If ( ;V ) is asmooth representation of5, and K is a compact open subgroup, then
the spaceVK is stable underH (G; K).
Proposition 2.2.2. Suppose (;i; Vi) (i = 1;2) are smooth representations d&, and
K is a compact open subgroup db. If
(i) Vi is generated as &-space byV)< and
(i) every nonzeroG-stable subspace o¥, contains a non-zero vector xed byK,
then

F(a(gv) =

Homg (Vi; Vo) = Homy gy (VS5 V5 ):

Proof. The map from left to right is the obvious one. The rest of the pyof is word-
for-word the same as in [15, pp. 33{34] (I should mention that the argument there
was inspired by the proof of [23, Lemma 7.1].)O

A result similar to that in 2.2.2 holds for! -representations andH, (G; K).
The following may make condition (ii) in 2.2.2 more reasondd:

Lemma 2.2.3. Suppose that (;V ) is an admissible representation o6G. Then V
is generated byVK as aG-space if and only if¢ satis es the condition that every
non-zeroG-stable subspace of contains a non-zero vector xed byK .

Proof. Suppose thatV is generated as &-space byVX, and let U be a G-stable

subspace off such that UX = 0. If U? is the annihilator of U in V = ¥, then
(V=U)X = 8K = 0. Thus by 2.1.7, VK = (U?)X, and sinceVX generatesV,
V = U?, and U = 0. The converse argument is similar. [

Proposition 2.2.4. Let (;V ) be a smooth representation o, and K a compact
open subgroup. Then

(a) If ( ;V ) is irreducible, then VX is an irreducible module oveH (G;K);
(b) If V satis es the conditions (i) and (ii) of Proposition 2.2.2 an VX is an
irreducible H(G; K )-module, then the representation (V ) is irreducible.

4Should we include the proof?
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Proof. Say (;V ) is irreducible. Let U be any non-zeroH (G; K)-stable subspace
f VK. Then U must generateV as aG-space, and every 2 V is of the form
(g)ui, with g 2 G, u; 2 U. Now if u 2 VX and g 2 G, then Pk ( (g)u) diers
from (KgK)u only by a constant. Thus, withv as above,
X

Pc(V)=  Px( (g)u) = X (constant) (KgiK)u;;

which lies inU sinceU is H(G; K )-stable. ThusVK U and in fact VX = U. This
proves (a).

Conversely, assume (i) and (i) to hold and/¥ to be an irreducibleH (G; K )-space.
If U is any non-zeroG-stable subspace of/, then by (i) UX 6 0. By hypothesis,
UX = vK . But then by (i), U = V. This proves (b). O

Remark 2.2.5 The same reasoning shows that a smooth representation\( ) is ir-
reducible if and only if there exists a set of compact open sgitwupsfK g forming
a basis of neighborhoods of the identity and such that eadt® is an irreducible
H(G; K )-module.

Proposition 2.2.6. If F is algebraically closed and (V ) is a smooth irreducible
representation ofG, then it is absolutely irreducible.

Proof. Let K be a compact open subgroup such thatk 6 0. Then VK is an irre-
ducible H(G; K)-module by 2.2.4(a). IfE=F is any eld extension, then conditions
(i) and (ii) of Proposition 2.2.2 hold forV  E. Thus, by 2.2.4(b), in order to know
V E isirreducible, it su ces to show that (V.  E)X is irreducible overHg (G; K).

By [7, x1.2, Proposition 3, p. 9], the commutant oHg (G;K) in VK EX isE, since
that of H (G;K) in VK is F. By the proof of 2.1.1,vX EX =(V E)X. Apply

[7,x7.3, Theorem 2, p. 87] to nish the proof. O

This is due to A. Robert in [29].
The point of 2.2.6 is that fromx3 on, whereF will be C, one doesn't have to worry
about the distinction between irreducibility and absoluteirreducibility.

2.3. If (;V ) is an admissible representation oG, then for everyf 2 H(G) the
operator (f)has nite rank, and one may therefore speak of its trace. Thinctional
on H(G) which takesf to the trace of (f) is called thedistribution character of
and referred to as ch. Of course, since the de nition of (f ) depends on the choice
of a Haar measure folG, so does the de nition of the distribution character.

Proposition 2.3.1. If f 1; ,;:::; ngis a set of inequivalent irreducible admissible
representations ofG, then the functionalsfch ;:::;ch g are linearly independent.

Proof. This is [23, Lemma 7.1]. (Note that part of this proof alreadyoccurs in that
of 2.2.2)) O
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Corollary 2.3.2. If ( ;1) and ( 2;V,) are two irreducible admissible representa-
tions with the same distribution character, then they are ismorphic.

Proof. Clear. J

Corollary 2.3.3. Let( 1;Vi)and ( ; V) be two admissible representations of nite
length asG-spaces. Then they have the same irreducible compositiorctars (with
multiplicities) if and only if their distribution characte rs are the same.

Proof. One way is clear, since it is straightforward to show that if
o' wvi! VvI VI 0

is an exact sequence of admissib&representations, then the distribution character
of V is the sum of those olv; and V..

If ( ;V ) is now any admissible representation of nite length, de e ( 5 V*®°) to
be the representation of5 on the direct sum of the irreducible composition factors of
V. (It is a semisimpleG-space.) Then and °°have the same characters, by what
| have just remarked, and the conclusion of the corollary is enely that 3* =55
Thus, it suces to assume that ; and , are semisimple. But in this cases one
may apply 2.3.2 and an inductive argument. (This is of course rather well-known
argument.) O

2.4. If H is a closed subgroup o and (; U ) a smooth representation oH, de ne
IndS  to be the space of all functiong : G ! U such that

(i) f(hg)= (h)f(g)forallh2 H,g2 G, and
(i) for some compact open subgrouk of G, Ryf = f forallk 2 K.

Dene c-Ind® to be the subspace of Infl of functions with compact support
moduloH . The group G acts on both of these byR (the right regular representation).

Theorem 2.4.1. Let H be a closed subgroup o8, (;U ) a smooth representation
of H. Then

(@) IndS and c-IndS  are smooth representations o;

(b) themaps :Ind ! Uand .:ciInd ! U,denedbyf 7! f(1lg), are
surjective H -morphisms;

(c) the restriction of (or ) to any non-trivial G-subspace of Ind (or c-Ind )
is non-trivial;

(d) if HnG is compact and (;U ) is admissible, then Ind = c-Ind is admissible;

(e) (Frobenius reciprocity) if (;V ) is any smoothG-representation, then compo-
sition with induces an isomorphism of Homg(V;Ind ) with Homy (V; U).

Proof. (a) is immediate from the de nitions.
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For (b): One has (Ryf) = f(h) = (h)( f). To see that . (hence ) is
surjective, chooseu 2 U and let K be a compact open subgroup o& such that
u2 UK'H Denef onG b)é

< (hu ifg=hk,h2H,k2K;
£ 0 if g62HK .
This lies in c-Ind and hasu as its image under ..
For (c): If V is any nontrivial G-stable subspace of Ind, choose 6 0in V. Then
f (g) 6 0 for someg 2 G, hence (Ryf) 60, but one also hasRgf 2 V.

For (d): If K is any compact open subgroup dB, X a nite subset of G, and U
a nite-dimensional subspace ofJ, de ne

n
| (K;X;Ug)= f 2(nd )¢ f(X) Upyf has support inHXK

f(g) =

(0]

This space clearly has nite dimension. Assume;U ) to be admissibk]a. LetK be a
compact open subgroup o6, chooseX such thatHXK = G, letL = ,,y xKx 1,
and let Uy = U™, Then (Ind )X 1(K;X;Uy), and hence Ind is admissible.
For (e): Composition with gives a map from Homg(V;Ind ) to Homy (V; U). To
de ne an inverse map, letf : V' ! U be anH-morphism. De ne the G-morphism
from V to Ind to be that which takesv 2 V to , where ,(g) = f( (g)Vv).
( v2Ind since issmooth.) Itisclearthatf 7! works, since ()= f(v). O

Let 4 be the modulus characteH ! Q . Assume thatG is unimodular.

Theorem 2.4.2. Let H be a closed subgroup dB, ( ;U ) a smooth representation
of H. If =c-Ind& ,thene=Ind§e y.

Proof. For any f 2 C! (G), de ne the operator P by the formula
z
(PiXg) = wh 'f (hg) d:h;

where d; h is a right Haar measure orH. The map P is clearly a surjection from
Cl (G) to c-Ind‘H3 H. A slight modi cation of well-known results in [8] shows tha
there exists on c-In@ H a unique G-invariant functional | such that for all f 2

Gf(g)dg: I (P f):
Sincee n = Homy(; ) as anH-space, there is a pairing of with e H
giving rise to anH-morphism
(e wn)! H -

Let H; ei denote the image of I( &) under this pairing. If 2 V = c-Ind
and 2 Ind(e ), thendeneh; i 21Ind 4 byh; i(g) = h(g); (09).
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Themap (; ) 7'h ; i =1 (h; 1)IisaG-invariant pairing, de ning also a G-
morphism from IndS (e ) to ¥. To nish the proof, one may show quite easily
that this induces an isomorphism of (In§ (e ))X with ¥¥ for each compact
openK. O

Corollary 2.4.3. Homg(c-Ind$ ;F ) = Homy(; w).

Proof. This follows from the more general fact that if (U ) is any smooth H-
representation, then
(Indg )¢ =U": O
The proofs of the following are trivial:

Proposition 2.4.4. Let H be a closed subgroup of5, ( i;U;) (i = 1;2) smooth
representations oH. To eachH-morphismf : U; ! U, is associated a canonic&b-
morphismIind(f): Ind ;! Ind ,. The mapInd (f)is a surjection, or an injection,
if and only if f is. The functor Ind is exact.

Proposition 2.4.5. Let H, H; be closed subgroups d&, (;U ) a smooth repre-
sentation ofH,. Then Ind§, = Ind, (Indjj} ).

2.5. We have a natural pairing
h;i:v ¥! F
given by hv;ei = e(v).

Let ( ;V ) be a smooth representation 06, v2 V, e 2 ¥. The matrix coe cient
of associated tov and ¥ is the function c,.q(g) = h (g)v;@i.

Lemma 2.5.1. One has, for everyg 2 G:

Y (gv;@ = Rgcv;e
Crege = LoGe

This is trivial.

Corollary 2.5.2.  The function ¢, is uniformly smooth. For a xed ¢ 2 ¥, the map
v7! ¢, is aG-morphism from (;V ) to (R;Cl (G)), and for a xed v 2 V the
mape 7! c,qis aG-morphism from (g ¥) to (L; C; (G)).

Now assumeF to beR orC. Let! :Z ! F be a character. If (;V ) is an
admissible! -representation ofG, it is said to be square-integrable modul@ (but
later we will often just say \square-integrable") ifj! (z)j = 1 for every z 2 Z and if
for everyv 2 V ande 2 ¥, the function jg, ¢(9)j is square-integrable orG=Z.
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Proposition 2.5.3. If( ;V )is anirreducible admissiblé -representation withj! j =
1, then in order for it to be square-integrable modul&@, it is necessary and su cient
that for one nonzerovy 2 V and one nonzeroz, 2 ¥ the matrix coe cient Cupi, 1S
square-integrable ornG=Z.

Proof. Let ; be the space of all such that c,.q is square-integrable orG=Z. Then
Vo 6 0 since vy 2 Vg, and it is clearly G-stable, hence all olv. Treat ¥ similarly. O

This is a well-known result.

Proposition 2.5.4. If ( ;V )is an irreducible admissible square-integrable represen
tation of G, then it is unitary.

Proof. Chooseg, 6 0 in ¥. De Qe an inner product by the formula
(u;v) = h (g)u;%ih (g)v;ei dg:
G=Z

The integral converges by the Schwarz inequality, and cldgrde nes a G-invariant
positive de nite inner product. O

This is also well known.

2.6. If Gy and G, are two topological groups, their direct product is locallyro nite
if and only if eachG; is. Assume this to be the case, and 166 = G; G..

Lemma 2.6.1. If K; G; and K, G, are compact open subgroups anl =
Ki Kp, then H(G; K) is naturally isomorphic to H(G1; K1) H (Gz; K»).

This is straightforward.

Lemma 2.6.2. Let ( 1;Vi) and ( »; V) be smooth representations oG, and G,
respectively, and let ;V ) = ( 1 »Vi VW), Let Ki; Gyand K, Gy be
compact open subgroups and = K; K. Then the natural injection of V<t V<2
into VK is an isomorphism.

Proof. To see this, use the fact thatvk = Px (V). O

Proposition 2.6.3. If ( 1;Vi1) and ( ,;V,) are irreducible (resp. absolutely irre-
ducible) smooth representations 06G; and G,, respectively, then ( 1 a2V Vo)
is an irreducible (resp. absolutely irreducible) smooth presentation ofG.

51 still think this isn't the right way to say it. What Casselma n proves is exactly the proposition
with the word \absolute" deleted. His proof has nothing to do with absolute irreducibility. Maybe
we should have a remark that this result implies a similar oneabout absolute irreducibility. This
will also solve the problem of how to handle the numerous insinces of \absolutely" in this and the
next proof.
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Proof. The smoothness is immediate.

If Ki GpandK, G, are compact open subgroups and = K; K, then by
2.6.2, Vi V)K=Vt V)2 as amodule oveH (G;K) = H(Gy; K1) H (G2 K»).
By [7, x7.3, Theorem 2, p. 87], this is an irreducible module. Sinckd subgroups
K; K, form a basis for the neighborhoods of 1 5, one may apply Remark
2.25. O

Proposition 2.6.4. If ( ;V ) is an irreducible (resp. absolutel§ irreducible) admis-

sible representation ofG, then there exist irreducible (resp. absolutely irreducile)

admissible representations (;; V1) and ( »; V,) of G; and G, (respectively) such that
= 1 2-

Proof. Let K = K; K, be a compact open subgroup such that® 6 0. By 2.2.4,
this is an irreducible module overH (G; K). It is nite-dimensional, so that by [7,
x7.3, Theorem 2, p. 87 and7.7, Proposition 8, p. 93], there exists an irreducible
module U; over H(Gy; K ;) such that VK = U;  Homy g,k ,)(Ui; V) as a module
over H(G;K). Let U, = Homy g,k 1) (Ur; VX).

De ne ( 2; V) to be the obvious representation 0, on Homy g,k ,)(Us; VK1),
and de ne ( 1;Vi) to be that of G; on Homg,(V,; V). Neither of these spaces is
trivial. There is a canonical non-trivial map fromV; V, to V.

It is immediate that sinceV is smooth, so i8v,. Furthermore, for any compact open
subgrouplL, Gy, Vp? = Homy e,k ,)(Ur; VK L2), which by the results from [7]
already mentioned is an absolutely irreducible module ovét (G,; L,), sinceVK: L2
is absolutely irreducible oveH (G; K, L;). By Remark 2.2.5, then,V; is absolutely
irreducible.

Letf:V,! V be any element ofV;, and choosev, 2 V, nonzero. Thenf (v,)
lies in someV': sinceV is smooth. But sinceV, is irreducible, v, generatesV,
as aG,-module andf (V) Vi as well. ThereforeV; is smooth, sincevlLl =
HomGZ(Vz;VLl).

6See previous footnote.
’It's not obvious to me that the references say what Casselmasays they say, although they are
certainly close. Here are the relevant results:
Theorem 2. Let A and B be K -algebras. LetM and N be nonzero modules oveA and B,
respectively. Then
(@ M N is simple (resp. semisimple)) M and N are simple (resp. semisimple).
(b) Let M and N be simple, E and F the \eld commutants" of M and N (elds aren't
necessarily commutative),S and T the centers ofE andF. ThenM N issimple, E F
isa eld.

Proposition 8. Let A and B be K -algebras, P a simple A B-module of nite dimension
over K. Then there exist simple modulesM and N (over A and B, respectively) such that P is
isomorphic to a quotient of M N. M and N are uniquely determined up to isomorphism.

Casselman doesn't just use the existence dfl and N ; he assumes thatN has a certain form.
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In particular, Homg,(V2; V1) 6 0 for suitably small L;. Consider the restriction
map from this space to Hom g,k ,)(Uz; V-t X2). It is an H(Gy;L;)-morphism. It
is an injection, for iff : Vb, ! V't were 0 onU, then f =0, since V, is irreducible.
But by [7] again, this latter H(G; L;)-module is absolutely irreducible. Since this is
true for all suitably small L, Remark 2.2.5 implies thatV; is absolutely irreducible.

ThereforeV; V; is irreducible overG and since the canonical map fronv; V,
to V is non-trivial, it is an isomorphism. O

2.7. Let X be any complex analytic space.
A holomorphic sheafof admissible representations oz over X, or an analytic

family of such parametrized byX, consists of a pair (; V) where V is an analytic
sheaf overX and is a representation ofG in the ring of analytic endomorphisms of
V such that

(a) the sheafV is the direct limit of the subsheavesv¥, as K ranges over the

compact open subgroups d& and

(b) eachVX is coherent.

In this situation, each stalk V, is the direct limit of the stalks Vﬁf and likewise the
bre Vi = V,=m,V, is the direct limit of the bres VX = VK=mVX. Each bre is
also, in the obvious way, the space of an admissible represgion of G.

Each operator (g) de nes an analytic morphism fromV¥ to V99 ", For compact
K, the projection operator P is an analytic morphism fromV to V*. For each
f 2 H(G;K) the endomorphism (f): VK 1V K is an analytic morphism.
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3. Representations induced from parabolic subgroups

From now on, k will be a xed locally compact non-archimedean eld,G the group
of k-rational points of a connected reductive grous de ned over k. Also, all of our
vector spaces will be complex.

| remark that by density results of [3], the center ofG consists of thek-rational
points of the center ofG.

3.1. Let P be a parabolic subgroup of5, with Levi decompositionP = MN . If
(;U) is a smooth representation oM, it de nes as well a smooth representation
of P, sinceP=N = M. In this situation, | shall de ne an induced representation
which di ers slightly from the one | de ned in x2. This is because | shall not be
concerned with the rationality of representations, and shiabe concerned with a
certain symmetry which is rather awkward to express in the dinotation.

Therefore, let p be the modulus characteP ! M ! C ofP (sothat p(mn) =
jdetAd,(m)j, wheren is the Lie algebra ofN). Dene i S now to be what | de ned
asIndS ( 57) in x2.4 so that for everyf 2 i$ one hasL,f = ! ,*?(pf for

everyp 2 P. This is known asnormalized induction.

If (;U ) is admissible, then so isS , by 2.4.1, sincePnG is compact.

If P is a minimal parabolic subgroup and is irreducible (hence necessarily nite-
dimensional) theni § is said to be a representation in therincipal series of G.

SupposeK to be a good compact subgroup of, so that one has an lwasawa
decompositionG = PK (see [10,x4.4]). LetKp = K\ P, and let (s;U) be the
restriction of (; U ) to Kp.

Proposition 3.1.1.  The restriction ofi§ to K is isomorphic toi  _ s.

Proof. The K -isomorphism is given by the restriction of an element dfS to K.
This is surjective for obvious reasons, and injective becsel of the lwasawa decom-
position. [

Proposition 3.1.2. The contragredient ofi § is isomorphic toi § e.
Proof. This follows from 2.4.2 and the fact thatP nG is compact. O

Let K be a good compact subgroup d, huy; u,i the pairing of U with 8 given
by
() (e ! e

Proposition 3.1.3. Forf,;2i§S , f%z i S e, one has

Mofai = Ha(K):fo(K)i dk:
K
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Proof. Refer back to the proof of Theorem 2.4.2, where the fact thatS e is the
contragredient ofi S was proven. From that proof, it clearly su ces to show that
for f %ig F1>=2’ I (f)= « f(k)dk. But one may show easily that if one de nes$ (f)
to be  f(k)dkforanyf 2ig 17, then foranyf 2 C; (G) one has

z

Jf@dg=1(Pf)
and this shows thatl =1 . O
Proposition 3.1.4. The representationi $ is unitary if is.

Proof. Since is unitary, is isomorphic to the contragredient of its conjugate, and
3.1.2 implies the same for$ . The fact that | is a positive functional implies that
this isomorphism induces a positive de nite Hermitian inneproductoni§ . O

This explains the new normalization of induction.

3.2. I shall give now a new formulation of Frobenius reciprocitydr P and G. First
of all, of course, one must take into account the new normadition of i $ . But there
is also a second and less obvious point to introduce and | dégs slightly to make it.

AssumeN to be for the moment any locally compact group such that the ecopact
open subgroups form a basis of the neighborhoods of the idgntand possessing
arbitrarily large compact open subgroups as well. This meanthat if X is any
compact subset ofN then there exists a compact open subgrouN, containing X .
This condition is satis ed, for example, if N is the set of k-rational points of a
unipotent group de ned overk.

Let (;V ) be a smooth reBresentation ofN, For a compact subgroupNo N,

dene V(No) to be v2V  (njvdn=0 . Dene V(N) to be ~V(No), the

union over all compact open subgrouphly of N. By the assumption onN, this is a
subspace oWV

Proposition 3.2.1. The spaceV(N) may also be characterized as the subspace of
V spanned by the elements (n)v. v n2N;v2V .

Proof. The subspace is contained iV (N), forif n2 N andv 2 V, then there exists
a compact open subgroufN, with n 2 Ng, and (n)v. v 2 V(Ny).

For the opposite inclusion, suppose& 2 V(N), and choose two compact open
subgroupsNg  Nj suchzthatv 2 VNo\ V(N,). Then

X
0= (n)v dn = (constant) (n)v
N1 N1=Ng
so that X
v = (constant) ( (nv v): O
N1=Ng
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De ne Vy to be V=V(N).
Corollary 3.2.2. If U is any space on whichN acts trivially, then the canonical
projectionV !V induces an isomorphism of Hom(V; U) with Hom¢ (Vy ; U).
Proof. Clear. O

If P is some group in whichN is normal, and (;V ) is a smooth representation of
P, the spaceVy becomes naturally the space of a representationy(;Vy) of P=N.
One might call this the Jacquet moduleof ( ;V ) associated toP.

Proposition 3.2.3. If U! V! W is an exact sequence of smootN -spaces,
thenUy ! W ! W,y is also exact.

Proof. One may assume
o! ul vi wlil 0
exact. It is then elementary, applying 3.2.1, that
Ue! WP Wy! 0
is exact, and it su ces to show that Uy ! Vy is injective. This follows from the
fact that, by its de nition, U(N)= U\ V(N). O

This result really amounts to the claim thatH,(N;U) = 0, where U is a smooth
N -space, since after alUy = Ho(N; U).

Let now P be a parabolic subgroup ofs with unipotent radical N, and (;U ) a
smooth representation oM = P=N.

Theorem 3.2.4 (Frobenius reciprocity). If (;V ) is a smooth representation of
G, then theP-morphism : (R;i¢ )! ( 5% U)denedbyf 7! f(1)inducesan
isomorphism of Hong (V;i § ) with Homy, (Vy ; U), whereU is given theM -structure
Proof. This is immediate from 2.4.1(e) and 3.2.3.0

Corollary 3.2.5. If there exists a non-zeraG-morphism from (;V ) to i$ , then
W 6 0.

Proof. This follows from 3.2.4, or also from 2.4.1(c) and 3.2.30
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3.3. The following result is one of the cornerstones of the subjedt was suggested
by a result of Harish-Chandra ([20, Theorem 4]); the origidaesult leading to it is
Jacquet's ([22, Theorem 5.1]); and the brief proof is due todsel.

Theorem 3.3.1. Let P be a parabolic subgroup ofG with Levi decomposition
P=MN, and let (;V ) be a smooth representation ofs. If ( ;V ) is a nitely

generated (resp. admissible) representation @, then ( y;Vn) is a smooth and
nitely generated (resp. admissible) representation ol .

Proof. In either case, the smoothness of (; V) is clear. LetX be a nite subset of
V generating it as aG-space. LetK be a compact open subgroup such tha¢ VX,
Let be a nite subset of G such thatP K = G. Then it is easy to see that sinc&/
is the linear span of (G)X, Vy is generated as aiM -space by the image of () X.
Hence, (n; V) is nitely generated. This proves the rst claim.

As an ampli cation, suppose thatK is a good compact subgroup d&.

Proposition 3.3.2. If ( ;V ) is any smooth representation o6, P a parabolic sub-
group of G, and U a K -stable subspace oY generating it as aG-space, then the
image ofU generatesVy as anM -space.

Proof. Clear, from the fact that G = PK. [

Let us now prove the admissibility claim of 3.3.1. What | shalactually show is
something more precise. The claim is implied by 1.4.4 and ¢hi

Theorem 3.3.3. Let (;V ) be an admissible representation o5, Ky a compact
open subgroup ofG with an Iwahori factorization K, = Ny MyN, with respect toP.
Then the canonical projection fromVKe to V{'° is surjective.

| begin the proof of this with a useful technical result.

Theorem 3.3.4 (Jacquet's First Lemma). With hypotheses as in 3.3.3, suppose
that v 2 VMoNo | Then vy = Py, (V) is alsoPy,(v), and v vo 2 V(No).
Proof. SinceKy is compact and isomorphic taoN, M, Ng, one has
z z
Vo = (constant) dn( (nm)v dm)
No MoNg

= (constant) (n)vdn
No

since (m)v = v for m 2 MyN, . The last claim follows immediately from the fact
that Vo = PNO(V)- O

Corollary 3.3.5. Hypotheses as in 3.3.3. TheWK¢ has the same image iivy as
VMoNg |

Proof. This follows sincev and vy have the same image ivy. O
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To return to the proof of 3.3.3: LetU be any nite-dimensional subspace o¥y'°,
and letU VMo be any nite-dimensional subspace 0¥ mapping ontoU. One can
nd a compact open subgroupN; N suchthatU VMoNi | Choosea 2 A such
that a INpa N; (by 1.4.3). Then (a)U VMoNo  since ifu2 U andn 2 Ny,
one has (n) (a)Ju = (a) (a 'na)u = (a)u. Hence the image of (a)U, which
is n(a)U, is contained in the image ofvKe by 3.3.5. This latter image, henceJ,
has dimension bounded by that of/X°. Since (;V ) is admissible, this dimension
is nite. Therefore, so is the dimension ol,°. Taking U to be V\'°, we see that

n (8)VR'° is in the image ofVKe. But y(a)Vy'® = Vi'°. This proves 3.3.3 and also
33.1. O
It is often useful to know:

Proposition 3.3.6. Let (;U) be an irreducible admissible representation d¥1,
Ko = Ng MyN, a compact open subgroup with an lwahori factorization with espect
to P such that UM 6 0. If V 6 0 is a G-stable subspace ofs , then V¥ 6 0.

Proof. Apply 2.4.1(c) to see that : V ! U is non-zero, hence a surjection. The
map n:Vn! U is therefore also a surjection, and by 3.3.3 the composition
vKe 1 yler UMo s surjective. HenceVKe 8 0. [

Corollary 3.3.7. With the hypotheses as in 3.3.6, the spacB= i § e is generated
by EKo,

Proof. This follows from 2.2.3, 3.1.2, and 3.3.6.0

3.4. Let P be a parabolic subgroup o6s. Recall fromx1.6 that the set X, (M) of
unrami ed characters of M possesses a natural complex analytic structure.

If (;U) is any admissible representaton oM, de ne a sheafl over X, (M)
by the condition that for any open X X, (M) the space (X;I ) is that of all
f:X G! U such that

(@) forany 2 X,g2G,p2P onehasf(;pg)= 22(p)f (9);

(b) there exists an openK G such that forall 2 X, g2 G, k2 K one has
f(igk)="f(9);

(c) if K is asin (b) then for every xedg 2 G the function 7! f(;g)2 U "\ M
is analytic.

The group acts on this sheaf by right regular representatien Rqyf (;x ) = f(;xg ).

Proposition 3.4.1. The sheafl with this action of G de nes a holomorphic sheaf
of admissible representations d& whose bre at 2 X,.(M) is isomorphic toi §

Proof. Straightforward. O



THEORY OF ADMISSIBLE REPRESENTATIONS|DRAFT 1 May 1995 37

Since the representationss  may be identi ed asK -representations (3.1.1), the
subsheaved K are not just coherent but in addition locally free, and isomphic to
Oy (i (%),

Next comes what is in some sense a converse to this. [f ) is any holomor-
phic sheaf of admissible representations @& with base some spac&, then since
the representation on each (;V) is smooth, the sheal/y is de ned by the formula
(U;VN) = ( U;V)n, and de nes a holomorphic family, at least, of smooth repre-
sentations ofM, whose bre atx 2 X is isomorphic to (/x)n (where V is the bre
of V at x). Substantially the same argument used to prove Theorem 313together
with standard facts about coherent sheaves will then prove:

Theorem 3.4.2. The holomorphic sheaf (y; V) of representations oM is admis-
sible.
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4. The asymptotic behavior of matrix coefficients

This section pursues a question suggested by the proof of Bnem 3.3.3 and some
results of Harish-Chandra.

4.1. Fix a minimal parabolic subgroupP. of G, let P be any parabolic subgroup
containing P., and let P = MN be a Levi factorization. Let (;V ) be an admissible
representation ofG. Let Ky be a compact open subgroup @& possessing an Iwahori
factorization K, = NyM N, with respect to P (according to 1.4.4, one can choose
arbitrarily small such groups). Assume a Haar measure @hsuch that measK ) = 1.

Lemma 4.1.1. If v 2 VX° has imageu in Vy, then for anya 2 A (as de ned in
x1.4), the elementP¢,( (a)v) has image y (a)u.

Proof. One has (a)v 2 VMoNo . Therefore, by Jacquet's First Lemma (3.3.4),
Pk,( (@Vv) = Pn,( (a)v), so that (a)v and Pk,( (a)v) have the same image in
W. O

Theorem 4.1.2 (Jacquet's Second Lemma). Let No, N; be compact open sub-
groups ofN,v 2 V(N;),andm 2 M suchthatmNym '  Ng. ThenPy,( (m)v) =0.
Proof. One has

z

Pno( (m)v) = (constant) (n) (m)vdn
No
z
= (constant) (m) (n)vdn

m INgm
=0

becauseN; m Ngm. O

Suppose now thatN; is a compact subgroup oN such that V¥e\ V(N)  V(N).
Corollary 4.1.3. If a2 A is such thataN;a ' Ny, then P, ( (a)v) =0 for all
v2 VKo V(N).

Proof. By Jacquet's First Lemma (3.3.4),Pk,( (a)v) = Pyn,( (a)v). By his Second,
this in turn is zero. O

Foreacha2 A ,dene VXetobePy,( (a)VKe) = (KoaKp)V. (To interpret the
right-hand side, recall that by our convention fromx2.2, we really mean the action
via of the characteristic function ofK jaKy.)

Proposition 4.1.4. If aisin A , then the projection fromVX¢ to V' is a surjec-
tion. If aN;a ¥ N then VXo\ V(N) = 0 and the projection is an isomorphism.
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Proof. Let u lie in Vi{'°. Then y(a Y)u also lies inVy'°, and therefore by Theorem
3.3.3 there existsv 2 VKo with it as image in V. By 4.1.1, then, Py, ( (a)v) has
imageu in Vy.
AssumeaN;a ' N, andv 2 VKo V(N), sayv = Pg,( (a)vo) with v 2 VKo,
Then v liesinV(N;) and v = Py, ( (a)vo), so that
z z

0= \ (n1)( (no) (a)vodng) dny

: " z
= (constant) (n)( (nog) (a)vodng) dn
a 1l\lza No z
= (constant)  (a) (n)( (n%Yvo dn% dn
7 2Nga? a INpa
= (constant) (&) _— (n)vpdn:

Thereforevy lies in V(N) as well, hence inV(N,), so that by 4.1.3,
V= Py (@) =0: O
Lemma 4.1.5. For a;;a, 2 A one has this identity inH (G; Ky):

ChKoalKo ChKoazKo = ChKoalazKo :

Proof. As sets, one haK ;Ko KoaKo = KoayapKo because foky = nymgn, one
has

akodr = Ny, a8, My a,'nga
which is in Kopa;a;K . But by 1.5.1 the measures agree as well. (For my purposes
here the agreement as sets is all that is required.]]

Proposition 4.1.6. Foralla2 A with aN;a * Ny, the spacesvX° are identical.

Proof. For all a;, a, satisfying the hypothesis, the producia;a, also satis es it. By
4.1.5, (Koa;Ko) takes Vo onto itself and into V<3 . HenceVy<e, VX, By 4.1.4,

the two spaces have the same dimension, hence are equal. Biyj VX0 = VafO. O

aiaz

Following this, de ne VAKO to be the subspace o¥/¥° equal to VS for all a2 A
with aN;a * No.

Lemma 4.1.7. Foranya2 A , (KpaKyp) is an isomorphism oi\/AK‘J with itself.

Proof. The spaceVAKO is stable under this map by 4.1.5. Since the space is nite-
dimensional, it suces to prove that the map is an injection. Say, then, that
P«,( (a)v) =0 for somev 2 V\°. The image ofPy,( (a)v) in V'° is 0 as well,
but this is just (&) applied to the image ofv by 4.1.1. Therefore the image of in
Vy'e is 0 and by 4.1.4v itself is 0. O
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According to 4.1.4 the canonical projection fronV to Vy induces an isomorphism
of VAKo with V', The inverse of this isomorphism is called theanonical lifting from
V'° to V0. (Note that according to 1.4.3 there will exist > 0 such thata2 A ()
impliesaN;a ! Ng.)

This \canonical lifting" is not independent of the choice ofK,. More precisely, let
KJ Ko be two subgroups with Iwahori factorizations. Then it is notgenerally true

that VKo \ V0 = Ko,
Proposition 4.1.8.  If v2 V,° and v°2 VAKg have the same image iy, then
V= Py (V) = Py (VY:

Proof. Let N2 be chosen large enough so that(N)\ VK  V(N9), and choose

a2 A sothataNfa ! Ng. According to 4.1.7, there exist/o 2 V,° and vJ 2 VAKg
such thatv = Py, ( (a)vo), vV°= Pxo( (a)vg). If vo has imageu, and vg has imageug
in Vi, then v and v® have images y (a)up and y (a)ud, by 4.1.1. Thereforeug = ug,
and hencev, V22 V(N)\ VKS. But then by 4.1.3, Proe( (@Vvo  (a)v)) =0, or

Pks( (Vo) = Pxeo( (a)vg) = V2
Sincev is xed by Ko, (a)vo and hencePyo( (a)vo) = vare both xed by MgN, .
Jacquet's First Lemma implies then that
Pno(V) = P, (V9
= Py, (Pxg( (@Vvo)) = v: O
4.2. Let P be a parabolic subgroup ofc and (;V ) an admissible representation
of G.

Note that for the representation € ¥) and parabolic P , the set A must be
replaced byA* = (A ) L
Lemma 4.2.1. If Kq is a subgroup with an lwahori factorization with respect toP,
v2 VS ande2 §Ko\ (N ), then hv;ei = 0.

Proof. ChooseN; so that VKo\ V(N) V(N;), N; sothat¥ke\ ¢(N ) Y(N,),
anda2 A sothata IN;a Ny. Choosevy 2 V,° such thatv = Py, ( (a)vo)
(4.1.7). Then

hv;ei = hPy,( (a)vo); i
hvo; Pk, ( (a Y)e)i

=0

by 4.1.3 applied to¥. [
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Lemma 4.2.2. Suppose thatk) K, are two subgroups with lwahori factorizations
0 0

with respect to P, and v 2 V,°, ¢%2 9,°, v 2 VX°, ¢ 2 ¥X°, and assume that

v VP2V(N)ande ¥°2 ¥(N ). Then

hv;ei = hv®ed:
Proof. From 4.1.8,v = Py, (V9. Therefore,
hv;ei = hPy,(V9; wi

= hv®gi
and
hv;ei h vled = hv®e ¥
=0
by 4.2.1. O
One may thus de ne acanonical pairing of Vy with ¥y according to the formula
hu;eiy = hv;ei

wherev, ¢ are any two canonical lifts ofu; &.

Proposition 4.2.3. The canonical bilinear formonVy ¥y is characterized unique-
ly by the property that for any v 2 V, ¢ 2 ¥ with imagesu 2 Vy, & 2 ¥y there
exists > 0 such that foranya2 A () one has

h (av;ei = h y(a)u;\iy:

Proof. That the canonical bilinear form has this property followsfom 4.2.1. To see
that it is uniquely determined by this property, let B be a bilinear form onVy ¥y
with this property, and supposeK, to be a compact open subgroup possessing an
Iwahori factorization with respect toP. One can nd > 0 such that

(i) for all v 2 VKo ¢ 2 §Ko with imagesu2 Vy,a2 ¥, ,anda2 A (), one

hash (a)v;e = hP¢,( (a)v);e = B( n(a)u;ea) and

(i) VKo=VvSofora2 A ().
But then P« ( (a)v) is a canonical lift of y(a)u, and since (@) is surjective on
V' this implies that for all u 2 V,'° and & 2 ¢}"° with canonical lifts v 2 V¥° and
¢ 2 YKo one hasB(u;8) = hv;ei. O

Theorem 4.2.4. The canonical bilinear form onVy ¥y is M -invariant and non-
degenerate.
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Proof. For any m 2 M the bilinear form B(u;&) = h y(m)u; n(m)aiy has the
characteristic property of 4.2.3, thus is the same as the camical form.

For the non-degeneracy: Suppose 2 Vy to be such that hu;eiy = 0 for all
a2 V¥ .Letv2 Vfo be a canonical lift ofu. Then 4.2.3 implies thathv;ei = 0 for
everye 2 YKo hencev = 0. Thereforeu=0 as well. O

Corollary 4.2.5. The contragredient of the representation (y; Vy) of M is isomor-
phic to (ey ;9 ).

4.3. Let(;V )beanadmissible representation db. Let P. be a minimal parabolic
subgroup, a set of simple roots associated t&\. and P.. Let K, be a compact open
subgroup of G possessing an Iwahori factorization with respect to all thparabolics
containing P. (arbitrarily small such K, exist according to 1.4.4).

It is immediate that for any and > 0,
n 0

A () A azA j () forall 2 r
Conversely:

Lemma 4.3.1. Let be asubset of . Forany ;> 0 there exists , > 0 such that
a2zA j(@j oforal 2 r is contained inA (1) A..

Proof. Since the product morphism fromA A . to A. is an epimorphism, the
image of the product of the latticesA =A (O) A , =A ; (O)in A.=A.(O) has
nite index. One may therefore nd a nite set a of representatives of the cokernel
lying in A. .Af o Is the minimum value ofj (a)j as Janges over r and aovera,

thentheset a2 A. | (a)] oforall 2 r is contained inA () A.. O

Lemma 4.3.2. Let be asubsetof , P=P . Foranyv 2 VKo there exists > 0
such that whenevera 2 A. satis es the conditionj ()] forall 2 r ,then

(KoaKo)v 2 V0,

Proof. Let ; > 0 be small enough so thav<° = VAKo fora2 A (1), and let , be
asin 4.3.1. Then fora2 A. such thatj (a)j forall 2 r ,

(KoaKo)v2 (KoA (1)Kg) (KoA. KoV (by 4.1.5)
(KoA ()KV = Vo O
Theorem 4.3.3. Let beasubsetof , P=P ,andletv2 V, e2 ¥ be given

with imagesu 2 Vy, 82 ¥y . There exists > 0 such that whenevema 2 A. satises
j (a)] forall 2 r ,then h (a)v;e = h \(a)u;siy.

Proof. This follows immediately from the construction of the canoigal pairing h; iy
and 4.3.2. O
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For each and in(0;1], dene A. ()tobe

j ()] for 2 r ,

aAzZAh @ 1 for 2

This is a subset ofA. stable under multiplication by A , and for any one sees that
A. is the disjoint union of the A. () as ranges over all subsets of .

Corollary 4.3.4. Letv2V,e2 ¥ be given. For let u , 8@ be theirimages

in Vi , ¥, . There exists > 0 such that for any and a2 A. ()onehas

h (av;ei = hy (au ;& iy :

Proof. Let be the minimum of the guaranteed by 4.3.3 as ranges over all subsets
of . O

4.4. The next few results (4.4.1 through 4.4.3) are technical anelementary. | will
not give proofs.

If X is a set on which a groupH acts, then a functionF: X ! C is said to
be H- nite if it and its H -translates span a nite-dimensional subspace of the space
of all complex-valued functions onX. SupposeH is abelian. Then the characters
associated to arH - nite F are the generalized eigencharacters of the representation

F then there exist '1;:::; m 2 N such that * (h i(n)F=0forall h2 H.

Lemma 4.4.1. Suppose thatF:Z"! C is Z"-nite, and let p > 0. Then the
restriction of jF(x)j° to N" is summable if and onlyj (x)j < 1 for all nonzero
x2 N" and associated toF.

Now let V be a vector space oveR, L a lattice in V, and fq;:::;f, elements of
the dual lattice which form a basis for the linear forms orvV. Let | = f1;2;:::;ng
and for eachd |, and eachc=(cy;:::;¢) 2 R" withall ¢ 0 let

n (0}
V; = v2V fiy(v)=0foralli2J ;
L, = ,T \ Vs, 0
A = v2V fiy(v) Oforalli ;
VJ+ = VJ \ V+,
M = the sublattice spanned by thelL;, asJ

fanges over all subsets df with gard(J) = n  1;
(v2V 0 fi(v)<cjfori2d ; )

fitvy ¢ fori2lrJ
0 fij(v)<c; fori2Jd '

)

JV+(C) v2V

8Reference?
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Dene ;L (c) as;V*(c), etc. The vector subspacé/; has dimension equal tor
card(J)), so that if card(J) = n 1, L; has rank one overZ. The lattice M is of
nite index in L, and eachM is isomorphic toN" ) The vector spaceV itself
is V., and for any c as aboveV™ is equal to the disjoint union of the;V* (c) as J
ranges over all subsets df. The group L; acts on the set;V(c).

Lemma 4.4.2. For ea&:hJ | andc2 R" with all ¢ 0, there exists a nite set
such that ;L*(c)= ~ , ( + M;™).

The above two results combine to give:

Lemma 4.4.3. Let F: ;L"(c)! C be the restriction to ;jL*(c) of an L;- nite
function on ;L(c), p > 0. Then jFjP is summable on;L* (c) if and only if for each
nonzerox 2 L;* and associated toF, j (x)j < 1.

For the rest of this section, | continue the notation ofx4.3.

Proposition 4.4.4. Let beasubsetof ,0 < 1,p>0. LetF: A ()! C
be such that '

(a) F is the restriction to A. () of an A - nite function;

(b) there exists a unitary character! : A | C such that R,F = ! (a)F for

alla2 A ;

(c) there exists an open subgroup  A.(O) such that R,F = F for all a2 A.

Then jFjP is summable on A. ()=AA if and only if j (a)j < 1 for everya 2
A r A (O)A and every character of A associated toF.

Proof. Let L be the lattice A.=A.(O)A ,V =L R, and dene foreach 2 a
functionf : A, ! Zbyf (@) = log,j (a)j, whereqis the order of the residue
eld. To this situation one may apply the previous results|f or example, eachyL* (c)
may be identi ed with some A. ( )=A;(O)A . Now the function jFj may be con-
sidered as a function on A. ( )=AA , which bres naturally over A. ()=A;(O)A
with nite bres. The proposition follows therefore from animmediate generalization
of 4.4.3. O

Corollary 4.4.5. Let be a subset of , 0 < 1, p > 0, K a compact open
subgroup ofG. Let F be a function onK  A. () K whose restriction to A. ()

satis es (a) and (b) of 4.4.4. ThenjF P is integrable modZg if and only if for every
character associatedto anda2 A r A.(O)A ,j ¥Pa)j< 1.

This follows from 4.4.4 together with 1.5.2. (Note that coniion (c) of 4.4.4
automatically holds heré.)

If P is a parabolic subgroup ofG and (;V ) an admissible representation of5,
then according to 3.3.1 the representation (;Vy) is admissible as well. By 2.1.9
this representation is a direct sum of subrepresentationd/().,, ranging over a

%In other words, F is automatically uniformly locally constant. Is this obvio us?



THEORY OF ADMISSIBLE REPRESENTATIONS|DRAFT 1 May 1995 45

set of characters of the center o . | call the restriction to A of the characters
such that (Vy).1 6 O the central characters of with respect to P. (These are
what Harish-Chandra callsexponentsin [20].) If is an! -representation for the
character! of Zg, then ja\ z, = !]ja\z, for any central character . If P, P, are
two parabolics then n, = ( n,)n;\ M, SO that if 5 is a central character of with
respect toP; then ;ja, is a central character with respect tdP,.

Theorem 4.4.6. Let! be acharacter oZg. If ( ;V )isan admissible -representation
of G, then it is square-integrable if and only if
(@) ! is unitary;
(b) for every , if is a central character of with respect to P then
i @j<1lforalla2z A r A (O)A .

Proof. The condition (a) is trivially necessary. Suppose it then tdold.

Let be a subgroup of G as in 1.4.6 such that

(i) =A is compact;

(i) A (O) ;

(i) G= A. .
Let v2 V, ¥2 ¥V be given, and considec, o(g) = h (g)v;wi. Let K be a compact
open subgroup ofG, normal in , such that v, ¢ are xed by K. If f ;g is a set of
representatives of =KA ,thenG= K ;A. K, sothatjc,q is square-integrable
on G=Z if and only if it is on eachK ;A. jK=A . In order to prove that the
conditions imply square-integrability, one may thereforeeplacev, ¢ by the ;v, ; le
in turn and consider onlyc,., on KA. K=A . But to this one may apply 4.3.4 and
445. O
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5. Absolutely cuspidal representations

5.1. An admissible representation (V ) is said to beabsolutely cuspidalor, by
Harish-Chandra in [20] super-cuspida) if for any proper parabolic subgroud® = MN
in G,V = V(N) and henceVy =0. If P, P, are two parabolic subgroups, then
N, Nj;andV(N;) V(Ny), so thatin order to check this condition, it su ces to
consider only maximal proper parabolics. 1P; and P, are conjugate thenV (N;) is
conjugate to V(N5), so that it also su ces to consider only a xed element of eag
conjugacy class.

Proposition 5.1.1. If (;V ) is an admissible representation o6, then it is abso-
lutely cuspidal if and only if for any proper parabolic subgsup P and any admissible
representation (;U ) of M one has Homg(V;i§ )=0.

Proof. The necessity follows from 3.2.5. The su ciency follows frm 3.2.4 and 3.3.1,

since one always has &-morphism fromV to i § ( n Plzz) which is non-trivial if
W 60. O

Theorem 5.1.2 (Jacquet). If (;V ) is an irreducible admissible representation of
G, then there exists a parabolic subgrou® and an irreducible absolutely cuspidal
representation (;U ) of M such that (;V ) may be embedded intd $

Proof. Let r be the semisimplek-rank of G. We proceed by induction onr. For
r = 0, G has no proper parabolic subgroups, so all admissible repattions are
absolutely cuspidal. (Note that whenr = 0, G=Z is compact.)

Assumer > 0. If (;V ) is absolutely cuspidal, one is through. If not, then there
exists some paraboli® with Vy 6 0. The representation y is both admissible and
nitely generated by 3.3.1, so that it possesses a non-trai irreducible admissible
quotient (; W ). By 3.2.4, there exists an embedding of into i ( Plzz). Now the
semisimple rank oM is less thanr, so that by the induction hypothesis there exists a
parabolic subgroupQ of M, with Levi decompositionQ = MgNgq, and an irreducible

admissible representation (U ) of Mg such that p1=2 may be embedded intdg
Apply 2.4.4 and 2.4.5 to prove the theorem. O

5.2. The following is also due to Jacquet:

Theorem 5.2.1. Suppose that (;V ) is an absolutely cuspidal representation d&.
Forv2V,e2 V¥, the matrix coe cient ¢, e has compact support onG modulo Z.

Proof. Let P. be a minimal parabolic subgroup o5, the set of positive simple roots
corresponding toP., the group given in 1.4.6. Note that by 2.1.3, any admissilg
representation ofG is - nite.

Since_the split componentA of the center ofG is equal to the connected compo-
nent of , Kker( ), the theorem will follow from this claim: There exists > 0 such
that forall g2 a with j (a)j< forsome 2 , c,q(g)=0.
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To prove this claim: Let be an element of , P the standard parabolic subgroup
corresponding to r f g@. Itis a maximal proper parabolic subgroup. Since (V )
is absolutely cuspidal,V = V(N). Fix v2 V,e2 ¥, and chooseN; N, compact
open subgroups ofN such that forevery 2 , ()v2 V(N,) and ( )e 2 ¥N:,
Choosep > Osuchthatifa2 A. andj (a)j< p,thenaN;a ' Ni. Ifg= ia ,,
with a2 A. ( p), then one can apply Jacquet's Second Lemma (4.1.2) to seath

h (g)v;ei = h ( 1a ))v;ei
=h(a) (2v;e( ,Y)u
=0:

(One could also apply 4.3.3 here.)
Let be the minimum of the p thus chosen, a$ ranges over the set of all standard
maximal proper parabolic subgroups o6. The claim is clearly satised by . O

Lemma 5.2.2. There is no Lemma 5.2.2.

Corollary 5.2.3. Suppose that (;V ) is an irreducible absolutely cuspidal -rep-
resentation of G, where! is a unitary character ofZ. Then (;V ) is unitary.

Proof. A matrix coe cient of compact support modulo Z is obviously square-integ-
rable moduloZ. The result follows from 2.5.4. O

Proposition 5.2.4. If ( ;V ) is an irreducible absolutely cuspiddt representation
of G, then there exists a real constantt > 0 such that for anyu;v2 V, &;¢ 2 ¥,
one has z

. Zh (g)u;aih (g YHv;eidg= d *hu;wihv;ai:

Proof. Note that the integral makes sense by 5.2.1.
For eachvy 2 V, 8gg 2 ‘9,Zthe pairing which takesu 2 V ande 2 ¥ to

h (g)u;&ih (g ")vo; ¥ dg
G=z

is, as one can checkG-invariant, hence a multiple c¢(vo; o) of the canonical pairing.
Furthermore, the pairing takingv 2 V and e 2 ¥ to ¢(v;u) is also bilinear and
G-invariant, hence iome multiple of the canonical pairing. Aus, one has

5 h (g)u;aih (g Y)v;ei dg= c hu;wihv;ei
=z
for some constantc .

0perhaps this will be clearer if we cite 4.1.3.
1 This result and its proof are valid for square-integrable representations.
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Assume for the moment that! is unitary. Then by 5.2.3, (;V ) is unitary as well,
say with inner productu v. Fix &, ¢ for the moment and letug; vo 2 V be such that

forall x 2 V, x up= hx; @i andx vy = hx;ei. The formula already established gives
z

., @u u)( (g v vo)dg
7 =z
o, (@u U)( (gvo v)dg

c (u vo)(v up)

(which is the usual Schur orthogonality for unitary represetations). One sees that
c > 0 by settingu = vg and v = uy.

Before completing the proof, we'll need the following resul

Lemma 5.2.5. If (;V ) is any smooth! -representation ofG, then there exists a
unique positive real-valued character of G such that the restriction of to Z
IS unitary.

Proof. What must be shown is that there exists a unique positive chacter of G

such that! ( jz) is a unitary character ofZ. Now G has a maximum torus quotient
T; the canonical morphism fromG to T induces an isogeny of. If Zo and Ty are

the maximal compact subgroups oZ and T, then the groupsZ=Z, and T=T, are free
modules overZ of the same rank, and the canonical map frord=Z, to T=T, is an

injection with nite cokernel. The character j! j on Z=Z, therefore extends uniquely
to a positive character ofT=T,. Take to be its inverse. [

To complete the proof of 5.2.4, let (V ) be given, and choose so IS unitary.
The constantc ~ will work for  as well as , and is positive. Letd = c ! . O

The constantd in 5.2.4 is called theformal degreeof (;V ). It depends only on

and on the normalization of Haar measure. Harish-Chandra Baecently*> shown
that if the characteristic of the eld of de nition of G is 0, then one may normalize
the measure onG such thatd 2 N for every absolutely cuspidal .

5.3. | give here some new characterizations of absolutely cuspidepresentations.
Theorem 5.3.1. Let (;V ) be an admissible representation d&. The following are
equivalent:

(@) (;V ) is absolutely cuspidal;

(b) (e ¥) is absolutely cuspidal;

(c) foreveryv 2 V, e 2 ¥ the matrix coe cient ¢, has compact support modulo
Z.

12Not recently. PS will nd a reference.
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Proof. The equivalence of (a) and (b) is immediate from Theorem 42.

That (a) implies (c) is just 5.2.1. For the converse: Suppodbat for every v 2 V,
2V, ¢, has compact support modul&. Then for everyv 2 V, ¢ 2 ¥, and every
parabolic subgroupP in G, there exists > 0 such thath (a)v;ei =0for a2 A ().
Fix for the moment a compact open subgrouiK o with an Iwahori factorization with
respect toP. Then there exists > 0 such that for everyv 2 VKo ¢ 2 §Ko and
a2 A (), we haveh (a)v;e =0, and this in turn implies that for every v 2 VXo
anda2 A (), we havePg,( (a)v) = 0. This implies that V,fo (seexd) is zero.
Thus, letting K vary and applying 4.1.4, we see tha¥y = 0. Since P was arbitrary,
(;V ) is absolutely cuspidal. O

5.4. Recall fromx2 thatif ! is a character ofZ, then the smooth! -representations
of G form an abelian category.

Theorem 5.4.1. If ( ;V ) is an absolutely cuspidal -representation, then it is pro-
jective and injective in this category.

Proof. | shall rst prove projectivity, and start with the case where (;V ) is irre-
ducible. Let (;U ) be any smooth! -representation,F: U ! V a G-surjection. |
must show that there exists aG-morphism : V I U splitting F.

Choose nonzerogy, 2 ¥ and vy 2 V such that hvg;%i = d (see 5.2.4). For
any v 2 V, let , be the functionc,e :g7'h (g)v;%i. Because is an! -
representation, it follows from 2.5.1 and 5.2.1 thav 7!  is a G-morphism from
(;V)to(R;H, :(G)). Identify V with its image in H, 1(G). De ne the projection
P:H, :! V bythe formulaPf(y)=( , f)(y). Then

z

Pf(y) v (T (x ty) dx

Z:

v (YX)F (x 1) dx

Z
. f(x D(Rx v)(y) dx:
=z

The last formula shows thatP (H, :) V; the rstimplies that P is a G-morphism:
P(Rqf) = Ryq(Pf). Furthermore, if f =  liesinV, then

z
Pf(y) G=Zh (X)Vo; %ih (x ly)v;ei dx

d thvg;eih (Y)V: i
h (y)v; i
v(y)
by 5.2.4 and the choice ofy, ¥. In other words, Pf = f forf 2 V.
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Recall (;U)and F:U! V. Chooseug 2 U with F(upg) = V. Let be the
map fromH, 1 to U, taking f to (f )uo, where for anyf 2 H, 1 (or C! (G), for
that matter) f (x) = f (x ). One can check easily that this is &-morphism. And
one can also check that the diagram

Hy 1
U " Iy
is commutative, which implies that the composition = VI U splitsF.

Now assume ( V ) to be an arbitrary absolutely cuspidal! -representation. LetK
be some compact open subgroup &, V, the G-stable subspace generated byX .
This is nitely generated, hence has an irreducible (absadlely cuspidal) quotient,
which is in fact isomorphic to a summand oV, by the case we have just dealt with.
An induction argument implies that Vj is a nite direct sum of irreducible absolutely
cuspidal representations. If one applies Zorn's Lemma, fetg K vary, one obtains:

Proposition 5.4.2. Any absolutely cuspidal! -representation is a countable direct
sum of irreducible absolutely cuspidal representations.

This clearly implies projectivity for all absolutely cuspdal ! -representations.

For injectivity: Let ( ;U ) be any smooth! -representation andF:V ! U a G-
injection. | must construct : U ! V splitting F. But now one has a dual map
F:8 ! ¥, which splits by what | have just shown, say by a mag: But then one

alsohas® 1 § splitting B:% 1 & However,¥ = vV and one has a canonical
embedding ofU into 8, so that one may de ne as 6ju. O

Corollary 5.4.3. If P is a proper parabolic subgroup o and (; U ) is an irreducible
admissible representation oM, then no irreducible composition factor ofi§ s
absolutely cuspidal.

Proof. Let V, be aG-stable subspace dfs , (;V ) anirreducible absolutely cuspidal
representation ofG, andF: V! V aG-morphism. IfF 6 0, then F splits by 5.4.1.
But this implies that ( ;V ) is isomorphic to a subspace dfS , a contradiction to
511. O

Corollary 5.4.4. Assume to be an admissible representation db of nite length,
whose composition series is multiplicity-free and whoseeducible composition fac-
tors are absolutely cuspidal. Then is in fact isomorphic to the sum of its irreducible
composition factors.



THEORY OF ADMISSIBLE REPRESENTATIONS|DRAFT 1 May 1995 51

Proof. Applying 2.1.9, one may assume that for some characterof Z, each compo-
sition factor is an! -representation. By an induction argument, one is reduceatthe
case where the length of is two, i.e., one has an exact sequence

0! 1! ! 2! 0

where ; and , are both irreducible absolutely cuspidal -representations, and ;
and , are not isomorphic. Now for anyz 2 Z, the mapv 7! (z)v ! (z)v from
the space of into itself factors through ; and de nes in fact aG-morphism from
to 1, which by assumption must be null. Therefore itself is an! -representation,
and one can apply 5.4.1 to nish the proof. O
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6. Composition series and intertwining operators |

| shall show here among other things that every nitely genexted admissible rep-
resentation has nite length; this will fall out from an analysis of the Jacquet module
for a representationV induced from a parabolic subgroup o6G. This analysis also
relates to G-morphisms between various induced representations andas¥s one a
re nement of the earlier criterion for square-integrabiliy.

6.1. Ishall rst prove some fairly technical results, related tasome results of Bruhat
in [11]. Let X be an analytic variety over thep-adic eld k, Y an analytic subvariety
of X . SupposeH is ak-analytic group acting onX and taking Y to itself, such that

(i) H acts freely and properly onX and
(ii) foreachx 2 X, the maph 7! h x is an immersion ofH .

Then by [9, x6.2], the quotientH nX of X by H exists and is also an analytic variety,
and contains the quotientH nY as an analytic subvariety. The projection fromX to
HnX makesX into a principal bundle with H as bre. Local analytic sections of
this projection exist everywhere orH nX .

Suppose (U ) is a smooth representation oH. De ne I} ( jH; X ) to be the space
of locally constant sections, of compact support, of the vier bundle associated to
the H-spaceU and the principal bundle X . Explicitly, this consists of functions
f: X ! U which are locally constant and of compact support moduldi, such
that f(hx) = (h)f(x) forall h 2 H and x 2 X. One may also de ne spaces
I jH;X r Y)and I} ( jH;Y).

Lemma 6.1.1. The sequence
0! IZ(CjH;X r YY) ! IR (jH;X) ! IR (jHY)! 0
is exact.

Proof. Injectivity is clear.

Suppose 2 I ( jH;X)and fjY =0. Sincef has compact support orX modulo
H, and is locally constant, there exists a nite set of compacbpen setsX; X
such that suppf) HX; and fjX; is constant. SincefjY = 0, one may assume
X;\ Y =; for eachi. Thus, f liesin IZ ( jH;X r Y).

Suppose 2 11 ( jH;Y). One has a nite disjoint set of compact open set¥; Y
such that supp( ) HY; andf |Y; is constant. The projection of eaclY; onto HnY
is open. Because local sections overnY exist, we may nd disjoint compact sets
Z;j Y such that

(i) the restriction of the projection from Y to HnY is an isomorphism on each
Zj ; S
(i) supp(f) HZ;;
(i) f is constant on eacty;.
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One may then nd disjoint compact open setX; X such that

(i) the restriction of the projection to eachX; is an isomorphism;
(II) Xj\ Y = Zj;
(ii) for each h 2 H, if hX;\ X; is nonempty, then so ishY;\ Y;.
Extend f in the obvious way toX;, again toHX;, then to ~ HX;. The function in
I1 ( jH;X) one obtains then has imagé in I ( jH;Y). O

6.2. Inthis section, letP be any locally compact group such that the compact open
subgroups form a basis of neighborhoods of the identity, I be a closed subgroup\l
a normal closed subgroup with arbitrarily large compact opesubgroups, and assume
QN closed. In particular, N is unimodular. Let (;U ) be a smooth representation
of Q. Then one has the representation o\ n; Ugyn) Of Q=Q\ N, which may also
be considered as a representation @N=N  P=N sinceQN=N = Q=Q\ N.

Let be the modulus character o on Q\ NnN. Itis trivial on Q\ N.

Proposition 6.2.1. One has
(c-Indg In = c-IndgE'\:'N QN -

Proof. In several stages:

(i) For u 2 U, let u be its image inUg n. Since anyf 2 c-Indg has compact
support modulo Q, for any p 2 P the function R,f jy has compact support modulo
Q\ N. Also, forg2 Q\ N, n2 N, andp 2 P one hasf (gnp = (g)f (np) = f (np).
Thus the integral z

f(p) = f(np) dn
Q\ NnN

is well-de ned.
(i) For n 2 N, a change of variable in the integral shows that for alp 2 P,
f(np) = f(p). Thus, f may be considered as a function oR=N.

(i) For g2 Q,
z

fap=  T(napdn

z

f(q q 'ng p)dn
Q\ NnN
= on (0 (Of (p):

(iv) The function f clearly has compact support modul®@N onP.

(v) From (ii){(iv) one sees that f !  f isamap fromc-Ind, to c-Indgty o\~ -
It is a P-morphism, clearly, and factors through & =N-morphism from (c-Indg IN -

(vi) Now to see thatf 7! f is surjective.

Let x 2 P be given. LetK be a compact open subgroup d® and u an element
of U xed by xKx 1\ Q. Then (xKx 1\ Q)(Q\ N) is the inverse image of the
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image ofxKx 1\ Qin Q=(N\ Q); thus, if K, K is a compact open subgroup
small enough so that the image oK ox )N\ Q in Q=(Q\ N) is contained in that
of xKx 1\ Q,onehaskKox YN\ Q (xKx 1\ Q)(Q\ N). Choose such K.
De ne a function :P ! Uqg n to be O outsideQNXK o and equal to ( oy n )(Q)U
at gnxk 2 QNxK o. The space c-IndZo, yy o n . With proper identi cations, is
spanned by such elements, so it suces to ndf 2 c-Indg with f = . But now
dene f to be 0 0 QxKy and equal to (q)u at gxk. Then for nx = gxk one has
q = nxk x !, hence, by assumption orky, g 2 (xKx 1\ Q)(Q\ N), so that
f(nx) = (qu= u. Thusf is equal to some scalar multiple of.
(vi) The map f 7! f is injective. For this, we need a few preliminary results:

Lemma 6.2.2. If Ng is any compact open subgroup dii and K is a compact sub-
group of P, then there exists a compact open subgroup & containing N, and
normalized byK .

S . . : .
Proof. The set ™,k kNok !is compact, hence by the assumption oN contained in
some compact open subgrouf; of N. The group ,,x kNik ! containsNg and is
thus open, but it is also clearly compact anK -stable.

Corollary 6.2.3. The elementf 2 c-Indg has image 0 in (c-Ind )y (i.e., lies in
(c-Ind )(N)) if ang only if for every p 2 P there exists a compact open subgroup
N, N such that Npf(np)dn =0.

Proof. The function f lies in (c-Ind )(N) if and only if there exists a compact open
subgroupNy N such that for e%/eryp 2P

f (pn)dn=0:
No

Therefore, iff 2 (c-Ind )(N) one may chooséN, = pNop .

Conversely, letf be given and assume that for everg 2 P there exists anN, satis-
fying the conditions in 6.2.3. Choos& compact and open such thaf 2 (c-Ind )¥.
For any p 2 P, th(;e Lemma implies that one may nd a compact open subgroup
No N such that  f (pkn)dn = 0 for every k 2 K. If X is compact andf has
suppgQrt on QX, one may (again by the Lemma) nd a compact opemNg N such
that \, f (xn)dn=0forall x 2 X. But now consider the functionfy, = , Rafdn.
Sincef has support onQX, fy, has sppport onQXN ;. But by the construction
of Ny, forany x 2 X and ny 2 Ny, ,f(xnin)dn = 0. Hencefy, = 0 and
f 2 (c-Ind )(N,). O

Now to attack tt&g injectivity of f 7! f. Supposef = 0. In particular, f (1) =0,
which means that q, y)ny f (n) dn = 0. Choose a compact open subgroul, of N
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such that the support off jy lies in (Q\ N)Ng. Then
Z z z

f(n)dn= f (nyny) dnydn, = 0;
NI% (No\ Q)nNo  No\ Q R

which means that  f (n)dn lies inU(Q\ N). Thus,  f(n)dn2 U(N;) for some
compact open subgroupN; Q\ N._If one chooses a compact open subgroup
NJ N containing N;No, then one has Ngf (n)dn =0.

This argument applies toRyf as well, which guarantees that the condition of 6.2.3
holds, and hencd 2 (c-Ind )(N).

The proof of Proposition 6.2.1 is complete.

Remark 6.2.4 The mapf 7! f, and therefore the isomorphism of 6.2.1, depends
on the choice of a measure orQ\ N)nN. Otherwise, it is canonical.

6.3. Return to the notational conventions ofxx3{5 (so that in particular G is the
group of rational points of a reductive group de ned over thg-adic eld k). Fix a
minimal parabolic P. and a maximal split torusA.  P., and let be the corre-
sponding set of simple roots.

Fix also for a while (through the proof of 6.3.6) subsets ; . Given this
choice, letC(w) be the double coseP wP ; recall that G is the disjoint union of the
C(w) as w ranges over W nW=W ] (as de ned in x1.1). De ne a partial ordering
on W nW=W ] as follows:x <y if C(x) is contained in the closure ofC(y). Thus,
1 is minimal with respect to this ordering.

For eachw 2 [W nW=W ], let G,, be the union of theC(x) with x >w . Itis open
in G, an% if x>y then Gy Gy. For any subsetR [W nW=W ], let Gg be the
open set ,,r Gy. Itis also the union of all setsC(x) wherex >w for somew 2 R.

If x is a minimal element ofR, then the intersection ofGgr with the closure of C(x)
is just C(x) itself, which is therefore closed inGr. A subsetS R is said to be
minimal if all its elements are minimal; in this circumstance, the itersection of Gy
with the union of the closures of theC(x) (x 2 S) is simply the union of the C(x)
(x 2 S), which is again closed inGg.

For eachw 2 [W nW=W ], let d(w) be the dimension of the algebraic variety
P nP wP overk. As a particular case of the above de nitions, fon 0 one may
take R to be the set of allw with d(w) n. In this case we writeG, for Gr. Of
course,Gh:1 G, and G = G,.

Now let (;U ) be an admissible representation df1 , and letl = I( ) bei§

For any w 2 [W nW=W ] de ne |, to be the subspace of 2 | with support on
Gw, and similarly dene I for R [W nW=W ]. Each Ir is stable underP .
The subspaced,, de ne on | a decreasing lItration of P -spaces indexed by the
partially ordered set W nW=W ]. It is dicult to describe the whole space | as
a P -module, which is unfortunately useful in many applicatios, but it is not so
di cult to determine the graded modules associated to the tration.
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First of all, for eachw 2 [W nW=W ] de ne J,, to be (in the notation of x6.1)
12 ( 1=2jP ;P wP ). (Of course this de nition depends in reality on the double
cosetP wP .) Then letting H = P one may apply 6.1.1 and the above remarks
immediately to obtain:

Proposition §,3.1. Let R be any subset of (V nW=W ], Sja minimal subset ofR,
and letR°= x2 [W nWw=W ]Jr S x>w for somew 2 R . Then the sequence

M
0! Igo! IR! Juw! O

w2S
is exact.

In particular one may takeR = S = fwg, and then one obtains the exact sequence
M
0! ! ! Ju! O

X>W
X6 w

n [0} n [0}
As another special case one may i@ = w d(w) n andS= w dw)=n .
In this case | write Ig asl,. The proposition then gives a decreasing lItrationfl,g
indexed by N, with
In=lh+1 = Jw:
d(w)=n
Second, the spaced,, may be described more explicitly. For eaclx 2 G, let
x 1=2) be the representation ofx P x on the same space as that of which
takesp to 1=2(xpx 1). The isomorphism class of this representation depends gnl
on the cosetP X, but the representation itself will in general depend on thparticular
X, and it is important to keep this in mind.
De ne for eachx 2 G the representationJ, of P :

1=2
Jy=cIndf .p L p X X )

There is a possibility of confusion with previous notationbut it is not too serious:

Proposition 6.3.2. Let w be an element of\W nW=W ], x any element ofP wP .
The map takingf to ¢, where

t(p) = f(xp);
induces an isomorphism o, with Jy.

The proof of this is straightforward.

Propositions 6.3.1 and 6.3.2 together provide the descriph | have already men-
tioned of the gradedP -module associated to the ltration ofl ( ) by [W nW=W ].
The next step is to determine the corresponding Jacquet mokhs.
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Proposition 6.3.3. Let w be an element of V. nW=W ], x 2 N(A.) representing
w. Then

(JX)N = C'Ind)lt/l 1p x\ M M \xN x 1 1:2;
where is the modulus of the unique rational character of P x\ M which restricts
to
Y m( ) Y m( )
2 fr ° 62 *r *
w 2 r w 2 r

on A., wherem( ) is as de ned in x1.6.

| shall rst interpret this. The group P.\ M is a minimal parabolic ofM and
the corresponding set of simple roots is . The groux P x\ M is the standard
parabolic corresponding tow ! \ , with radical x N x\ M and reductive
componentx M x\ M (see 1.3.3). Similarly, the grouxP x '\ M is a standard
parabolic inM , corresponding to \ w, with radical xN x *\ M and reductive
componentxM x 1\ M . The representation y \y x : may be considered as
a representation of the latter, hence also ofP x 1\ M . Thus x *( v \xv x 1)
is to be considered as a representation & ‘M x\ M or of x P x\ M , and
c-Ind 1p v X (M v x 1) F2is at least of a familiar sort if the  factor makes
sense, which | shall show in a moment. In particular, Ind and-d are the same.

The proof is not much longer than the statement. LeP = P ,Q=x P x\ P,
N = N in 6.2.1. Note that QN=N = Q=Q\ N) = x P x\ M and that
P=N = M . One obtains quickly that

Gdn =nd” 0 oy X Mmoo x (W )

where is the modulus character ok P x\ P actingonN =(x P x\ N ).
It remains only to examine the character\{ ! 1=2) more closely.
The character is the norm of the rational character

wherep is the Lie algebra ofP , n that of N . The character (v ! 1:2) is thus

the square root of the norm of the rational character equal to

Y w 1 mO) Y 2m( )

2 tp ot 2 *tp ot
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onA. (and by 1.6.1 this determines it as a rational character of P x\ M ). This
in turn is equal to

Y m( ) Y 2m( )
2 o 2 r *
w 2 r
= Y m( ) Y m( )
2 *r 7 62 *r *
w 2 r w 2 r

which is the formula in the proposition. O

Corollary 6.3.4. Suppose is absolutely cuspidal,w 2 [W nW=W ], and x is an
element ofN (A.) representingw. Then

(@) one has (x)x =0 unlessw ? ;

(b) whenw 1! , one has
. 1=2,
(JX)N :(I)’l/llp x\' M Xl) .
Proof. Part (a) is easy, since if is absolutely cuspidal then y \x x : = 0 unless
M \ xN x 1!is trivial, and this is equivalent to the inclusionsM xM x 1 or
W 1

Part (b) is a matter of computing the -factor correctly. By the de nition of
normalized induction, what must be shown is that

('JX)N = Ind)’lﬂ 1P x\ M (X ! ) 1=2;
where is now the norm of the rational character which restricts to
Y
m( )

2 Yrwl?

on A.. Now if w ! then w ! * “andw ! . Hence for 2
r o Y,w 2 fr tor o r , and according to 6.3.3 the proper-factor is
the norm of
Y m( ) Y m( ) Y m( )
2 tro ¢t 2 2
w2 r w2 r w2 r

+

(note that there isno 2 such thatw 2 r )

- Y m( ) Y m( )
2 2 ¢
w2 Tr *
- Y m( ) Y m( ) 0
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The next result summarizes what the results so far say abouhé¢ spacd when
is absolutely cuspidal.

Theorem 6.3.5. Let ; be subsets of , and let be an absolutely cuspidal
representation ofM , | =i$ . There exists a lItration

0 I, lo=1
by P -stable SLtbspaces such thatl (=lh+1)n = (In)n =(In+1)n IS isomorphic to

the direct sum ~ (Jy)n , the sum ranging overw 2 [W nW=W ] with d(w) = n.
Furthermore: 8
<0 ifw?! 6
J =

(uln :ivl\cle\Mwl if w

The use of elements ofV rather than representing elements iN (A.) is justi ed
because it is only a matter of isomorphism class.

The only new ingredient here is that a Itration of I gives one of as well, and in
such a way that Gr(ly ) = Gr(l)n . This follows from the exactness of the functor
(3.2.3).

Theorem 6.3.6. Let ; be subsets of , and let be an irreducible absolutely
cuspidal representation ofM . If is an irreducible composition factor ofi S
and an irreducible absolutely cuspidal representation df such that may be
embedded intoi$ , then there existsw 2 W( ;) (i.e., w 2 N(A.) such that
wiM w=M )withw ! =

Proof. The assumption on implies, by Frobenius reciprocity (3.2.4), that there
exists a non-trivial M -morphism from  to 2 Therefore, ' occurs as a

composition factor ofly (wherel = i$ ), hence of someJ,)y Wwith w 1!
(6.3.4). But (Jy)n is isomorphic toi ., .\, w1 7 sothatby 5.4.3if 7
is a composition factor thenw ' = and =w?!l. O

Corollary 6.3.7. Let be a subset of , and let be an irreducible, absolutely
cuspidal representation oM . Theni$ has nite length. If is an irreducible
composition factor then there exist and w 2 W( ;) such that has an
embedding intoi§ w ! .

Proof. If is an irreducible composition factor, then according to 5.2 there exist
and an irreducible, absolutely cuspidal representation of M with ig
Apply 6.3.6 to conclude the proof of the second claim.

To see thati ( ) has nite length: If U $ V are G-stable subspaces df = i ( ),
then there exists a nitely generated non-trivial subspaceof V=U, and by Zorn's
Lemma an irreducible quotient of that. Therefore if one is gen an ascending chain
I, 1,::: one can, if necessary, replace it by anothéy J; 1, J, ::: where
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Ji=l; isirreducible. For any one has a corresponding chain of Jacquet modules
(Ii)n (Ji)n > and Ji)n =(li)n = (Ji=Ilj)n by 3.2.3. By 6.3.5, this chain is of
nite length. If the original chain were in nite, then by 5.4.3 there would be some

for which the chain of associated Jacquet modules is of in iite length, and
this would be a contradiction. A similar argument shows thathe descending chain
condition holds, so thatl has a Jordan-Helder composition series.[]

Corollary of the Corollary 6.3.8. Let P be any parabolic subgroup o. If s
any admissible representation ofl of nite length, then i$ has nite length.

Proof. See 2.4.4 and 2.4.5.0

When s irreducible and absolutely cuspidal, one can obtain edsifrom the
proof of 6.3.7 that the length ofi§  is bounded by the product of the number of
associates of and the order ofW( ; ), but a stronger bound will be given later.
When = ;, however, the bound here is already the best possible one tltan be
obtained by these techniques:

Corollary 6.3.9. If is an irreducible, admissible (hence, nite-dimensionalepre-
sentation of M., then

(a) the length of i S; is at most the order of the Weyl group;
(b) if is an irreducible composition factor of S: then there existsw 2 W and
an embedding of into ig w .

This was proven independently by Matsumoto [27] and Silbeeg [30] when is
unrami ed. Other results of this section have been proved dependently by Bernstein
and Zelevinskii [2].

Theorem 6.3.10. Any nitely generated admissible representation ofG has nite
length.

Proof. Let be the given representation. By 2.1.9, there exists a niteamposition
series for , each factor of which is anl -representation for some character of Zg.
Thus, one may assume itself to be an! -representation.

Proceed by induction on the rank ofG%'. If this is 0, then G%' is compact and
any nitely generated admissible representation is nitedimensional. For arbitrary

parabolics ofG, and ; = ,. By 3.3.1, each of these is nitely generated and
admissible, hence by the induction assumption each is of tei M;-length. But then
by 6.3.8 eachl; = iSi i has nite length. By Frobenius [eciprocity there exists a
canonical G-morphism from into eachl;, hence one into |;. It remains to show
that the kernel of this map has nite length. This kernel, hovever, is absolutely
cuspidal, by remarks made inx3.2, and by 5.4.1 a summand of. Therefore it is
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nitely generated, and by 5.4.2 a nite direct sum of irredugble absolutely cuspidal
representations. [

To conclude this section, | mention a sort of converse to 63(due, | imagineg?, to
Harish-Chandra):

Theorem 6.3.11. Suppose ; to be associate, a nitely generated abso-
lutely cuspidal representation oM ,w 2 W{( ;). Then the irreducible composition
factorsofiS andiS w ! are the same.

Proof. There are many possible proofs, but the briefest is to obserthat the char-
acters are the same (see 2.3.3, [22, Theorem 9.2(iii)], ad®]). O

6.4. Letthe notation be as inx6.3. Let (;U ) be an irreducible absolutely cuspidal

representation ofM , 1 = i$ . Because of Frobenius reciprocity, the structure of
In Is related to G-morphisms froml to representations induced fronP . | want to
make this more expligit. o

Dene W( )tobe w2W( ;) w = and call regular if W( ) = fig.

(Indeed, for this de nition  need not be absolutely cuspidal.)

Proposition 6.4.1. Assume that is regular and that is an associate of . Then

In IS isomorphic to the direct sum
M

(w )™
w2W( ;)
It is allowable to use elements o¥V rather than representatives inG because it is
only a matter of isomorphism.

Proof. The proposition follows from 6.3.5, 6.3.6, and 5.4.4]

In other words, the lItration of Iy by the (I,)n splits, and Iy is isomorphic to
the associated graded representation, whenis regular. (It is not necessary that
be regular in order for 6.4.1 to hold, but there are certainlgxamples where is not
regular and 6.4.1 does not hold. Se®.)

For the remainder ofx6.4, assume to be regular.

Let me be more precise and restate slightly results frogx6.1{6.3. Let be an
associate of . Recall fromx6.3 that G, is then the union ., P xP , that I, is

the subspace of alf 2 | with support in G, and that J,, =1 ( 1:sz P wP ).
Restriction d%termines a canonicaP -morphism froml,, to J,, which is surjective.
Its kernel is  Jy (X > w, x 6 w). This in turn determines an M -morphism
from (Iy)n to (Jw)n . Recall that (Ju)y = 0 unlessw 2 W( ; ), and that if

w 2 W( ;) then there exists an isomorphism of @,)n with (w 1) =2 | want

13Can we nd out?
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to describe this isomorphism explicitly because there argvd choices to be made in
obtaining it which | want to keep track of.

The rst choice is of an elementx 2 N(A.) representingw. This gives the iso-
morphism of J,, with J, given by f 7! ;. The second choice is of a measudn
on (x IN x\ N )nN , which is isomorphic to the groupN,, : (seex1.3). This

determines an isomorphism ofX, )y with (x 1) 22 it takes 2 J, to
z
R, dn:
(x IN x\'N )nN
Let x 1an:(wn ! @GIn ! (x 1) 2 pe the composition of the various

maps. Proposition 6.4.1 then says two things:

(1) the morphism 1.4y splits uniquely, so that (x * ) ™ occurs as a subrepre-
sentation of ()N ;

(2) the inclusion of x * ) 1= (Iw)n into Iy also splits, so that there exists a
unique extension of , 1.4, to all of (I )y . This, and the corresponding map

from 1 to (x 1) ' Ishall also call y 1.gn.

There is a relationship with results of Bruhat in [11]. LetC! (G;U) be the space
of all locally constant functions fromG to U of compact support. There is an almost
canonical G-surjection fromC! (G;U) to i §

z

P@= L 22(p)f (pg) dp:

The composition

Cl@Guyt 11 Iy (xt) ¥
corresponds to a distribution onG with values in Home (U; U) satisfying certain
equations concerning left and right multiplication by elerents of P and P . Viewed
in these terms, the content of 6.4.1 is that a certain distribtion de ned initially only
on G,, actually extends covariantly to all of G. Q

Fix now measures on eacilN ( 2 ) and hence on each product
drop the subscripts referring to measure from now on.

For any x 2 N(A.) with image w 2 W( ;) dene T, :( ) (often just Ty 1)
to be the G-morphism fromi$ = I( )toiS x ! corresponding to theM -
morphism , +:1( )y ! (x 1) 1= (recall that is assumed regular). On,,,

« 1 Is de ned by the formula

N . I will

z
« 1(f)= f (xn) dn;
N, 1
and in fact it may be de ned by this formula on a somwhat largeispace. For each
w2 [W nW=W ] let G, be the complement inG of the closure ofP wP and let
G,, be the union of this with P wP itself. Dene I, andl, to be the subspaces
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of I ( ) consisting of functions with support onG,, and G,,, respectively. Because
P wP is closed inG,,, the restriction of anyf 2 1, to P wP has compact support
modulo P . This remark together with 6.3.1 implies:
Lemma 6.4.2. Foranyf 21,,
z
« 1(f) = f (xn) dn:
N, 1

The map  : induces an isomorphism of =1, with Jy.

For the next results, recall rst of all from 1.3.2 that if u and v are elements oV
with “(uv) = "(u) + "(v) and x 2 N(A.) representsu, then the map

(Ne;Ny) T xNyx N,

is a bijection of N, N, with N,. Recall, second, fronx1.2 the notion ofheightand
its connection with length inW. Foranyx 2 N (A.) representingw 2 W, let (x) be

the Radon derivative or modulus factor of the transformatio Ad(x): N ! N, ,
so thatd(xnx 1) = (x)dn.
Lemma 6.4.3. Assume that , , and are associatesin , u2 W( ;), v2

W( ;) with ht( uv) = ht( u) + ht( v), and x 2 N(A.) representingu. Then Ty :
takesl , andl, tol, andl, , respectively.

Proof. By 1.3.5,P uvP = P uP P vP , and similarly for their closures. Forf
to be in |, means thatf =0 on P uvP . Hence for anyg2 P vP , R4,f =0 on

P uP , so that Ryf liesinl, and
z

T 1f(9) = x 1(Rgf) = f (xng) dn:
N, 1
However, the restriction ofRsf to N, :\ P uP is zero and so is this integral, so
that T, .f 21, . Something similar works forl . [

Theorem 6.4.4. Assume that , , and are associatesin ,let u2 W( ;)and
v 2 W( ;) be such that ht( uv) = ht( u) + ht( v), and let x;y 2 N(A.) representu
andv. Then v
Ty 1Ty 1 = (yh lTy 1y 10

> 0
<

u 0

Proof. Since allG-morphisms fromi§ toi§(y *x ® )are scalar multiples ofT, 1, 1,
it su ces to prove that forall f 2§

T, 1T, 1f (1) = Y (yhH'? ;
y X = y ) Ty 1x 1f(1),
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or that
Y 1, 1
y l(Tx 1f): (y ) y 1x 1(f):

> 0
u< 0

Furthermore, it su ces to prove this only for f 2 I ,,. But for these (applying
6.4.3):

z
y 1(Tx 2f) = \ (Tx «f)(yny)dng
zv'
= x 1(Ryn,f)dng
N, 1
z" z
= dn; f (xnayng) dn,
N, 1 N, 1
which by 1.3.2 and the de nition of the is
v z
(yH* f (xyn) dn
UZY8 ch
= (y 1)1y1x 1(f): H
wi o

Remark 6.4.5 The operators T, :( ) depend analytically on . Recall rst of all
that the set of unrami ed charactersX (M) has a complex analytic structure x1.6)
and hence so does the set of representations oM of the form , 2 X (M).
The group W( ;) acts analytically on this, and the set of regular represemations
X 9 in this family is the complement of an analytic subset. The faily iS ( ) is
an analytic family over X (x3.4) and so is the restriction toX 9. Furthermore, for
, the family i (), is an analytic family of admissible representations d¥l

over X , and all the lItrations of I,( ) are also analytic. OverX'™? one has an
analytic splitting of I ( )y as a direct sum of families isomorphic tav ( ) 1=
(w2 W( ;)) and hence the projections , : are analytic as well. In more down-
to-earth terms: for a xed f 2 C! (G; U) the image off under the composition

1

ct@ufl 1)y 1w rtu

varies holomorphically with

6.5. One consequence of the results so fanif is a re nement of the earlier criterion
for square-integrability. Continue the previous notation

Theorem 6.5.1. Suppose that is irreducible and embedded in$ , where is an
absolutely cuspidal representation dff . Then in order for to be square-integrable
mod Z it is necessary and su cient that
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(@) ja is unitary and

(b) for every associate to and every central character of with respect
toP,j 'a)j<1lforala2z A r A (O)A .
Proof. According to 6.3.5, if does not contain an associate of then 5 =0.

If does contain an associate of , say , then 6.3.5 implies that any central character
of with respect toP is also one forP . Apply 4.4.6. O

Note that the case = ; is particularly simple.

6.6. | include here some relatively elementary consequences abioreducibility of
representations induced from parabolic subgroups. We retathe earlier notation.
The rst result is due to Bruhat [11].

Theorem 6.6.1. If is an irreducible, unitary, regular admissible representian of
M (not necessarily absolutely cuspidal) them$ s irreducible.

Proof. Because is unitary, soisl =i ( ). Any G-subspace is therefore a summand,
and it has only to be shown that Eng(l) = C, or, by Frobenius reciprocity, that
Iy contains 1=2 exactly once in its composition series. Now Proposition 63gives
a composition series foty whose factors are indexed byWfy nW=W ] but are not
necessarily irreducible: tov 2 [W nW=W ], one associates the factor

(‘]W)N = Indvl\c 1P w\M (W ! M \wN w 1) =
where is the modulus of the rational character ofw M w\ M which restricts
to
Y m( ) Y m( )
2 tr * 62 *r *
w 2 r w 2 r

OnA..
If s to occur as a composition factor, then sincej, is unitary, this rational

character must be itself. Therefore:
Y Y Y

m() — m( ) m( )
2 fr * 2 r * 62 r
w 2 r w2 “r *
Y Y Y
— m( ) m( ) m( )
2 tr 2 tr 2
w 2 r w2 *r * w2 “r
or
Y m( ) — Y m( )
2 Yr 7 2
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But since rootsin  are trivial on A , the right-hand side is also. The left-hand sidg,

+ +

must therefore be trivial, which happens if and only ifthe de 2 r w 2
is empty. Thusw 1! ,and sincew ! >0,w ! = .

The assumption of regularity now implies thatw = 1, and this concludes the
proof. O

Assume now that is an irreducible, absolutely cuspidal, regular admissiblrepre-
sentation ofM (not necessarily unitary). Ifw = w-w-. ,thenw = | the conjugate
of in ;if x 2 N(A.) representsw, then T, :(x )Tx( ) is a G-morphism from
I () to itself, hence a scalar multiple, say ( ), of the identity.

Theorem 6.6.2. The representationi ( ) is irreducible if and only if ( ) 6 0.

Proof. Note that no Ty is trivial, since it is constructed by Frobenius reciprocit from
a non-trivial M -morphism.

If ( )=0,then Ty( ) cannot be an isomorphism, since otherwisg, :(x ) would
be trivial. Therefore either the kernel ofT,( ) is a non-trivial subspace ofi ( ), in
which case of course ( ) is reducible, or its image is a non-trivial subspace of(x ),
in which case the latter is reducible. We then apply 6.3.11 teee thati ( ) is also
reducible.

If i () is reducible, then it has a non-trivial irreducible quotiet, say , which by
6.3.7 may be embedded in sonie(y ! ), wherey 2 N(A.) represents an elementi
of someW ( ;) for some . The G-morphism

() iyt
must be a scalar multiple ofT, 1, and is neither trivial nor an isomorphism. Now
according to 1.2.9, htv) = ht( wu) + ht( u '), so that by 6.4.4,T, and Ty, T, : agree

up to a nonzero scalar. Therefordy is likewise neither trivial nor an isomorphism.
But then T, 1(Xx )Tx( ) cannot be an isomorphism, so( )=0. O

Note that by 6.4.5 the condition ( ) =0 is analytic. Furthermore, since by 6.6.1
( ) 6 0forunitary and since there will exist 2 X,,(M ) suchthat is unitary,
the representationsi ( ) are generically irreducible.
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7. Composition series and intertwining operators Il

In this section | give re nements of the main theorems ok6. Fix a minimal
parabolic P..
The results ofxx7.1{7.2 are entirely due to Harish-Chandra (correspondeec1972).

7.1. Let P be a maximal proper parabolic, say correspondingto = r f g.
Let P be the unigue standard parabolic conjugate td® , the opposite ofP. It
will correspond to the subset =  w-, where w- is the longest element inW. If

w-. is the longest element inW , then this subset is alsov-w-. . The element
w = (ww. ) !liesinW( ;). There are two cases which must be considered:
either P = P, in which caseP is said to be self-dual, o 6 P. In either case,P
is associate toP by w, and P is the only associate oP by 1.2.3. In the rst case,
W( ;)= f1;wgwhile in the secondW( ;)= fwag.

The split torus A=A is one-dimensional.

Let be an irreducible absolutely cuspidal representation dfl . The restriction
of to A will be a scalar character. Letl = i§

Lemma 7.1.1. (@) If P = P, then Iy tsinto an exact sequence
0l (wi)S21 Iyt 20

(b)If P& P, thenly = s andly=(w?!) 2

Proof. This follows from 6.3.5. O

Corollary 7.1.2. The length of | is at most 2.

Proof. Suppose one has a composition seriesbOl; $ 1, $ I3 = |. According to
6.3.7 and 1.2.3, iU is |4, I ,=I4, or I3=l;, then by 3.2.4 eitherUy or Uy is nonzero.
This is a contradiction, by 7.1.1 and 3.2.3. [

Proposition 7.1.3. Suppose that j, is unitary and that j (a)j < 1 fora2 A r
A.(O)A . Then any proper subrepresentation | is square-integrable mo&g.

Proof. First supposeP = P. Since the quotientl= must have (= )y 6 0 by
6.3.7 and 1.2.3, and there exists a non-trivial map fromy to F1,=2 by Frobenius
reciprocity, one has y = Fl,ZZ by 7.1.1(a). The condition of 6.5.1 is thus satis ed.

SupposeP 6 P. Here, similar reasoning shows thaty = Fl,zz and \ =0, so
once again the condition of 6.5.1 holds.[O

Theorem 7.1.4. SupposeP 6 P. Then | is irreducible.
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Proof. According to 5.2.5, one may as well assume thajs , hence ja , is unitary.
Sincel is irreducible if and only if F is, one may also assume that (a)j < 1 for
a2 A r A(O)A . Then by 7.1.3 and its proof, if is an irreducible subspace
of I, one has y 6 0 and =0, and is square-integrable, hence unitary. Thus

is isomorphic to the conjugate ofe. By 4.2.5, however,ey is isomorphic to
the contragredient of y, hence is nonzero. But sincé&l is conjugate toN, this
implies that ey 6 0, hence the conjugate ofey is nonzero, and nally 6 0, a
contradiction. O

Corollary 7.1.5. If P = P, thenone hasig = igw * for all irreducible abso-
lutely cuspidal

Proof. Sincely = (w 1) ézz, there exists a non-trivial G-morphism fromi ( ) to
i (wl). By 7.1.4,it has no kernel and is surjective. (I

7.2. SupposeP to be an arbitrary standard parabolic, corresponding to ,
and (;U ) an irreducible absolutely cuspidal representation dfl .

Theorem 7.2.1. For associate to and w a primitive element of W( ; ), one
hasig =i w?!?.

Proof. Applying 1.2.6, we can use 7.1.5.0

Corollary 7.2.2. If is an irreducible composition factor of § , then there exists
w2 W( ;)suchthat may be embedded intdS w ! .

Proof. According to 6.3.7, there existP and w 2 W( ;) such that may be
embedding toi § w ! . Apply 7.2.1. [

This is a re nement of 6.3.7. The promised re nement of 6.3.&:
Corollary 7.2.3. The length ofi$ is at most the order ofW( ;).

Theorem 7.2.4. Let K, = Ny, M N, be an Iwahori factorization with respect toP
of a compact open subgroup dB, and assume thatuUMe 6 0. If V is any composition
factor of i$ , then VK¢ 6 0.

Proof. This follows from 3.3.6 and 7.2.2. O
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7.3. For each , let f g be the equivalence class of subsets associate to .
If is an irreducible admissible representation, it is said toeoftypef g if there
exists 2 f g and an irreducible absolutely cuspidal representation of M such
that has an embedding intd S . According to 7.2.1, this holds for all 2f ¢
if it holds for one. According to 6.3.6, the type of is uniquely determined.
An arbitrary admissible representation of nite length is sid to be oftypef g if
every irreducible composition factor is.

Theorem 7.3.1. If is a nitely geperatgd admissible representation, then the
exists a unique set of representations ¢ such that
L

@ = t gand

(b) each ; 4is of typef g.
Proof. The argument is the same as that of Theorem 6.3.10; apply thbave remarks
aswell. O

If P is the parabolic corresponding to and is an irreducible representation
of M, let f g be the equivalence class of representatiofss gyow( ;) . If is an

irreducible admissible representation, | say that is oftypef gif y has éZZ as
a composition factor for some 2 f g. According to 6.3.6, then, all irreducible
composition factors of y are of this form.

If is an arbitrary admissible representation of nite length,it is said to be oftype
f g if each irreducible composition factor is.

Theorem 7.3.2. If is a nitely generated admissible representation of typé g,
then there exists a unique nite set of typed g and a unique set of representations

t g such that

@ = - t g and
(b) each ; 4is of typef g.

Proof. Apply the following result. O

Lemma 7.3.3. Suppose 1, », and 3 are all nitely generated admissible represen-
tations of type f g tting into an exact sequence

0! 1! 2! 3! O
Suppose that ; is of type f g but that no factor of 3 is. Then the sequence splits.
Proof. Arguing as in 5.4.4, we conclude that the sequence
o' (! (2n! (3n! O

splits, and in particular there exists a projection from (2)n to ( 1)n. Corresponding

to this is a morphism from , to i S ( 1)y Fl,zz. One can check that the image is
isomorphic to ; and the kernel to 3. O
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8. An example: the Steinberg representation
Here | will justify the announcements in [14].

8.1. Fix a minimal parabolic P.. For each , de ne the G-representation
to be )

ct(P ;=i
For one has a canonical inclusion . In particular, is the trivial
representation ofG, contained in all other

Lemma 8.1.1. One has
M o 1
( )N; - (w 1 | 1-2) ;1-2:
w2[W=W ]
Proof. From 6.3.5, one obtains a ltration of ( )y indexed by W=W ], with the
factor associated tow isomorphic to w * . ™) . This Itration splits since all
these characters oM. are distinct. [

Note that this result is stated incorrectly in [14] ('Eroposmon 2).
De ne the Steinberg representatiorto be = .= 4.

Lemma 8.1.2. The Jacquet module y. is isomorphic to ,

Proof. From the injections of each into ., one has corresponding injections of
each ( )y, into ( ;)n., and . is the quotient of ( ;)n. by the sum of the images
for 6 ;. Since the onlyw 2 W such thatw < 0 forall 2 is w-, 8.1.1 implies

the Iemma O

Theorem 8.1.3. The representation is irreducible and square-integrable mod.

Proof. It has no proper quotient by 6.3.7 and 8.1.2. It is square-iagrable modZg
by 6.5.1. O
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9. Another example: the unramified principal series of SbL,

9.1. Let be a generator of the prime ideal 0O, and let q be the order of the
residue eld. Let

G=~?Lz(k); )
_ apo :
A—( 0 al a2k ; |
|
a o0 L
A =( 0 a 1 O<)JaJ 1 ;
!
_ 1 :
N = 0 1 X2k ;
P = AN; '
_ Az _ 01,
W = N(A)=A=fw;1g wherew = 10"
( ! )
_ _ ab The o :
K=G(0)= c d 2G a;b;c;d20 ;
( ! )
_ ab :
B = R 2K ¢c2} ;
P(O) etc. = P\ G(O) etc.
| |
! L
The e ect of w on A is to take 2 0 , to a0 .
0 a 0 a
One also has various decompositions:
G = NAK (lwasawa)
G = KA K (Cartan)
G = PwP[ P (Bruhat)
K = BwB][ B:

The subgroupB is called thelwahori subgroupof G, and has an Iwahori factorization
with respect to P.
| shall actually need an explicit form of the Bruhat decompason:

Lemma 9.1.1. If c6 0, then (with ad bc=1):
! ! ! !
ab 1 act ct 0 01 1 dc
cd 0 1 0 C 10 0 1
This gives not only the Bruhat decomposition forG, but also the decomposition
K = BwB [ B as well, and one step further:

1

d
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Corollary 9.1.2. One hasKk = P(O)wN(O)[ B.

SinceA = k , the characters ofA may (and will) be identi ed with the characters
of k . In particular one has the modulus : x 7!j Xxj, which turns out to be the
modulus Fl,ZZ as well, and its complex powers®: x 7! xj°. These complex powers
are precisely the unrami ed charactersX,(A). Sincejxj = q " if x = ", the true
parameter space oK (A) is C=(2 i= logg)Z. The unitary characters correspond to
purely imaginary s. The elementw 2 W acts onX,,.(A) by taking sto s, and has as
xed points s=0and s= i= logg. Corresponding tos = 0 is the trivial character of
A, and to s = i= logq the quadratic character sgp.: " 7! ( 1)" (which by class
eld theory corresponds to the unrami ed quadratic extensin of k).

9.2. | want to discuss inx9 the representationds = i § S. The rst remark is that
they all have isomorphic restrictions toK :

Proposition 9.2.1. The restriction of I s to K is isomorphic to the space of all locally
constant functionsf : K I C such that f (pk) = f (k) for all p2 P(O), k 2 K.

The K -morphism from one to the other is simply the restriction ofdnctions in I
to K, which is an isomorphism because of the lwasawa decompasiti (This result
is a special case of 3.1.1.)

Corollary 9.2.2. Foranys, IX = Cand1? = C2

The second isomorphism follows from the fact thaKk = P(O)wN(O)[ B =
P(O)wB [ B. Explicitly, one has the function ¢ = gs:

k(nak)= S*'(a) forn2N;a2 A;k2K
as a basis fol X, and the functions 1, :

8
< s+1(a) k2B
k) =
nak) = k 628
8
<
J(nak) = | 0 k 62BwB

s*l(a) k2 BwB,

as a basis fo 2. Another way to describe these elements is as follows: onesha
projection P from C? (G) to Is:

Pf(x)= = (a)f (px) dp
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and

k = Ps(chk)

1= Ps(chg)

w = Ps(chgws ):
Proposition 9.2.3. If ( ;V ) is any admissible representation o, then the canon-
ical projection is an isomorphism o#/8 with VNA(O).

Proof. Surjectivity follows from 3.3.3. For injectivity, it su ce s to prove that, in the
terminology of x4.1, VB = V2 | or that for any a 2 A the operator (BaB) is
invertible. However, as one can easily check, in the HeckegabraH (G; B) one has
the identity

chiss (0 1)chess qchg =0

(assuming mead8) = 1 for the moment), and this does it, since ch is the identity
element of the Hecke algebra.]

Corollary 9.2.4. If (;V ) is an irreducible admissible representation oG, then
VB 80 if and only if embeds into somds.

Proof. This follows from 9.2.3 and Frobenius reciprocity. O

Incidentally, the proof of injectivity in 9.2.3 (which works for more general groups)
is due to Borel.

9.3. A rstresult on the structure of (1s)y is an immediate corollary of the results
of x6.3:

Proposition 9.3.1. There is an exact sequence:
0! L (I ! Lo

As an exercise, one might try to prove this directly. | shoulanention that the map
from (Is)n to S*1 isinduced byf 7! f (1) and is therefore canonical, but that the
injection of 5™ into (1) depends on several choices | have made. To be precise,
let 1,.s be the subspace offs of functionszwith support onPwP; the map

ws(f) = y f (wn)dn

then induces the isomorphism ofl(,.s)n with the A-representation S*1. | will need
later the observation that if D,,.s is the composition

CL(PWP) I”* Iys ! s+l

then z
Duw:s(f) = ( x)f (x) dx;
PwP
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where is the function on PwP = PwN de ned by
( nawny) = *"(a)

and the measure orP wP is the unique multiple of the measure induced by the Haar
measure onG (PwP is open inG) such that measP (O)wN (O)) = 1. The multiple
is therefore @+ 1) =g In particular, the measure ofB is now taken to be :q

If S is regular, the exact sequence in 9.3.1 splits, and one hagnéfore

(1) an extension of . to all of I;

(2) an extension ofD s to all of C! (G);

(3) a G-morphism T,,.s from I5 to | ¢ such that

Twsf (1) = ws(f) (f 21s)
or

Tw;s(Psf)(1) = Dys(f) (f 2 Ccl (G)):
The operator T,,.s is a G-morphism, in particular a K -morphism, so it takes s
to a scalar multiple of . .

Proposition 9.3.2.  For s regular, one has

Tw;s( K) = C(S) K

with L s

q .

1 gqs°
Proof. SinceT,, takes g to a multiple of ¢, and g (1) =1, one only has to evaluate

ws( k)= Dw;s(chk):

Furthermore, since ,.s depends holomorphically ors, one only has to evaluate this
for an open subset of comples.

Now what happens is that the integral above de ningD,,.s on C} (PwP) actually
converges for alf 2 C! (G) as long as Reg) > 1, and that this integral de nes the
extension to all ofC! (G) giving rise to Ts. | shall not prove this explicitly, because
it will actually fall out of the cglculation below:

c(s) =

Z
Duw;s(chg ) = ( x)dx+ , (x)dx:

BwB \ PwP B\ Pw

Because (9.1.1BwB = P(O)wN(O) PwP and 1 onP(O)wWN(O) (9.1.1
again), the rst integral is just meas(BwB) = 1. For the second, expres8 as the
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!
(ab )

disjoint union of the setsB,, = 2B c2}"r }™ | ;and P(O). Then
c d
B\ PwP is exactly the union of theB,,, so one must evaluate
z
( x)dx:
n=1 Bn

Step (1); According to 9.1.1 once more, =j "j **' = q'¢ s*9 on B,. Step (2):
The set , ,, B, is a subgroup ofB of index g™ %, so that

measB, =(q " Y q ")measB
=(q ™Y q"(1=9

=(q 1)=d*:
Therefore, the above sum is
R 1 ®
(@ D=q™) () t=3 = g7 g
n=1 q n=0
_ (1 ghg°
1 qgs
and
_ @ ghgs_1 q'°
c(s)=1+ 1 gs —1qs.D

Corollary 9.3.3. If sis regular, thenlg is reducible only whens = 1.

This follows from 6.6.2, because(s) = c(s)c( s)is 0 only whens= 1.

What happens ats = 1 has been discussed k8. The representationl ; contains
the trivial representation and the quotient is the Steinbeg representation. Since; is
the contragredient ofl 4, it contains the Steinberg representation and has the triai
representation as quotient. Incidentally, the sequence

oy Cct! 14! st 0
does not split, as one can prove easily.

9.4. The case ofs irregular is more delicate.

Let me continue to assume thas is regular at rst. Since 18 = (Ig)y = ™
s*1 | there exist two elementsf s and f,.s in 12 dual to the ,li.e., such that
x(fy) = . The elementf ;. will depend ons, but it turns out that f.s is in some

sense independent ds.

Lemma 9.4.1. For any regulars, fy.s = ws.
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Proof. One has
l( W) = W(l%= 0

w( w)= w(wn)dn = dn=1: O
N N (O)

Lemma 9.4.2. For any regulars, one has
1= fi+(c(s) D)y
w= fw:

Proof. The second equation is in 9.4.1. For the rst, clearly ;( 1) =1, while to nd
w( 1) one merely notices that ; = w and applies 9.3.2. O

Lemma 9.4.3. For any regulars and anya2 A , one has
s(BaB)f; = " (a)f;
s(BaB)f, = S (a)f,
Proof. This follows from 4.1.1. O
Proposition 9.4.4. Foranysatallanda2 A , one has
s(BaB) 1= *(a) 1+(c(s) 1)( (@) (@) w
s(BaB) w= *"(a) w:

Proof. Because the action oH (G; B) on | 2 varies holomorphically withs, it su ces
to prove this for regulars. But for regular s, one has

1= fat(c(s) 1w

1= fw (9:4:2)
s(BaB) 1= *H(@fi+(c(s) 1) *(a)fy
s(BaB) = st (@)fw

and then uses 9.4.2 to express tHg in terms of the , again. O

Let ,,  betheimagesinl(s)y of i, . Because of 4.1.1, Proposition 9.4.4
tells whata2 A doesto ;, . If one then specializes to the irregulas, one gets:

Proposition 9.4.5. With respect to the basis 1,  of (Is)y one has:
(@) Whens=0, |

_ ja 0 .
(a) = I C ..
N 2(1 q Yjajlog,jaj jaj
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(b) When s = ( i= logQ),

_ jajisgn,(a) 0
v (@) = 0 jajsgn,(a)

Here sgn, is the character corresponding to (= logQ).

Corollary 9.4.6. The representationl s is

(a) irreducible whens = 0;
(b) reducible, and in fact a direct sum of two irreducibles, Wwens = ( i= logQ).

Proof. Sincels is unitary in each case, it su ces to see whether or not Hog\(ls; I s) =
C in each case. By Frobenius reciprocity, one only has to deeitvhether or not (s)n
is a semi-simple representation ok, and 9.4.5 answers this. O
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