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1. Review of the Hecke algebra

Let (W, S) be a Coxeter system, H = H(W, S) the Hecke algebra over the Laurent polynomial ring
Z[v*1'] with generators T, satisying relations

Tws if ws > w
o~ ) (@=1)Tw+qTus otherwise
v Tsw if sw > w

qg— 1Ty + qTs, otherwise.

Here ¢ = v 2. Let 7, = v*(®) T}, be normalized elements of H.

Let ¢ be the involutory automorphism

Tw F— Typ—1

of H. Thus

Te :T5+(U—U71)

2. Kazhdan-Lusztig polynomials
My exposition will follow [Kazhdan-Lusztig:1979] closely with suggestions taken from [Soergel:1997],
and [Shi:1986].

[KL-basis] Theorem. 2.1. For every x in W there exists a unique element vy, in 'H which is invariant under the
involution ¢ and of the form

Vo = Z Uﬂ—y@(v)Ty =Ty + Z Uﬂ—y,m(v)Ty )

y<z y<z
where (a) T, ., (v) is a polynomial in Z[v] of degree at most £(x) — {(y) — 1 fory < x and (b) 7y = 1/v.
Extend this by specifying m, , = 0 fory £ x.
What I call 7, is the same as C), in [Kazhdan-Lusztig:1979]. If we set

)

r, = v*f(ﬂﬁ)%ﬁ7 Py .= v~ @) —L(y)—1) vy 2 (V)
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the equation for v, means
T =T+ Y PyaTy.

y<z
The Theorem will be supplemented by:

[kI-polys] Proposition 2.2.  The polynomial P, , is a polynomial in Z[q) of degree at most ({(z) — ((y) — 1) /2. Its
constant term is 1.

The motivation for introducing these polynomials is that they are the Poincaré polynomials of local
intersection cohomology on the subvarieties B\ByB C B\BxB. The invariance of -, in this case is
related to the self-duality of the perverse sheaves giving rise to intersection cohomology.

For the proof of the Theorem I'll follow the treatment in [Soergel:1997], which is somewhat more concise
than others in the literature, although not substantially different from the original one of Kazhdan &
Lusztig.

Before beginning the proof, let’s look at some examples.
(a) Itis trivial that v; = 71 (which I'll usually write just as 1 from now on).

(b) We must have

Vs = Ts + 0715 (V)
yé:Ts+(v—v71)+v71w175(v 1)—Ts—l—v+( 71'15( 71)—1)
which implies that 7y s — 1 =0, so
Vs =Ts+ V.

(c) Suppose s # t. What is y5:? As we'll see in a moment, the key to the construction of the 7y, is the
observation that if 7, is invariant under ¢ then so is 7,7s. In this case

Ysye = (75 +v) (72 + v)

= TsTt + VTs + 0Ty + v?

=Tyt + 0T + o + 07,
which says that we can choose vt = V57, With 74 s = 7,6t = 1, 1,5t = v. Uniqueness in this case is
simple—if v is another element of H satisfying the conditions, then s, — v will be t-invariant and of the
form

P = vps(v)1s + vpt(v)7e + vp1(v) .

But then

-1 TtL‘f"U_lpl( —1)

)
)+ (0 ) (e (0 —o ) + o (07
Ts +’U pt( 1)7}
+ (0 ps (=T ) + o (o) =0T + o7 ipi(07h))

(Ts (v—w 1)

which implies that both vps(v), vp:(v) are invariant under the involution v — v ™!, hence must vanish.
This in turn implies that vp; (v) vanishes.

Proof of the Proposition.

In the proof to follow we shall find useful these formulas for multiplication on the right by ~;:

S Tes + UTp fxs>x
s vy 4 T if s < 2.
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For w in W, its Bruhat closure 70 is the set of all z < w in the Bruhat order. We shall repeatedly use this
well known observation:

[s-stability] Lemma 2.3. (s-stability of the closure) Suppose x in W, s in S, x > xs. Then ¥ is stable under right
multiplication by s. If ys < y theny < x if and only if ys < xs.

Equivalent formulations, under the hypothesis that s < x: If w > ws and © # ws then x < w if and
only if xs < w. Or: The map w — ws is a bijection of

{w<z|lws >w} — {w<z|ws <w}.
Another variation: If sz < z, sy < y,y < x, then sy < sx. XXX
We are also going to need this:
[h-gamma-inversion] Lemma 2.4. Suppose that for every y < x

Yy =Ty + Z P2y (V)T
z<y

withp. , € Z[v]. Then we also have

Ty =Yy T+ Z UGz, (V)72
z<y

for suitable q ,(v) in Z[v].

Proof. By an easy induction. This amounts to solving a system of equations with a unipotent triangular
matrix. 0

Step 1. Existence. We are going to prove by induction on ¢(x) that there exists a self-dual -y, such that

Vo =Tz + Z UTyo (V) 7y -

y<x

withy, »(v) € Z[v].

We have already defined v; = 1, 75 = 75 + v. Now assume ¢(x) > 1 and assume the Proposition true
for z < x. Choose s with z = s < x. We know the claim to be true for z so that

Yz = Tz + Z Uﬂ—w,z(v)Tw

w<z
Multiplying on the right by ~s:
YzVs = TzVs + Z ’Uﬂ-w,z(v)Tw’YS
w<z
=7, + U7, + Z VT, 2 (V) (Tws + vTw) + Z ’Uﬂ'wyz(v)(’UilTw + Tws) -
w<z w<z
ws>w ws<w

This is of the form

Te + Zpy,;ﬂy .

y<zx
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Nearly all the terms are divisible by v, as required. The exceptions are the terms with v~!, in which
ys < y. Its easy to fix this problem by defining

Yo = V2Vs — Z Ty,2(0) 1y = 7o + Z (py,w(v) _py,w(o))Ty — Py,z(0) ('Vy - Ty) -0

7)7!S<<Zy y<wzaltopys<y

Step 2. Uniqueness. We now have for each x in W an element v, in H which is fixed by ¢ and of the
form

Yo = Tx + Z Upy,z(v)Ty .
y<x

It remains to see that it is unique with these properties. This will follow from the claim: If 3 vmy(v)7,
is fixed by the involution ¢, it is 0.

& [h-gamma-inversion] Proof of the claim. By Lemma 2.4 it is equivalent to the claim that if
Z VP (V) Ve (pw (v) € Z[U])

is invariant under ¢ then it vanishes. This is immediate. 0
To summarize: first of all, for every z we have
Yz = Tz + Z Uﬂ—w,z(v)Tw
w<z
Second, we have a recursive formula for y,, which I'll recall in a moment. From now on let
Tw,2(0) ifw<z
ww,z) =9 p(z,w) ifz <w
0 otherwise.

Define w < z to mean w < z and p(w, z) # 0.

From the definition of vy, in the proof, the following is immediate:

Vo = To + 0T + Z vy 2 (V) Tys + Z v2my . (V) Ty

y<z y<z
ys>y Yys>y
+ Z (Wy,z(v) -y, Z)) Ty + Z vy, (V) Tys
y<z y<z
ys<y ys<y
- Z p(w, 2) vy 4 (V) Ty -
y<’17f1-<z
ws<w

The map y — ys is a bijection of {y < z} with {y < z|ys < y}. Since m, . = 0if y £ z this expression
becomes
Vo = Ty + VT, + Z VTTys, 2 (V) Ty + Z v2my . (V) Ty

y<z y<z
ys<y Yys>y

+ Z (Try-,z(v) - u(y, Z)) Ty + Z ’Uﬂ-ys,z(v) Ty

y<z y<wx
ys<y Yys>y

_ Z p(w, 2) vy 4 (V)T

w
y<w=<z
ws<w
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leading to this:
[gamma-recursion] Proposition 2.5. Suppose s < z. Then
Tgw = 1/v
Tes,x = 1
s v) — , TS
ry = MO )= S nwn e ) (55 <)
y<131<xs
ws<w
Tyz = Tys,es(V) + Ty s (v) — Z p(w, z8)my (V) (ys >y).
y<71;u<zs
ws<w

Two of the most important facts about the 7y ,:

[pixy] Corollary 2.6. Suppose xs < z,y < x. Then

@) if ys >y, Ty o = Vysa/

(b) if ys < ybuty L xs, Ty z = Tys zs-
Recall that T}, = v~ @)1, and T', = v~®)4,. In particular

Ps=T,+1.
If we multiply the equation
Vo = To + Z Uy 2 (V) Ty
y<zx
by =) = ¢1@)/2 e get
I, =T, + Z q—1/2q(@(w)—€(y))/2ﬂyﬁx(v) T,
y<zx

T+ S PT, (P =g @002 (1),

y<z

We know that , . (v) is a polynomial in v, hence P, ,, is v~ (“®)=¢)~=1)/2 times a polynomial in v. In

particular, u(y,z) = 7, (0) is the coefficient of ¢(/(*)=¢@W)=1)/2in P, .. The recursion formula for ~,
leads to:

[p-formula] Corollary 2.7. Suppose x = zs > z. Then fory < x

Py,m = Pys,z + qu,z - Z /L(wv Z)q(Z(z)il(w))/z Py,w (yS < y)

w
y<w<z
ws<w

=qPys.+ Py, — Z p(w, 2)g @ =HWN2p o (ys > ).

w
y<w<z
ws<w

Here we set P, , = 0if y £ . The formula can also be written more succinctly as Kazhdan & Lusztig

do:
e c 2)— 1 ys<
Pro=q Py +°Ppa— 3 plw, 2)g @2 P, o {0 zs >Z
y§%<z
ws<w

Induction will give us:

[pyx] Corollary 2.8. The expression P, , is a polynomial in q. If y < z it has degree at most ¢'“®)~¢(¥)=1)/2,
and P, ; = 1. The constant term of P . is always 1.
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3. Elementary properties

[mts] Proposition 3.1. Ifzs > z
V2Ts = —UVYz + Y + Z /L(wv 2)710 5

w
w<z
ws<w

while if zs < z we have
VaTe =71

We shall see later what role these play in the representation theory of H.

Proof. We start with
Y = VzVs — Z /L(wv Z)’Yw
w

w=<z
ws<w

which we rewrite as
V2Ts = —UVYz + Y + Z /L(wv 2)710 .
w

w<z
ws<w

This is the first formula.

We do the second one by induction. Since 7575 = v~ 175 and because of the induction hypothesis, we
multiply the same equation by 7, to get

YxTs = VzVsTs — Z /L(wv Z)’YUJTS

w
w<z
ws<w

=v vt Y pw, 2)u T
w

w=<z
ws<w

= vil'}/m .0

& [pixy] This allows us a second proof of Corollary 2.6(b). If s < z then from the second formula above we
obtain

YxTs = 'Ufl'-)/z =v! Z vﬂy@(”)Ty

y<z
= E Ty,2 (V) Ty + E Ty (V)Ty -
y<z y<x
ys>y ys<y

and on the other

(Zvﬂy)m(U)Ty)Ts = Z VTTy 2 (V) Ty T + Z Uy 2 (V) Ty Ts

y<x y<z y<z
ys<y Yys>y
= E vaﬁz(v)((vfl — )Ty + Tys) + E Ty 2 (V) Tys -
y<=z y<z

ys<y ys>y
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Cancelling, we have

> mya0)my > vy a(v)(rys —vry) + Y vy 2 (0)7ye

y<z y<wz y<z
Yys>y ys<y Yys>y

= Z Uy, 2 (V) Tys

y<z
ys<y

Z Vs, (V)7 . 0

y<z
ys>y

All these results have analogues for the left action of s as well.
We have already seen one implicit result about these:
[extremal] Proposition3.2. Ify < x then R, C R, and L, C L,,.
& [pixy] Proof. This is Corollary 2.6(a). 0

For win W, let
w={s €S| sw<w}

L
Ry, ={s € S|ws <w}
L, = {r areflection|rw < w}
R = {r areflection | wr < w}

If r is a reflection then there exists exactly one geometric root A > 0 such thatr = s, and rw < wif and

only if w™t X < 0. Each of the sets defined above could have similarly been specified in terms of positive
roots as well. The following is well known:

[descents] Lemma 3.3. Suppose w = zy. The following are equivalent:

@) l(w) =L(z) + L(y);

(b) L., is the disjoint union of L, and zL,z~*;

(c) Ry is the disjoint union of y 'R,y and R,.
Define x — g yif u(z,y) # 0and R, Z R,. These oriented links define the right TW-graph of V. To each
link is associated also the label R, — R, so the right W -graph is an oriented, labelled graph. Similarly
define x — 1, y and the left W-graph. For example, if z < y = zs then s € Ry, — R, and pu(z,y) =1, so
x — g 25. These turn out to be the only edges in the W-graph going up:

[going-up] Proposition 3.4. Suppose x —pr y withx < y. Theny = xs for some s in S.
Proof. Choose sin Ry — R, so ys < y but s > x. Then my y = v7gsy. If y # x5 then both 7 are
polynomials, so p(z,y) = 0.0

Example. Let W be the Coxeter system generated by s, ¢t with sts = tst. (The group is &3.) We have
already seen
=T
Vs = Ts T VT1
" =T1H VT
Vst = Tst + VUTs + VT + ’U27_1

2
Yts = Tes + VTs + 0T + 07Ty
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and now we calculate

YsViVs = Tsts + VUTst + UTps + 0271 + 0275 4+ 75 + (v+ v3)71
Vsts = VsVtVs — Vs
= Ys1Ys — (Ts + v71)

2 2 3
= Tsts + UTst + VT4s +0° T4 +0°7s + 07771 .

All links in the W-graph are of length 1. The graph, with its nodes labelled by right descent sets, looks
like this:

{s,t}

tst = sts

b Nt

[

{t} t°\ /°8 {s}

=+ 0

I define x =g y to mean there is a loop in the right W graph from « through y and back to z. In &3, as
the figure shows, there are four equivalence classes.

[rxry] Proposition3.5. Ifx —grythenL, C L,. andifz =r, y then L, = L,,. Similarly for left links x —, y.
Proof. First of all, suppose x —r y and x < y. Say y = xs > x. Then
Ly=Lys = {zsz™ '} UL, DL,
Ly=L,NSCL,=L,NS.
That takes care of the links in the W-graph going up.

Now suppose * — g y, which means thaty < x and R, € R,. We want to show that L, C L,. Suppose
& [going-up] sz < z, but sy > y. Butif sy > ythen L, € L, and y — 2. According to Proposition 3.4, z = ty for
some t in S. However, if z = ty > y then

Ry = Riy = Ry U{y ‘ty}, hence R, C R,
which contradicts the assumption R, Z R..0
4. The star operations

Suppose s, t to be in S with W, ; isomorphic to &3. Following [Kazhdan-Lusztig:1979], define Dr(s, t)
to be the set of w such that Ry, N {s,t} consists of a single element. Another way to see this: we can
write w = xy with y in W, ; and z a distinguished coset element satisfying the condition ys > y, yt > v.
Then w is in Dg(s,t) if and only if y € {s, ¢, st,ts}. The set D is the domain of an operation: on the set
W+ N Dg(s,t), define the map = +— z|**:

S «— st

t«——ts.
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In other words, if R, N {s,t} = {u} then z|*' = zu. These are called the ‘star’ operations because of the
original notation *z = *'|z, * = z|*' of Kazhdan and Lusztig.

More generally, if w = xy then w|*! = z y|*!. Itis easy to see that x — g z|*?, so in fact z =g z|*".
Similarly for left operations **|z.

Fix s, t in the following discusion, and let z* = x|*?, etc.

[kl-knuth] Proposition 4.1. Ifx and y are in Dg(s, t) then

(a) ify € x W, theny < x if and only if z* < y*, and then u(y, z) = p(a*,y*) = 1;
(b) ify ¢ x W, ,, thenz < y if and only if x* < y*, and then p(z,y) = p(z*, y*).

It will not usually be the case, however, that 7y ; = Ty« g=.
Proof. Simplify notation slightly for the moment by setting «* = z*.

Suppose that y = zu, u € {s,t}. Theny < z ifand only if /(y) + 1 = £(z), and then u(z,y) =1, 2% =y,
and y* = z. This takes care of (a).

Now for (b). Define m(v) ~ p(v) to mean that 7(v) — p(v) is divisible by v. In particular 7, » ~ u(y, z).

Case 1. Suppose z* = zu, y* = yu. (In other words, y~1y* = 27 12*.) Renaming s and ¢ if necessary,

we may assume u = s. This case is completely symmetric, so it suffices to show that if x < y then
x* < y*. There are four cases to be considered: (i) ys > y, s < z; (i) ys < y, zs > x; (iii) ys < y,
rs < z; (iv) ys >y, s > .

Case (i) is impossible, because y would not be extremal with respect to I2,;. Case (ii) is also impossible
because in this case 2t < x, yt > y (as you can see by checking the figure above) and again y is not
extremal with respect to R.

In cases (iii) and (iv) we are going to prove that my , ~ = 5+, 50 we only have to deal with one of them,
& [pixy] say (iii). If y £ s then by Corollary 2.6 7y, »s = Ty and we are done.

xt
o
T o
t
s
Ye o yls Iso
o
ys e xst
o
yst

So now we have ys < y, s < z, y < zs. Since y < x, {(x) — {(y) is odd, £(zs) — {(y) is even and
necessarily p(y, zs) = 0. Therefore

Ty ms — , TS
Tyz = Mys,zs M - Z M(Zv LL’S)ﬂ'y)z

v 4
y<z<Ts
zs8<z
~ sz + (2,28)u(y, 2)
Wys,xs ’U — H\Z, TS)U\Y, Z) .
z
y<z<zxzs
zs<z

I claim now:

The sum over z has exactly one term z = yt.
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(i) y < yt is apparent (from the figure, say). (ii) So is yts < yt; (iii) yt < xst < xs. Since y > yst and
y # xst, y < xsif and only if yt < xst. (iv) It is the only term. This is because for any z in the sum
such that z # yt, z # yst wehavet € Ry, hencet € R, and thent € R, a contradiction. Furthermore,
z = yt satisfies yt < z while z = yst does not.

Since pu(y, yt) = 1, we can write
Ty ~ Tyszs + Tyas/V — p(yt, ©s) .

Finally, 7y 25 = Uyt s SO Ty 25/v — p(yt, xs) is divisible by v. So 7y ~ Tys zs-

Case 2. We have z* = zu, y* = yv, u # v. We may as well take u = s, v = t. There are two cases:

*

¥ =2t < rand x* = xt > x. Again, because the final result is symmetric with respect to z, y and 2,
y*, we may suppose ¥ = xt > x. Then xs < z < zt < xts:

xts
o

xt o

o
xrs

We want to show that y < z if and only if ys < xt. If y < z then since s < z so too ys < y. The
argument is not quite symmetric, so we have to show both directions. If ys < xt thensince xt-t = x < xt
so too yst < ys. In either case we must have yst < ys < y < yt as in the left of this figure:

xts
o]

xto

YSo o ysts

o
yst
If y < z then it now follows from the two figures that ys < xt, whereas if we assume ys < xt then of

course ys < zt. So we may also assume ys < xt. This implies that yst < x and y < xts.

Suppose ys £ x. Since xt - t = x < xt, we have

Tys,xt = Tyst,x (yS ﬁ :E)

Since xs < z, yst - s > yst we cannot have yst < 2. Therefore since ys £ x we must have 75 »+ ~ 0 and
ys #A xt. On the other hand, suppose y < z. Thenys < y < z, a contradiction. So in these circumstances
y < x if and only if ys < xt, and we are through.

Otherwise, we may now assume that ys < z, so that

Tysset ~ Tyste + Tysafv = 3 plys, () (ys <)

z
ys<z<zx
zs<z
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For z in this sum with z # y, 2 # s we have s € R,, hence s € R, hence s € Ry, contradiction. But
neither z = y nor xs satisfy zt < z. Therefore mys ot ~ Tys/v. Butsinceys < zands € R;, y < z,
Tys,z/V = Ty g. Therefore mys 44 ~ 7y 5, hence p(ys, zt) = p(y, z).0

In the next discussion, again set z* = z|**, *z = *|x.

[xxx] Corollary 4.2. Suppose x, y in Dy(s,t). If ¢ =g y then *x =g *y. Similarly if x, y are in Dg(s,t) and
x =p y thenx* =g y*.

Proof. It suffices to prove just one half.
fz € Dr(s,t) then z =1, L, hence R, = Rp,.

Now suppose z — g y and =g y. The second implies that L, = L,, so that v € D (s,t) implies that
y € Dr(s,t). Soif *z isdefined, so is *y. Because ¢ —r y, Ry = Ry € R+, = R,. Since x —r y we
have z < y, but then by the Proposition *z < *y. Therefore *z — *y.

If x =g, there exists a chain x; —r x;41 from x through y and back to z. All the z; are equivalent. The
argument in the previous paragraph then tells us that *z; —r *;+1, and we have a chain in the right
W-graph from *z to *y and back again, so *z =r *y.0
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