The work of Robert MacPherson



along with a huge suppor ting cast of coauthor s:

Paul Baum, Sasha Beilinson , Walter Borho, Tom
Braden, Jean-Paul Brasselet , Jean-Luc Brylinski ,

Jeff Cheeger, Robert Coveyou, Corrado DeConcini,
Pierre Deligne, Bill Fulton, Israel Gelfand, Sergel
Gelfand , Mark Goresky , Dick Hain, Masaki Hanamura,
Gunter Harder, Lizhen Ji, Steve Kleiman, Bob Kot-
twitz , George Lusztig , Mark MacConnell , Arvind Nair,
Claudio Procesi, Vadim Schechtman, Vera Serganova,
Frank Sottile , Berndt Sturmf els, and Kari Vilonen



and students :

Paul Dippolito (Brown 1974), Mark Goresky (B 1976),
Thomas DeLio (B 1978—in music!), David Damiano
(B 1980), Kari Vilonen (B 1983), Kevin Ryan (B 1984),
Allen Shepard (B 1985), Mark McConnell (B 1987),
Masaki Hanamura (B 1988), Wolfram Gerdes (MIT
1989), David Yavin (M 1991), Yi Hu (M 1991), Richard
Scott (M 1993), Eric Babson (M 1994), Paul Gunnells
(M 1994), Laura Anderson (M 1994), Tom Braden (M
1995), Mikhail Grinber g (Harvard 1997), Francis Fung
(Princeton 1997), Jared Anderson (P 2000), David
Nadler (P 2001), Julianna Tymoczk o (P 2003), Brent
Doran (P 2003), Aravind Asok (P 2004)



and | suppose a good bunch of these eager critics
are sitting In this room today.
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Part |I. Test for random number generator s

[105] Fourier Analysis of Uniform Random Number
Generator s, with R. R. Coveyou, Journal of Associa-
tion for Computing Machinery, 1967
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Knuth in his book TAOCP: an especiall y impor -
tant way to check the quality of linear congruen-

tial random number generator s. Not only do good
generator s pass this test, all generator s now known
to be bad actuall y fail it. Thus it is by far the most
powerful test known

Knuth In his editorial report:

almost too good to be true!



Coveyou & MacPherson: Known tests so far have
been for such weak statistical properties that gener-
ators designed to pass such tests have, more often
than not, failed it Is a little ironic that the perfor-
mance of [generator s chosen randoml y] is generally
better than those chosen for plausib le theoretical
reasons.

generall y better than those chosen with malice
aforethought .

Knuth: the words with malice aforethought are not
really appropriate say Iinstead chosen carefull y
from theoretical considerations.



Knuth in his editorial report: there are places in
whic h the text is a little too Ippant, although in
most cases | found the humor was well-mana ged.



The generation of random numbers is too impor tant
to be left to chance. Apparentl y r st quoted by Mar-
tin Gardner in 1969.



Internet obituar y: Robert Coveyou passed away
February 19 [1996] in Oak Ridge. He was an original
member of the small group of radiation protection
specialists at the University of Chicago who r st
adopted the title of Health Physicist. First and fore-
most, Robert Coveyou was a mathematician An
avid chess player and on a number of occasions
an opponent of a young kid by the name of Bobby
Fisc her.

(He was Tennesee State Chess Champion
1947 1954/55 55/56 58 59 61 63 68)



David Trubey, colleague at Oak Ridge: Bob Cov-
eyou? He was quite a character [In church one
day in about 1960] | noticed that in the year 2000,
Easter fell on my birthday. Not long afterward, | re-
marked to Coveyou that Easter fell on my birthday
In the year 2000. He replied that that was the most
useless Iinformation that he had ever been given!



He originall y came to Oak Ridge as a health physi-
Cist. | remember one time when a senior member
of our Division came into his of ce and asked
Coveyou what he was doing. [Coveyou] spent much
time writing equations on a big pad of paper. He
told the visitor , “You would not under stand if | told
you” our Division Director called Coveyou and
his protégées his Baker Street Irregular s' after the
street urchins that kept Sherloc k Holmes informed.
[our director' s] secretar y said [the director] took
pride In hiring eccentric people



References
Coveyou, , 1969

Knuth's , Volume
Il. The diff erent editions are signi cantl vy diff erent in
their discussions of the ‘spectral test. The r st edi-
tion is far closer to the original paper, but is some-
what less intuitive , without pictures. Perhaps more

Interesting.



Simple linear congruential generator:

C

simulates number s randoml y distrib uted In
The r st natural requirement is that this generate
all numbers modulo —iI.e. that its period be



Plotting pairs



A bad generator.






A generator is measured by the maximum distance

planes' containing the plots,

or equiv alently by the length of shortest vector s in

AN

between systems of

the dual lattice . Shorter dual vector s means greater

N\

so we want the shor test vector not

planar' spacing,
to be too short.



Coveyou & MacPherson quote classic results from
the geometry of numbers (Hermite , Mordell, JRIE
give a bound on how well you can do.

An integral quadratic form of dimension
and determinant ) takes on some integral vector a
value at most D,
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Three steps: (1)
For each array
Size, estimate the
best possib le, on
the basis of the
classical results;
(2) from this set a
reasonab le lower
bound; (3) for a
given generator,
nd the shor test
vector .



Part Il.(a) Thesis

Bob's thesis was about characteristic classes and
maps between smooth vector bundles on a smooth
manif old.

[2] Singularities of Vector Bundle Maps, Proceedings
of Liverpool Singularities

3] Generic Vector Bundle Maps
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at sentimental occasions such as birthdays, per-
sonal lies are still to be preferred to quite imper -
sonal verities. Raoul Bott

Knuth says somewhere that comprehensib le lies are
often preferable to incomprehensib le truths.

Keep in mind the wisdom the advice of these honest
men. as this talk proceeds.



comple x bundle map X
Whitne y strati cation points K

(1) Desingularizations

and vector bundles K |, extending K and on



(2) canonical bundle over

G K

(3) Then



Graph construction:

K C G K C(C

Another situation: X a map of non-singular

varieties, giving rise to bundle maps X

the Grassmann graph of nG X . Also

of , and let . The limit is a union of va-

rieties that give information about the singularity of
. Used in Chern classes' and in inter section the-

ory in a deformation of something to its normal cone
bundle .



Part Il.(a) Classical' algebraic geometry

[118] Chern Classes for Singular Algebraic Varieties,
Annals of Math. 1974

93] Riemann-Roc h for Singular Varieties, with P.
Baum and W. Fulton,

[14] Intersecting Cycles on an Algebraic Variety, with
W. Fulton, Oslo

[] De ning Algebraic Intersections , with W. Fulton
Tromso



[] Categorical Framework for the Study of Singular
Spaces, with W. Fulton, Memoirs A.M.S.

[47] A Compacti cation of Con guration Space, with
W. Fulton ,
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Steve Kleiman in MR of the Tromso survey article:

around 1974 the ground began to shake and,
although the dust is still ying, a magnicent new
structure has emerged. a radicall y new point
of view the article is Iin fact another foreshoc k
portending an enormous upheaval.

The major reference now is Bill Fulton's book.



Part lll. Inter section homology

The development of inter section homology was some-
what like that of quantum mechanics Iin the mid-
twenties - a supercooled liguid Iin the process of
freezing. | suppose Steve Kleiman might have also
called this an “enormous upheaval.” It has become a

permanent feature of the landscape .



Steve Kleiman wrote a valuable historical account In
1988, but | felt it would be worthwhile to explore the
origins a bit more carefull y.

After all, nobody started out saying, “Hey! Let's In-
vent inter section homology > The development had
to take place in small steps.



[13] La Dualit € de Poincar € pour les Espaces Sin-
guli eres, with M. Goresky , Comptes Rendus 1977

[132] Intersection Homology Theory, with M. Goresky ,
1980

[49] Représentations des Groupes de Weyl et Ho-
mologie d'Inter section pour les Variétés Nilpotents,
with W. Borho, 1981

[] Schubert cells and Verma modules—a dictionar v,
with Sergel Gelfand, 1983

[182] Intersection Homology II, with M. Goresky , 1983
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1971 @ Goresky graduates from U.B.C. and goes to Brown

1972 He starts work on a thesis, with MacPherson as advisor
Problem: how to represent cohomology
by cycles on a stratified space?
Answer: cycles meeting a stratum
must contain full transverse fibres

1973 A moving lemma allows intersections to be defined

1974









1971 |
1972 |
1973 | Goresky continues writing this up

1974 @ G & M go to IHES for the year

With secondary operations in mind, they try to intersect cycles



1974

1975 |

With secondary operations in mind, they try to intersect cycles
satisfying dimensional restrictions on lower strata.

1976

1977



1974 @ With secondary operations in mind, they try to intersect cycles

satisfying dimensional restrictions on lower strata.
As a temporary expedient (!) they require that
cycles lie mostly in open strata.

1975

1976

1977



1974 @ With secondary operations in mind, they try to intersect cycles
satisfying dimensional restrictions on lower strata.

As a temporary expedient (!) they require that

1975 Perversity measures how far from a cohomology cycle.

1976

1977

cycles lie mostly in open strata.
They arrive at the notion of perverse cycles.



1974 @ With secondary operations in mind, they try to intersect cycles
satisfying dimensional restrictions on lower strata.
As a temporary expedient (!) they require that
cycles lie mostly in open strata.
They arrive at the notion of perverse cycles.
Perversity measures how far from a cohomology cycle.
The most important moment is when

they realize perversity conditions define a complex.

1975

1976

1977



1974 @ With secondary operations in mind, they try to intersect cycles
satisfying dimensional restrictions on lower strata.

As a temporary expedient (!) they require that

1975 Perversity measures how far from a cohomology cycle.
The most important moment is when

they realize perversity conditions define a complex.
They take up a question of Dennis Sullivan

about a signature as a cobordism invariant.

1976

1977

cycles lie mostly in open strata.
They arrive at the notion of perverse cycles.



1974 @ With secondary operations in mind, they try to intersect cycles

satisfying dimensional restrictions on lower strata.
As a temporary expedient (!) they require that

cycles lie mostly in open strata.
They arrive at the notion of perverse cycles.

Perversity measures how far from a cohomology cycle.
The most important moment is when

they realize perversity conditions define a complex.
They take up a question of Dennis Sullivan

about a signature as a cobordism invariant.
Realizing that Poincare duality is crucial for this,

they observe that dual perversities satisfy it.

Their first proof, messy, is never published.
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1977



1974 @ With secondary operations in mind, they try to intersect cycles

satisfying dimensional restrictions on lower strata.
As a temporary expedient (!) they require that

cycles lie mostly in open strata.
They arrive at the notion of perverse cycles.

Perversity measures how far from a cohomology cycle.
The most important moment is when

they realize perversity conditions define a complex.
They take up a question of Dennis Sullivan

about a signature as a cobordism invariant.
Realizing that Poincare duality is crucial for this,

they observe that dual perversities satisfy it.

Thelr first proof, messy, is never published.
Sullivan convinces them that

the name perverse homology' won't sell,

and suggests intersection homology'.

1975

1976

1977



So by the summer of 1975, G. & M. have de ned
the various homology groups for diff erent perver-
sities on a stratied topological space non-singular
In codimension two. The extremal ones are (with a
mild restriction on the space) ordinary homology
and cohomology .

If the strati cation IS
X X X X X

the perversity — is an array of integ ers
with



Perverse chains of dimension intersect X IN
dimension at most — . The chain comple x
is named C X .

If — for example then the inter section of
an -chain with X must be of dimension at most
—it lls up as much of the open stratum as pos-

sible.



The dual of ~Is — — . The dual of
cohomology is homology .

Dual perversities satisfy Poincar € duality . Sullivan's
conjecture about the cobor dism signhature invariant
IS true.

Are their groups are a topological invariant? They
have not considered algebraic varieties as anything
special.



1975

G. finishes his thesis
M. works on intersection theory with Fulton

1976 M. talks to Cheeger

M. goes to Paris for the year
and G. to MIT

1977

1978



1976

1977 |

M. meets Deligne at a Halloween party

1978

1979



1976
M. meets Deligne at a Halloween party
M. tells D. about IC
D. tells M. about extending local coefficient systems
defined on X - Y, Y = divisor with normal crossings
inspired by Zucker's variation of Hodge structure
extension defined by truncation

1977

1978

1979



1976
M. meets Deligne at a Halloween party
M. tells D. about IC

D. tells M. about extending local coefficient systems
defined on X - Y, Y = divisor with normal crossings
Inspired by Zucker's variation of Hodge structure
extension defined by truncation

They compare the case of isolated singularities

1977

1978

1979



1976
M. meets Deligne at a Halloween party
M. tells D. about IC
D. tells M. about extending local coefficient systems
defined on X - Y, Y = divisor with normal crossings
Inspired by Zucker's variation of Hodge structure
extension defined by truncation
They compare the case of isolated singularities
| Deligne conjectures: his construction and M.'s are the same.

1977

1978

1979



Deligne uses sheaves and derived categories for his
de nition

IC- X R R C
and conjecture
H X H I1Ic-X

The proof of Poincar € duality in this scheme follows
from Verdier duality .

MacPherson learns more about these things from
Verdier. He is persuaded by I. M. Gelfand, visiting
Paris, to write up an announcement about IH for the
Comptes Rendues. It makes no big splash in MR.



Back at Brown In 1977/78 G. & M. hold a seminar
on derived categories. As an exercise they prove
Verdier duality , and in addition they prove indepen-
dence of strati cation. The start writing IH I. and IH

Tales not told: Kazhdan and Lusztig are trying to
give a new construction of Spring er's representa-
tions of Weyl groups. They are interested in Poincar é
duality; talk to Bott, who refers them to MacPherson.
MacPherson explains about H and they eventuall y
write to Deligne .

March 11, 1979—they submit KL I. to the Inventiones .



April 20, 1979—Deligne writes them In English about
his results and conjectures:

Dear Lusztig and Kazhdan,
| am very far to be able to do what you want.

He explains what the theory should be in character -
Istic . KL use a version of this to prove that their
polynomials, the appearing their W-graphs
and in conjectures about Verma modules, are local
H Poincar é polynomials. An embarassing moment
occur s at an Arbeitsta gung about H.



MacPherson and Gelfand conjecture the decompo-
sition theorem. The category of perverse sheaves is
Intr oduced, purity Is proven, the decomposition the-
orem is proven (all through characteristic ). Later,
Saito proves this by purely analytic techniques.



The later developments had at least one wholl y un-
expected side effect, a modest reconciliation be-
tween two well known mathematicians:

ce terme
de « perverse » me déplait tout autant qu'a toi: voila
un point ou nous sommes d'accor d



Part IV(a). Automorphic forms - Hecke operator s

The goal here is admirab le—to try to see how the
theory of automorphic forms ts in with broader
subjects Iin mathematics. Eichler started the interac-
tion between x ed-point theorems and automorphic
forms. Shimura played an impor tant role in one de-
velopment by explaining this to Bott at the Woods
Hole conference in 1964.
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The technical difculty in x ed point theorems is H
IS not functorial.

7] Lefsc hetz Fixed Point Theorem for Intersection
Homology , with M. Goresky 1985

6] Lefsc hetz Numbers of Hecke Correspondences |,
with Mark Goresky , in Zeta Functions to Picard Mod-
ular Surfaces 1992

[15] Local Contrib ution to the Lefsc hetz Fixed Point
Formula, with M. Goresky 1993

[17] Weighted Cohomology , with Gunter Harder and
M. Goresky 1994



5] Discrete Series Character s and the Lefsc hetz For-
mula for Hecke Operator s, with R. Kottwitz and M.
Goresky , 1997

Local inter section cohomology of Baily-Borel com-
pacti cations , with A. Nair, M. Goresky and G. Harder,
2002

The topological trace formula, with Mark Goresky ,
2003



Part IV(b). Automorphic forms - other stuff

[31] Equiv ariant Cohomology , Koszul Duality, and
the Localization Theorem, with Goresky and Kottwitz

1998

Purity of equivalued af ne Spring er ber s, with Goresky
and Kottwitz 2003

Homology of afne Spring er ber s in the unramied
case, with Goresky and Kottwitz 2004



Part V. Reduction theory

[4] Classical Projective Geometry and Modular Vari-
eties, with Mark McConnell , 1989

[10] Explicit reduction Theory for Siegel Modular
Threefolds , with Mark McConnell , 1993

Geometry of compacti cations of locall y symmetric
spaces, with Lizhen Ji, 2002
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Let X G K where G G, with the group

G dened over (), an arithmetic subgroup. Li and

MacPherson show that various compacti cations of
X are the same, answering some old questions.

Some are purely geometric in nature, and the MR

emphasiz es that the paper will likely be of interest to

diff erential geometers.

But the most interesting aspect is the construction
of a of the quotient, whic h summariz es a
good deal of classical reduction theory in one con-
venient package. It completes work of Jim Arthur,
Gunter Harder, Ulric h Stuhler, Dan Grayson, Erich



Leuzing er, Leslie Saper, Mischa Gromov, and Toshi-
aki Hattori.

Ji and MacPherson were not apparentl y aware of
the connection with the work of Harder, Stuhler, and
Grayson, but | think it gives the best approach to
their construction.



Suppose G G, G . The space X
parametriz es isomorphism classes of lattices , or

free Abelian groups of rank Euclidean metric .
Grayson associates to each lattice its , ItS

, ItS , and from this In turn can be
dened a
Plot: M with M , M
Prole: convex hull of the plot
Slope: , the array of slopes of the prole .

Convexity implies

Principal theorem: the break points of a prole cor-
respond to a well dened ag.



~ T

Plot of the points M and its prole .







Every point of X gives rise to a rational parabolic

subgroup  and a canonical point of the pos-
itive Weyl chamber—a point of the open cone over
the Tits building of G—de ning canonicall y the



All rational groups possess similar structures.

Reduction theory is convenientl y formulated in terms
of this.

Fibres are compact.

Many results of Jim Arthur about truncation opera-
tors become transparent.

Compacti cations give rise to maps into the closed
cone.



For the upper half-plane:

ol X



My thanks to Mark Goresky as well as Bob MacPher-
son for tolerating my intrusions into the past.



