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Root systems arise in the structure of reductive groups. I’ll discuss this connection in an introductory

section, then go on to a formal exposition.
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1. Introduction

If k is a field of characteristic 0, a reductive group defined over k is an algebraic group for which
the category of finitedimensional representations is semisimple—i.e. extensions always split. For

other characteristics, the definition is more technical. In any case, reductive groups are ubiquitous in
mathematics, arising in many different contexts, nearly all of great interest. Here are some examples:

• The unitary group U(n) is a connected compact Lie group, and it is also an algebraic group defined
over R, since the defining equation

tZ Z = I

translates to
t(X − iY )(X + iY ) =

(
tXX + tY Y ) + i

(
tX Y − tY X

)
= I ,

which dissociates to become a pair of equations for the real matrices X and Y . An arbitrary connected
compact Lie groupmay always be identified with the group of real points on an algebraic group defined
over R. It is an example, a very special one, of a reductive group defined over R. It determines in

turn the group of its points over C, which is in many ways more tractable. The group U(n) thus
corresponds to GLn(C), in which it is a maximal compact subgroup. This is related to the factorization
GLn(C) = U(n) × H, where H is the group of positive definite Hermitian matrices. In general, this

association reduces the classification, as well as the representation theory, of connected compact groups

to the classification of connected reductive groups defined over C.
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• All but a finite number of the finite simple groups are either reductive groups defined over finite
fields, or at least closely related to such groups. An example would be the finite projective group

PGL1
n(Fq), the kernel of the map induced by det onto k×/(k×)n. What might be a bit surprising is

that the classification of reductive groups over finite fields is not so different from that of groups over
C. Even more astonishing, Chevalley’s uniform construction of such finite groups passes through the

construction of the related complex groups.

• The theory of automorphic forms is concerned with functions on quotients Γ\G(R) where G is
reductive and Γ an arithmetic subgroup, a discrete subgroup of finite covolume. These quotients are
particularly interesting because they are intimately associated to analogues of the Riemann zeta function.
Classically one takesG = SL2(R) and Γ = SL2(Z). This is still probably the best known case, but in the
past halfcentury it has become clear that other groups are of equal interest, although unfortunately also

of much greater complexity.

Each connected reductive group is associated to a finite subset of a real vector space with certain

combinatorial properties, known as its root system . The classification of such groups reduces to the
classification of root systems, and the structure of any one of these groups can bededuced fromproperties

of its root system. Most of this essay will be concerned with properties of root systems independently
of their connections with reductive groups, but in the rest of this introduction I’ll give some idea of this

connection.

The root system of the general linear group

For the moment, let k be an arbitrary field, and let G = GLn(k). This is in many ways the simplest of
all reductive groups—perhaps deceptively simple. It is the open subset of Mn(k) where det 6= 0, but
may also be identified with the closed subvariety of all (m, d) inMn(k) ⊕ k with det(m) · d = 1, hence
is an affine algebraic group defined over k. The matrix algebraMn(k)may be identified with its tangent
space at I . This tangent space is also the Lie algebra of G, but we won’t need the extra structure here.

Let A be the subgroup of diagonal matrices a = (ai), also an algebraic group defined over k. The
diagonal entries

εi: a 7→ ai

induce an isomorphism of A with with (k×)n. These generate the groupX∗(A) of algebraic homomor
phisms from A to the multiplicative group. Such homomorphisms are all of the form a 7→ ∏

ami

i , and

X∗(A) is isomorphic to the free group Zn.

LetX∗(A) be the group of algebraic homomorphisms from the multiplicative group to A. Each of these
is of the form x 7→ (xmi), so this is also isomorphic toZn. The two are canonically dual to each other—for

α =
∏
xni inX∗(A) and β∨ = (xmi) inX∗(A) we have

α
(
β(x)

)
= xm1n1+···+mnnn = x〈α,β∨〉 .

Let (ε̂i) be the basis ofX∗(A) dual to (εi).

The group A acts on the tangent space at I by the adjoint action , which is here conjugation of matrices.
Explicitly, conjugation of (xi,j) by (ai) gives (ai/aj ·xi,j). The spaceMn(k) is therefore the direct sum of
the diagonal matrices a, on which A acts trivially, and the onedimensional eigenspaces gi,j of matrices

with a solitary entry xi,j (for i 6= j), on which A acts by the character

λi,j : a 7−→ ai/aj .

The characters λi,j form a finite subset ofX
∗(A) called the roots of GLn. The term comes from the fact

that these determine the roots of the characteristic equation of the adjoint action of an element of A. In
additive notation (appropriate to a lattice), λi,j = εi − εj .

The groupGLn has thus given rise to the lattices L = X∗(A) and L∨ = X∗(A) as well as the subsetΣ of
all roots λi,j inX

∗(A). There is one more ingredient we need to see, and some further properties of this
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collection that remain to be explored. To each root λ = λi,j with i 6= j we can associate a homomorphism
λ∨ from SL2(k) intoG, taking [

a b
c d

]

to the matrix (xk,ℓ) which is identical to the identity matrix except when {k, ℓ} ⊆ {i, j}. For these
exceptional entries we have

xi,i = a

xj,j = d

xi,j = b

xj,i = c .

For example, if n = 3 and (i, j) = (1, 3)

[
a b
c d

]
7−→



a 0 b
0 1 0
c 0 d


 .

The homomorphism λ∨, when restricted to the diagonal matrices, gives rise to a homomorphism from
the multiplicative group that I’ll also express as λ∨. This is the element ε̂i − ε̂j ofX∗(A). In the example
above this gives us

x 7−→
[
x

1/x

]
7−→



x 0 0
0 1 0
0 0 1/x


 .

The homomorphism λ∨ also gives rise to its differential dλ∨, from the Lie algebra of SL2 to that ofG. In
SL2 [

a
1/a

] [
x

] [
1/a

a

]
=

[
a2x

]
= a2

[
x

]
.

Since the embedding of SL2 is covariant, this tells us that

λ
(
λ∨(x)

)
= x2

or in other terminology
〈λ, λ∨〉 = 2

for an arbitrary root λ.

The set of roots possesses important symmetry. The permutation groupSn acts on the diagonal matrices

by permuting its entries, hence also onX∗(A) andX∗(A). In particular, the transposition (i j) swaps εi

with εj . This is a reflection in the hyperplane λ̂ = λ̂i,j = ε̂i − ε̂j = 0, with the formula

µ 7−→ µ− 2

(
µ •λ

λ •λ

)
λ .

The dot product here is the standard one on Rn, which is invariant with respect to the permutation
group, but it is better to use the more canonical but equivalent formula

sλ:µ 7−→ µ− 〈µ, λ∨〉λ .

This is a reflection in the hyperplane 〈v, λ∨〉 = 0 since 〈λ, λ∨〉 = 2 and hence sλλ = −λ. So now we
have in addition toL,L∨ andΣ the subsetΣ∨. The setΣ is invariant under reflections sλ, as isΣ

∨ under

the contragredient reflections
sλ∨ :µ∨ 7−→ µ∨ − 〈λ, µ∨〉λ∨ .
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The groupSn may be identified withNG(A)/A. The short exact sequence

1 −→ A −→ NG(A) −→ NG(A)/A ∼= Sn −→ 1

in fact splits by means of the permutation matrices. But this is peculiar to GLn. What generalizes to

other groups is the observation that transpositions generate Sn, and that the transposition (i j) is also
the image in NG(A)/A of the matrix [

0 −1
1 0

]

under λ∨i,j .

The roots εi − εj all lie in the n− 1dimensional space where the sum of coordinates is 0. For n = 3 this
slice is twodimensional, and the root system can be pictured:

ε1 − ε2

ε1 − ε3

ε2 − ε3

Root data

So now we can make the definition:

A root datum is a quadruple (L,Σ, L∨,Σ∨) where (a) Σ is a finite subset of the lattice L, Σ∨ one
of the dual lattice L∨; (b) there exists a bijection λ 7→ λ∨ from Σ to Σ∨; and (c) both Σ and Σ∨ are
invariant under root (and coroot) reflections.

I am not sure who is responsible for this odd Latin terminology. Many of us have forgotten that ‘data’
is the plural of ‘datum’, to be sure (as just about all of us have forgotten that ‘agenda’ is the plural of

‘agendum’, meaning things to be acted upon). Especially confusing is that a root datum is a collection of
several objects. Literally correct, of course, but . . . Mind you, what would we call a set of these arrays if
we had called a single array a set of data?

The character lattice L is an important part of the datum. The lattice L for GLn is that spanned by
the εi. The group SLn is the subgroup of matrices with determinant 1, so its character lattice is the
quotient of L by the span of ε1 + · · · + εn. The projective group PGLn is the quotient ofGLn by scalars,

so the corresponding lattice is the sublattice where the coordinate sum vanishes. The groups GLn(k)
and k××SLn(k), for example, have essentially the same sets of roots but distinct lattices. It is useful
to isolate the roots as opposed to how they sit in a lattice, and for this reason one introduces a new
notion: a root system is a quadruple (V,Σ, V ∨,Σ∨) satisfying analogous conditions, but where now V
is a real vector space, and we impose the extra condition that 〈λ, µ∨〉 be integral. Two root systems are
called equivalent if the systems obtained by replacing the vector space by that spanned by the roots are
isomorphic. Sometimes in the literature it is in fact assumed that V is spanned by Σ, but this becomes
awkward when we want to refer to root system whose roots are subsets of a given system.



Root systems 5

Tori

The simplest reductive groups are those with an empty root set. Connected, compact abelian groups

are tori—i.e. products of circles—and over C become products of the multiplicative group C×. For

example, the compact torus x2 + y2 = 1 becomes the complex hyperbola (x + iy)(x − iy) = 1. In
general, algebraic groups isomorphic to products of copies of the multiplicative group after extension to

an algebraic closed field are called algebraic tori . Any algebraic representation of a torus decomposes
into the sum of onedimensional eigenspaces. The roots associated to a reductive group defined over an

algebraically closed field are the eigencharacters of the adjoint action of a maximal torus. For other fields

of definition there are some technical adjustments, as we’ll see in a moment.

The symplectic group

The symplectic group Sp2n is that of all 2n×2nmatricesX preserving a nondegenerate antisymmetric
form such as

∑
(xiyi+n − yixi+n) or, after a coordinate change, satisfying the equation

tX J X = J

where

J = Jn =

[
0 −ωn

ωn 0

]
and ωn =




1
1

. . .
1

1


 , .

Sometimes I is used instead of ω, but there is a good technical reason for the choice here.

The tangent space of this group at I , and indeed that of any algebraic group, may be calculated by a very
useful trick. A group defined over k determines also a group defined over any ring extension of k, and
in particular the nil-ring k[ε]where ε2 = 0. The tangent space may be identified with the linear space of
all matricesX such that I + εX lies in G(k[ε]). Here this gives us the condition

t(I + εX)J(I + εX) = J

J + ε(tXJ + JX) = J
tXJ + JX = 0 .

This symplectic group contains a copy of GLn made up of matrices

[
X

ω−1 · tX−1 · ω

]

for arbitraryX in GLn(k), and also unipotent matrices

[
I X
0 I

]

with ωX symmetric. The diagonal matrices in Sp2n are those like




a1

a2

a3

a−1
3

a−1
3

a−1
3
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(n = 3 here) and make up an algebraic torus of dimension n, again with coordinates εi inherited from
GLn. The roots are now the

±εi ± εj (i < j)

±2εi

and the coroots
±ε̂i ± ε̂j (i < j)

±ε̂i .

It is significant that the two systems differ in the factor 2.

The Weyl group in this case is an extension ofSn by (±1)n.

ε1 − ε2

ε1 + ε2

2ε2

2ε1

Unitary groups

Suppose ℓ to be a quadratic field extension of k. Let G be the special unitary group SUωn
of n × n

matrices X of determinant 1 with coordinates in ℓ that preserve the Hermitian form corresponding to
the matrix ωn:

tX ωnX = ωn .

This is an algebraic group defined over k, not over ℓ, whose equations one obtains by translating the
matrix equations in ℓ to equations in k by introducing a kbasis in ℓ. The group of diagonal matrices in it
is isomorphic to (ℓ×)k if n = 2k+ 1 and (ℓ×)k ×N1

ℓ/k if n = 2k+ 2, whereN1 is the kernel of the norm

map from ℓ× to k×. For example, if n = 3we have the diagonal matrices



a

a/a
1/a




with a in ℓ×. This group is still a torus, since when the field of definition is extended to ℓ it becomes
isomorphic to a product of copies of ℓ×. But it is not split . The group A in this case is taken to be the
subgroup of matrices which are invariant under conjugation—i.e. those with diagonal entries in k×. The
eigenspaces no longer necessarily have dimension one. For odd n the root system is not reduced—for
n = 3, the roots are

a 7→ a±1, a 7→ a±2 .

In additive terms it contains four roots ±α, ±2α:
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Further reduction

Not only do reductive groups give rise to root data, but conversely to each root datum is associated

a unique reductive group over any field. This is a remarkable result first discovered by Chevalley—

remarkable because at the time it was expected that fields of small characteristic would cause serious
trouble, perhaps even give rise to exceptional cases. At any rate, natural questions arise: How to classify
root data, or more simply root systems, up to equivalence? How to construct the associated groups
and Lie algebras? How to describe their properties, for example their irreducible finitedimensional
representations? How to do explicit computation in these groups and Lie algebras?

Making the first steps towards answering these requires us to go a bit further in understanding the

geometry of root systems.

To each rootλ from a root system (V,Σ, V ∨,Σ∨) is associated a linear transformation of V ∨, the reflection
sλ∨ in the root hyperplane λ = 0. The finite group generated by these reflections is the Weyl group of
the system. In terms of the group G, it may be identified with the quotient NG(A)/A. One of the most
important properties of root systems is that any one of the connected components of the complement of
the root hyperplanes is the interior of a fundamental domain of the Weyl group.

If we choose one of these, say C, then the positive roots associated to that choice are those λwith λ > 0
on C. A second fundamental fact is that the set Σ+ of positive roots has as subset a basis ∆ with the
property that every positive root is a positive integral combination of elements of∆. The Cartan matrix
of the system is that with rows and columns indexed by∆ and entries 〈α, β∨〉. Cartan matrices possess
certain characteristic properties I’ll explain later. For the moment, it is important to know that a root

system can be constructed from any matrix with these properties, which are quite simple to verify. The
classification of root systems is thus equivalent to the classification of integral matrices of a certain kind.

Choosing a set of positive roots is related to a choice of Borel subgroups in a reductive group. ForGLn,
for example, the roots λi,j with i < j, hence associated to matrix entries above the diagonal, are related
to the choice of upper triangular matrices as Borel subgroup. The corresponding chamber will be the

(xi)with x1 ≥ x2 ≥ . . . ≥ xn, clearly a fundamental chamber forSn. The basis∆ consists of the roots
αi = εi − εi+1. Note that for i < j

εi − εj = αi + · · · + αj−1 .

Something similar occurs for Sp2n and SUωn
, and indeed the slightly unusual choice of matrix J in the

definition of Sp2n was made so that, as withGLn, the matrices in B are the upper triangular matrices in
Sp2n.

A root system is called irreducible if it cannot be expressed as a disjoint union of mutually orthogonal
subsets. The classification of root systems comes down to the classification of irreducible ones, and this

is an interesting combinatorial exercise. The final result is that all simple, connected, reductive algebraic
groups can be determined elegantly. Furthermore, the structure of the group associated to a given root

datum can be carried out in completely explicit terms from the datum, although this is not a simple

process.

I now begin again, more formally, dealing only with root systems and not algebraic groups.

2. Definitions

A reflection in a finitedimensional vector space is a linear transformation that fixes vectors in a hy
perplane, and acts on a complementary line as multiplication by −1. Every reflection can be written
as

v 7−→ v − 〈f, v〉f∨
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for some linear function f 6= 0 and vector f∨ with 〈f, f∨〉 = 2. The function f is unique up to nonzero
scalar. If V is given a Euclidean norm, a reflection is orthogonal if it is of the form

v 7−→ v − 2
(v • r

r • r

)
r

for some nonzero r. This is a reflection since

v • r

r • r
r

is the orthogonal projection onto the line through r.

A root system is, by definition:

• a quadruple (V,Σ, V ∨,Σ∨) where V is a finitedimensional vector space over R, V ∨ its linear

dual, Σ a finite subset of V − {0}, Σ∨ a finite subset of V ∨ − {0};
• a bijection λ 7→ λ∨ of Σwith Σ∨

subject to these conditions:

• for each λ in Σ, 〈λ, λ∨〉 = 2;
• for each λ and µ in Σ, 〈λ, µ∨〉 lies in Z;

• for each λ the reflection
sλ: v 7−→ v − 〈v, λ∨〉λ

takes Σ to itself. Similarly the reflection

sλ∨ : v 7−→ v − 〈λ, v〉λ∨

in V ∨ preserves Σ∨.

There are many slightly differing definitions of root systems in the literature. Sometimes the condition

of finiteness is dropped, and what I call a root system in these notes would be called a finite root system .
Sometimes the extra condition that Σ span V is imposed, but often in the subject one is interested
in subsets of Σ which again give rise to root systems that do not possess this property even if the
original does. In case V is spanned by V (Σ), the condition that Σ∨ be reflectioninvariant is redundant.

Sometimes the vector space V is assumed to be Euclidean and the reflections orthogonal. The definition
I have given is one that arises most directly from the theory of reductive groups, but there is some
justification in that theory for something like a Euclidean structure as well, since a semisimple Lie

algebra is canonically given its Killing form . Another virtue of not starting off with a Euclidean structure

is that it allows one to keep in view generalizations, relevant to KacMoody algebras, where the root
system is not finite and no canonical inner product, let alone a Euclidean one, exists.

One immediate consequence of the definition is that if λ is in Σ so is −λ = sλλ.

The elements of Σ are called the roots of the system, those of Σ∨ its co-roots . The rank of the system
is the dimension of V , and the semi-simple rank is that of the subspace V (Σ) of V spanned by Σ. The
system is called semi-simple if Σ spans V .

If (V,Σ, V ∨,Σ∨) is a root system, so is its dual (V ∨,Σ∨, V,Σ).

TheWeyl group of the system is the groupW generated by the reflections sλ.

The root system is said to be reducible if Σ is the union of two subsets Σ1 and Σ2 with 〈λ, µ∨〉 = 0
whenever λ and µ belong to different components. Otherwise it is irreducible .
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3. Simple properties

As a group, theWeyl group of the root system (V,Σ, V ∨,Σ∨) is isomorphic to theWeyl group of its dual
system, because:

Proposition 3.1. If λ, λ∨ are any vectors in V , V ∨ with 〈λ, λ∨〉 = 2, then the contragredient of sλ is[reflection-dual]

sλ∨ .

Proof. It has to be shown that
〈sλu, v〉 = 〈u, sλ∨v〉 .

The first is

〈u− 〈u, λ∨〉λ, v〉 = 〈u, v〉 − 〈u, λ∨〉〈λ, v〉
and the second is

〈u, v − 〈λ, v〉λ∨〉 = 〈u, v〉 − 〈λ, v〉〈u, λ∨〉 .

Next I introduce a semiEuclidean structure on V , with respect to which the root reflections will be
orthogonal. The existence of such a structure is crucial, epecially to the classiication of root systems (and
reductive groups).

Define the linear map

ρ:V −→ V ∨, v 7−→
∑

λ∈Σ

〈v, λ∨〉λ∨

and define a symmetric dot product on V by the formula

u • v = 〈u, ρ(v)〉 =
∑

λ∈Σ

〈u, λ∨〉〈v, λ∨〉 .

The seminorm
‖v‖2 = v • v =

∑

λ∈Σ

〈v, λ∨〉2

is positive semidefinite, vanishing precisely on

RAD(V ) = (Σ∨)⊥ .

In particular ‖λ‖ > 0 for all roots λ. Since Σ∨ isW invariant, the seminorm ‖v‖2 is alsoW invariant.
That ‖v‖2 vanishes on RAD(V )mirrors the fact that the Killing form of a reductive Lie algebra vanishes
on the radical of the algebra.

Proposition 3.2. For every root λ[norms]

‖λ‖2 λ∨ = 2ρ(λ) .

Thus although the map λ 7→ λ∨ is not the restriction of a linear map, it is simply related to such a
restriction.

Proof. For every µ in Σ
sλ∨µ∨ = µ∨ − 〈λ, µ∨〉λ∨

〈λ, µ∨〉λ∨ = µ∨ − sλ∨µ∨

〈λ, µ∨〉2 λ∨ = 〈λ, µ∨〉µ∨ − 〈λ, µ∨〉sλ∨µ∨

= 〈λ, µ∨〉µ∨ + 〈sλλ, µ
∨〉sλ∨µ∨

= 〈λ, µ∨〉µ∨ + 〈λ, sλ∨µ∨〉sλ∨µ∨

But since sλ∨ is a bijection of Σ∨ with itself, we can conclude by summing over µ in Σ.
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Corollary 3.3. For every v in V and root λ[dot-product]

〈v, λ∨〉 = 2

(
v •λ

λ • λ

)
.

Thus the formula for the reflection sλ is that for an orthogonal reflection

sλv = v − 2

(
v •λ

λ •λ

)
λ .

Corollary 3.4. The semisimple ranks of a root system and of its dual are equal.[equi-ranks]

Proof. The map
λ 7−→ ‖λ‖2 λ∨

is the same as the linear map 2ρ, so ρ is a surjection from V (Σ) to V ∨(Σ∨). Apply the same reasoning
to the dual system to see that ρ∨◦ρmust be an isomorphism, hence ρ an injection as well.

Corollary 3.5. The space V (Σ) spanned by Σ is complementary to RAD(V ).[spanning]

So we have a direct sum decomposition

V = RAD(V ) ⊕ V (Σ) .

Proof. Because the kernel of ρ is RAD(V ).

Corollary 3.6. The canonical map from V (Σ) to the dual of V ∨(Σ∨) is an isomorphism.[vsigma-dual]

Corollary 3.7. The set Σ is contained in a lattice of V (Σ).[sigma-lattice]

Proof. Because it is contained in the lattice of v such that 〈v, λ∨〉 is integral for all λ∨ in some linearly
independent subset of Σ∨.

Corollary 3.8. The Weyl group is finite.[weyl-finite]

Proof. It fixes all v annihilated by Σ∨ and therefore embeds into the group of permutations of Σ.

The formula for sλ as an orthogonal reflection remains valid for anyW invariant norm on V (Σ) and its
associated inner product. If we are given such an inner product, then we may set

λ• =

(
2

λ •λ

)
λ ,

and then necessarily λ∨ is uniquely determined in V ∨(Σ∨) by the formula

〈µ, λ∨〉 = µ •λ• .

But there is another way to specify λ∨ in terms of λ, one which works even for most infinite root systems.
The following, which I first saw in [Tits:1966], is surprisingly useful.

Corollary 3.9. The coroot λ∨ is the unique element of V ∨ satisfying these conditions:[tits-uniqueness]
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(a) 〈λ, λ∨〉 = 2;
(b) it lies in the subspace of V ∨ spanned by Σ∨;
(c) for any µ in Σ, the sum

∑
ν〈ν, λ∨〉 over the affine line (µ+ Zλ) ∩ Σ vanishes.

Proof. That λ∨ satisfies (a) and (b) is easy; it satisfies (c) since the reflection sλ preserves (µ+ Zλ) ∩ Σ.

To prove that it is unique, suppose ℓ another vector satisfying the same conditions. But then λ∨ − ℓ is
easily shown to be 0.

Corollary 3.10. For all roots λ and µ[wvee]

(sλµ)∨ = sλ∨µ∨ .

Proof. This is a direct calculation, using the orthogonal reflection formula, but I’ll use Tits’ criterion
instead. Let χ = sλµ, ρ

∨ = sλ∨µ∨. According to that criterion, it must be shown that

(a) 〈χ, ρ∨〉 = 2;
(b) ρ∨ is in the linear span of Σ∨;

(c) for any τ we have ∑

ν

〈ν, ρ∨〉 = 0

where the sum is over ν in (τ + Z sλµ) ∩ Σ.

(a) We have
〈χ, ρ∨〉 = 〈sλµ, sλ∨µ∨〉

= 〈sλsλµ, µ
∨〉

= 〈µ, µ∨〉
= 2 .

(b) Trivial.

(c) We have ∑

(τ+Z sλµ)∩Σ

〈ν, sλ∨µ∨〉 =
∑

(τ+Z sλµ)∩Σ

〈sλν, µ
∨〉

=
∑

(sλτ+Z µ)∩Σ

〈ν, µ∨〉 = 0 .

Corollary 3.11. For any roots λ, µ we have[reflection-reflection]

ssλµ = sλsµsλ .

Proof. The algebra becomes simpler if one separates this into two halves: (a) both transformations take
sλµ to−sλµ; (b) if 〈v, (sλµ)∨〉 = 0, then both take v to itself. Verifying these, using the previous formula
for (sλµ)∨, is straightforward.

Proposition 3.12. The quadruple (V (Σ),Σ, V ∨(Σ∨),Σ∨) is a root system.[semi-simple]

It is called the semi-simple root system associated to the original.

Proposition 3.13. Suppose U to be a vector subspace of V , ΣU = Σ ∩ U , Σ∨
U = (ΣU )∨. Then[intersection]

(V,ΣU , V
∨,Σ∨

U ) is a root system.

Proof. If λ lies in ΣU = U ∩ Σ then the reflection sλ certainly preserves ΣU . The same is true for Σ
∨
U by

Corollary 3.10.♣ [wvee]

The metric ‖v‖2 vanishes on (Σ∨)⊥, but any extension of it to a Euclidean metric on all of V for which
Σ and this space are orthogonal will beW invariant. Thus we arrive at a Euclidean structure on V such
that for every λ in Σ:
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(a) 2(λ •µ)/(λ •λ) is integral;
(b) the subset Σ is stable under the orthogonal reflection

sλ: v 7−→ v − 2

(
v •λ

λ •λ

)
λ .

Conversely, suppose that we are given a vector space V with a Euclidean norm on it, and a finite subset
Σ. For each λ in Σ, let

λ• =

(
2

λ •λ

)
λ ,

and then (as before) define λ∨ in V ∨ by the formula

〈v, λ∨〉 = v •λ• .

Proposition 3.14. Suppose that for each λ in Σ[metric-axioms]

(a) µ •λ• is integral for every µ in Σ;
(b) the subset Σ is stable under the orthogonal reflection

sλ: v 7−→ v − (v •λ•)λ .

Then (V,Σ, V ∨,Σ∨) is a root system.

This is straightforward to verify. The point is that by using the metric we can avoid direct consideration

of Σ∨.

In practice, root systems can be constructed from a very small amount of data. If S is a finite set of
orthogonal reflections and Ξ a finite subset of V , the saturation of Ξ with respect to S is the smallest
subset of V containing Ξ and stable under S.

Proposition 3.15. Suppose Λ to be a finite subset of a lattice L in the Euclidean space V such that[delta-construction]

conditions (a) and (b) hold for every λ in Λ. Then the saturation Σ of Λ with respect to the sλ for λ in Λ
is finite, and (a) and (b) are satisfied for all λ in Σ.

Without the condition on L the saturation might well be infinite. This condition holds trivially if the
elements of Λ are linearly independent.

Proof. Let S be the set of sλ. We construct Σ by starting with Λ and applying elements of S repeatedly
until we don’t get anything new. This process has to stop with Σ finite, since the vectors we get are
contained in L and bounded in length. At this point we know that (1) sΣ = Σ for all s in S, and (2) every
λ in Σ is obtained by a chain of reflections in S from an element of Ξ.

Let L• be the lattice of v in V such that v •λ• is integral for every λ in L.

Define the depth of λ in Σ to be the smallest n such that for some sequence s1, . . . , sn in S the root
sn . . . s1λ lies in Λ. The proof of (a) is by induction on depth. If µ lies in L• then

(sαµ)• = sα•µ• = µ• − (µ•
•α)α•

is an integral combination of elements of L•.

Condition (b) follows from the identity
ssλµ = sλsµsλ ,

and induction on depth.
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4. Root systems of rank one

The simplest system is that containing just a vector and its negative. There is one other system of rank

one, however, which we have already seen as that of SUω3
:

Throughout this section and the next I exhibit root systems by Euclidean diagrams, implicitly leaving it
as an exercise to verify the conditions of Proposition 3.14.♣ [metric-axioms]

That these are the only rank one systems follows from this:

Lemma 4.1. If λ and cλ are both roots, then |c| = 1/2, 1, or 2.[non-reduced]

Proof. On the one hand (cλ)∨ = c−1λ∨, and on the other 〈λ, (cλ)∨〉must be an integer. Therefore 2c−1

must be an integer, and similarly 2cmust be an integer.

A root λ is called indivisible if λ/2 is not a root.

5. Root systems of rank two

I start with a situation generalizing that occurring with a root system of rank two:

Assume for themoment that we are given a finite setL of lines through the origin in the Euclidean
plane stable under orthogonal reflections in those lines.

The connected components of the complement of the lines in L are all acute twodimensional wedges.
Pick one, call it C, and let the rays κ and ℓ be its boundary, say with ℓ in a positive direction from κ,
obtained by rotating through an angle of θ, with 0 < θ < π.

We may choose our coordinate system so that κ is the xaxis. The product τ = sκsℓ is a rotation through

angle 2θ. The line τkℓ will lie in L and lie at angle 2kθ. Since L is finite, 2mθ must be 2πp for some
positive integersm, p and

θ =
πp

m

wherewemayassumep andm relativelyprime. Supposek to be inverse topmodulom, saykp = 1+Nm.
The line τkL2 will then lie at angle π/m+Nπ, or effectively at angle π/m since the angle of a line is only
determined up to π. If p 6= 1, this gives us a line through the interior of C, a contradiction. Therefore
θ = π/m for some integerm > 1.

There arem lines in the whole collection. In the following figure,m = 4.

π/m

Suppose that α and β are vectors perpendicular to κ and ℓ, respectively, and on the sides indicated in
the diagram:
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β

α

π/m

π/m

Then the angle between α and β is π − π/m, and hence:

Proposition 5.1. SupposeC to be a connected component of the complement of the lines in a finite family[rank-two]

of lines stable under reflections. If
C = {α > 0} ∩ {β > 0}

then
α •β ≤ 0 .

It is 0 if and only if the lines κ and ℓ are perpendicular.

In all cases, the region C is a fundamental domain forW .

As the following figure shows, the generators sα and sβ satisfy the braid relation

sαsβ . . . = sβsα . . . (m terms on each side ) .

This also follows from the identity (sαsβ)m = 1, since the s∗ are involutions. Let W
∗ be the abstract

group with generators σα, σβ and relations σ
2
∗ = 1 as well as the braid relation. The map σ∗ 7→ s∗ is a

homomorphism.

C

sαC

sβC

sαsβC

sβsαC

sαsβsαC

sβsαsβC

sβsαsβsαC
= sαsβsαsβC

Proposition 5.2. This map fromW ∗ toW is an isomorphism.[braid2]

I leave this as an exercise.

Summarizing for the moment: Let α and β be unit vectors such that C is the region of all x where
α •x > 0 and β •x > 0. We have α •β = − cos(π/m). Conversely, to each m > 1 there exists an
essentially unique Euclidean root configuration for whichW is generated by two reflections in the walls
of a chamber containing an angle of π/m. The groupW has order 2m, and is called the dihedral group
of order 2m.
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For the rest of this section, suppose (V,Σ, V ∨,Σ∨) to be a root system in the plane that actually spans
the plane. The subspaces 〈v, λ∨〉 = 0 are lines, and the set of all of them is a finite set of lines stable with
respect to the reflections sλ. The initial working assumption of this section holds, but that the collection

of lines arises from a root system imposes severe restrictions on the integerm.

With thewedgeC chosen as earlier, again letα andβ be roots such thatC is whereα • v > 0 andβ • v > 0.
Suppose π/m to be the angle between the two rays bounding C. The matrices of the corresponding
reflections with respect to the basis (α, β) are

sα =

[
−1 −〈β, α∨〉

0 1

]
, sβ =

[
1 0

−〈α, β∨〉 −1

]

and that of their product is

sαsβ =

[
−1 −〈β, α∨〉

0 1

] [
1 0

−〈α, β∨〉 −1

]
=

[
−1 + 〈α, β∨〉〈β, α∨〉 〈β, α∨〉

−〈α, β∨〉 −1

]
.

This product must be a nontrivial Euclidean rotation. Because it must have eigenvalues of absolute

value 1, its trace τ = −2 + 〈α, β∨〉〈β, α∨〉must satisfy the inequality

−2 ≤ τ < 2 ,

which imposes the condition

0 ≤ nα,β = 〈α, β∨〉〈β, α∨〉 < 4 .

But nα,β must also be an integer. Therefore it can only be 0, 1, 2, or 3. It will be 0 if and only if sα and sβ

commute, which means that Σ is the orthogonal union of two rank one systems:

So now suppose the root system to be irreducible. Recall the picture:

β

α

π/m

π/m

Here, α •β will actually be negative. By switching α and β if necessary, wemay assume that one of these
cases is at hand:
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• 〈α, β∨〉 = −1, 〈β, α∨〉 = −1;
• 〈α, β∨〉 = −2, 〈β, α∨〉 = −1;
• 〈α, β∨〉 = −3, 〈β, α∨〉 = −1.

Since

〈α, β∨〉 = 2

(
α •β

β •β

)

〈β, α∨〉 = 2

(
β •α

α •α

)

‖α‖2〈α, β∨〉 = ‖β‖2〈β, α∨〉
we also have

〈α, β∨〉
‖α‖2

=
〈β, α∨〉
‖β‖2

.

Let’s now look at one of the three cases, the last one. We have 〈α, β∨〉 = −3 and 〈β, α∨〉 = −1. Therefore
‖α‖2/‖β‖2 = 3. If ϕ is the angle between α and β,

cosϕ =
α •β

‖α‖ ‖β‖ =
1

2

〈β, α∨〉‖α‖
‖β‖ = −

√
3/2 .

Thus ϕ = π − π/6 and m = 6. Here is the figure and its saturation (with a different convention as to
orientation, in order to make a more compressed figure):

α

β

G2

This system is called G2.

Taking the possibility of nonreduced roots into account, we get all together three more possible irre

ducible systems:
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A2

B2 = C2

BC2

The first three are reduced.

In summary:
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Proposition 5.3. Suppose that (V,Σ, V ∨,Σ∨) is a root system of semisimple rank two. Let C be one of[W-roots]

the complements of the root reflection lines, equal to the region α > 0 β > 0 for roots α, β. Swapping α
and β if necessary, we have one of these cases:

〈α, β∨〉 = 0, 〈β, α∨〉 = 0, mα,β = 2 ;
〈α, β∨〉 = −1, 〈β, α∨〉 = −1, mα,β = 3 ;
〈α, β∨〉 = −2, 〈β, α∨〉 = −1, mα,β = 4 ;
〈α, β∨〉 = −3, 〈β, α∨〉 = −1, mα,β = 6 .

Another way to see the restriction on the possible values of m is to ask, what roots of unity generate
quadratic field extensions of Q?

6. Hyperplane partitions

I now want to begin to generalize the preceding arguments to higher rank.

Suppose (V,Σ, V ∨,Σ∨) to be a root system. Associated to it are two partitions of V ∨ by hyperplanes.

The first is that of hyperplanes λ∨ = 0 for λ∨ in Σ∨. This is the one we are primarily interested in. But
the structure of reductive groups over padic fields is also related to a partition by hyperplanes λ∨ = k
in V ∨ where k is an integer. Any of these configurations is stable under Euclidean reflections in these
hyperplanes. Our goals in this section and the next few are to show that the connected components of the
complement of the hyperplanes in either of these are open fundamental domains for the group generated

by these reflections, and to relate geometric properties of this partition to combinatorial properties of

this group. In this preliminary section we shall look more generally at the partition of Euclidean space
associated to an arbitrary locally finite family of hyperplanes, an exercise concerned with rather general

convex sets.

Thus suppose for the moment V to be any Euclidean space, h to be a locally finite collection of affine
hyperplanes in V .

A connected component C of the complement of h in V will be called a chamber . IfH is in h thenC will
be contained in exactly one of the two open halfspaces determined by H , since C cannot intersect H .
Call this half space DH(C). The following is extremely elementary.

Lemma 6.1. If C is a chamber then[allh]

C =
⋂

H∈h

DH(C) .

Proof. Of course C is contained in the right hand side. On the other hand, suppose that x lies in C and
that y is contained in the right hand side. IfH is in h then the closed line segment [x, y] cannot intersect
H , since then C and y would lie on opposite sides. So y lies in C also.

Many of the hyperplanes in h will be far away, and they can be removed from the intersection without

harm. Intuitively, only those hyperplanes that hug C closely need be considered, and the next result,
only slightly less elementary, makes this precise.
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A panel of C is a face of C of codimension one, a subset
of codimension one in the boundary of C. A point lies on
a panel of C if it lies on exactly one hyperplane in h, The
support of a panel will be called awall . A panel with support
H is a connected component of the complement of the union
of theH∗∩H asH∗ runs through the other hyperplanes of h.

Chambers and their faces, including panels, are all convex.

A chambermight verywell have an infinite number of panels,
for example if h is the set of tangent lines to the parabola

y = x2 at points with integral coordinates.

Proposition 6.2. If C is a chamber then[chambers]

C =
⋂

H∈hC

DH(C) .

where now hC is the family of walls of C.

That is to say, there exists a collection of affine functions f such that C is the intersection of the regions
f > 0, and each hyperplane f = 0 for f in this collection is a panel of C.

Proof. Suppose y to be in the intersection of allDH(C) asH varies over the walls ofC. We want to show
that y lies in C itself. This will be true if we can pick a point x in C such that the line segment from y to
x intersects no hyperplane in h. Suppose that we can find x in C with the property that the line segment
from y to x intersects hyperplanes of h only in panels. If it in fact intersects any hyperplanes at all, then
the last one (the one nearest x) will be a panel of C whose wall separates C from y, contradicting the
assumption on y.

It remains to find such a point x. Pick an arbitrary small ball contained in C, and then a large ball
B containing this one as well as y. Since the collection of hyperplanes is locally finite, this large ball
intersects only a finite subset {Hi} of them. Let k be the collection of intersections Hi ∩Hj of pairs of
these. The intersection of B with these intersections will be relatively closed in B, of codimension two
(possibly empty). Let S be the union of all lines through y and a point in k, whose intersection with B
will be of codimension one. Its complement in B will be open and dense. If x is a point of C in this
complement then the intersection points of the line segment from x to y will each be on exactly one
hyperplane in h, hence on a panel.

7. Euclidean root configurations

The motivation for the investigation here is that if Σ is a set of roots in a Euclidean space V , then there
are two associated families of hyperplanes: (1) the linear hyperplanes α = 0 for α in Σ and (2) the
affine hyperplanes α = k for α in Σ and k an integer. Many of the properties of root systems are a
direct consequence of the geometry of hyperplane arrangements rather than the algebra of roots, and it

is useful to isolate geometrical arguments. Affine configurations play an important role in the structure
of padic groups.

For any hyperplane H in a Euclidean space let sH be the orthogonal reflection in H . A Euclidean root
configuration is a locally finite collection h of hyperplanes that’s stable under each of the orthogonal

reflections sH with respect to H in h. The group W generated by these reflections is called the Weyl
group of the configuration. Each hyperplane is defined by an equation λH(v) = fH • v + k = 0 where
fH may be taken to be a unit vector. The vector GRAD(λH) = fH is uniquely determined up to scalar

multiplication by±1. We have the explicit formula

sHv = v − 2λH(v) fH .
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The essential dimension of the system is the dimension of the vector space spanned by the gradients fH .

Here are some examples.

The lines of symmetry of any regular polygon form a planar

root configuration. These are exactly the systems explored
earlier. The lines at right, for the equilateral triangle, the lines

of root reflection for SL3.

The packing of the plane by equilateral triangles. This is the
set of lines λ = k for roots λ of SL3.

The planes of symmetry of any regular figure in Euclidean
space form a Euclidean root configuration. Here are shown

the planes of symmetry of a dodecahedron and the corre
sponding triangulation.

A chamber is one of the connected components of the complement of the hyperplanes in a Euclidean
root configuration. All chambers are convex and open. Fix a chamber C, and let ∆ be a set of affine
functions α such that α = 0 is a wall of C and α > 0 on C. For each subset Θ ⊆ ∆, let WΘ be the
subgroup ofW generated by the sα with α in Θ.

Proposition 7.1. For any distinct α and β in∆, GRAD(α) • GRAD(β) ≤ 0.[non-pos]

Proof. The group Wα,β generated by sα and sβ is dihedral. If P and Q are points of the faces of C
defined by α and β, respectively, the line segment from P to Q crosses no hyperplane of h. The region
α •x > 0, β •x > 0 is therefore a fundamental domain forWα,β . Apply Proposition 5.1.♣ [rank-two]
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SupposeC to be a chamber of the hyperplane partition. According to Proposition 6.2,C is the intersection♣ [chambers]

of the open halfspaces determined by its walls, the affine supports of the parts of its boundary of

codimension one. Reflection in any two of its walls will generate a dihedral group.

Corollary 7.2. The number of panels of a chamber is finite.[walls-finite]

Proof. If V has dimension n, the unit sphere in V is covered by the 2n hemispheres xi > 0, xi < 0. By
Proposition 7.1, each one contains at most one of the GRAD(α) in∆.♣ [non-pos]

Lemma 7.3. If h is a locally finite collection of hyperplanes, the number of H in h separating two[separating-finite]

chambers is finite.

Proof. A closed line segment connecting them is compact and can meet only a finite number ofH in h.

Proposition 7.4. The groupW∆ acts transitively on the set of chambers.[chambers-transitive]

Proof. By induction on the number of root hyperplanes separating two chambers C and C∗, which is

finite by the previous Lemma. If it is 0, then C = C∗ by Proposition 6.2. Otherwise, one of the wallsH♣ [chambers]

of C∗ separates them, and the number separating sHC∗ from C will be one less. Apply induction.

The next several results will tell us that W is generated by the reflections in the walls of C, that the
closure of C is a fundamental domain forW , and (a strong version of this last fact) that if F is a face of
C then the group of w inW fixing such that F ∩w(F ) 6= ∅ then w lies in the subgroup generated by the
reflections in the walls of C containing v, which all in fact fix all points of F . Before I deal with these,
let me point out at the beginning that the basic point on which they all depend is the trivial observation

that if w 6= I inW fixes points on a wallH then it must be the orthogonal reflection sH .

Corollary 7.5. The reflections in S generate the groupW .[generate]

Proof. It suffices to show that every sλ lies inW∆.

Suppose F to be a panel in hyperplane λ = 0. According to the Proposition, if this panel bounds C∗ we

can findw inW∆ such thatwC∗ = C, hencew(F ) lies inC, and therefore must equal a panel ofC. Then
w−1sαw fixes the points of this panel and therefore must be sλ.

Given any hyperplane partition, a gallery between two chambers C and C∗ is a chain of chambers
C = C0, C1, . . . , Cn = C∗ in which each two successive chambers share a common face of codimension

1. The integern is called the length of the gallery. I’ll specify further that any two successive chambers in
a gallery are distinct, or in other words that the gallery is not redundant . The gallery is called minimal if
there exist no shorter galleries between C0 and Cn. The combinatorial distance between two chambers

is the length of a minimal gallery between them.

Expressions w = s1s2 . . . sn with each si in S can be interpreted in terms of galleries. There is in fact
a bijective correspondence between such expressions and galleries linking C to wC. This can be seen
inductively. The trivial expression for 1 in terms of the empty string just comes from the gallery of length
0 containing justC0 = C. A single elementw = s1 of S corresponds to the galleryC0 = C,C1 = s1C. If
we have constructed the gallery forw = s1 . . . sn−1, we can construct the one for s1 . . . sn in this fashion:

the chambersC and snC share thewall α = 0where sn = sα, and therefore the chamberswC andwsnC
share the wall wα = 0. The pair Cn−1 = wC, Cn = wsnC continue the gallery from C to wsnC.

This associates to every expression s1 . . . sn a gallery, and the converse construction is straightforward.

Proposition 7.6. If wC = C then w = 1.[fixC]

Proof. If w = s1 . . . sn with wC = C,W 6= 1 then the corresponding gallery must first cross and recross
the reflection hyperplane of s1. The result now follows by induction from this:

Lemma 7.7. If the gallery associated to the expression s1 . . . sn with n > 1winds up on the same side of[cross-recross]

the reflection hyperplane of s1 as C, then there exists some 1 ≤ i ≤ nwith w = s2 . . . si−1si+1 . . . sn.
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C

w(C)

Proof. Let H be the hyperplane in which s1 reflects. Let wi = s1 . . . si. The path of chambers
w1C, w2C, . . . crosses H at the very beginning and then crosses back again. Thus for some i we
have wi+1C = wisi+1C = s1wiC. But if y = s2 . . . si we have si+1 = y−1s1y, and wi+1 = y, so
w = s1ysi+1 . . . sn = ysi+2 . . . sn.

8. The Cartan matrix

Now assum (V,Σ, V ∨,Σ∨) to be a root system. If h is the union in V ∨
R
of the root hyperplanes λ = 0, the

connected components of its complement in V ∨
R
are calledWeyl chambers . According to Proposition 7.4♣ [chambers-transitive]

and Proposition 7.6, these form a principal homogeneous space under the action ofW .♣ [fixC]

Fix a chamber C. Let∆ be the set of indivisible roots α with α = 0 defining a panel of C with α > 0 on
C,∆ the extension to include multiples as well.

Proposition 8.1. Every root in Σ is in theW orbit of∆.[W-transitive]

Proof. This is becauseW acts transitively on the chambers.

A root λ is called positive if 〈λ,C〉 > 0, negative if 〈λ,C〉 < 0. All roots are either positive or negative,
since by definition no root hyperplanes meet C. Let S be the set of reflections sα for α in ∆. The Weyl
groupW is generated by S.

The matrix 〈α, β∨〉 for α, β in∆ is called the Cartan matrix of the system. Since 〈α, α∨〉 = 2 for all roots
α, its diagonal entries are all 2. According to the discussion of rank two systems, its offdiagonal entries

〈α, β∨〉 = 2

(
α •β

β •β

)
= α •β•

are all nonpositive. Furthermore, one of these offdiagonal entries is 0 if and only if its transpose entry
is. This equation means that ifD is the diagonal matrix with entries 2/α •α andM is the matrix (α •β)
then

A = MD .

The next few results of this section all depend on understanding the Gauss elimination process applied
toM . It suffices just to look at one step, reducing all but one entry in the first row and column to 0. Since
α1 •α1 > 0, it replaces each vector αi with i > 1 by its projection onto the space perpendicular to α1:

αi 7−→ α⊥
i = αi −

αi •α1

α1 •α1
(i > 1) .

If I set α⊥
1 = α1, the new matrixM

⊥ has entries α⊥
i •α⊥

j . We have the matrix equation

LM tL = M⊥, M−1 = tL (M⊥)−1 L
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with L a unipotent lower triangular matrix

L =

[
1 ℓ
tℓ I

]
ℓi = −α1 •αi

α1 •α1
≥ 0 .

This argument and induction proves immediately:

Proposition 8.2. IfM is a symmetric matrix, then it is positive definite if and only if Gauss elimination[gauss]

yields
M−1 = tLAL

for some lower triangular matrix L and diagonal matrixAwith positive diagonal entries. Ifmi,j ≤ 0 for
i 6= j then L and hence alsoM−1 will have only nonnegative entries.

Corollary 8.3. Suppose A = (ai,j) to be a matrix such that ai,i > 0, ai,j ≤ 0 for i 6= j. Assume D−1A[lummox]

to be a positive definite matrix for some diagonal matrix D with positive entries. Then A−1 has only
nonnegative entries.

Lemma 8.4. Suppose ∆ to be a set of vectors in a Euclidean space V such that α •β ≤ 0 for α 6= β in∆.[titsA]

If there exists v such that α • v > 0 for all α in∆ then the vectors in∆ are linearly independent.

Proof. By induction on the size of ∆. The case |∆| = 1 is trivial. But the argument just before this
handles the induction step, since if v •α > 0 then so is v •α⊥.

As an immediate consequence:

Proposition 8.5. The set∆ is a basis of V (Σ).[tits]

That is to say, a Weyl chamber is a simplicial cone. Its extremal edges are spanned by the columns̟α in

the inverse of the Cartan matrix, which therefore have positive coordinates with respect to∆. Hence:

Proposition 8.6. Suppose ∆ to be a set of linearly independent vectors such that α •β ≤ 0 for all α 6= β[roots-inverse]

in∆. If D is the cone spanned by∆ then the cone dual toD is contained inD.

Proof. Let
̟ =

∑
cαα

be in the cone dual toD. Then for each β in∆

̟ •β =
∑

cα (α •β) .

If A is the matrix (α •β), then it satisfies the hypothesis of the Lemma. If u is the vector (cα) and v is the
vector (̟ •α), then by assumption the second has nonnegative entries and

u = A−1v

so that u also must have nonnegative entries.

Proposition 8.7. Each positive root may be expressed as
∑

α∈∆ cαα where each cα is a nonnegative[base]

integer.

Proof. The chamber C is the positive span of the basis (̟α) dual to∆. If λ =
∑
cαα then cα = λ •̟α,

so the positive roots, which are defined to be those positive on C, are also those with nonnegative
coefficients cα. If λ is an arbitrary positive root, then there must exist α in ∆ with 〈λ, α∨〉 > 0, hence
such that λ − α is either 0 or again a root. Suppose it is a root. If it is α itself then λ = 2α and the
Proposition is proved. Otherwise, some cβ > 0. The cα − 1must therefore also be positive. Continuing
in this way expresses λ as a positive integral combination of elements of∆.
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One consequence of all this is that the roots in ∆ generate a full lattice in V (Σ). By duality, the coroots
generate a lattice in V ∨(Σ∨), which according to the definition of root systems is contained in the lattice
of V ∨(Σ∨) dual to the root lattice of V (Σ).

From this and the discussion of chains, this has as consequence:

Proposition 8.8. Every positive root can be connected to∆ by a chain of links λ 7→ λ+ α.[chain-to-Delta]

We now know that each root system gives rise to an integral Cartan matrixA = (aα,β) = (〈α, β∨〉)with
rows and columns indexed by∆. It has these properties:

(a) aα,α = 2;
(b) aα,β ≤ 0 for α 6= β;
(c) aα,β = 0 if and only if Aβ,α = 0;

but it has another implicit property as well. We know that there exists a W invariant Euclidean norm
with respect to which the reflections are invariant. None of the conditions above imply that this will be

possible. We know already know the extra condition

0 ≤ aα,βaβ,α < 4 ,

but this alone will not guarantee that the root system will be finite, as the matrix




2 −1 0
− 2 2 −1
0 −2 2




shows. Instead, we construct a candidate metric, and then check whether it is positive definite. We start
with the formula we have already encountered:

〈α, β∨〉 = 2

(
α •β

β •β

)
.

Suppose A satisfies (a)–(c). Construct a graph from A whose nodes are elements of ∆ and with edge
betweenα andβ if and only if 〈α, β〉 6= 0. In each connected component of this graph, choose an arbitrary
node α and arbitrarily assign a positive rational value to α •α. Assign values for all β • γ according to
the rules

β • γ =
1

2
〈β, γ∨〉 (γ • γ)

β •β = 2
β • γ

〈γ, β∨〉 .

which allow us to go from node to node in any component. This defines an inner product, and the extra
condition on the Cartan matrix is that this inner product must be positive definite, or equivalently

(d) The matrix (α •β)must be positive definite.

This can be tested by Gauss elimination in rational arithmetic, as suggested by the discussion at the
beginning of this section.

Given a Cartan matrix satisfying (a)–(d), the saturation process of Proposition 3.15 gives us a root system♣ [delta-construction]

associated to it. Roughly, it starts with an extended basis ∆ and keeps applying reflections to generate
all the roots.

In the older literature one frequently comes across another way of deducing the existence of a basis ∆
for positive roots. Suppose V = V (Σ), say of dimension ℓ, and assume it given a coordinate system.
Linearly order V lexicographically : (xi) < (yi) if xi = yi for i < m but xm < ym. Informally, this

is dictionary order . For example, (1, 2, 3) < (1, 3, 2). This order is translationinvariant. [Satake:1951]
remarks that this is the only way to define a linear, translationinvariant order on a real vector space.
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Define Σ+ to be the subset of roots in Σ that are positive with respect to the given order. Define α1 to be
the least element of Σ+, and for 1 < k ≤ ℓ inductively define αk to be the least element of Σ

+ that is not

in the linear span of the αi with i < k.

The following seems to be first found in [Satake:1951].

Proposition 8.9. Every root in Σ+ can be expressed as a positive integral combination of the αi.[satake]

Proof. It is easy to see that if ∆ is a basis for Σ+ then it has to be defined as it is above. It is also easy

to see directly that if α < β are distinct elements of ∆ then 〈α, β∨〉 ≤ 0. Because if not, according to
Lemma 11.1 the difference β − α would also be a root, with β > β − α > 0. But this contradicts the♣ [chains1]

definition of β as the least element in Σ+ not in the span of smaller basis elements.

The proof of the Proposition goes by induction on ℓ. For ℓ = 1 there is nothing to prove. Assume true for
ℓ− 1. Let Σ∗ be the intersection of the span of the αi with i ≤ ℓ, itself a root system. We want to show
that every λ in the linear span of Σ is a positive integral combination of the αi. If λ is in Σ∗ induction

gives this, and it is also true for λ = αℓ. Otherwise λ > αℓ. Consider all the λ−αi with i ≤ ℓ. It suffices
to show that one of them is a root, by an induction argument on order. If not, then all 〈λ, αi〉 ≤ 0. This
leads to a contradiction of Proposition 8.6, to be proven later (no circular reasoning, I promise).♣ [roots-inverse]

The following is found in [Chevalley:1955].

Corollary 8.10. Suppose ∆ to be a basis of positive roots in Σ. Let Λ = {λi} be a set of linearly[many-roots]

independent roots, andΛk be the subset containing the λi for i ≤ k. There existsw inW and an ordering

α1 < . . . < αn

of∆ such that each wΛk is a positive linear combination of the αi with i ≤ k.

Proof. Make up an ordered basis of V extending Λwith λi < λi+1. Apply the Proposition to get a basis

∆∗ of positive roots. Then λ1 is the first element of∆ and each λk is a positive linear combination of the

α∗,i with i ≤ k. But then we can find w inW taking∆∗ to∆.

9. Generators and relations for the Weyl group

I return to the subject of arbitrary hyperplane partitions. Let C be a chamber, which we know know to
be either a simplicial cone or a simplex. Let S be the set of reflections in the walls of C, which we know
to generateW . For each s 6= t in S letms,t be the order of st.

We have a surjection ontoW from the abstract group with generators s in S and relations

s2 = 1, (st)ms,t = 1 .

Proposition 9.1. This surjection is an isomorphism.[coxeter]

Proof sketch. Assume V = V (Σ). First of all, we have already seen this for a planar partition, so wemay
assume the dimension of V to be at least 3. Construct the simplicial complex dual to that determined by
the faces of the hyperplane partition. Thus a chamber C give rise to a vertex vC , panels to edges. This
dual complex gives in effect a triangulation of the unit sphere, which is simply connected. If wC = C,
then an expression w = s1 . . . sn corresponds to a path along edges from vC back to itelf. Since the unit

sphere has trivial fundamental group, standard topological arguments imply that it may be deformed
into the trivial path inside the twoskeleton of the complex. But any such deformation corresponds to a

sequence of applications of the braid relation.
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Combinatorial proofs of this can be found in the literature, showing directly that if s1 . . . sn = 1 then it
can be reduced by the the given relations to the trivial word.

The groupW is a therefore a Coxeter group , and many of the properties ofW are shared by all Coxeter
groups. One of the useful ones is a result due to Jacques Tits:

Proposition 9.2. Any two reduced expressions for an element w can be obtained from each other by a[Tits]

succession of braid relations.

Proof. THe same topological argument applies here, but I’ll give instead a direct proof by induction on
length, since it is essentially constructive. Suppose

w = s1 . . . sms = t1 . . . tmt

are two reduced expressions. Thus ws < w, wt < w. Hence

w = xws,ts = ywt,st

where ws,ts and wt,st are the two sides of the braid relation. Then

s1 . . . sm = xws,t, t1 . . . tm = ywt,s

and by induction we can find a sequence of braid relations transforming one to the other. But then

replacing ws,ts by wt,st connects xws,ts to ywt,st.

Proposition 9.3. For any w inW and s in S, if 〈αs, wC〉 < 0 then ℓ(sw) < ℓ(w) and if 〈αs, wC〉 > 0 then[ws]

ℓ(sw) > ℓ(w).

Proof. This is essentially a rephrasing of Lemma 7.7, but I’ll repeat the argument. Suppose 〈αs, wC〉 < 0.♣ [cross-recross]

Then C and wC are on opposite sides of the hyperplane αs = 0. If C = C0, . . . , Cn = wC is a minimal
gallery from C to wC, then for some i Ci is on the same side of αs = 0 as C but Ci+1 is on the opposite

side. The gallery C0, . . . , Ci, sCi+2, . . . sCn = swC is a gallery of shorter length from C to swC, so
ℓ(sw) < ℓ(w).

If 〈αs, wC〉 > 0 then 〈αs, swC〉 < 0 and hence ℓ(w) = ℓ(ssw) < ℓ(sw).

Proposition 9.4. If v and wv both lie in C, then wv = v and w belongs to the group generated by the[stabilizers]

reflections in S fixing v.

Proof. By induction on ℓ(w). If ℓ(w) = 0 then w = 1 and the result is trivial.

If ℓ(w) > 1 then let x = swwith ℓ(x) = ℓ(w)−1. ThenC andwC are on opposite sides of the hyperplane
αs = 0, by Proposition 9.3. Since v and wv both belong to C , the intersection C ∩wC is contained in the♣ [ws]

hyperplane αs = 0 and wv must be fixed by s. Therefore wv = xv. Apply the induction hypothesis.
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For Θ ⊆ ∆, let CΘ be the open face of C where α = 0 for α in Θ, α > 0 for α in ∆ but not in Θ. If F is
a face of any chamber, the Proposition tells u it will beW equivalent to a unique Θ ⊆ ∆. The faces of
chambers are therefore canonically labeled by subsets of∆.

Let
Rw = {λ > 0 | wλ < 0}
Lw = {λ > 0 | w−1λ < 0}

Of course Lw = Rw−1 . According to Lemma 7.3, the set Rw determines the root hyperplanes separating♣ [separating-finite]

C from w−1C, and |Rw| = |Lw| = ℓ(w).

I recall that an expression for w as a product of elements of S is reduced if it is of minimal length. The
length of w is the length of a reduced expression for w as products of elements of S. Minimal galleries
correspond to reduced expressions. The two following results are easy deductions:

Proposition 9.5. For x and y inW , ℓ(xy) = ℓ(x) + ℓ(y) if and only if Rxy is the disjoint union of y
−1Rx[rw]

and Ry .

Finally, suppose that the configuration we are considering is one associate to a linear root system, not an
affine one. There are only a finite number of hyperplanes in the configuration, and all pass through the

origin. Since −C is then also a chamber:
Proposition 9.6. There exists inW a unique elementwℓ ofmaximal length,withwℓC = −C. Forw = wℓ,[longest]

Rw = Σ+.

10. Subsystems

IfΘ is a subset of∆, let ΣΘ be the roots which are integral linear combinations of elements of Θ. These,
along with V , V ∨ and their image in Σ∨ form a root system. Its Weyl group is the subset WΘ. Recall

that to each subset Θ ⊆ ∆ corresponds the face CΘ of C where λ = 0 for λ ∈ Θ, λ > 0 for λ ∈ ∆ − Θ.
According to Proposition 9.4, an element ofW fixes a point in CΘ if and only if it lies inWΘ.♣ [stabilizers]

Proposition10.1. In each cosetWΘ\W there exists aunique representativexof least length. This element[cosets]

is the unique one in its coset such that x−1Θ > 0. For any y inWΘ we have ℓ(yx) = ℓ(y) + ℓ(x).

Proof. The region in V ∨ where α > 0 for α inΘ is a fundamental domain forWΘ. For any w inW there
exists y inWΘ such that xC = y−1wC is contained in this region. But then x−1α > 0 for all α in Θ. In
fact, xwill be the unique element inWΘw with this property.

The element x can be found explicitly. Let [WΘ\W ] be the set of these distinguished representatives,
[W/WΘ] those for right cosets. These distinguished representatives can be found easily. Start with
x = w, t = 1, and as long as there exists s in S = SΘ such that sx < x replace x by sx, t by ts. At every
moment we have w = tx with t inWΘ and ℓ(w) = ℓ(t) + ℓ(x). At the end we have sx > x for all s in
S.

Similarly, in every double coset WΘ\W/WΦ there exists a unique element w of least length such that
w−1Θ > 0, wΦ > 0. Let these distinguished representatives be expressed as [WΘ\W/WΦ].

The next result is motivated by the following considerations. Suppose g to be a reductive Lie algebra, b

a maximal solvable (‘Borel’) subalgebra,∆ the associated basis of positive roots. If p is a Lie subalgebra
containing b, there will exist a subsetΘ of∆ such that p is the sum of b and the direct sum of root spaces
gλ for λ in Σ−

Θ. The roots occurring are those in Ξ = Σ+ ∪ Σ−
Θ. This set is a parabolic subset —(a) it

contains all positive roots and (b) it is closed in the sense that if λ and µ are in it so is λ+ µ. The setΘ is
characterized by the subset Ξ, since −Θ = −∆ ∩ Ξ.
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For example, if G = GLn and Θ = {εm − εm+1}, then P is the subgroup of matrices where xi,j = 0 for
i > m, j ≤ m. If n = 4 andm = 2, we get the pattern




∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
0 0 ∗ ∗
0 0 ∗ ∗


 .

Conversely:

Proposition 10.2. Suppose Ξ to be a parabolic subset, and letΘ = ∆ ∩−Ξ. Then Ξ = Σ+ ∪ Σ−
Θ.[parabolic-set]

Proof. We need to show (a) if ξ is in Ξ ∩ Σ− then ξ is in Σ−
Θ and (b) if ξ is in Σ−

Θ then ξ is in Ξ.

Suppose ξ in Σ−
Θ. Set ξ = −∑

α cαα. The proof goes by induction on h(ξ) =
∑
cα. Since −Θ ⊆ Ξ, ξ is

in Ξ if h(ξ) = 1. Otherwise ξ = ξ∗ − α with ξ∗ also in Σ−
X . By induction ξ∗ is in Ξ, and since Ξ is closed

so is ξ in Ξ.

Suppose ξ in Ξ ∩ Σ−. If h(ξ) = 1 then ξ is in −∆ ∩ Ξ = −Θ. Otherwise, ξ = ξ∗ − α with α in∆. Then
ξ∗ = ξ + α also lies in Ξ since Ξ contains all positive roots and it is closed. Similarly −α = ξ − ξ∗ lies in
Ξ, hence inΘ. By induction ξ∗ lies Σ

−
Θ, but then so does ξ.

In the rest of this section, assume for convenience thatV = V (Σ) (i.e. that the root system is semisimple),
and also that the root system is reduced. The material to be covered is important in understanding the

decomposition of certain representations of reductive groups. I learned it from JimArthur, but it appears

as Lemma 2.13 of [Langlands:1976], and presumably goes back to earlier work of HarishChandra.

At this point we understand well the partition of all of V by chambers. In this discussion we’ll look at
the induced partitions of lower dimensional linear subspaces in the partition.

Fix the chamber C with associated ∆. For each Θ ⊆ ∆ let

VΘ =
⋂

α∈Θ

ker(α) .

The set of rootswhich vanish identically onVΘ are those inΣΘ. The spaceVΘ is partitioned into chambers
by the hyperplanes λ = 0 for λ inΣ+−Σ+

Θ. One of these is the faceCΘ of the fundamentalWeyl chamber

C = C∅. If Θ = ∅ we know that the connected components of the complement of root hyperplanes are
a principal homogeneous set with respect to the full Weyl group. In general, the chambers of VΘ are the

faces of full chambers, and in particular we know that each is the Weyl transform of a unique facette of

a fixed positive chamber C. But we want to make this more precise.

The problem to be dealt with here is that the chambers in the partition of VΘ do not form a principal

homogeneous set for any group.

Proposition 10.3. Suppose Θ and Φ to be subsets of∆. The following are equivalent:[associates]

(a) there exists w inW taking VΦ to VΘ;
(b) there exists w inW taking Φ toΘ.

In these circumstances,Θ and Φ are said to be associates . LetW (Θ,Φ) be the set of all w taking Φ toΘ.

Proof. That (b) implies (a) is immediate. Thus suppose wVΦ = VΘ. This implies that wΣΦ = ΣΘ. Let
w∗ be of least length in the double cosetWΘwWΦ, so that w∗Σ

+
Φ = Σ+

Θ. Since Φ and Θ are bases of Σ+
Φ

and Σ+
Θ, this means that w∗Φ = Θ.

Corollary 10.4. For eachw inW (Θ,Φ) the chamberwCΦ is a chamber of VΘ. Conversely, every chamber[associate-chambers]

of VΘ is of the form wCΦ for a unique associate Φ of Θ and w inW (Θ,Φ).

Proof. The first assertion is trivial. Any chamber of VΘ will be of the form wCΦ for some w inW and
some unique Φ ⊆ ∆. But then wVΦ = VΘ.
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We’ll see in a moment how to find w and Φ by an explicit geometric construction.

One of the chambers in VΘ is −CΘ. How does that fit into the classification? For any subset Θ of ∆,
let wℓ,Θ be the longest element in the Weyl groupWΘ. The element wℓ,Θ takes Θ to −Θ and permutes
Σ+\Σ+

Θ. The longest element wℓ = wℓ,∆ takes −Θ back to a subsetΘ of Σ+ called its conjugate in∆.

Proposition 10.5. If Φ = Θ and w = wℓwℓ,Θ then−CΘ = w−1CΦ.[opposite-cell]

Proof. By definition of the conjugate, wVΘ = VΦ and hence w
−1VΦ = VΘ. The chamber −CΘ is the set

of vectors v such that α • v = 0 for α in Θ and α • v < 0 for α in∆\Θ. Analogously for CΦ.

Lemma 10.6. If Θ is a maximal proper subset of ∆ then its only associate in∆ is Θ.[only]

Proof. In this case VΘ is a line, and its chambers are the two halflines CΘ and its complement.

If Ω = Θ ∪ {α} for a single α in ∆ − Θ then the Weyl element wℓ,Ωwℓ,Θ is called an elementary
conjugation .

Lemma 10.7. Suppose that Ω = Θ∪ {α}with α in∆−Θ. Then the chamber and sharing the panel CΩ[elementary-conjugation]

with CΘ is sCΦ where Φ is the conjugate of Θ in Ω and s = wℓ,Ωwℓ,Φ.

Proof. Let C∗ = wCΦ be the neighbouring chamber with sΦ = Θ. Then s fixes the panel shared by CΘ

and C∗, so must lie inWΩ. But then Φmust be an associate of Θ in Ω. Apply Lemma 10.6.♣ [only]

A gallery in VΘ is a sequence of chambers C0, C1, . . . , Cn where Ci−1 and Ci share a panel. To each
Ci we associate according to Corollary 10.4 a subset Θi and an element wi of W (Θ,Θi). Since Ci−1♣ [associate-chambers]

and Ci share a panel, so do w
−1
i−1Ci−1 and wi−1Ci. But wi−1Ci−1 is CΘi−1

, so to this we may apply

the preceding Lemma to see that Θi1 and Θi are conjugates in their union Ωi, and that si = w−1
i−1wi is

equal to the corresponding conjugation. The gallery therefore corresponds to an expressionw = s1 . . . sn

where each si is an elementary conjugation. In summary:

Proposition 10.8. Every element of W (Θ,Φ) can be expressed as a product of elementary conjugations.[conjugates]

Each such expression corresponds to a gallery from CΘ to wCΦ.

For w inW (Θ,Φ) its relative length is the length of a minimal gallery in VΘ leading from CΘ to wCΦ.

For w inW (Θ,Φ), let ψw be the set of hyperplanes in VΘ separating CΘ from wCΦ. Then it is easy to see

that ℓrel(xy) = ℓrel(x) + ℓrel(y) if and only if ψy ∪ yψx ⊆ ψxy .

Lemma 10.9. Suppose w inW (Θ,Φ). Then[relative-separates]

(a) If λ is in Σ+\Σ+
Θ separates CΘ from wCΦ, λ separates wC∅ from C∅;

(b) If λ > 0 separates wC∅ from C∅, either λ ∈ Σ+
Θ or λ ∈ Σ+\Σ+

Θ.

Proposition 10.10. If w lies inW (Θ,Φ) then[longest-relative]

ℓrel(wℓwΦ) = ℓrel(wℓwℓ,Φw
−1) + ℓrel(w) .

Proposition 10.11. Suppose x inW (Θ3,Θ2), y inW (Θ2,Θ1). If the relative length of xy is the sum of[relative-lengths]

the relative lengths of x and y, then ℓ(xy) = ℓ(x) + ℓ(y).

Proof. By induction on relative length.

If C0, C1, . . . , Cn is a gallery in VΘ, it is called primitive if Θi−1 is never the same as Θi.

Proposition 10.12. EveryW (Θ,Φ) has at least one element with a primitive representation.[primitive]

Proof. If w = s1 . . . si−1si . . . sn and Θi−1 = Θi then s1 . . . ŝi . . . sn is also inW (Θ,Φ).
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11. Chains

If λ and µ are roots, the λchain through µ is the set of all roots of the form µ + nλ. We already know
that both µ and rλ∨µ are in this chain. So is everything in between, as we shall see. The basic result is:

Lemma 11.1. Suppose λ and µ to be roots.[chains1]

(a) If 〈µ, λ∨〉 > 0 then µ− λ is a root unless λ = µ.
(b) If 〈µ, λ∨〉 < 0 then µ+ λ is a root unless λ = −µ.

Proof. If λ and µ are proportional then either λ = 2µ or µ = 2λ and the claims are immediate. Suppose
they are not. If 〈µ, λ∨〉 > 0 then either it is 1 or 〈λ, µ∨〉 = 1. In the first case

sλµ = µ− 〈µ, λ∨〉λ = µ− λ

so that µ− λ is a root, and in the second sµλ = λ − µ is a root and consequently µ− λ also. The other
claim is dealt with by swapping −λ for λ.
Hence:

Proposition 11.2. If µ and ν are left and right endpoints of a segment in a λchain, then 〈µ, λ∨〉 ≤ 0 and[chain-ends]

〈ν, λ∨〉 ≥ 0.

Proposition 11.3. Suppose λ and µ to be roots. If µ − pλ and µ + qλ are roots then so is every µ + nλ[chains2]

with−p ≤ n ≤ q.

Proof. Since〈µ + nλ, λ∨〉 is an increasing function of n, the existence of a gap between two segments
would contradict the Corollary.

12. Dynkin diagrams

The Dynkin diagram of a reduced systemwith base∆ is a labeled graph whose nodes are elements of∆,
and an edge between α and β when

∣∣〈α, β∨〉
∣∣ ≥

∣∣〈β, α∨〉
∣∣ > 0 .

This edge is labeled by the value of
∣∣〈α, β∨〉

∣∣, and this is usually indicated by a multiple link, oriented
from α to β. Here are the Dynkin diagrams of all the reduced rank two systems:

A2

B2 = C2

G2
α2 α1

In the diagram for G2, and in the following diagrams as well, I have noted the conventional labelling of
the roots.

The Dynkin diagram determines the Cartan matrix of a reduced system. The complete classification

of irreducible, reduced systems is known, and is explained by the following array of diagrams. The
numbering is arbitrary, even inconsistent as n varies, but follows the convention of Bourbaki. Note also
that although systems B2 and C2 are isomorphic, the conventional numbering is different for each of
them.
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An (n ≥ 1)
α1 α2 αn−1 αn

Bn (n ≥ 2)
α1 α2 αn−1 αn

Cn (n ≥ 2)
α1 α2 αn−1 αn

Dn (n ≥ 4)
α1 α2 αn−2

αn−1

αn

E6
α1 α2 α4

α3

α5 α6

E7
α1 α2 α4

α3

α5 α6 α7

E8
α1 α2 α4

α3

α5 α6 α7 α8

F4
α1 α2 α3 α4

In addition there is a series of nonreduced systems of typeBCn obtainedby superimposing the diagrams
for Bn and Cn.

13. Dominant roots

A positive root α̃ is called dominant if every other root is of the form

α̃−
∑

α∈∆

cαα

with all cα in N.

Proposition 13.1. If Σ is an irreducible root system, then there exists a unique dominant root.[dominant]

Proof. We can even describe a practical way to calculate it. Start with any positive root λ, for example
one in∆, and as long as some λ+αwith α in∆ is a root, replace λ by λ+α. According to Lemma 11.1,♣ [chains1]

at the end we have 〈λ, α∨〉 ≥ 0 for all α in ∆. We then also have 〈α, λ∨〉 ≥ 0 for all α, and at least one
of these must actually be> 0.

Suppose λ =
∑
nαα. Let X be the α with nα 6= 0 and Y its complement in ∆. If Y isn’t empty, then

because of irreducibility there exists α inX and β in Y with 〈α, β∨〉 < 0. Hence we get the contradiction

0 ≤ 〈λ, β∨〉 =
∑

α∈X

nα〈α, β∨〉 < 0

So nα > 0 for all α.
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If there were a root ν not of the form
λ−

∑

α∈∆

cαα

then therewould exist a second rootµ, constructed from ν by the sameprocedure, with the same property.
Then

〈λ, µ∨〉 = nα

∑
〈α, µ∨〉 > 0 .

According to Lemma 11.1, λ − µ is a root. But this implies that either λ > µ or λ < µ, contradicting♣ [chains1]

maximality.

The proof shows that the dominant root is the unique one in the closure of the positive Weyl chamber.

Note that for an irreducible system the dominant root will be the last one in the queue.

14. Affine root systems

Assume a reduced semisimple root system.

Two configurations will be considered equivalent if they are the same up to an affine transformation.

Let’s look first at those configurations for which the Weyl group is a dihedral group , one generated by
orthogonal reflections in two hyperplanes. There are two cases, according to whether the hyperplanes

are parallel or not.

H1

H2

τ

The first case is easiest. Let H1 and H2 be the two parallel hyperplanes. The product τ = sH1
sH2
is a

translation, and the hyperplanes τm(H1) and τ
n(H2) form a Euclidean root configuration. Conversely,

any Euclidean root configuration in which all the hyperplanes are parallel arises in this way. We are

dealing here with an essentially onedimensional configuration. The group W is the infinite dihedral
group.

According to Proposition 8.7, the roots are contained in a lattice—in fact, in the freeZmoduleR spanned♣ [base]

by∆. The coroots then span a latticeR∨ contained in the dual latticeHom(R,Z). In general the inclusion
will be proper. The roots will in turn then be contained in the dual Hom(R∨,Z) ofR∨.
DefineWaff to be the group of affine transformations generated byW and translations by elements of

R∨, Ŵ the larger group generated by W and Hom(R,Z). Both groups preserve the system of affine
hyperplanes λ + k = 0, where λ is a root, consequently permuting the connected components of the
complement, called alcoves .

Proposition 14.1. The region Caff where α > 0 for all α in∆, α̃ < 1 is an alcove.[alcoves]

Proof. It has to be shown that for any root α and integer k, the region Caff lies completely on one side or

the other of the hyperplane α •x− k = 0. If k = 0 this is clear. If k < 0we can change α to−α and k to
−k, so we may assume that k > 0. Since 0 lies in the closure of Caff , it must be shown that α+ k < 0 on
all of Caff . But by Proposition 13.1 we can write α = α̃− ∑

∆ cββ with all cβ ≥ 0, so for any x in Caff♣ [dominant]

α •x = α̃ •x−
∑

∆

cβ(β •x) < 1 ≤ k .
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Let ∆̃ be the union of∆ and −α̃+ 1. For any pair α, β in ∆̃

−4 < 〈α, β∨〉 ≤ 0

The affine Dynkin diagram is a graph whose nodes are elements of ∆̃ with edges labelled and oriented

according to the values of 〈α, β∨〉 and 〈β, α∨〉. Let s̃ be the affine reflection in the hyperplane α̃ = 1, S̃
the union of S and s̃.

Corollary 14.2. The groupWaff is generated by the involutions in S̃.[affines]

According to Proposition 9.4, every face of an alcove is the transform by an element ofWaff of a unique♣ [stabilizers]

face of the alcove Caff . Elements of the larger group W̃ also permute alcoves, but do not necessarily

preserve this labelling. If w is an element of W̃ and α an element of ∆̃, then the face wFα of wCaff will

be the transform xFβ for some unique β in ∆̃. Let ι(w) be the map from ∆̃ to itself taking α to β.

Proposition 14.3. The map from w 7→ ι(w) induces an isomorphism of W̃/Waff with the group of[automorphism]

automorphisms of the affine Dynkin diagram.

Affine A2 Affine C2

AffineG2

An (n ≥ 1)
α1 α2 αn−1 αn

µ
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Bn (n ≥ 3)
α1

α2 αn−1 αn

µ

Cn (n ≥ 2)
µ α1 α2 αn−1 αn

Dn (n ≥ 4)

α1

α2 αn−2

αn−1

αn

µ

E6

α1

α2

α3

α4

α5

α6

µ

E7
α1 α2 α4

α3

α5 α6 α7µ

E8
α1 α2 α4

α3

α5 α6 α7 α8 µ

F4
µ α1 α2 α3 α4

G2
α2 α1µ

15. Computation

Working explicitlywith a root system of any rank beyond 3 or 4 is tedious, and best donewith a computer.
I’ll mention here only a few techniques.

Here are some computational problems that arise naturally: (1) Given a Cartan matrix, list all the

corresponding roots together with data associated to them, such as their reflections; (2) list the entire

Weyl group, or at least traverse through it in order to verify something; (3) compute the λchains, as well
as the numbers pλ,µ; They will be useful in dealing with Lie algebras.

The first question that arises is how exactly what data to attach to a root. This might vary with what one
wants to calculate, but as a minimum the array of coefficients in an expression

λ =
∑

∆

λαα .

Another is, how to represent an element ofW ? The obviou schoice is by its matrix, but this will be rather
large and in most cases not helpful. A better choice was suggested to me many years ago by David

Vogan. For each v in V ∨ define
vα = 〈α, v〉
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for α in∆. Let ρ̂ be a vector in V ∨ with ρ̂α = 〈α, ρ̂〉 = 1 for all α in∆. It lies in the chamberC. Represent
w by the vector wρ̂. Reflections can be calculated by this formula:

〈α, sβu〉 = 〈α, u− 〈β, u〉β∨〉 = 〈α, u〉 − 〈β, u〉〈α, β∨〉 = uα − 〈α, β∨〉uβ .

with u = ρ̂.

We can use this representation directly to solve one of our problems:

ALGORITHM. Given w, find an expression for it as a product of elementary reflections.

The vector u = wρ̂ lies in wC, so ℓ(sαw) < ℓ(w) if and only if 〈α, u〉 < 0. So we keep finding
such a α and replacing u by sαu, stopping only when uα > 0 for all α. The word expression for
w is the product of the sα applied.

Here’s another useful one, amounting to what I call saturation in the construction of the root system:

ALGORITHM.We start with a Cartan matrix and construct the corresponding root system together
with for each root λ a table of all reflections sαλ for α in∆.

To each root λwe associate (1) the coefficient array in the expression λ =
∑

∆ nααWemaintain a
queue (first in, first out) of roots whose refection table has not yet been built, as well as a list of all
roots so far calculated. We start by putting roots of∆ (basis arrays) on the queue and in the list.

While the queue is not empty, remove a root λ from it Calculate its reflections, adding new roots
to the queue and the list of all roots.

And another:

ALGORITHM. We start with a root λ and produce a product w of elementary reflections with
w−1λ ∈ ∆.

If λ < 0, record this fact and swap −λ for λ. Now

λ =
∑

∆

nαα

with all nα ≥ 0 and one nα > 0. The proof proceeds by induction on the height |λ| =
∑
nα of λ.

If |λ| = 1, then λ lies in∆, and there is no problem. Since the positive chamber C is contained in
the cone spanned by the positive roots, no positive root is contained in the closure ofC. Therefore
λ, α∨ >> 0 for some α in∆. Then

rαλ = λ− 〈λ, α∨〉α

has smaller height than λ, and we can apply the induction hypothesis.

If the original λ was negative, this gives us w with w−1λ in ∆, and just one more elementary
reflection has to be applied.
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