Lecture 4

ABSOLUTE CONVERGENCE OF THE COARSE 0-EXPANSION

J.-P. Labesse

4.1.

Where the alternating sum is used.

We fix once for all a pair of parabolics

We need the

P such that P, CP CPZ'

1

P,cP.,.

5 We consider

LEMMA 4.1.1. If oi(H(x)

§ e P

1 such that

(1) a(H(sx) - T) > 0 2

(i1) a(H(8x) - TO) >0 Vo eAg

First of all, for any ¢ € Pl we have

o(H(éx) - T) >0

if ol(H(sx) - T) =

§x € G};(TO, T) then
w(H(8x) - T)i 0

the Lemma 3.2.2 above yields the assertion (i).
a(H(8x) - TO) >0

but AL contains A+ and since T - T, € ot

0 contains 0 an since 0 0

COROLLARY 4.1.2. If P.c PCP

1 2
2.1 _ 2.1
olFP—ole 0

Y o €44~ b

Of(H(x) - T) #+ 0. Now choose 6§ € P1

- T)F;(x, T) # 0 then there exist

A € Ai
such that
Vwe /3(1) ;

We know moreover that

cheAIg

assertion (ii) follows. [



Now assume that P is e-invariant; Jet M be the unique Levi-

component of P containing M0 and N the unipotent radical. Let

vyeP, neN, xe G, we need the

LEMMA 4.1.3. Provided T is sufficiently regular, and

oi(H(x) - T)F%(x, T)cb(x—ln—lye(x)) £0

y € R the smallest e-invariant parabolic containing Pl'

Our assertion is invariant by the transformation x > &x for

S e P1 and hence we may assume that x satisfies the following

inequalities, if the above expression is not zero:

(1) a(H(x) - T) >0 Vo € A(Z) - Aé
(1) a(H(x) - Tg) >0 Vo e Ag.

* * 2
N -1 = i =
Now write x = n n,mak with n € NZ’ n, € NO NO 0 MZ'

m € Mcl), a € AO(R)O and k € K. Since we are free to modify n we
may assume n* = 1; since we may change <y to G_IYE(G) with

§ € P0 we may assume that n,m remains in a compact set. Now
since x verifies the inequalities (i) and (ii) we see that

a n,ma = a nga.m can be assumed to remain in a fixed compact set.

Since ¢ 1is compactly supported all we need to prove is the

LEMMA 4.1.4. Let U be a compact in M, assume that H(a) satisfies

the inequalities (i) and (ii) then provided T is sufficiently regular

a-lye(a) € U and y e M implies vy € Pl'



Consider the Bruhat decomposition of y in M:

=<
3

VW T
S

with yeNl(j:NOnM, meP

Let w be a dominant weight of M. For some integer d there is a

0

rational representation p of M, of highest weight dw and with

highest weight vector v. We have

”O(a_ch(a) v = Hp(avlvaws)vn A (a)

with

Aa) = ed <w,e.H(a)-s.H(a)>

But Hp(a-l\)aws)vu is bounded from below by a constant times
I|p(ws)v”; so if a_lye(a) remains in the compact U there exists a

real ¢ independent of T such that
Ma) < ef
Now if w = e.w we simply have
{w, H(a) - s.H(2)) <c .

We can write

nM and s e QM the Weyl group of M.



where HP € O'LP the intersection of the kernels of the o € Alg, and

where the Aa are subjected to the inequalities

v,

AOL > OL(TO) Ya €A

o @

x> oT) Yaé€an
o 0

Hence if T is sufficiently large this implies

<'w, T, T sura> =0

for any o € Alg - A(l) and any c¢-invariant w. Now assume

2-1
r . . Cs
W= Z € .V, since W - sw is a sum of positive roots we also have
r=0

<'m'0 » Ty T Swa> =0

P

for any @, € Z&P and hence T, T ST, = 0 for all o€ AO - A(l). This

0 0’
implies s € Ql the Weyl group of My, and hence Yy € Pl' o0

Recall that R 1is the minimal e-invariant parabolic containing Pl'
As usual let MR be the Levi-component containing MO and NR the

unipotent radical. Corollary 4.1.2 and Lemma 4.1.3 show that
2, \T _ 1 2 _
y(x) g = Folx, Thoy(H(x) Thw(x) (pd(X)

where Qad (x) 1is the sum over vy € MR n o of

€
a
Y (-l)Pf ) qb(x‘ln—lnys(x))dn

e(P)=P neN
P cPcCP @n eng

1 2



Notice that this expression is non-zero only if R C P,.
&~
The exponcntial mapping is an isomorphism of NR onto its Lie

algebra np- Let ¢ be a non-trivial additive character of Q\A.

Using the Poisson summation formula we get that

) ¢(X—1nrws(X)
neE NR

equals

I e Tn exp(0vet)u( (X, Y) )ax
*

Y (A)

€ nR nR
*
where np s the dual of np (as a Q-vector space).
By integration over @ the contributions of the Y that are
non-trivial on N{A) vanish, and we are left with a sum over n;’P,

*
the subspace of np orthogonal to np the Lie algebra of N.

To take care of the alternating sum over P we need the

LEMMA 4.1.5., Let Q and R  be two invariant parabolics then

a; 0 if Q #R
) (-1) =
R CPCQ} 1 if Q =R
{P c(P)=P

An e-invariant parabolic P between R and Q is defined by

Q
an e-invariant subset S of AR . The number of orbits of E in S
is a§ - a;. The lemma is an immediate consequence of the binomial

formula for (l-l)d. 0



Let r;
*

only one np o p for PlC RCPC:P2 and e(P) = P,

*
1.2 be the set of elements in ng that belong to one and

Using the

previous lemma we see that

@) = ] ) o(x, Y, )

YEM,nO Yen

R 1,2

where

o(x, Y, z) = J ¢(x_1eXp(X)zs(X))w( <X, Y> )dX
np (A)

Let Q be the maximal e-invariant parabolic contained in PZ' Let

p € Pl; since P1 C R normalizes N we have

R

B(p, Y. v) = 81, Ad (P)Y, p lye(p))én(p)

where SR(p) is the absolute value of the determinant of Ad(p) on
*

nR(A). Now let p € Py n Gl. We may write p = n n,ma with

X 2 1 o .

n € N,, n, € N, meM] and a € Al(R) . Since N, and E(NZ)
- *

are in N5  and Y e ﬁl , then ¢ is independent of n . Choose

a compact set w; C Ni such that Niwl = N?. There exists a

compact set ws C M% such that if m 1is such that Fé(ma, T) =1



then m € Ml-wz; moreover if ci(H(a) - T) =1 we have a(H(a)) >0
for all o € A%; this implies that a_lwlwza =a wiaw, remains in a fixed

compact set Wy C N]?M%

From this we conclude that the integral over Pl\Gl of

) IHi(x)Tl
reo

is bounded by

j (f 2 (ap)dl(a)—lda> dp

o ~1
PE w3K Al(R) aG
where

S(x) = Fo(x, T)oo(H(x) - T) | T8 (Y,

yeMR Ye nl’2

4.2. Final estimates.

Let f#. be the Lie algebra of Al(R)O and 1] be the set of

1
g-fixed vectors in 0L1. Let Itl be the orthogonal complement of D'Ii

in nl. Since ¢ is of finite order on 610 we may and shall assume

that the scalar product on 010 is e-invariant. Let 2 be the

orthogonal projection from 010 onto dll. We have the

LEMMA 4.2.1. Let H € 011; the projection on g4 of e(H) - H

is an injective map from Ifl into 0q-

Assume Trl(e(H) - H) = 0, since H € 011 we have wl(e(H)) = H;



but e preserves the scalar products and hence e(H) = H. O

At the end of the preceding section we introduced a function Z

on G. Assume EZ(ap) # 0 with p € w,K and aeAl(R)o. Since

3

we assume

S(ap, ¥, ¥) = #(p, Ad ()Y, a lye(a))g(a)

is not zero, this implies that a_lye(a) remains in a compact set w, € MR

*
independent of p € w,K and Y gn (but depending on the support of

3 R
¢). We moreover assume that F%(ap, T)oi(H(a) - T) # 0, and then

assumptions of Lemma 4.1.4 are fulfilled. This implies that for sufficiently

n M,.

regular T, v € P1 R

Now for such a y we have
a_lye(a) = yl.a—lna.a—le(a)

for some Y, € M1 and n € N1 N MR. Since a-lys(a) remains in a

compact set of M nPl, the projection on Al(R)o of a-le(a) must

R

also remain in a compact set. But if a = alb where a; = exp H1

with H. € 01.; and b = exp H, with H2 € ﬁ’l we have

1 2

a_le(a) = b—le(b) = exp(e(HZ) - HZ)
Using Lemma 4.2.1 we conclude that b has to remain in a compact set

. £
W - Moreover since 0‘(,1 C O‘ZR we have



a—lye(a) = yl.b_lnb.b_le(b) € w,

with b € W We conclude that the set of Yy and nq (and hence of v)
that may occur is finite, and in the definition of = the sum over Y € MR

*
may be restricted to a sum over a finite set E. For Y € nR(A) we define

pc—ws.w3.K YEE

Since (SR(a) = él(a) on AR all we need to prove is that, given a

compact set we € 0?,0, the integral

/ of(H—X) Y 6(Ad (exp H)Y)dH

£ £
2, \0'[1 YEnl,2

is convergent, with an upper bound independent of X € W (Here ;.E
is the e-fixed part of the Lie algebra of the split part of the center of G.)

The space 01 £

1= 01; can be further decomposed into a sum

£ _ Qe £
01,1-(01R) @ﬂQ

where Q 1is the maximal e-invariant parabolic contained in PZ' Let

H = Hl + H2 be the associated decomposition of H € DZ;; we have the

LEMMA 4.2.2. Assume that H € 01? and X € w, are such that

oi(H—X) = 1. Then there exist a constant c¢ independent of X

such that

) < ecx+ [



10

Any a € bp - Ag is the restriction of some a'€ by - Ai and hence

we have

a(HZ) = a(H-X) - a(Hl) + al(X) < —a(Hl) + a(X) < -a(Hl) + c

1
for some constant ¢y For any w € 52 we have
T(H,) = T(H) >T(X)
since atg is orthogonal to we AZC EQ' Now H and H2 are e-

r
invariants, and then the same inequalities hold if we replace w by e ®©

and X by e 'X. But any w, € AQ is of the form € @ for some
integer r and some T € 52 and hence
m (Hp) > ey

for any ™y € EQ and some constant e O

COROLLARY 4.2.3. If H =H, +H, as above, the set of H,& &

such that oi(HfHZ—X) =1 for some X € wg has a volume bounded by

a polynomial in HHlll O

Let V be the cone in }E\(ng)e defined by «a(H) > 0 for all

Q _ . €
a € Ap- If a, = exp I—]2 with H, € 0‘LQ then

*
Ad(az) Y=Y

- *
for Y € ny , CNpg o Then all that is left to prove is that



12

HEEENN

then if n(Y) is the number of X such that YA # 0 we have

™ s TT Ny,

) E N
&7
>\5’50
*
Let L be a lattice in np 0 ® R, then there is a constant Cl such

that if Y € L - {0}

RURERN N R

with n the cardinal of A. Then for Y € n nL and H eV we

1,2
have
* e, ||H|l
Jad"(exp B)Y|P > e & TT Y, 0
AE A
Y>\¢0
for some strictly positive constant c,. Since the function 6 is

obtained by integration over p in a compact set of the absolute value

%
of a Schwartz-Bruhat function on np 0 ® A depending smoothly on p,

the convergence is now an easy exercise left to the reader. O
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*
fV 11" I s(Ad (H)Y)dH,

Y€ nl’2

is finite for any positive real number r. To prove this we must recall

the definition of n it is the subset of the Y € n that belong

*
R,Q
with R P CQ and P e-invariant;

1,2°

*
to one and only one nR.P

in other words

RCP&Q
e(P)=P

The space n can be decomposed into root subspaces under the

R,Q
action of (Jlg) €.

n = @ n
R.Q  en ?

The set A is in natural bijection with the orbits of E in the roots of

Q . * . . ~0Q .
ULR in np - Let I be a weight in AR and define
2-1
1
) ) € T
r=0

where o represents the orbit of o under E. The w. are a basis

¢ QA

of (JLQ)E An element Y = z Y in n*
RT AE A A R.Q

if for any o there exist A € A such that Y>\ # 0 and <>\, '&Ta> #0

is in ny o if and only

(and hence strictly positive).

*
Choose a norm on np 0 ® R such that



